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Abstract: Workpiece placement plays a crucial role when performing complex surface machining
task robotically. If the feasibility of a robotic task needs to be guaranteed, the maximum available
capabilities should be higher than the joint capabilities required for task execution. This can be
challenging, especially when performing a complex surface machining task with a collaborative
robot, which tend to have lower motion capabilities than conventional industrial robots. Therefore,
the kinematic and dynamic capabilities within the robot workspace should be evaluated prior to
task execution and optimized considering specific task requirements. In order to estimate maximum
directional kinematic capabilities considering the requirements of the surface machining task in a
physically consistent and accurate way, the Decomposed Twist Feasibility (DTF) method will be used
in this paper. Estimation of the total kinematic performance capabilities can be determined accurately
and simply using this method, adjusted specifically for robotic surface machining purposes. In this
study, we present the numerical results that prove the effectiveness of the DTF method in identifying
the optimal placement of predetermined machining tasks within the robot’s workspace that requires
lowest possible joint velocities for task execution. These findings highlight the practicality of the DTF
method in enhancing the feasibility of complex robotic surface machining operations.

Keywords: workpiece placement optimization; robotic surface machining; feasible kinematic directional
capabilities; decomposed twist feasibility (DTF) method; manipulability; non-linear optimization

1. Introduction

The complexity of production processes and the variety of products in small and
medium-sized businesses with high-mix, low-volume production require relatively high
investment costs in the case of conventional industrial robotization [1]. This has resulted in
a shortage of robotic work processes within small-scale production companies. Thus, most
production processes are still performed manually, which often cannot ensure optimal and
competitive production. The development of collaborative robotic systems in combination
with other technologies offers more and more [2] opportunities for the automation of jobs,
even in companies with custom production such as the toolmaking industry.

A collaborative robotic system aims to achieve more flexible execution of even highly
complex tasks. It can also help to increase the adaptability of robotic systems by incorporat-
ing humans into the work process [3,4] when full automation is not viable or financially
justifiable. Collaborative robots assist humans to achieve a more efficient work process by
relieving them of monotonous and physically demanding tasks, while the humans use their
abilities of flexibility, adaptability, and intelligence. As a result, improved productivity and
market competitiveness could be achieved by this approach. To attain greater flexibility
and adaptability of collaborative robotic systems, and thus shorten the time required to
implement a specific robotic task solution, some algorithms have recently been developed
to enable more autonomous trajectory planning [5]. To make such robotic tasks feasible,
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a thorough understanding of the robot’s moving abilities within its working space is es-
sential for planning and executing more complex robotic tasks, such as robotic surface
machining [6].

In the case of complex robotic tasks, where simultaneous tracking of the tool tip along
the surface of the workpiece at a constant tool speed is required, such as milling [7,8],
welding [9], composite laying [10,11] or hammer peening, it is not always necessary that
such a task will be feasible with the required technological parameters for arbitrary work-
piece placement in the robot’s workspace. The available motion capabilities are reduced
significantly if we compare collaborative robots to traditional industrial robots, due to the
size of the integrated actuators [6]. The predefined robot’s surface machining path will be
executable successfully according to the required technological parameters only if we deter-
mine the appropriate placement of the workpiece. To ensure that the collaborative robot’s
capabilities will not be exceeded during the execution of the robotic task, it is necessary to
determine the workpiece placement for which the robot’s movement capabilities are the
best possible. Moreover, this ensures the robotic task can be accomplished with increased
tool speed, which results in significant time savings during the usually time-consuming
surface machining process.

In the past, researchers have searched for the optimal position of the workpiece
based on different kinematic criteria. Due to the reduced stiffness of robots compared
to conventional CNC machines, optimal workpiece placement was determined to opti-
mize the stiffness of the robot along a trajectory, and thereby increase the accuracy of
robotic machining, such as robotic milling [8,12,13]. By optimizing workpiece placement,
the improved accuracy of robot-based additive manufacturing can be achieved, particu-
larly for applications such as robotic 3D printing [14]. The primary goal of determining
the optimal placement of the workpiece for other authors has been to minimize energy
consumption [15,16]. In the case of collaborative robots, authors often search for the kine-
matically optimal placement of the workpiece in order to ensure the feasibility of the robotic
task [11,17], to perform the task as quickly as possible without exceeding the robot’s maxi-
mum kinematic capabilities [18], or to identify optimal workpiece placement that results in
the maximum possible manipulability and consequently requires the lowest possible joint
torques [19].

Different objective functions can be chosen in order to determine the optimal place-
ment of the workpiece. For kinematically optimal placement of the workpiece, most
authors use well-accepted and widely used methods, such as the Yoshikawa manipulability
index [20], the minimum singular value, or the condition number. These quantitative
measures represent approximation of the general motion ability, which are not sufficiently
reliable if we have to improve the directional motion capabilities along the required task
direction. In this case, the manipulator velocity ratio is usually used to estimate the ability
to move in the desired direction. Some other authors also include additional criteria in the
optimization process, such as constraints related to joint limits, singularities, collisions with
the environment [21], etc.

To determine the optimal placement of a known robotic path composed of a set of
waypoints, it is necessary to evaluate the motion capabilities of each waypoint on the robotic
path and formulate an appropriate objective function that characterizes the placement of
the entire path in the form of a single scalar value. Some authors maximize the mean value
of the velocity performance measure to find the optimal path placement [22–24]. The mean
value is simple to calculate and understand. However, sometimes the mean result can be
misleading if the spread of results is uneven. Since the average is computed considering
all the data values in a data set, it is influenced highly by the outliers, especially if they
are located on only one side of the data set. In the case of workpiece placement, a high
average value may indicate a workpiece placement where the selected kinematic index is
extremely high, while, for other waypoints, the movement capabilities may be considerably
worse, and vice versa. In [22,24], the minimum value of kinematic performance measures is
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selected, which characterizes the worst kinematic abilities throughout a path to determine
the best worst-case performance along the path.

In this paper, we will optimize workpiece placement by maximizing the motion
capabilities along the entire path, whereby the evaluation of the maximum achievable
tool velocity will be based on the DTF (Decomposed Task Feasibility) method presented
in [25]. Unlike other methods, the DTF method offers a simple and accurate solution for
the determination of the total directional kinematic capabilities of each waypoint on the
path, and it is specifically designed for robotic surface machining purposes as we show
in this paper via a short analysis, which incorporates differential geometric properties of
the machining path on the workpiece surface. The optimization results will determine the
workpiece placement that requires the lowest possible joint velocities for task execution.
The numerical results will confirm the effectiveness of the DTF method in the case of the
optimal placement of a predefined machining task within the robot’s workspace. Thereby,
the feasibility and increased flexibility of the robotic machining task can be achieved in
combination with intuitive collaboration between human and robot.

The remainder of this paper is structured as follows. In Section 2, the intuitive human–
robot collaboration is presented in the case of the definition of the robotic machining task.
The related methods for evaluation of the feasible kinematic directional capabilities are also
outlined. In the same section, a DTF method is described to evaluate the achievable linear
and angular velocities when synchronized motion is required, such as in the case of the
robotic surface machining applications, and geometric analysis of the DTF method is also
given. An optimization problem for optimal workpiece placement is also formulated in
this section, and the case studies are described by six different robot paths. In Section 3,
the numerical results of the described optimization problem in the case of the UR5e robot
are shown, and their validation is given based on the comparison of four different place-
ments of each analyzed workpiece. Finally, Section 4 provides a discussion along with a
corresponding conclusion.

2. Materials and Methods
2.1. Human–Robot Collaboration

In industry, we often encounter workpiece finishing technologies, where the tool must
accurately follow the path along the surface of a geometrically complex surface. This is
one of the most complex tasks for robotization. As a result, in the traditional approach,
the use of expensive CAD/CAM software, which requires highly skilled and experienced
professionals, is inevitable. Furthermore, preparation of a robot program might be a very
time-consuming process with numerous iterations with a simulation phase in the loop. In
addition, the setup of the robotic cell (which must be designed to fulfill safety requirements
related to ISO 10218 [26]) with an industrial robot and a workpiece on the worktable can
also be very demanding. Such an approach presents quite a challenge in custom-based
low-volume, high-mix industry. An alternative approach can employ an open cell with a
collaborative robot complying with ISO/TS 15066 [27], which provides harmless physical
contact with a human worker, and is easy to use. Then, we can usefully exploit these good
features of collaborative robots to design a fast and intuitive robot-teaching process. Thus,
robot machining may be significantly simplified and such a process, in which we could
employ less skilled human operators. In this paper, we briefly present possible solution in
part one. The process workflow can be divided into a number of major phases: (i) setting
the workpiece on the worktable; (ii) clamping the workpiece; (iii) determining workpiece
placement; (iv) setting the workpiece area for surface finishing; (v) generating a machining
path within the selected area; (vi) setting up the technological parameters; (vii) verification
of the machining path; (viii) execution of the robot task; and (ix) visual inspection of the
finished workpiece. In this paper, we highlight the definition of the robot task, which can
be performed intuitively in the collaborative mode. The definition of the machining area on
the workpiece can be performed in collaborative mode by kinesthetic guidance of the robot
in such a way that the operator determines all the boundary points of the processing surface
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by touching the surface of the workpiece with the tip of the robot tool. The activation of the
kinesthetic guidance of the robot is initiated by pressing a control button on the user ring
mounted on the robot flange. Thus, the robot switches to the so-called free-drive mode.
The boundary position points of the area can be determined manually by the operator and
saved point-by-point. The holographic interface enables direct graphic representation of
the defined surface, according to the tapped points. It may also enable set up of most of the
important technological parameters to support easy and intuitive use of the flexible robot
cell, as can be seen from Figure 1.

Appl. Sci. 2024, 14, 1531 4 of 18 
 

robot task; and (ix) visual inspection of the finished workpiece. In this paper, we highlight 
the definition of the robot task, which can be performed intuitively in the collaborative 
mode. The definition of the machining area on the workpiece can be performed in 
collaborative mode by kinesthetic guidance of the robot in such a way that the operator 
determines all the boundary points of the processing surface by touching the surface of 
the workpiece with the tip of the robot tool. The activation of the kinesthetic guidance of 
the robot is initiated by pressing a control button on the user ring mounted on the robot 
flange. Thus, the robot switches to the so-called free-drive mode. The boundary position 
points of the area can be determined manually by the operator and saved point-by-point. 
The holographic interface enables direct graphic representation of the defined surface, 
according to the tapped points. It may also enable set up of most of the important 
technological parameters to support easy and intuitive use of the flexible robot cell, as can 
be seen from Figure 1. 

 
 

 
(a) (b) (c) 

Figure 1. Intuitive definition of the robotic surface machining area through human–robot 
collaboration: (a) the kinesthetic guidance of the robot, (b) the definition of the machining area 
through a holographic interface, (c) setting up the technological parameters through a holographic 
interface. 

The described workflow above can become stuck in the verification phase, i.e., it can 
show that the robot task is not feasible for a variety of reasons, among which we 
emphasize kinematic feasibility due to the speed limits of the robot’s joints, which are 
typically rather low in case of collaborative robots. Then, it is necessary to break the 
workflow, and then to repeat the sequence and reposition the workpiece, clamp it again, 
determine its placement, set the workpiece machining area (optionally), etc., and if the 
verification fails again, it should be repeated again. This may be quite a cumbersome 
process and it may take numerous iterations before it ultimately results in the feasible 
position of the workpiece. In order to simplify it, it is necessary to insert an additional 
subprocess into the workflow, which will provide optimization of the workpiece position 
by taking into account the feasibility issue. 

2.2. Feasible Kinematic Directional Capabilities 
To ensure the feasibility of the predefined machining task, workpiece placement 

should be such that all waypoints on the surface are reachable by the robot, and the tool 
tip can move between them with the desired tool speed. To find such placement of a 
robotic machining trajectory, motion capabilities have to be analyzed for each segment of 
the desired path. Some existing kinematic performance indices are typically used for this 
purpose [28]. A detailed review of the related studies has found that most of them 
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holographic interface, (c) setting up the technological parameters through a holographic interface.

The described workflow above can become stuck in the verification phase, i.e., it can
show that the robot task is not feasible for a variety of reasons, among which we emphasize
kinematic feasibility due to the speed limits of the robot’s joints, which are typically rather
low in case of collaborative robots. Then, it is necessary to break the workflow, and then to
repeat the sequence and reposition the workpiece, clamp it again, determine its placement,
set the workpiece machining area (optionally), etc., and if the verification fails again, it
should be repeated again. This may be quite a cumbersome process and it may take
numerous iterations before it ultimately results in the feasible position of the workpiece.
In order to simplify it, it is necessary to insert an additional subprocess into the workflow,
which will provide optimization of the workpiece position by taking into account the
feasibility issue.

2.2. Feasible Kinematic Directional Capabilities

To ensure the feasibility of the predefined machining task, workpiece placement
should be such that all waypoints on the surface are reachable by the robot, and the tool
tip can move between them with the desired tool speed. To find such placement of a
robotic machining trajectory, motion capabilities have to be analyzed for each segment
of the desired path. Some existing kinematic performance indices are typically used for
this purpose [28]. A detailed review of the related studies has found that most of them
overlook the exact task requirements, suffer from physical inconsistency, do not include the
maximum kinematic limits in the consideration, or are computationally intensive.

When evaluating a robot’s ability to move its end-effector toward an arbitrary direction,
a qualitative measure w based on analyzing the manipulability ellipsoid is most often used,
which was first introduced by Yoshikawa [20]. It is shown in Figure 2 and defined as:

w =
√

det(J JT) (1)
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where J(θ) ∈ Rmxn is a Jacobian matrix of the robot mechanism, with elements of
Jij = ∂ fi(θ)/∂θj and i = 1. . .m, j = 1. . .n. Yoshikawa’s manipulability index w aims to
provide information regarding the proximity to a singular configuration. Additionally,
the condition number, or minimum singular value [29], can also be used to estimate the
proximity to a singular configuration. These indices offer a general evaluation of a robot’s
capabilities, which can be useful for optimizing the design [30] or other general character-
istics of a robot. But it is important to note that these performance measures are often of
limited practical usefulness, particularly when the focus is on improving the directional
kinematic capabilities within a predefined robotic task.
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3-DOF planar robotic mechanism.

For evaluation of the directional kinematic capabilities of the robot’s end-effector,
researchers have proposed various performance metrics. One such metric, presented
in [31], involves calculating the distance from the center to the surface of the manipulability
ellipsoid along the desired directional vector. This metric is also named the manipulator
velocity ratio, which was first presented in [32], and defined as:

µ2 =
[
ûT(J JT)

−1
û
]−1/2

(2)

where û denotes the direction of the end-effector velocity vector, and µ2 is the scalar, which
represents the velocity transmission ratio in direction û, as is shown in Figure 2. By utilizing
the Euclidian norm, this approach provides estimation of a robot’s motion capabilities in
the task space relative to the robot effort required in the joint space. Another approach,
outlined in [32], suggests using the manipulability polytope as an alternative metric, which
is obtained considering the exact joint velocity limits. The magnitude µ∞ of the maximum
feasible tool velocity along û under the velocity constraints, as can be seen from Figure 2,
can be expressed as:

µ∞ = (max
∣∣∣ .
θ
∗
i

∣∣∣
i

)
−1

(3)

where
.
θ
∗
=
[ .
θ
∗
1 ,

.
θ
∗
2 , . . . ,

.
θ
∗
n

]T
is the minimum infinity norm solution of û = J

.
θ. In com-

parison to the manipulability ellipsoid, the manipulability polytope seems to be more
appropriate for the calculation of the robot’s feasible task-space capabilities, while it con-
siders the exact joint velocity limits. However, both methods could lead to a performance
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measure that combines linear and angular movement capabilities into a single scalar
value, which makes the calculation physically inconsistent [33]. Different methods have
been proposed to address this issue and overcome the problem of physical inconsistency.
Some authors have introduced new performance measures [34,35], which consider only
translational directional capabilities. Another method, proposed in [36], involves power
manipulability as a fully homogeneous and physically consistent performance measure.
Unfortunately, establishing a direct relationship between the power vector and particular
task requirements could be challenging in this case.

Since elements of the twist vector space do not share the same physical unit, the
linear and angular velocity capabilities should be addressed independently. Therefore,
Yoshikawa [37] separated the total manipulability measure into translational and rotational
manipulability measures. He introduced the translational and rotational manipulability
measures in both weak and strong senses. Similarly, the separated translational and rota-
tional capabilities can be defined based on the manipulability polytope approach [38]. In
this case, two different types of weak-sense manipulability polytope can be obtained, i.e.,
the L∞ velocity polytope and the L2 velocity polytope, respectively. The weak-sense manip-
ulability polytope can be used only in the case where the angular velocity is irrelevant to
the task execution [38–40], which is not suitable in the case of robot machining applications.
The set of all linear (angular) velocities that are feasible under the constraints that the tool
orientation is kept constant form the translational (rotational) manipulability polytope in
the strong sense [37,41,42]. However, robot surface machining applications with purely
translational (rotational) motion exist rarely in actual industrial cases.

To avoid the shortcomings of the described methods in the case of simultaneous
linear and angular motion analysis, a method called Decomposed Twist Feasibility (DTF)
was presented in [25], to evaluate accurate and physically meaningful information about
a feasible linear and angular velocity in a specific task direction for robotic machining
purposes. The kinematic capabilities of the tool in a task space are limited by the joint
velocity limit. To determine the maximal velocity capabilities in the task space, we also
need take the desired motion synchronization into consideration. Therefore, the maximum
linear and angular velocity can be derived from the condition:∥∥∥ J̃†

Tv + J̃†
Rω
∥∥∥

∞
≤ 1 (4)

and as a result, it can be calculated based on the DTF method as:

va =
∥∥∥ J̃†

T ûT + h−1 · J̃†
RûR

∥∥∥−1

∞
, (5)

ωa =
∥∥∥h · J̃†

T ûT + J̃†
RûR

∥∥∥−1

∞
, (6)

where J̃T denotes a 3xn translational Jacobian submatrix, J̃R denotes a 3xn rotational
Jacobian submatrix, ûT ∈ R3 is the unit vector in the desired linear velocity direction and
ûR ∈ R3 is the unit vector in the desired angular velocity direction. Here, we considered
v = vaûT and ω = ωaûR, where v and ω represent the linear velocity vector and the angular
velocity vector, respectively, as can be seen from Figure 2; whereas, va and ωa stand for the
linear speed and the angular speed, respectively.

In contrast to the existing methods, where the desired motion synchronization is not
considered, the relative importance of the synchronized linear and angular motion is, in
the case of the DTF method, considered by a task-dependent velocity ratio factor h ∈ R
that represents synchronization between linear and angular velocity; it is independent of
velocity profile scaling. It can be computed from the kinematic parameters as h = va/ωa;
however, in robotic machining, it can be considered as a parameter that exclusively depends
on the geometry of the workpiece surface and the machining path.
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2.3. Geometric Analysis of the DTF Method for 5-Axis Robotic Machining

In the following, we provide a geometric analysis of the DTF method under the
assumption that we consider the robotic motion problem to be a 5-axis robotic machining
process in which the tool tip is required to follow the path embedded on the workpiece
surface while maintaining normal orientation to the surface with zero tool rotation about its
own axis. In this case, the angular velocity of the robot end-effector can be determined as:

ω = n̂ ×
.
n̂, (7)

where n̂ is the unit normal vector on the surface at a path point,
.
n̂ is its time derivative, and

× stands for vector cross product. In addition, we can introduce the Darboux frame along
the curve on the surface [43], which is associated with the path point and constructed on the
surface as a moving frame along the path curve such that it consists of triple-unit orthogonal
vectors

{
t̂, b̂, n̂

}
, where t̂ stands for the unit curve tangent vector and b̂ = n̂× t̂ can be called

a unit bitangent vector; vectors t̂ and b̂ span the tangent plane that is perpendicular to the
normal vector n̂ and is attached to the surface at the path point. The triple

{
t̂, b̂, n̂

}
evolves

along the path curve such that its differential can be described by the following formula:

d

 t̂
b̂
n̂

 =

 0 κgds κnds
−κgds 0 τgds
−κnds −τgds 0

 t̂
b̂
n̂

, (8)

where κn, κg, and τg are the point-specific curve-on-surface characteristic properties, i.e., the
normal curvature, the geodesic curvature, and the geodesic torsion of the path curve at that
point, respectively; whereas, d(.) denotes a differential and ds stands for the differential
path length. These functions determine important properties for surface curves. The normal
curvature κn is related to the measure of the curve curvature that is due to the curvature
of the underlying surface—it is projected onto the plane, which is spanned by the vectors,
and can be used to tell us the extent to which the surface itself is curving along the curve.
The geodesic curvature κg is the curvature of the curve projected onto the surface tangent
plane spanned by vectors t̂ and b̂. And the geodesic torsion τg is the relative torsion that
measures the rate of change in the surface normal around the curve’s tangent—it is related
to the rate of rotation of the tangent plane around the tangent of the curve.

From (8) one can deduce the time derivative of the unit normal vector as:

.
n̂ = −κn

.
s · t̂ − τg

.
s · b̂, (9)

where
.
s represents the linear speed of a virtual particle, which travels along the path curve.

Through the combination of (7) and (9) we can now derive the angular velocity vector as:

ω = n̂ ×
.
n̂ = −(κn b̂ − τg t̂)

.
s. (10)

The latter result shows that the angular velocity depends on the surface and path
curve characteristics since it is embedded on the workpiece surface. If we consider b̂⊥t̂ and
va =

.
s then the angular speed can be further derived as:

ωa = va

√
κ2

n + τ2
g . (11)

Finally, the task-dependent parameter h can be expressed from (11) as:

h =
va

ωa
=

1√
κ2

n + τ2
g

. (12)
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It is clearly shown that parameter h is determined only by the curve-on-surface geometry
characteristics expressed via the normal curvature and the geodesic torsion.

Furthermore, the angular velocity direction ûR can be computed as follows:

ûR =
ω

ωa
= − 1√

κ2
n + τ2

g

(κn b̂ − τg t̂). (13)

One should note that, in our case, the unit tangent vector is fully aligned with the
linear velocity vector such that ûT = t̂ and the latter result can be rewritten as:

ûR = − 1√
κ2

n + τ2
g

(κn(n̂ × ûT)− τgûT). (14)

If we introduce the skew-symmetric matrix S(n̂) such that the cross product in (14) can be
replaced by the matrix product as n̂ × ûT = S(n̂)ûT , then it yields:

ûR = − 1√
κ2

n + τ2
g

(κnS(n̂)− τg I)ûT . (15)

where I is a diagonal matrix of proper dimension. We can clearly see the dependance of
the angular velocity direction on the curve-on-surface characteristics (expressed via the
curve normal curvature, the curve geodesic torsion, and the surface normal) that is related
to the geometry of the surface workpiece and the machining path. However, the direction
of angular velocity is also determined by the linear velocity direction, i.e., by the path’s
curve tangent direction vector; the angular velocity is synchronized with the linear velocity
via the curve-on-surface characteristics.

We can conclude that, in the case of 5-axis robotic machining, the parameter of maxi-
mum linear (angular) speed va (ωa) from Equation (5) (Equation (6)) depends not only on
the robot kinematics but also on the workpiece surface characteristics and the machining
path curve embedded on the surface as is shown analytically by (7)–(15).

2.4. Optimal Workpiece Placement

Finding the optimal placement of the workpiece can often be crucial for completing a
complex manufacturing task successfully. In order to reach all the waypoints on the work-
piece surface and move between them at the required tool speed, the robot has to operate
below its maximum kinematic capabilities. Therefore, the goal of the optimization process
is to find the workpiece placement relative to the robot’s base position that maximizes
the robot’s ability to move along the specified path on the surface, which results in the
completion of the robotic task with the lowest joint velocities.

Each workpiece has its own local coordinate system {O}, which is positioned at one
of the corners of the workpiece, and determines the workpiece’s placement relative to the
robot’s base frame {B}, as can be seen from Figure 3. The placement of the local coordinate
system of the workpiece {O} can be determined by three variables (X,Y,φ). By moving the
workpiece in the X-Y plane, the position of the workpiece can be determined relative to
the robot’s base frame {B} on the mobile platform. The orientation of the workpiece can be
adjusted by rotating it around the z-axis, represented by the angle φ. The z-axis position of
the workpiece remains fixed, and is determined by the height of the mobile platform, while
the rotations are also fixed around the X and Y axes.
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The prescribed robot path on the workpiece surface consists of a set of waypoints
through which the robot needs to move with a constant linear speed while keeping the
tool orientation perpendicular to the curved surface. Based on the DTF method, the
maximum achievable tool velocity can be obtained at each waypoint along the path,
considering the required motion on the surface. To evaluate the optimality of any given
workpiece placement, it is necessary to propose an appropriate objective function based
on the calculated maximum achievable tool velocities at each waypoint. Since the most
challenging waypoint for the robot is the one where the value of the maximum achievable
linear velocity is the lowest, the minimum value along the path will be calculated as a
criterion, which is defined as:

Vpath
max = min(va). (16)

2.5. Optimization Criterion

Only the directional kinematic capabilities of the robot will be considered in this study.
In the case of surface machining, the machining path consists of a set of waypoints, which
the robot has to follow, and are known a priori. To find the optimum placement of the
workpiece with regard to the proposed machining requirements, the following optimization
criterion will be expressed as:

F(x, y, φ) = Vpath
max . (17)

To determine the kinematically optimal placement of the workpiece, the optimization
problem can be formulated as maximizing the objective function F(x, y, φ):

max
x,y,φ

F(x, y, φ) (18)

subject to:

- The joint angles of the robot should be bounded between its positional joint limits:

θi,min ≤ θi ≤ θi,max, i = 1, . . . , 6, (19)

- The workpiece should be located within a working area, which is defined relative to
the robot’s base frame {B} within the range:

Xmin ≤ X ≤ Xmax
Ymin ≤ Y ≤ Ymax

, (20)
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- The rotation of the workpiece should be limited between:

φmin ≤ φ ≤ φmax, (21)

All waypoints on the robot’s path should be reachable, which means that an inverse
kinematics (IK) solution exists for all waypoints on the robot’s path.

3. Results and Discussion
3.1. Experimental Setup

Validation of the proposed method for optimizing the workpiece placement will be
demonstrated on a Universal Robots UR5e collaborative robot for six different machining
paths. The maximum feasible linear velocity will be determined at each waypoint of the
robot’s path, based on the maximum kinematic capabilities of the UR5e robot considering
the required machining direction. The maximum allowed joint velocities for the UR5e robot
are limited between +/− 180 ◦/s for all six joints. The optimal placement of the workpiece
will be searched using the “surrogate” optimization algorithm [44], which was developed
for solving complex and computationally demanding optimization problems.

The results will be presented based on three different workpieces, as is shown in
Figure 4a–c. For each workpiece, two different machining paths are determined, as shown in
Figure 4d–i, where the black lines define the machining paths across the workpiece surface.
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Figure 4. Three-dimensional model of a workpiece: (a) Workpiece 1, (b) Workpiece 2, (c) Workpiece 3,
and the machining paths across the surface of the workpiece: (d) 1A, (e) 2A, (f) 3A, (g) 1B, (h) 2B,
(i) 3B; surface color is coded by the surface point height (blue—low value, yellow—high value).



Appl. Sci. 2024, 14, 1531 11 of 17

3.2. Optimization Results

The optimal workpiece placement was determined based on the optimization problem
described in (8) and optimisation constraints listed in Table 1. For optimisation purposes,
only UP, RIGHT, and NON-FLIP robot‘s configuration will be considered.

Table 1. Optimization constraints.

Optimization Constraint Value

Positional joint limits of the UR5e robot −360◦ ≤ θi ≤ 360◦, i = 1, . . . , 6
Working area −400 mm ≤ X ≤ 400 mm

−200 mm ≤ Y ≤ −800 mm
Workpiece rotation −180◦ ≤ φ ≤ 180◦

The optimal placement is named as “Optim”, it is represented by the green-colored
workpiece shown in Figure 5a–f. The optimal workpiece placement of each machining path
is described by the transformation matrix TB

O,optim, as is shown in Table 2. For comparison,
three other placements of the workpiece will be evaluated, named: “Init”, “1”, and “2”.
Additional workpiece placements will be added to the analysis in order to verify the
effectiveness of the proposed objective function and thus demonstrate the relationship
between the value of the objective function and the maximum measured joint velocities
required for executing the predefined machining trajectory.
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Figure 5. Workpiece placement on the mobile platform for the machining paths: (a) 1A, (b) 1B, (c) 2A,
(d) 2B, (e) 3A, (f) 3B. Red-colored workpiece shows its initial placement “Init”, blue- and orange-
colored workpieces show its intermediate placements, respectively, and green -colored workpiece
shows its optimal position “Optim”.
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Table 2. Optimal workpiece placement, described by the transformation matrix for the machining
paths: (a) 1A, (b) 1B, (c) 2A, (d) 2B, (e) 3A, (f) 3B.

(a) (c) (e)

TB
O,Optim =


0.1186 −0.9929 −0.0023 0.2461
0.9929 0.1186 0.0030 −0.4612
0.0030 −0.0059 0.9999 −0.0662

0 0 0 1

 TB
O,Optim =


−0.9447 0.3278 −0.0017 0.2867
−0.3278 −0.9447 −0.0034 −0.3302
−0.0027 −0.0027 1.0000 −0.0928

0 0 0 1

 TB
O,Optim =


0.8610 −0.5086 0.0006 −0.0751
0.5086 0.8610 0.0077 −0.5075
−0.0044 −0.0064 1.0000 −0.0949

0 0 0 1


(b) (d) (f)

TB
O,Optim =


0.6067 −0.7949 0.0005 −0.2991
0.7949 0.6067 0.0104 −0.4992
−0.0085 −0.0059 0.9999 −0.0662

0 0 0 1

 TB
O,Optim =


−0.9987 −0.0503 −0.0053 0.0153
0.0503 −0.9987 0.0017 −0.5156
−0.0054 0.0015 1.0000 −0.0932

0 0 0 1

 TB
O,Optim =


0.9919 0.1271 0.0052 0.1424
−0.1272 0.9919 0.0057 −0.1525
−0.0044 −0.0064 1.0000 −0.0949

0 0 0 1



The workpiece placement “Init”, shown as a red-colored workpiece, represents the
initial placement of the workpiece defined by TB

O,init, while workpiece placements “1”
and “2”, shown as blue- and orange-colored workpieces, represent random workpiece
placements on the mobile platform, defined by TB

O,1 and TB
O,2, respectively. Each placement

is represented by the workpiece reference frame, where the red arrow represents the x-axis,
the green arrow represents the y-axis, and the blue arrow the z-axis, respectively.

For each analyzed workpiece placement, we calculated and displayed the maximum
achievable linear velocity Vmax at each waypoint on the robot’s path, calculated by the
DTF method (4). The results are presented in Figure 6 in the form of a swarm scatter chart
for each machining path. From Figure 6, it can clearly be seen that the highest worst-case
maximum achievable linear velocity Vpath

max is calculated for the optimal placement of the
workpiece in all six cases.
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3.3. Simulation Results

In order to validate the optimal workpiece placement method, the joint velocities along
the entire trajectory were measured by the offline simulation tool URSim. The data were
captured using the Real-Time Data Exchange (RTDE) protocol, which is based on the TCP/P
communication, and allows reading data at a frequency of 500 Hz. Only the measured joint
velocities were analyzed, since our goal was to find the kinematically optimal position of
the workpiece. The joint velocities were measured for all four placements of the workpiece:
“Init”, “1”, “2”, “Optim”, and all the robotic trajectories were executed with the same
machining parameters displayed in Table 3, where the path was followed at a constant
TCP speed.

Table 3. Machining parameters.

Machining Parameter Value

TCP speed 50 mm/s
TCP acceleration 500 mm/s2

Blend radius 1 mm
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The infinity norm of the joint velocities, which represents the maximum value of
the joint velocity vector, were calculated at each time step for all four placements of the
workpiece. These values are shown by the swam chart plot in Figure 7. The maximum value
of the entire trajectory is displayed for each placement. It can be seen that the lowest infinity
norm of joint velocities was required for the optimal workpiece placement compared to the
other workpiece placements, considering the same machining parameters.
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blue, orange, and green colors refer to initial workpiece placement “Init”, intermediate workpiece
placements “1” and ”2” and optimal workpiece placement “Optim”, respectively.

The percentage of joint velocity reduction was calculated by comparing the considered
workpiece placement to its optimal placement in the form of the parameter of improve-
ment imp:

imp = 100 ·
(

1 −
max(

.
qoptim)

max(
.
q)

)
(22)

In the case of machining path 1A, the lowest value of the maximum achievable linear
velocity along the entire path was calculated for the orange-colored workpiece placement.
As a result, the highest measured values of the maximum joint velocities were measured
for the same workpiece placement (2.66). A 52.8% reduction in maximum joint velocities
was achieved in comparison to the optimal workpiece placement. Similar findings were
found in the case of all the other machining paths as well. For machining path 1B, the
lowest values of the maximum achievable linear velocity along the path were measured
for the blue-colored workpiece placement (2.31). In this case, we reduced the maximum
joint velocities by 41.3% for the optimal workpiece placement. In the case of machining
path 2A, the lowest value of the maximum achievable linear velocity along the path was
calculated for the blue-colored workpiece placement, as is shown in Figure 6c. The highest
joint velocities were achieved for this workpiece placement as well (2.67), as can be seen
from Figure 7c. For the optimal workpiece placement, the maximum joint velocities were
reduced by 25.1%.
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As depicted in Figure 6d, the lowest value of the maximum achievable linear velocity
along the path for machining path 2B was calculated for the placement of the workpiece
shown in blue. As shown in Figure 7d, the maximum joint velocities were observed for this
workpiece placement (0.60). For optimal placement of machining path 2B, the maximum
joint velocities were reduced by 33.3%. Similar improvement can also be seen for machining
paths 3A and 3B, where the maximum joint velocities were reduced by 29.7% in the case of
machining path 3A and 37.9% for machining path 3B. Based on the results, we can confirm
that the maximum achievable linear velocity along a path is linked directly to the maximum
joint velocities, and, consequently, to the evaluation of feasibility of the robotic task.

4. Conclusions

When planning a feasible robotic task, it is crucial to ensure that the required joint capa-
bilities are below the maximum capabilities available. This can be challenging, especially in
the case of more complex robotic tasks, such as robotic surface machining. To calculate the
maximum kinematic end-effector capabilities of each waypoint on the predefined robotic
path, an approach called the Decomposed Twist Feasibility (DTF) method was used in this
study, which can provide precise, dimensionally homogeneous and physically consistent
information about the maximum robot tool speed considering maximum joint velocities
while fulfilling the surface machining requirements.

The optimal placement of the workpiece can be determined based on the optimiza-
tion criterion presented in this study. The optimization criterion is based on the idea of
evaluating the robot’s motion performance capabilities at the most critical waypoint on
the robot’s path to determine the best worst-case performance along the entire path. The
experiment was shown and verified on the 6-axis collaborative robot UR5e for robotic
machining purposes. The optimization results confirm the effectiveness of the described
method, as we achieved the lowest values of maximum joint velocities for all the machining
paths in the case of optimal workpiece placement. Therefore, it can be concluded that
maximizing the achievable linear velocity along the machining path, calculated based on
the DTF method, is linked directly to the measured maximum joint velocities along the
machining path. By optimizing the workpiece placement based on the proposed method,
we can ensure a feasible robotic machining task, or perform the machining task at a higher
linear speed. Since the DTF method is designed to analyze only pure kinematic properties,
the dynamic capabilities according to the specified task parameters should also be taken
into account in order to identify a feasible workpiece placement.
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