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Abstract: A nonlinear semi-numeric and finite element analysis of three-point bending tests of
notched polymer fiber-reinforced concrete prisms was performed. The computational and exper-
imental results were compared in terms of the load-displacement behavior. The vertical midspan
displacement and the crack mouth opening displacement results were considered. The nonlin-
ear semi-numeric computational procedure involved the moment-curvature relation, calculated
by considering the constitutive material law from the fib Model Code for Concrete Structures 2010,
and considered a plastic hinge mechanism to simulate the cracked region behavior. Two sets of
tensile mechanical properties were considered for the constitutive material law: back-calculated (by
an inverse analysis) tensile strength properties from the experimental results, and tensile strength
properties calculated by simplified expressions from the fib Model Code for Concrete Structures 2010.
Other mechanical properties were determined by additional compressive tests and standard relations
for the dependency of various mechanical properties on the concrete compressive strength. The
nonlinear finite element analysis incorporated the Menetrey-Willam material model to simulate
the fiber-reinforced concrete behavior. The nonlinear semi-numeric analysis load-displacement re-
sults based on the back-calculated tensile strength properties relatively accurately matched with
the experimental results, whereas the nonlinear semi-numeric analysis load-displacement results
based on tensile strength properties calculated by simplified expressions from the fib Model Code for
Concrete Structures 2010 and the nonlinear finite element analysis load-displacement results showed
certain shortcomings.

Keywords: polymer fiber-reinforced concrete; moment-curvature relation; nonlinear plastic hinge;
load-displacement relation; crack width; nonlinear analysis; finite element analysis; Menetrey-Willam
material model; three-point bending test; compressive test

1. Introduction

Fiber-reinforced concrete is a widely used material nowadays. The most common fiber
type is steel fiber [1], but in recent years, polymer fibers have gained popularity [2] due to
their insensitivity to corrosive environments. Adding polymer fibers to concrete does not
significantly increase the concrete tensile strength (stress that results in crack formation).
However, the fiber dosage heavily influences the residual tensile strength of concrete in
terms of the load-bearing capacity after crack formation. Subjecting structural components
made of polymer fiber-reinforced concrete to uniform tensile loading leads to nonlinear
load-displacement behavior, with flexural loading accentuating this effect even further.

Different computational procedures were developed to capture fiber-reinforced con-
crete’s highly nonlinear load-displacement behavior. The most common is the plastic
hinge approach, as mentioned in [3], where three different kinematic assumptions are
also mentioned, which are usually considered for the plastic hinge. The first assumption
considers that the crack surface remains plane and the crack opening angle equates to the

Appl. Sci. 2024, 14, 1604. https://doi.org/10.3390/app14041604 https://www.mdpi.com/journal/applsci

https://doi.org/10.3390/app14041604
https://doi.org/10.3390/app14041604
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://doi.org/10.3390/app14041604
https://www.mdpi.com/journal/applsci
https://www.mdpi.com/article/10.3390/app14041604?type=check_update&version=1


Appl. Sci. 2024, 14, 1604 2 of 25

overall angular deformation of the nonlinear plastic hinge [4]. The second assumption is
similar to the first one as it (in addition to the first assumption) considers that the curvature
varies parabolically across the plastic hinge length between the uncracked cross-section and
the cracked cross-section [5]. The third assumption considers that the crack surface does
not remain plane [6]. With the resulting relation (based on one of the three assumptions)
between the plastic hinge rotation and the bending moment, the load-displacement relation,
according to [3], can be calculated as the sum of the classical beam theory displacement
and the displacement due to the plastic hinge rotation according to rigid body rotation.
In [7], a semi-analytical model for the flexural behavior of fiber-reinforced concrete was
presented, where the midspan displacement was calculated as the sum of the classical beam
theory displacement and displacement due to a rotation at the crack. The rotation at the
crack was calculated as the ratio of the crack width to the crack depth. The crack width
was calculated by expressions from [8], which directly relate the crack width to the acting
bending moment. In [9], closed-form solutions for the flexural response of fiber-reinforced
concrete members were presented based on a simplified constitutive model where linear
elastic behavior up to the tensile strength, a constant residual tensile strength, and the
elastoplastic behavior under compression were considered. A simplified bilinear moment-
curvature relation was calculated and used to calculate the displacements with Mohr’s
moment-area method. In [10], similar closed-form solutions for the flexural response of
fiber-reinforced concrete members were presented, with the main difference being in con-
sidering a four-linear constitutive model for tension and a parabola-rectangle constitutive
model for the fiber-reinforced concrete. The study [11] compared the load-displacement
responses of a concrete beam reinforced with classical steel and fiber reinforcement, cal-
culated based on different constitutive models for fiber-reinforced concrete. A numerical
model based on the moment-curvature relation and Mohr’s moment-area method was
used for calculating the load-displacement behavior. While most studies on fiber-reinforced
concrete consider rectangular cross-sections, in [12], a study on the load-bearing behavior
of polymer fiber-reinforced concrete tetrapods with circular cross-sections is presented.

The finite element method is also an essential computational procedure for evaluating
fiber-reinforced elements’ flexural behavior. Different approaches are used for the consider-
ation of fibers and concrete. Usually, fiber-reinforced concrete is modeled as one material,
for example, in [13], where a finite element analysis was used to simulate uniaxial tensile
tests and four-point bending tests of fiber-reinforced concrete samples, or in [14], where the
suitability of constitutive models of concrete for polyolefin fiber-reinforced concrete was
evaluated by finite element numerical simulations of three-point bending tests. A different
approach is the discrete modeling of randomly distributed and oriented fibers inside a
concrete body, for example, in [15], where tensile and bending tests were simulated. As
explained in [16], two primary modeling approaches can be discerned for conducting frac-
ture analysis, which also covers the analysis of fiber-reinforced concrete elements. The two
approaches are the discrete crack model and the smeared crack model. While the discrete
crack model depicts cracks discretely and targets to simulate the initiation and propagation
of predominant cracks, the smeared crack model captures the degradation process using
a constitutive relation, thereby spreading the cracks across the continuum, which is a
significant simplification of the problem in terms of required solver complexity. Moreover,
an important factor for choosing the finite element modeling approach is the number of
required input parameters and the complexity of determining the input parameters.

The predominant focus in current research addressing the load-displacement behavior
of fiber-reinforced concrete revolves around steel fibers. After all, the guidelines and ex-
pressions for fiber-reinforced concrete outlined in the fib Model Code for Concrete Structures
2010 [17] primarily derive from experiences with steel fiber-reinforced concrete. This article,
therefore, addresses the load-displacement behavior of polymer fiber-reinforced concrete,
providing a focused examination distinct from the prevalent emphasis on steel fibers in
the existing literature. The content of this article stems from an attempt to determine the
mechanical properties of a certain polymer fiber-reinforced concrete mixture, which was
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experimentally tested with standardized compressive tests on cubic samples and with stan-
dardized three-point bending tests on notched prisms. Two computational procedures were
employed to assess the experimental results and to determine the mechanical properties.
The first computational procedure was a nonlinear semi-numeric analysis, which included
the calculation of the moment-curvature relation for multiple cross-sections of the notched
prisms by the bisection method and the displacement calculation at the prism midspan by
the virtual work method, where a plastic hinge mechanism captured the cracked region
behavior. The second computational procedure was a nonlinear finite element analysis that
employed the Menetrey-Willam material model to simulate the behavior of fiber-reinforced
concrete. The load-displacement results from the nonlinear semi-numeric analysis and
the nonlinear finite element analysis were analyzed and compared with the experimental
load-displacement results. The applicability and limitations of the employed computa-
tional procedures based on the material model for fiber-reinforced concrete of the fib Model
Code for Concrete Structures 2010 [17] (used for the semi-numeric calculation) and of the
Menetrey-Willam material model [18] (used for the finite element analysis) were addressed
to ensure a comprehensive understanding of their effectiveness in simulating the behavior
of polymer fiber-reinforced concrete.

2. Materials and Methods

Six polymer fiber-reinforced concrete prisms were tested under three-point bending
conditions according to the EN14651 standard [19]. The prisms were designated with the
names B23258/1–B23258/6. The bending tests were conducted at the Slovenian National
Building and Civil Engineering Institute. The prisms had a length of 600 mm and a rectan-
gular cross-section with a height (h) and width (b) of 150 mm. The prisms were notched
at the midspan. The notched cross-section height (hsp) was 125 mm. The measurement of
the notched cross-sections showed that the tolerance for the prism dimensions could be
assumed to be less than 1 mm (Table 1). Each prism’s notched cross-section width was mea-
sured four times, while the height was measured two times, and then the measurements
were averaged.

Table 1. Averaged notched cross-section dimensions.

B23258/1 B23258/2 B23258/3 B23258/4 B23258/5 B23258/6

B [mm] 150.33 149.57 149.62 149.21 149.87 150.96
Hn [mm] 125.06 125.03 125.01 125 125.2 125.06

The three-point bending configuration can be seen in Figure 1. The span length
was 500 mm. Instead of measuring the crack mouth opening displacement (CMOD), the
vertical midspan displacement was measured (with a linear transducer). Although the
test procedure of the EN14651 standard [19] was designed to determine the CMOD and
residual tensile strength (understood as the tensile strength after crack formation), the
standard gives the option to measure vertical midspan displacements instead. In order
to determine the CMOD values, the EN14651 standard [19] gives a relation between the
CMOD and vertical midspan displacement (δ) values, equal to:

δ = 0.85·CMOD + 0.04 (CMOD and δ in mm). (1)

According to Equation (1), the specified CMOD load rates were transformed into ver-
tical displacement load rates. Up to a vertical displacement of 0.13 mm, the displacements
were increased at a constant rate of 0.08 mm/min. After reaching the displacement of
0.13 mm, the displacements were increased at a constant rate of 0.21 mm/min.
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Figure 1. Three-point bending test configuration (the specimen B23258/1 is shown).

The concrete composition (mix design) can be found in Table 2. The concrete mix
herein presented was designed to reach a characteristic compressive strength (on cylinders,
according to the EN1992-1-1 standard [20]) of at least 25 MPa, respectively, the properties
of strength class C25/30. After concrete pouring, the concrete prisms were wrapped in
polyethylene foil and stored at room temperature, approximately 20 degrees Celsius. The
bending tests were performed 49 days after concrete pouring.

Table 2. Concrete composition.

Component Dosage [kg/m3]

Aggregate (maximum grain size: 16 mm) 711
Cement (CEM II/A-S 52.5 N) 135

Total water 71.4
Plasticizer 0.4

Barchip 48 fibers 5

In addition to the regular concrete components, 5 kg of the Barchip 48 [21] polymer
fibers were added per cubic meter of the concrete composition. The fibers were added by
hand into the batching plant’s concrete-mixing machine. The chosen polymer fibers were
high-performance macro-synthetic polypropylene fibers designed for structural reinforce-
ment in precast, paving, and flooring works [21]. They can be classified as Class-II fibers
(according to the EN 14889-2 standard [22]), generally used where an increase in residual
flexural strength is required. Table 3 summarizes the properties of BarChip 48 fibers.

Table 3. Barchip 48 fiber properties.

Property Value/Description

Tensile strength [MPa] 640
Young’s modulus [GPa] 12

Length [mm] 48
Base material Virgin polypropylene

In order to disclose the potential impact of the relatively high fiber dosage on the
compressive strength, compression tests following the EN12390-3 standard [23] were
performed (Figure 2). The compression tests were performed on three cubes without fibers
(designated with the names BV1–BV3) and three cubes with fibers (designated with the
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names ZV1–ZV3). After concrete pouring, the cubes were wrapped in polyethylene foil
and stored at room temperature, approximately 20 degrees Celsius. The compression tests
were performed on cubes with side lengths of 15 cm, 37 days after concrete pouring.
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Figure 2. Compression test.

3. Results

The results of the load-versus-displacement curves for the midspan displacement in
the vertical direction are shown in Figure 3. The tests were stopped at a displacement of
around 3.5 mm, as this displacement already covers all the questioned CMOD values. For
prisms B23258/2 and B23258/3, where data-compiling errors occurred, the results are only
given for displacements of up to approximately 2.5 mm.
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The residual load-bearing capacities were determined for the marked displacement
values in Figure 3 (0.47 mm, 1.32 mm, 2.17 mm, and 3.02 mm), which, according to
the EN14651 standard [19], correspond to the specified CMOD values (0.5 mm, 1.5 mm,
2.5 mm, and 3.5 mm). The maximum force (Fmax) and force (Fi) values corresponding to the
specified displacements (F0.47, F1.32, F2.17, and F3.02) are given in Table 4. The corresponding
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stress values (residual flexural tensile strength values (σi)) were calculated by considering
the notched cross-section dimensions in Table 1 under the assumption of a linear stress
distribution (as specified by the EN14651 standard [19]). The results’ average and standard
deviation values are in the last four columns (Faver.i, Fsd.i, σaver.i, and σsd.i).

Table 4. Three-point bending test results.

B23258/1 B23258/2 B23258/3 B23258/4 B23258/5 B23258/6

i Fi
[kN]

σi
[MPa]

Fi
[kN]

σi
[MPa]

Fi
[kN]

σi
[MPa]

Fi
[kN]

σi
[MPa]

Fi
[kN]

σi
[MPa]

Fi
[kN]

σi
[MPa]

Faver.i
[kN]

Fsd.i
[kN]

σaver.i
[MPa]

σsd.i
[MPa]

Max. 14.63 4.67 16.57 5.31 13.53 4.34 13.06 4.20 12.43 3.97 14.64 4.65 14.14 1.345 4.52 0.43
0.47 7.40 2.36 8.56 2.75 6.27 2.01 4.53 1.46 4.88 1.56 7.59 2.41 6.54 1.462 2.09 0.47
1.32 8.80 2.81 10.11 3.24 8.32 2.67 6.61 2.13 6.48 2.07 10.02 3.18 8.39 1.449 2.68 0.46
2.17 8.96 2.86 10.22 3.28 8.15 2.61 6.07 1.95 6.42 2.05 10.71 3.40 8.42 1.749 2.69 0.55
3.02 8.62 2.75 / / / / 5.71 1.84 6.96 2.22 11.49 3.65 8.20 2.166 2.61 0.68

The results show that the residual tensile strength (a result of the fibers) values were
smaller than the tensile strength values of the concrete (it was assumed that the fibers did
not affect the concrete’s mechanical properties prior to crack formation), usually described
as softening behavior. However, after crack formation, the loads increased with increasing
displacements (and CMOD values), which is described as post-crack hardening behavior
(see [17]). All fiber-reinforced prisms failed in the same way. A crack formed at the notch
and propagated toward the point of load application, which is the desired failure mode, as
per the EN14651 standard [19]. The fiber-reinforced prisms can be seen in Figure 4.
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Figure 4. Fiber-reinforced prisms after bending tests (left) and the notched region (right) with the
crack after the bending test (prism B23258/1).

The results of the compression tests can be found in Table 5. The individual cube
results are designated as fc, while the averaged results for the compressive strength are
designated as fc.aver.

Table 5. Compression test results.

Without Fibers With Fibers
BV1 BV2 BV3 ZV1 ZV2 ZV3

fc 48.53 48.44 47.64 45.38 44.76 45.87
fc.aver. 48.21 45.33
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The results of the compression tests show that the fibers, to some extent, negatively
affected the compressive strength of the concrete. This might be the consequence of the
relatively high fiber dosage, which is in line with the explanation in [17], where it is
stated that the fiber’s effect on elastic properties and compressive strength is usually not
significant, with the exemption of a high fiber dosage. The typical failure modes of the
concrete cubes are shown in Figure 5.
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Figure 5. Concrete cubes after the compression test: unreinforced cube BV1 (left); fiber-reinforced
cube ZV1 after the compression test (center); and fiber-reinforced cube ZV1 after the compression
test and removal of the cracked parts by hand (right).

The failure modes of the unreinforced and reinforced cubes were satisfactory according
to the EN12390-3 standard [23]. However, despite the cracks, the fiber-reinforced cubes
retained some of their form, and only after removing the cracked parts by hand could the
actual failure modes (or failure planes) be seen. It can be concluded that the failure modes
of both the unreinforced and reinforced cubes were similar.

In order to compare the anticipated strength values at an age of 28 days after concrete
pouring and the measured concrete compressive strength values, the following equation
from the EN1992-1-1 standard [20] for estimating the development of the mean compressive
strength of concrete (fcm(t)) was used:

fcm(t) = exp
(

s·
(

1 −
(28

t
) 1

2
))

·fcm.28, (2)

where t is the concrete age after pouring (in days), s is a coefficient that depends on the type
of cement (equal to 0.2 for the used cement), and fcm.28 is the mean compressive strength
of the concrete at age 28 days after pouring. Considering the age of the fiber-reinforced
concrete cubes at testing (37 days), the mean compressive strength at an age of 28 days
after pouring was estimated to be 44.17 MPa for cubes and 35.34 MPa for cylinders. A
value of 1.25 was considered for the ratio of the compressive strength determined on cubes
and cylinders (at a concrete age of 37 days after pouring, the estimated “cylinder” mean
compressive strength was 36.26 MPa). The characteristic compressive strength determined
on cylinders was assumed to be 27.34 MPa (8 MPa difference was considered for the
difference between concrete’s characteristic and mean compressive strength). The used
relations between the characteristic, mean, “cube” and “cylinder” compressive strength
values were from the EN1992-1-1 standard [20]. It can be concluded that the chosen concrete
composition (Table 2) resulted in a slightly higher compressive strength as anticipated by
the mix-design.

4. Calculation

Two computational procedures were used to calculate the load-displacement response
of the fiber-reinforced concrete prisms. The first type was a nonlinear semi-numeric
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computational procedure based on the moment-curvature relation and the virtual work
method, while the second type was a nonlinear finite element analysis.

4.1. Moment-Curvature Relation Calculation

The moment-curvature relation of the notched cross-section was calculated to deter-
mine the mechanical properties of the fiber-reinforced concrete material. The calculation
was based on the fiber-reinforced concrete constitutive model from the fib Model Code for
Concrete Structures 2010 [17]. To construct the constitutive law of fiber-reinforced concrete
in tension, the crack widths (w) must be converted into strains (ε). This can be performed
using the following relation:

ε =
w
lcs

, (3)

where lcs is the characteristic structural length, considered equal to the cross-section height
for elements without conventional reinforcement. The crack width (w), according to the fib
Model Code for Concrete Structures 2010 [17], is considered equal to the crack mouth opening
displacement (CMOD), which is measured at the bottom of the concrete prism (at the notch
start), while the crack tip opening displacement (CTOD), measured at the notch end, is
the more precise measure for the crack width (w). The CMOD and CTOD measurement
locations are shown in Figure 6.
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This inconsistency is partially compensated by considering simplified stress distribu-
tions across the cross-section height, as discussed in [13]. Hence, in this study, the CTOD
values were considered for the crack widths, and the residual strength values at different
crack widths were calculated by matching the internal bending moment to the applied
bending moment (calculated from the experimental results). To calculate the CTOD, the
following relation from the EN14651 standard [19] was considered: CMOD = 1.2 · CTOD.
The constitutive model for fiber-reinforced concrete is given in Figure 7, where all the
important key points (coordinates) are marked.
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Structures 2010 [17] (the graphs have different scales for clarity): (a) in compression; (b) in tension for
small strains of < 1‰; and (c) in tension for large strains of > 1‰.

The parabolic constitutive model for compression in Figure 7a takes into account
the strain (εc1) at the maximum compressive stress (in our case, fcm), calculated by the
following equation from the EN1992-1-1 standard [20]:

εc1 = −0.7·fcm
0.31, (4)

where εc1 is calculated in ‰, and fcm needs to be in MPa. The experimentally determined
mean compressive strength of concrete was adjusted considering different ages of the
concrete at compressive (37 days) and bending testing (49 days) according to Equation (2).

The modulus of elasticity at the concrete age of 28 days (Ecm.28) was also calculated
from the mean compressive strength at the concrete age of 28 days with the following
equation:

Ecm.28= 22·
(

fcm.28

10

)0.3
, (5)

where Ecm.28 is calculated in GPa, and fcm.28 (the mean compressive strength of concrete at
the age of 28 days needs to be in MPa). For the age of 49 days, the adjusted modulus of
elasticity was calculated with:

Ecm(t) = exp
(

0.3·s ·
(

1 −
(28

t
) 1

2
))

·Ecm.28. (6)

The multilinear constitutive model for tension in Figure 7b,c considers that the ten-
sile stress-strain relation up to 90% of the tensile strength (fctm) is linear considering the
modulus of elasticity Ecm. The strain at the tensile strength is equal to εP. After reaching
the tensile strength, the stress-strain diagram curve (line) continues in the direction of the
coordinate (εQ, 0.2·fctm) but only up to the strain εc, which is calculated as the intersection
point of the negative slope line of the stress-strain relation of plain concrete, after reaching
the tensile strength, and of the line of the stress-strain relation of fiber-reinforced concrete
between the coordinates (εSLS, fFts) and (εULS, fFtu) (see Figure 7b,c). The strain εQ can be
calculated with:

εQ =
GF

fctm·lcs
+

(
εP − 0.8· fctm

Ecm

)
, (7)

where GF is the fracture energy of plain concrete. GF can be calculated with:

GF = 0.73·fcm
0.18. (8)
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where GF is calculated in N/m (fcm needs to be in MPa). The strains εSLS and εULS
correspond to the CMOD values of 0.5 mm and 2.5 mm. However, as explained before, the
CTOD values are considered for calculating the strains (according to the relation ε =CTOD

lcs
).

The part of the constitutive law in Figure 7b,c with tensile strains larger than εc differs
from the constitutive law of plain concrete. It indicates the specifics (differences) of the
mechanism of fiber-reinforced concrete’s behavior compared with plain concrete. The fiber
action is activated at larger strains (strain values at crack formation) and starts to dominate
at larger strains (at larger crack widths).

The multilayer method was chosen to calculate the moment-curvature relation (refer
to [24] for a detailed explanation). It was decided to divide the cross-section into 1500 layers.
The bisection method was employed to calculate the strain at the bottom edge of the cross-
section for different curvature values. The corresponding loads (forces) were calculated
from the resulting bending moment in the cross-section (by applying equilibrium conditions
for forces and bending moments in the cross-section). The expressions of the equilibrium
of forces and moments in the cross-section section were incorporated as:

∑1500
i=1 σi·b·tsl = 0, (9)

MEd − ∑1500
i=1 σi·b·tsl·ysl,i= 0, (10)

where σi is the stress in the i-th layer of the cross-section (calculated for the strain of the
i-th layer εi from the stress-strain relation presented in Figure 7), and ysl,i is the distance of
each layer’s center of gravity to the cross-section’s bottom edge.

A loop calculation was carried out by varying the tensile strength of the concrete fctm
and the residual strengths fFts and fFtu. The calculation was repeated until the difference
between the experimental and calculated maximum load-bearing capacities, the residual
load capacities at a CMOD of 0.5 mm, and the residual load-bearing capacities at a CMOD
of 2.5 mm were less than 1 N. The input parameters and the back-calculated tensile strength
value results of the calculation are given in Table 6.

Table 6. Input parameters of the stress-strain diagram in Figure 7 (with tensile strength results).

Property Unit Value

fcm [MPa] 37.10
Ecm [GPa] 32.60
εc1 [10−3] −2.15
GF [N/m] 139.90
εP [10−3] 0.15
εC [10−3] 0.45
εSLS [10−3] 3.33
εULS [10−3] 16.67
fctm [MPa] 2.82
fFts [MPa] 0.75
fFtu [MPa] 1.07

The fib Model Code for Concrete Structures 2010 [17] also gives expressions for deter-
mining the residual tensile strength values at CMOD values of 0.5 mm (fFts) and 2.5 mm
(fFtu). Two simplified stress–crack opening constitutive laws for considering different stress
distributions are defined: the rigid plastic model with constant tensile stresses in the cross-
section (meant only for calculating the load-bearing capacity at a CMOD value of 2.5 mm)
and the linear model (with different stress distributions at CMOD values of 0.5 mm and
2.5 mm). Based on the average experimental results for the rigid plastic model, the resulting
fFtu value is 0.90 MPa, whereas for the linear model, the resulting fFts value is 0.94 MPa,
and the resulting fFtu value is 0.93 MPa. Compared with the calculation results for fFts
and fFtu in Table 6, there are noticeable differences. As a result, the linear model assumes
almost constant tensile stresses between CMOD values of 0.5 mm and 2.5 mm. Contrary
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to the experiments, the linear model even assumes a slight stress decrease for increasing
CMOD values. This is a consequence of the assumption in the fib Model Code for Concrete
Structures 2010 [17], where a value of 0.5 for the ratio of the residual flexural tensile strength
values (σi in Table 4) at CMOD values of 2.5 mm and 0.5 mm is considered to calculate
the residual tensile strength value (fFtu) at the CMOD value of 2.5 mm (an explanation is
given in [13]). The fib Model Code for Concrete Structures 2010 [17] also relates the flexural
tensile strength to the (uniaxial) tensile strength. This relation results in an estimated tensile
strength (based on the average maximum load in Table 4) of 2.89 MPa (for the considered
cross-section height of 125 mm, the calculated ratio of the flexural tensile strength and the
tensile strength is 1.57), which is close to the tensile strength result of the inverse analysis
in Table 6. Interestingly, in [13], expressions for fFtu and fFts are presented, which are the
basis of the fib Model Code for Concrete Structures 2010 [17] expressions; however, they are
in a less-simplified form. The expressions are derived by considering a linear distribution
of stresses in the cross-section (linear model) and the equilibrium conditions of forces
and moments in the cross-section. The resulting residual strength values (0.77 MPa and
0.98 MPa, according to expressions from [13]) are relatively closer to the back-calculated
values in Table 6.

The resulting bending moment versus curvature relation for the notched and the gross
(without notch) cross-section is given in Figure 8. The bending moment versus curvature
relation for the notched cross-section, based on tensile strength values resulting from
the simplified expressions of the fib Model Code for Concrete Structures 2010 [17], is given
for additional comparison. For the strains of εc, εSLS, and εULS, the values 4.088 × 10−4,
4 × 10−3, and 2 × 10−2 were considered. Note that for the moment-curvature relation
(based on the simplified expressions for the tensile strength values from the fib Model Code
for Concrete Structures 2010 [17]), the strains εSLS and εULS were calculated considering the
CMOD values for the crack width in Equation (3).
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Figure 8. Calculated bending moment versus curvature relation for the gross cross-section, for the
notched cross-section with tensile strength values determined from expressions in the fib Model Code
for Concrete Structures 2010 [17], and for the notched cross-section with marked strains at the bottom
edge (εbot) of the notched cross-section (corresponding to specific curvature values).

In Figure 8, key strains at the notched cross-section’s bottom edge (εbot) are additionally
marked. The maximum load-bearing capacity is reached after the cross-section cracks
and the load slightly increases. The strain at the bottom of the notched cross-section,
corresponding to the maximum load, also marked in Figure 8, is greater than the strain
corresponding to the tensile strength (εP). The comparison of the bending moment versus
curvature relations of the notched and the gross cross-section shows how the chosen notch
depth ensures that at the load corresponding to crack formation in the notched cross-section,
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the gross cross-section curvature is still in the elastic region. The comparison of the bending
moment versus curvature relations of the notched cross-section based on the constitutive
law in Figure 7 and based on the constitutive law with tensile strength values according to
the simplified expressions of the fib Model Code for Concrete Structures 2010 [17]) shows how
the latter assumes an almost constant load-bearing capacity for large strains and how the
latter results in a greater load-bearing capacity for strain values close to the strain εSLS.

The normal stress distributions on the notched cross-section for the load stages corre-
sponding to the marked strains at the bottom of the notched cross-section in the moment-
curvature diagram in Figure 8 are given in Figure 9.
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Figure 9. Stress distributions for different load stages (CRACK–load of crack occurrence (εbot = εP),
Mmax—maximum bending moment (εbot = 0.262·10-3), SLS—load of CMOD = 0.5 mm (εbot = εSLS),
and ULS—load of CMOD = 2.5 mm (εbot = εULS)).

The stress distributions across the notched cross-section height in Figure 9 show
how the cross-section is already partially plasticized (cracked, respectively) when the
maximum load-bearing capacity is reached. When the strain at the bottom of the cross-
section increases, the plasticized region increases almost to the top of the cross-section, as
does the crack (see Figure 6). This fact is also used for the rigid plastic model from the fib
Model Code for Concrete Structures 2010 [17], where the compressive stress distribution is
considered as a concentrated compression force at the top of the notched cross-section, and
tensile stresses equal to the residual tensile stress fFtu are evenly distributed over the whole
cross-section.

Load-Displacement Calculation

A force-displacement relation calculation was performed to evaluate the two bending
moment-curvature relations for the notched cross-section in Figure 8. The total deflection
was calculated as the sum of the deflection from flexural and shear deformation. The
displacement was calculated for load steps (values) corresponding to each curvature (κ)
value from the moment-curvature relation (Figure 8) of the notched cross-section. For the
load steps corresponding to the curvatures (κ) of the notched cross-section less than the cur-
vature corresponding to the maximum bending moment (κ(Mmax)), the flexural deflection
was calculated by integrating the curvature over the prism length (κ(x)) with the virtual
bending moments resulting from a vertical virtual unit force at the midspan. For load
steps corresponding to larger curvature values of the notched cross-section (κ > κ(Mmax)),
the plastic hinge approach was applied. Many studies state different values for the ap-
propriate plastic hinge lengths, as shown in [25], where different studies’ plastic-hinge
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lengths range from half of the cross-section height to twice the cross-section height for steel
fiber-reinforced concrete. The plastic hinge length (Lp) applied for the deflection calculation
in this study was equal to the height of the notched cross-section. After all, this value was
already used (as the characteristic or structural characteristic length) for transforming the
stress versus crack width relation to the stress versus strain relation in Figure 7.

For load steps corresponding to smaller curvature values of the notched cross-section
(κ < κ(Mmax)), the notch effect was considered by linearly varying the curvature over
the plastic hinge between the curvature of the gross cross-section (cross-section without
the notch) and the curvature of the notched cross-section (Figure 10a). For load steps
corresponding to larger curvatures of the notched cross-section (κ > κ(Mmax)), it was
considered that the curvature over the plastic hinge is constant and equal to the notched
cross-section curvature (Figure 10b). On the interval 0 ≤ x ≤ (L − Lp)/2, the curvature
distribution (κ(x)) for each load step was determined from the gross cross-section bending
moment versus the curvature relation.
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It must be noted that if the flexural deflection for larger curvatures (κ > κ(Mmax))
was also calculated by integrating the curvatures and the virtual bending moments, a
discontinuity in the load-displacement diagram would occur. Therefore, an approximation
was used, where the contribution of the plastic hinge rotation to the displacement of a load
step was accounted for by considering a plastic hinge rotation (φpl) equal to:

φpl= (κ − κ1)·
Lp

2
, (11)
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where κ is the curvature of the notched cross-section, and κ1 is the curvature of the notched
cross-section read from the positive slope part (with κ1 < κ(Mmax)) of the moment-curvature
diagram in Figure 8. As shown in Figure 11, κ1 corresponds to a bending moment equal to
the bending moment of the current load step (M(κ1) = M(κ)).
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displacement calculation.

As the (quasi)elastic rotation (φel) of the prism segment of the plastic hinge is already
counted in by the integration of the curvature over the prism length (κ(x)) with virtual
bending moments, the curvature κ1 is subtracted from the total curvature of the notched
cross-section κ in Equation (11). Finally, the flexural deflection (∆fl) of a load step is
calculated with:

∆fl = 2·
∫ L

2

0
κ(x)·M(x)dx for load steps with κ≤ κ(M max), (12)

∆fl = 2·
∫ L

2

0
κ(x)·M(x)dx +φpl·

L
2

for load steps withκ > κ(Mmax), (13)

where M(x) are the virtual bending moments, L is the span length, κ(x) is the curvature
distribution over the prism length (with maximum value at the notch equal to κ(Mmax)),
and κ is the curvature of the notched cross-section. Note that the curvature distributions
(κ(x)) considered in Equations (12) and (13) both correspond to the curvature distribution
in Figure 10a.

The shear displacement contribution was calculated by integrating the shear forces
(for each load step) with the virtual shear forces and considering the shear correction factor
(κS) equal to 0.83 (as, for example, per [26]). The shear displacement ∆s was calculated with:

∆s = 2·
∫ L

2

0

V(x)·V(x)
Ecm

2·(1+ν)
·κS·A(x)

dx, (14)

where A(x) is the cross-section area at location x (on the interval 0 ≤ x ≤ (L − Lp)/2
equal to the gross cross-section area and on the interval (L − Lp)/2 ≤ x ≤ L/2 equal to
the notched cross-section area), V(x) is the shear force distribution, V(x) is the virtual
shear force distribution, and ν is Poisson’s ratio for concrete (0.2). The total deflection
(vertical displacement at the midspan) was calculated as the sum of the flexural (∆fl)
and shear displacement (∆s). The results in the form of a load-displacement curve are
given in Figure 12. The load-displacement results are also depicted based on the moment-
curvature relation calculated by considering the tensile strength values determined directly
by applying the expressions from the fib Model Code for Concrete Structures 2010 [17].
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Figure 12. Calculated load-displacement relation (the dotted line presents the results based on tensile
strength values from expressions of the fib Model Code for Concrete Structures 2010 [17]).

The results of the load-displacement calculation based on the back-calculated tensile
strength values (by inverse analysis) in Figure 12 show post-crack hardening behavior,
whereas the load-displacement results based on the tensile strength values from the ex-
pressions in the fib Model Code for Concrete Structures 2010 [17] show an almost constant
load-bearing capacity for larger displacements. Besides the load evaluation at different load
stages, the calculated displacement values can be compared with the displacement relations
from the EN14651 standard [19]. As the calculation model relates the curvature values (κ)
of the notched cross-section directly to the crack tip opening displacement (CTOD) values
and crack mouth opening displacement (CMOD) values, the calculated values (δcalculated)
and the displacement values defined as per the EN14651 standard [19] (δstandard), which
correspond to specific CMOD values and CTOD values, are, together with the correspond-
ing loads (F), given in Table 7 (based on the back-calculated tensile strength values) and
Table 8 (based on the tensile strength values from expressions in the fib Model Code for
Concrete Structures 2010 [17]) for comparison.

Table 7. Comparison of the calculated values (δcalculated), based on the back-calculated tensile strength
values, and displacement values defined as per EN14651 standard [19] (δstandard), corresponding
to specific CMOD values (with corresponding CTOD values, calculated curvature values (κ) of the
notched cross-section, and load values (F)).

CMOD
[mm]

CTOD
[mm]

κ

[1/m]
δstandard

[mm]
δcalculated

[mm]
F

[kN]

0. 0 2.27 × 10−3 0.04 0.04 12.31
2.11 × 10−2 1.76 × 10−2 0.0036 0.06 0.05 14.14

0.5 0.42 0.0301 0.47 0.47 6.54
1.5 1.25 0.0860 1.32 1.35 7.43
2.5 2.08 0.1416 2.17 2.22 8.42
3.5 2.92 0.1971 3.02 3.08 9.40

Noting that the EN14651 standard [19] relations are based on rigid body rotations
due to the rotation at the notch, the comparison of the δcalculated and δstandard values in
Table 7 suggests that the presented calculation model (with the back-calculated tensile
strength values) matches with the EN14651 standard [19] relations between, on one side,
the CMOD and CTOD values and, on the other side, the vertical displacement values. The
comparison of the δcalculated and δstandard values in Table 8, with the results based on the
tensile strength values from the expressions in the fib Model Code for Concrete Structures
2010 [17]), shows much larger discrepancies, with the difference between the δcalculated and
δstandard displacement values being larger than 0.6 mm for larger displacements. This is
a consequence of the fib Model Code for Concrete Structures 2010’s [17] consideration of the
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CMOD values as the crack width values. The actual CMOD value is larger than the crack
width (CTOD) value. Consequently, for the load stage denoted by CMOD = 2.5 mm in
Table 8 for the M-κ (fib) model, the displacements correspond to about 20% larger CMOD
values. If this is considered, the actual displacements of the M-κ (fib) calculation at the
actual CMOD values of 0.5 mm and 2.5 mm are equal to 0.480 mm and 2.220 mm, which
are much closer to the δstandard values.

Table 8. Comparison of the calculated values (δcalculated), based on tensile strength values from
expressions in the fib Model Code for Concrete Structures 2010 [17]), and displacement values defined as
per EN14651 standard [19] (δstandard) corresponding to specific CMOD values (with corresponding
CTOD values, calculated curvature values (κ) of the notched cross-section, and load values (F)).

CMOD
[mm]

CTOD
[mm]

κ

[1/m]
δstandard

[mm]
δcalculated

[mm]
F

[kN]

0 0 2.24 × 10−3 0.04 0.04 12.35
2.09 × 10−2 1.74 × 10−2 0.0036 0.06 0.05 14.33

0.5 0.42 0.0362 0.47 0.57 8.29
1.5 1.25 0.1032 1.32 1.62 8.38
2.5 2.08 0.1694 2.17 2.65 8.41
3.5 2.92 0.2354 3.02 3.68 8.41

4.2. Finite Element Simulation of the Three-Point Bending Test

For additional evaluation of the back-calculated tensile strength values, a nonlinear
finite element simulation of the three-point bending test was performed with the computer
program Ansys® Mechanical, Release 2022 R2 [27]. Symmetry boundary conditions were
applied, and only a quarter of the concrete prism was modeled. The geometry, coordinate
system, loads, and support conditions can be seen in Figure 13.
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Figure 13. Geometry, coordinate system, loads, and support conditions of the finite element model
(left: view of the notched side of the model; right: view of the end face of the model).

A prescribed vertical displacement (in the global Z-direction) of 3.5 mm was applied
as the load (C in Figure 13) to a strip at the top of the notched cross-section with a length
equal to the width of the end face of the model and with a height of 10 mm. The vertical
support is marked as E (remote displacement) in Figure 13. The support E was connected
to the end face of the model with a rigid element D (remote point) in Figure 13. Therefore,
the displacement of the finite element model (C in Figure 13) has the same meaning as
the displacement measured in the experiments, as the possible local displacement due to
the support conditions is ruled out. The symmetry conditions are denoted with A and B
in Figure 13. Solid finite elements of the type SOLID186 with a side length of 5 mm were
used across the whole model. The SOLID186 element, a higher-order 3D 20-node solid
element, displays quadratic displacement behavior and is defined by 20 nodes, each with
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three degrees of freedom in the nodal x-, y-, and z-directions [28]. The finite element mesh
in the region of the notch can be seen in Figure 14.
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As shown in Figure 14, the notch width was equal to the mesh size (due to symmetry,
only half of the notch width was modeled). The material model for the fiber-reinforced
concrete was the Menetrey-Willam material model with exponential softening (see [18]
for detailed information). A key motivation for using the specific material model was
the relatively straightforward determination of input parameters. The Menetrey-Willam
material model is the chosen material model in many studies on concrete elements (see, for
example, [29]). It has also been successfully applied to steel fiber-reinforced elements (see,
for example, [30]). The selected material model employs the smeared crack concept, where
the mesh-dependent softening behavior is mitigated by the fracture energy model being
normalized using an effective element length equal to the cube root of the integration-point
volume of 3D elements. The properties (input parameters) of the used material can be
found in Table 9.

Table 9. Material properties for the Menetrey-Willam material model.

Property Unit Value

Young’s modulus MPa 3.26 × 104

Poisson’s ratio / 2.00 × 10−1

Bulk modulus MPa 1.81 × 104

Shear modulus MPa 1.36 × 104

Uniaxial compressive strength MPa 3.71 × 101

Uniaxial tensile strength MPa 2.82 × 100

Biaxial compressive strength MPa 4.31 × 101

Plastic strain at uniaxial Compressive strength / 1.69 × 10−3

Plastic strain at transition from power law to exponential softening / 3.04 × 10−3

Relative stress at start of nonlinear hardening / 3.66 × 10−1

Residual relative stress at transition from power law to exponential softening / 5.11 × 10−1

Residual compressive relative stress / 2.00 × 10−1

Mode 1 area specific fracture energy N/m 7.51 × 101

Residual tensile relative stress / 2.66 × 10−1

Dilatancy angle ◦ 9

The material properties in Table 9 mostly coincide with those in Table 6. However, to
better match the experimental and numerical load-displacement curve after cracking, a
lower value was considered for the mode 1 area specific fracture energy (compared with
the value resulting from Equation (8)). It was found that a value resulting from the CEB-FIP
Model Code 1990 [31] equation for the fracture energy gave a better match. The equation
used was:

GF = GFo·
(

fcm

fcmo

)0.7
, (15)
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where GFo is the base fracture energy dependent on the maximum aggregate size. In our
case, the maximum aggregate size was 16 mm, and the base fracture energy was equal
to 30 N/m. The parameter fcmo is equal was 10 MPa. It must be noted that the fracture
energy impacts the calculation in Chapter 4.1 only in the sense of the strain at which the
fiber action starts to dominate. In contrast, for the Menetrey-Willam material model, the
fracture energy is the most important parameter for defining the exponential yield function
in tension.

Moreover, in addition to the fracture energy, the other important material property is
the residual tensile relative stress. The experiments showed post-crack hardening behavior,
meaning the residual tensile stress values increased with the strains (after the crack). The
limitation of the Menetrey-Willam material model, where the residual tensile stresses can
only be considered as constant values, was the deciding factor for considering the residual
tensile stress fFts (as the lower value of fFts and fFtu) in Table 6 as the residual tensile stress
in the Menetrey-Willam material model. In this sense, the finite element analysis results
can be considered a lower-bound approximation of the structural behavior.

The decision to employ the arc-length method was made to tackle the finite element
problem. A total of 361 load steps were calculated as part of this approach. This choice
and the extensive sub-step calculations were undertaken to enhance the precision and
robustness of the solution. The deformed shape for a midspan displacement of 3.5 mm can
be seen in Figure 15.
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Figure 15. The deformed shape and visible mesh deformation with vertical displacements contour
(displacements in mm) for the final load step with midspan displacement of 3.5 mm.

It can be seen from the deformed shape in Figure 15 that most of the displacement is
the result of the deformation of the finite element layer at the notch. The 5 mm wide layer
at the notch acts as a crack band over which the crack is smeared. This is even clearer when
looking at the equivalent plastic strain results in Figure 16 (for a midspan displacement of
3.5 mm).
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The highest equivalent plastic strain was not calculated at the midspan (symmetry
plane) but at the location of the corner edge of the notch, which is a geometrical stress
concentration point. However, due to the relatively small mesh size of 5 mm (relative to the
prism size), this discrepancy did not affect the results. The finite element results in terms of
load-displacement relations are given in Figure 17.
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Figure 17. Finite element analysis load-displacement relation.

The results in Figure 17 show post-crack softening behavior, but the slope of the
decreasing part of the load-displacement curve for larger displacements (greater than
0.5 mm) is relatively small. The vertical displacements and CMOD and CTOD values were
read at points on the symmetry plane, as depicted in Figure 18.
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Table 10 shows the finite element analysis results of the CMOD, CTOD, vertical
displacement (δ), and loads (F) for the corresponding load steps. The CMOD and CTOD
values were calculated by multiplying the horizontal displacement results of the marked
points in Figure 18 by two (due to symmetry). The load value was calculated by multiplying
the vertical support force by four (as one-quarter of the prism was modeled).

Table 10. Finite element analysis results for CMOD, CTOD, vertical displacement (δ), and load (F)
(the row values correspond to the same load step).

CMOD
[mm]

CTOD
[mm]

F
[kN]

δ

[mm]
CMOD/CTOD

[/]

0.0032 0.0007 3.01 0.01 4.79
0.0417 0.0271 14.09 0.07 1.54
0.5036 0.4113 7.15 0.45 1.22
2.4978 2.0694 6.98 2.12 1.21

The first row in Table 10 corresponds to the last load step with no equivalent plastic
strain. The load value is relatively low and results from the geometric stress concentration
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region at the notch, which means that different geometric representations of the notch and
corresponding meshes would impact the load value of the crack formation. The second
row in Table 10 corresponds to the load step with the maximum load. The comparison of
the CMOD and CTOD values from the finite element analysis with the CMOD and CTOD
values from the calculation based on the moment-curvature relations in Table 7 shows large
differences for the loads (or load steps) before reaching the maximum load. An additional
reason (to the previously mentioned stress concentration in the finite element model) for
this discrepancy is the difference in the stress-strain relations in the tensile stress region
up to the tensile strength. While linear elastic behavior up to the tensile strength was
considered in the finite element analysis, the calculation based on the moment-curvature
relations considered a more realistic stress-strain relation in the same region (see Figure 7b).
However, the CMOD/CTOD ratio (see Table 10), again, as expected, for larger CMOD
values approaches the EN14651 standard [19] value for this ratio (1.2). The normal stress
(in the global X-direction, as per Figure 13) distributions on a path (Figure 19 (left)) starting
at the notched edge, for the same load steps as the row results in Table 10, are given in
Figure 19 (right).
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Figure 19. Stress path (left) and normal stress distributions (right) for different load steps
(CRACK—last load step prior to occurrence of equivalent plastic strain, Mmax—load step with
maximum bending moment (or load) at the notched cross-section, SLS—load step corresponding to
CMOD = 0.5 mm, and ULS—load step corresponding to CMOD = 2.5 mm).

As equivalent plastic strains first occur at point 1 in Figure 19 (left), it was chosen as the
starting point of the stress path. The normal stress results are averaged nodal results. From
the normal stress distribution of the last load step prior to the occurrence of equivalent
plastic strain, it can be seen how near point 1, the stress increases, but away from this
region, the normal stress distribution is rather uniform and can be described as linear.
The cross-section is already partially plasticized (cracked, respectively) for the load step
with the maximum load. As for the stress distributions of the calculation based on the
moment-curvature relation in Figure 9, with increasing displacement, the plasticized region
increases almost to the top of the cross-section.

4.3. Comparison of the Experimental, Moment-Curvature-Based Calculation, and Finite Element
Analysis Results

The averaged load-displacement results of the experiments, the calculations based
on the back-calculated tensile strength values, the calculations based on tensile strength
values from the expressions in the fib Model Code for Concrete Structures 2010 [17], and the
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finite element analysis are collected in Figure 20. The experimental results are additionally
depicted with a shaded area representing the envelope of all six tested fiber-reinforced
concrete prisms’ load-displacement results.
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Figure 20. Averaged experimental values (Exp.), values calculated based on the back-calculated
tensile strength (M-κ), and values calculated based on tensile strength values from expressions in
the fib Model Code for Concrete Structures 2010 [17] (M-κ (fib)) and finite element analysis (FEA) load-
displacement relations (with the shaded area representing the envelope of all experimental results).

It is evident in Figure 20 that all considered computational procedures show similar
results for displacements smaller than the displacement corresponding to the maximum
load and are in agreement with the averaged experimental results. The force-displacement
results of the calculation based on the back-calculated tensile strength values (M-κ) and the
finite element analysis are for all displacements inside the gray area, which represents the
region of the experimentally determined load-displacement relations of all test specimens.
This is not the case for the force-displacement results of the calculation based on the tensile
strength values from expressions in the fib Model Code for Concrete Structures 2010 [17] (M-κ
(fib)), which overestimates the loads in the region between the displacement corresponding
to the maximum load and the displacement of 0.47 mm. The M-κ calculation results match
the averaged experimental results at the displacements of 0.47 mm and 2.17 mm, for which
the residual tensile strength values were determined and between which the residual tensile
strength was assumed to be linearly varying. The M-κ (fib) calculation results match the
averaged experimental results only at the displacement of 2.17 mm. The finite element
analysis results are not necessarily less accurate for other displacements, even though
a constant residual strength (equal to fFts) was considered in the material model. The
chosen constant residual tensile strength value equal to fFts is also the reason that for the
corresponding displacement of 0.47 mm. The finite element results are quite close to the
average experimental results. The load and displacement result values at the maximum
load, the crack mouth opening displacement of 0.5 mm, and the crack mouth opening
displacement of 2.5 mm are collected in Table 11.
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Table 11. Comparison of measured and calculated load values at certain displacements.

Average
Experimental

Load

Corresponding
Experimental
Displacement

M-κ
Calculated

Load

M-κ
Calculated

Displacement

M-κ (fib)
Calculated

Load

M-κ (fib)
Calculated

Displacement

FEA
Load

FEA
Displacement

[kN] [mm] [kN] [mm] [kN] [mm] [kN] [mm]

Max. load 14.14 0.053 * 14.14 0.051 14.33 0.051 14.09 0.067
CMOD = 0.5 mm 6.54 0.465 6.54 0.473 8.29 0.480 7.15 0.452
CMOD = 2.5 mm 8.42 2.165 8.42 2.216 8.41 2.220 6.98 2.117

* Average value of displacements at maximum loads of all fiber-reinforced prisms.

Table 11 shows that the finite element analysis maximum load is slightly lower than
the experimentally determined average maximum load and that the maximum load of
the calculation based on the tensile strength values from expressions in the fib Model
Code for Concrete Structures 2010 [17] is slightly higher than the average maximum load of
the experiments. As expected for the finite element analysis, the difference is larger for
higher crack mouth opening values. The finite element analysis load at CMOD = 0.5 mm
exceeds the experimental load. At CMOD = 2.5 mm, it results in lower loads compared
with the experiment. The load of the calculation based on the tensile strength values
from the expressions in the fib Model Code for Concrete Structures 2010 [17] (M-κ (fib)) at
CMOD = 0.5 mm exceeds the experimental load, and at CMOD = 2.5 mm, it results in
an almost equal load compared with the experiment. Note that the load values of the
calculation based on the back-calculated tensile strength values match the experimental
ones as the M-κ relation was synchronized with the experiments by varying the tensile
strength and residual tensile strength values at CMOD values of 0.5 mm and 2.5 mm.

The experimental and calculated displacements from the M-κ and M-κ (fib) relation are
especially close at the maximum load. The finite element analysis displacements also do not
significantly differ (the slightly larger difference may be attributed to the crack occurrence
at a lower load due to the geometric stress concentration). In general, the displacements in
the experiments, the finite element analysis, and the calculation based on the M-κ and M-κ
(fib) relation differ for less than 0.1 mm for different load stages (at the maximum load and
different CMOD values), which is a relatively small difference compared with 3 mm, which
is the maximum displacement of interest for the three-point bending tests in the EN14651
standard [19]. An important discrepancy of the M-κ (fib) load-displacement results is only
in the region of the crack width value of 0.5 mm, where the load is overestimated. This is a
consequence of the assumed (almost) constant residual tensile strength according to the
fib Model Code for Concrete Structures 2010 [17] simplified expressions for residual tensile
strength values.

5. Conclusions

This paper presented the characterization of fiber-reinforced concrete mechanical
properties by three-point bending tests of fiber-reinforced concrete prisms and compressive
tests of plain and fiber-reinforced concrete cubes. The focus of interest of this study was
on the post-cracking behavior and the computational simulation of this behavior. Two
computational procedures for the structural analysis (load-displacement calculations) of
fiber-reinforced concrete elements were presented. The first computational procedure, a
nonlinear semi-numeric procedure, was based on the moment-curvature relation, plastic
hinge approach, and virtual work method. Two calculations were performed with the
nonlinear semi-numeric computational procedure: one with back-calculated (by an inverse
analysis based on the moment-curvature relation) tensile strength properties, and one with
tensile strength properties calculated with simplified expressions from the fib Model Code for
Concrete Structures 2010 [17]. The second computational procedure was a nonlinear finite
element analysis considering the Menetrey-Willam material model. The experimental and
computational results were compared. The following conclusions could be drawn from the
present research:
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• All fiber-reinforced prisms showed the same failure mode: a crack occurred at the
notched cross-section. The fiber-reinforced prisms showed softening behavior (the
residual load-bearing capacity was less than the load at (or shortly after) crack for-
mation). However, the load started to increase again for larger displacements. This
behavior can be described as post-crack hardening behavior.

• The compressive strength of the fiber-reinforced concrete cubes was slightly lower
than the compressive strength of the plain concrete cubes. This can be attributed to
the relatively high fiber dosage.

• The nonlinear semi-numeric computational procedure based on the moment-curvature
relation with back-calculated tensile strength properties agreed with the averaged
experimental results. The result matching was especially good at the maximum
load and CMOD values of 0.5 mm and 2.5 mm. The calculated load-displacement
curve matched (accurate to around 0.05 mm) the averaged experimental results at
the maximum load and at CMOD values of 0.5 mm and 2.5 mm. This agreement can
be attributed to the fact that the tensile strength properties for the calculation were
determined by an inverse analysis, where the maximum load and loads at presumed
CMOD values of 0.5 mm and 2.5 mm were matched with the experimental results. The
load-displacement calculation proves that the back-calculated (by inverse analysis)
mechanical properties (tensile strength and residual tensile strengths at CMOD values
of 0.5 mm and 2.5 mm) are correct.

• The nonlinear semi-numeric computational procedure based on the moment-curvature
relation with tensile strength properties calculated with simplified expressions from
the fib Model Code for Concrete Structures 2010 [17] was in relatively lesser agreement
with the averaged experimental results, whereas the calculated load-displacement
curve closely aligned with the averaged experimental result at the maximum load,
with an accuracy of approximately 0.02 mm and 0.19 kN, and at the CMOD value of
2.5 mm, with an accuracy of approximately 0.06 mm and 0.01 kN, the alignment of
the load-displacement results demonstrated less than satisfactory alignment for the
CMOD value of 0.5 mm, with an accuracy of approximately 0.02 mm and 1.75 kN,
indicating a notable discrepancy between the experimental and computational out-
comes. The relatively lesser agreement can be attributed to the fact that tensile strength
properties were calculated with simplified expressions from the fib Model Code for Con-
crete Structures 2010 [17], which resulted in a notably higher residual tensile strength
at the CMOD value of 0.5 mm and a lower residual tensile strength at the CMOD
value of 2.5 mm compared with the back-calculated residual tensile strength values.
Contrary to the experimental observations and contrary to the back-calculated residual
tensile strength values, the residual tensile strength values calculated with simplified
expressions from the fib Model Code for Concrete Structures 2010 [17] give an impression
of post-crack softening behavior (with the difference between the residual tensile
strength at the CMOD value of 0.5 mm being approximately 0.01 kN lower than the
residual tensile strength at the CMOD value of 2.5 mm).

• The finite element analysis with the Menetrey-Willam material model, which used the
back-calculated tensile strength and considered a constant residual tensile strength
equal to the back-calculated residual tensile strength at the CMOD value of 0.5 mm,
was in expectedly lesser agreement with the averaged experimental results compared
with the computational procedure based on the moment-curvature relation with
back-calculated tensile strength properties. In comparison with the computational pro-
cedure relying on the moment-curvature relation, wherein tensile strength properties
were determined through simplified expressions drawn from the fib Model Code for
Concrete Structures 2010 [17], the correlation between the finite element analysis load-
displacement outcomes and the experimental results did not exhibit a degradation in
quality: the results at the maximum load were accurate to 0.02 mm and 0.05 kN, at
the CMOD value of 0.5 mm the results were accurate to 0.02 mm and 0.61 kN, and the
results at the CMOD value of 2.5 mm were accurate to approximately 0.05 mm and



Appl. Sci. 2024, 14, 1604 24 of 25

1.44 kN. Considering the straightforward Menetrey-Willam material model with its
concise input parameters, performing finite element analyses with this material model
and a carefully chosen constant residual tensile strength presents a practical way to
analyze structural elements made of fiber-reinforced concrete. In this study, we picked
the lowest value of the residual tensile strength within the CMOD range of 0.5 mm to
2.5 mm for the constant residual tensile strength. Consequently, the finite element anal-
ysis results present a lower limit of the investigated fiber-reinforced concrete prisms’
behavior within the CMOD range of 0.5 mm to 2.5 mm. Although the force results
slightly overestimated the load-bearing capacity around a CMOD value of 0.5 mm, the
calculated forces still came closer to the experimentally determined value (at a CMOD
of 0.5 mm) compared with the results of the nonlinear semi-numeric computational
procedure based on the moment-curvature relation where tensile strength properties
were determined using simplified expressions from the fib Model Code for Concrete
Structures 2010 [17].
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