friried applied
e sciences

Article

The Effect of the Initial Phase of a Tightly Focused Laser Pulse
on the Emission Characteristics of High-Energy Electrons

Yiwei Zhou

check for
updates

Citation: Zhou, Y.; Li, E.; Tian, Y. The
Effect of the Initial Phase of a Tightly
Focused Laser Pulse on the Emission
Characteristics of High-Energy
Electrons. Appl. Sci. 2024, 14, 4565.
https://doi.org/10.3390/
app14114565

Academic Editor: Luca Poletto

Received: 26 April 2024
Revised: 24 May 2024

Accepted: 24 May 2024
Published: 26 May 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Erhan Li and Youwei Tian *

College of Science, Nanjing University of Posts and Telecommunications, Nanjing 210046, China;
b21070108@njupt.edu.cn (Y.Z.); b21070518@njupt.edu.cn (E.L.)
* Correspondence: tianyw@njupt.edu.cn

Abstract: Based on the classical theory of nonlinear Thomson scattering and the single electron
model, we performed extensive numerical simulations in MATLAB R2022b to comprehensively
investigate how the initial phase of a tightly focused, circularly polarized laser pulse affects the
radiation characteristics of high-energy electrons at different energy levels. Our findings indicate
that the polar angle corresponding to the maximum radiation energy remains constant as the initial
phase of the laser changes from 0 to 271, while the azimuth angle correspondingly moves from 0 to
27t. Moreover, as the initial phase changes, the pulse width of the electron radiation peak displays a
quasi-periodic oscillation with a period of 7. Notably, an increase in the initial energy of the electrons
results in a significant enhancement in both the peak radiation value and the collimation of the
radiation. These results demonstrate that manipulating the initial phase of the driving laser pulse
enables effective control over the spatial distribution of radiation light.

Keywords: laser physics; initial phase; numerical simulation; circular polarization; tightly focused laser

1. Introduction

In recent years, laser techniques, such as chirped-pulse amplification (CPA) [1], have
witnessed remarkable advancements. The duration of ultrashort ultra-strong laser pulses
has now been reduced to the order of a femtosecond [2,3] or even attosecond [4-7], showing
exceptional temporal resolution characteristics. When subjected to intense laser pulses,
relativistic electrons experience scattering, leading to nonlinear Thomson scattering. This
process can generate attosecond [8,9] or even sub-attosecond [10] ultrashort X-ray pulses,
highlighting the immense potential of laser technology in generating high-intensity, ul-
trashort pulses. As this technology continues to make groundbreaking advancements,
ultrafast tools, such as ultrashort electronic pulses, ultrashort laser pulses, and ultrashort
X-ray laser pulses, are increasingly finding application in diverse fields like medicine,
biology, physics, and materials science. Especially in research that requires high-precision
temporal resolutions, these tools play an indispensable role. Furthermore, they have pro-
pelled the progress of ultrafast electron diffraction, microscopy [11-15], femtosecond laser
spectroscopy [16,17], and ultrafast X-ray diffraction.

In intense laser fields, free relativistic electrons exhibit nonlinear Thomson scattering,
generating higher harmonics. This phenomenon holds considerable research significance.
Currently, the pulse width of ultrashort laser pulses has been narrowed to the order of a
single light period [18,19], making the carrier phase’s influence on electron motion within
the electromagnetic field increasingly critical. Against this backdrop, this paper explores
the effect of the initial phases of laser pulses on the characteristics of higher harmonic
radiation. This line of research has attracted the attention of pioneers such as Gunn and
Ostriker since 1971 [20]. Subsequently, He et al. [21] further expanded the research in this
field by discussing in detail the influence of the initial phase of the laser field on electron
Thomson scattering. In addition, Yan et al. [22] investigated the effect of the initial phase
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on high-energy electron radiation. Their results demonstrate that the initial phase of the
laser field has a significant effect on both the electron trajectories and radiation frequencies.

Despite the significant progress achieved in exploring the impact of the initial phases
of linearly polarized laser pulses on the electron radiation characteristics, the corresponding
influence of the initial phases of circularly polarized laser pulses on these properties remains
a relatively unexplored area. The intricacies of circular polarization, which involves the
rotation of the electric field vector in a plane perpendicular to the direction of propagation,
introduce unique complexities that demand further scrutiny. Recognizing this gap in the
current research landscape, this paper endeavors to conduct a comprehensive theoretical
investigation and numerical simulations, focusing specifically on circularly polarized,
tightly focused laser pulses.

By employing rigorous theoretical frameworks and advanced simulation techniques,
we aim to elucidate the intricate effects of the initial phases of circularly polarized laser
pulses on the electron radiation characteristics. The tightly focused nature of these laser
pulses is particularly significant as it enables the generation of intense, localized elec-
tromagnetic fields that can significantly influence the electron dynamics. Moreover, by
incorporating variations in the initial energy of the electrons as a parameter in our analysis,
we strive to enrich the scope and depth of our research, thereby providing a more com-
prehensive understanding of the complex interplay between laser polarization, electron
dynamics, and radiation characteristics.

Drawing upon the classical theory of Thomson scattering and the single electron model,
we have conducted a comprehensive numerical simulation using MATLAB to investigate
the spatial, temporal, and frequency spectra of the nonlinear Thomson scattering process
experienced by relativistic electrons. This process is specifically induced by the interaction
of electrons with a tightly focused laser pulse. Our approach is designed to capture the
nonlinear dynamics that arise from the interaction of the laser’s intense electromagnetic
fields with the relativistic electrons, which exhibit velocities close to the speed of light.
This study primarily focuses on elucidating the influence of various initial phases on the
radiation characteristics of electrons with different energy levels.

2. Materials and Methods

To commence, several normalized fundamental parameters are introduced. The space—
time coordinate associated with the laser wave number, as defined in the subsequent for-
mulae, is given by k; 1 = Ao/27, while the laser frequency is expressed as wy L= Ao/2me,
where A represents the wavelength of 1 um, and c denotes the speed of light.

This article investigates the Laguerre-Gaussian (LG) laser pulse propagation in an
isotropic, homogeneous, non-magnetic, and non-conductive medium, focusing specifically
on the cases where the spread parameter ¢;, = 0 along the z-axis of the incidence angle.
Within a tightly focused Gaussian laser field, the electric and magnetic fields that adhere to
Maxwell’s equations can be represented as detailed in [23,24]:

E=VxA )

B:\/E[(li>V(V-A)+ikA] @

Herein, A represents the solution pertaining to the subsequent Helmholtz equation:
VZA+KA=0 (3)

In a laser field, circularly polarized light can be disintegrated into a pair of linearly
polarized components, which possess phase dissimilarity of 71/2 along the x- and y-axes.
Consequently, the electromagnetic field can be similarly expressed as the sum of its x- and
y-components, namely E = Ey, + Eyp and B = By + By,. Yousef [25] and colleagues
derived the x-axis polarization of the laser field from Equations (1)—~(3). Zhang [26] and
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Barton [23] derived the electromagnetic field expression for the y-axis-polarized laser field
by employing a symmetric approach.

Figure 1 illustrates the interaction between a tightly focused laser pulse and an electron.
The highly nonlinear nature of the electron motion within an intense laser field necessitates
the acquisition of a precise two-point electron trajectory, which requires a high-precision
representation of the electromagnetic field of the Gaussian beam. Building on the afore-
mentioned analysis, the electric field equation can be accurately described by a fifth-order
expansion of the electromagnetic field, which is accurate to the diffraction angle:

Ex:EL{SO +e [5252 PS3]

_|_g4 %_p%% p2(p2*16“2)54 P4(p2+2“2)55+& (4)

16 8 32

+€2Cy + ¢* [p2C4 d CS”

@_a{q wﬂﬁc—ﬁ%}
{ - PP162)Cs o (P+262)Cs

16 - 8 %)

}-1-82524-8 { 254—’)4455}}

N

_ s
E, = EL(’:{Ecl +& _*% +p2C3 — %}

[ 3C 302C 17p*C 30p°C 30°C 8C.
+£5_T3_p4+p5_p165_pe+p7]

S 43 ©)
—&ﬁ%&+§kf+&%—%ﬂ
i 4 6 6 8
+§_%_x&+m%_%g_%%+gq}
2 4 2 4 6 8
PG PG 4| Co p*Cs  50*Cy  p°Cs | p°Ce
By L{C0+€|:2 4}+e st 1 tT1g T+t 5 (7)
S, p*S Sy  p%S3  50p%Sy  p°Ss  pBS
B, =E 2[P°S2  p7S3| | 4| S2 p°S3 | 5p"Ss p°Ss | p°Se
v L{S”S [ 2 4 7|78 T 1 TTie 1 T ®)
r 2 4
B, = EL,B{SCl +¢3 % + pZCs _ pfz;}
r 2 4 6 8
+éd % + 308C4 + 3016Cs _ P4Cé + P3§7} } o

25 s
—EL§{£51 + e [572 + PT3 — (7474i|

+é° [3% + 3P;S4 + 3‘()14655 - 7656 + p857} }

1/2
where & = x/wg, B=y/wo, p =1/wy, w = wp (1 + (z/zR)2) , ¥ = /x% + y? represent
the vertical distance; wy represents the minimum beam waist radius; and the diffraction
angle is ¢ = wq/zr. E, can be represented by the following formula:

2 2
E; = uO%exp {—U]exp [—5]2] (10)



Appl. Sci. 2024, 14, 4565

40f11

where 7 = z —t, w = wp+/1+22/2,? represent the waist radius at the z-axis; z, =

kwo? (k = 27”) represents the Rayleigh length; and a = 1/ IA(?/1.37 x 10° represents the
peak amplitude.

/

radiation ,

laser pulse electron beam

Yy

Figure 1. The schematic diagram of nonlinear Thomson scattering generated by the interaction
between tightly focused laser beams traveling along the positive z-axis and electrons moving in the
negative z-axis direction.

Sn and C;, can be expressed by the following formula:

Sy = (%)nsin(lp + nye) (11)

Co = (“2) cos( + npc) (12)

where Y = ¢o + ¢p — Pr + PG; ¢o is the constant initial phase; ¢p = 1 = wt — kz is the
plane wave phase; ¢ = tan~"!(z/z,) is the Gouy phase, which is related to the total phase
change of the Gaussian beam as it changes from —oo to +co in the z-axis; ¢ = kr?/2R is
related to the curvature of the wavefront; and R(z) = z + z,2/z is the radius of curvature
at the intersection of the z-axis and the beam axis in the wavefront.

The dynamics of a single relativistic electron, subject to the influence of an extremely
intense laser pulse, can be accurately captured through the momentum and energy transfer
equations outlined below:

ip P
— v —
w—e(E-i—CXB) (13)
dvy e [ 2
U ‘mocz(” . E) (14)

N
where P = 'ym? is the electron momentum, v =1/ (1 — 02/ cz) /2 is the relativistic factor,

E is the laser electric field, E is the laser pulse magnetic field, and  is the electron velocity.

This research uses a normalized vector a = (IA?/1.37 x 1018)1/2 to represent the
relativistic intensity of the laser pulse, where I is the laser intensity in physical units of
W /cm?2. The subsequent mentions of laser intensity refer to the normalized relativistic
intensity, which is a dimensionless quantity. A is the wavelength. We take the laser pulse
parameters wy = 2A and L = 1T. Meanwhile, the energy values for electrons are presented
in units of 0.511 MeV, which corresponds to the rest mass energy of an electron. This choice
allows us to highlight the physical significance of the results in the context of particle
physics phenomena involving electrons. The electron is moving from Z = 20A along the
negative z-axis with an initial velocity of v = 0.999¢ (~11.4 MeV). Assuming that no
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interaction exists between the laser pulse and the electron, the electrons would converge
back to their original coordinates at the center of the laser beam.

Utilizing the Lienard-Wiechert theory, the scattering power p(t), as well as the ra-
diation field at the observation point, characterized by the unit vector n, can be derived
through the equation outlined below:

2
i X (ﬁ—ﬁ(t))xﬁ(t)
) _ 2 6 (15)
dQ 47c <1 4 E(t))
Eraa(3,1) = 1§ e [ (a— ) (16)

2 B . 7)R2 c A
Y (1 - :B : n)Re ret (1 - ﬁ ' n>R€ ret
In the provided equation, the subscript ‘ret” denotes the need to evaluate the quantity

on the right-hand side at the retarded time ¢/, ' = t + R — T, Additionally, R represents
the distance from the observation point to the location where the electron interacts with the

laser field, while 7 serves as the displacement vector of the electron. 7 = sinfcos w? +

. .= = . . - s, S
sinfsinyy + cosfz; 8, ¢ are polar and azimuth angles, respectively; p = v/c, f = v /c.
The formula for the radiant energy per unit solid angle per unit frequency interval
during the electron and laser pulse interaction is encapsulated by the formula given
below [27,28]:

X
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Equations (9) and (10) are solved utilizing the fourth- and fifth-order Runge-Kutta—
Fehlberg method, and the simulation involves recording the positions, velocities, and

accelerations of the electrons at each time step. Subsequently, the radiation frequency and
radiation field distribution can be derived from Equations (11) and (12).

3. Results
3.1. Spatial Radiation Angle Distribution

In the numerical simulation, we select a laser pulse with a normalized peak intensity
(a=>5)in alight period.

In Figure 2, we plot the motion trajectories of electrons in different CE phases of
¢o =0,¢o = /3, and ¢y = 71/2, and the pictures show the polarization characteristics
of the electron motion consistent with the laser pulse. At the same time, by observing the
two-dimensional diagram of the motion trajectory, we find that the motion trajectory has
symmetry about the 0 axis. As shown in Figure 2, the movement direction of the electron is
along the z-axis direction from right to left. In our research, the analysis of the trajectories
of electrons plays a critical role in deriving crucial physical quantities pertaining to the
radiation field. Through the numerical simulation of the electron trajectories in the presence
of a circularly polarized, tightly focused laser pulse, we are able to track the intricate
dynamics of these relativistic particles as they interact with the laser’s electromagnetic
fields. This serves as the foundation for our subsequent research.
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Figure 2. Three-dimensional and two-dimensional graphs of electron motion trajectories under the
CE phases of ¢g = 0, ¢9 = 1/3m and ¢y = 1/27. We take the initial electron energy gmgy = 20.

Figure 3a—h depict the spatial radiation angle distribution of ¢g = 0, ¢g = 7/3,
P = /2, o = 27/3, ¢ = 7, ¢9 = 471/3, o = 37/2, and ¢y = 571/3 at the initial
laser phase, given an initial electron energy of 20 x 0.511 MeV. Significantly, when an
electron traveling in the negative z-axis direction collides with a circularly polarized laser
in the positive z-axis direction, the radiation energy attains its peak at a specific angle 0,
of around 167.75°. As the initial phase increases, the polar angle 6 remains constant at
the point of maximum radiation energy, while the azimuth angle i varies from 0 to 2.
Furthermore, our calculations reveal a linear positive correlation between the azimuth
angle corresponding to the maximum radiation and the initial phase. Moreover, it indicates
that the radiation peaks in the direction of laser incidence.

This phenomenon emerges due to the modulation of the laser field’s polarization
direction by varying the initial phase of the laser pulse. Specifically, when the polarization
direction of the laser field aligns with the chirality of the electron’s spiral orbit, the force
exerted on the electron within the laser field attains its maximum. This alignment leads to
a pronounced electron scattering effect and maximizes the radiation energy. Consequently,
the location of the peak radiation energy exhibits a strong correlation with the initial phase
of the laser pulse.

We further obtained the spatial radiation angle distribution diagram at different initial
phases when the initial electron energy was 40, 60, 80, and 100 (x0.511 MeV). It is also
consistent with the fact that the polar angle corresponding to the maximum radiation
energy is fixed and the azimuth angle moves from 0 to 277 in the process of the initial
phase change.

Based on the preceding analysis, the initial phase does not affect the polar angle at
the maximum radiation. We further plotted the correlation between the radiation energy
and polar angle for varying initial electron energies, with the initial phase angle fixed
at 0, as shown in Figure 4. Observing the figure, it becomes apparent that as the initial
electron energy rises, the polar angle at the point of maximum radiation converges towards
7t. Meanwhile, the radiation distribution exhibits increasingly pronounced collimation.
Concomitantly, the maximum radiation quantity surges, escalating by several orders of
magnitude, specifically from 10! to 10'?, 10'3, 10'4, and ultimately 10'°. This noteworthy
trend underscores the superior collimation properties of radiation emitted by higher-
energy electrons.
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3.2. Temporal Spectrum

We also investigated the temporal spectrum of electron radiation. Specifically, when
the initial electron energy was set to 20 x 0.511 MeV, we examined the temporal spectrum
of the initial phase, varying from 0 to 27, with increments of 7r/18. Our investigation
revealed that the initial phase of the tightly focused circularly polarized laser had a minimal
impact on the temporal spectrum. During the initial phase changes, the peak value of the
laser pulse remained at a value of 1.0812 x 10'! arb.units, and the temporal spectra across
different phases exhibited remarkable similarity. However, the peak value of the high-order
harmonic radiation generated under linearly polarized laser pulses underwent notable
periodic variations in accordance with the initial phase, demonstrating distinctive phase-
sensitive behavior. Furthermore, these periodic changes exhibited symmetry, reflecting the
inherent properties of linearly polarized light.

Subsequently, we intensified the pulse and observed a distinct single-peak pattern in
the wave crest of the circularly polarized laser pulse, as depicted in Figure 5a. As the initial
phase shifted, the pulse width of the wave crest experienced slight variations. Figure 5b
illustrates the correlation between the pulse width and the initial phase. A thorough
analysis of the figure, coupled with detailed calculation data, revealed the periodic nature
of the pulse width concerning the initial phase, exhibiting a period-like characteristic of 7.
The pulse width fluctuated within a range of 0.0409 to 0.0436 as.

gmo =20
0039 . . . . .
1010
12 T T T 1 \ \ \
\ M
0" 00385 / \_/ } ./ J \ N" \
10 o | |
0038 | ‘
5 0.0431as ‘ | ‘
8 3, 8 ‘ \ |
G S Z00375F | [\ A | N
3 ° g L N N N
36 H | /) | | ||V /'
N 2 8 0037t | | ‘ [ f ‘ ‘ \
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° 2 ‘ [ | | [ | ‘ / . [
4 200453 200455 200457 [ ‘ ‘ | ‘ [ ‘ ‘ ( \
s 0.0365 |- ‘ [\ ‘ | ‘ [\ ||
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| | \ | \
| ‘ / \ [ ‘ ‘
2 ‘ [\ |/ \ ‘ Y
0.036 J \‘ ‘s ““J \\‘ ‘ )
r / 1 f \ \
0 00355
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tfs initial phase /°
(a) (®)

Figure 5. The time spectrum and the relationship between the crest pulse width and the initial phase
of gmy = 20. (a) A time spectrum; (b) the relationship between the peak pulse width and initial phase.

The observed phenomenon can be attributed to the diverse motion trajectories of
electrons across different phases, as depicted in Figure 2. When the electron trajectory aligns
with the phase of the laser field, the scattering process is significantly augmented, leading
to more focused radiation energy and a narrower pulse width within the radiation time
spectrum. Conversely, if the electron trajectory misaligns with the polarization direction
or phase of the laser field, the scattering process is suppressed, causing a reduction in
radiation energy and the broadening of the pulse width within the radiation time spectrum.
This periodic variation in the pulse width concerning the initial phase underscores the
dynamic interplay between the phase matching of the electron trajectory and the laser field.

We further obtained the laser pulse diagram at the initial energy of 40 x 0.511 MeV
and 60 x 0.511 MeV, respectively, and compared it with that when the initial energy of the
electron was 20 x 0.511 MeV. As Figure 6 illustrates, an increase in the initial electron energy
results in a corresponding increase in the peak value of the laser pulse and a concurrent
decrease in the pulse width. Specifically, for an initial electron energy of 40 x 0.511 MeV,
the pulse width measures approximately 0.0104 as, whereas, for an initial electron energy
of 60 x 0.511 MeV, the pulse width narrows to around 0.0050 as.
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Figure 6. Time spectra at different initial energies of electrons: (a) at the initial energy of gmgy = 20;
(b) at the initial energy of gmgy = 40; (c) at the initial energy of gmy = 60.

The observed phenomenon can be attributed to the findings presented in Figure 4. As
the initial energy of the electron increases, the resulting radiation energy becomes more
prominent, leading to a more focused radiation ability. Consequently, the pulse width of
the radiation time spectrum narrows correspondingly.

3.3. Frequency Spectrum

Subsequently, this paper delves into the spectral characteristics. When the initial
electron energy is set to 20 x 0.511 MeV, it is observed that the spectrum remains largely
unchanged across different phases. Irrespective of the phase, the radiation intensity consis-
tently diminishes from 1.3 x 10* to zero as the harmonic frequency increases, experiencing
a decrement of four orders of magnitude. This trend is demonstrated in Figure 7a. Observ-
ably, within this spectrum, the harmonic modulation disappears during the scattering of
the laser pulse. Furthermore, the nonlinear Thomson scattering spectrum exhibits distinct
harmonic peaks, characterized by an excellent resolution and significant amplitude varia-
tions. It is worth noting that the initial phase of a tightly focused, circularly polarized laser
has a minimal impact on the resulting spectrum.

gmy =40 gme =160

gme=20

Intensity/arb.units
© IS

Intensity/arb.units
e

N

~

. .,umIHIHH il l]]!llm — . uml];lhm\”l“ Ilwhmn

500 1,000 1,

500 2,000 2,
High harmonic order

(a)

5,000 10,000 15,000 0 2
High harmonic order H\gh harmonlc order

) (@)

500 3,000 3,500 4,000 0

<10

Figure 7. Spectrum diagram at different initial energies of electrons: (a) at the initial energy of
gmgy = 20; (b) at the initial energy of gmg = 40; (c) at the initial energy of gmg = 60.

We further generated the spectrum diagrams for initial electron energies of 40 x 0.511 MeV
and 60 x 0.511 MeV, respectively, as depicted in Figure 6b,c. Upon comparing these three
figures, it becomes evident that as the initial electron energy increases, the maximum radiation
intensity intensifies. Moreover, the threshold laser frequency necessary to attain the peak
radiation intensity, as well as the point where the laser intensity begins to decline to zero,
rises accordingly.
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4. Conclusions

In this paper, we have investigated the impact of a tightly focused, circularly polarized
laser pulse on the radiation characteristics of electrons with varying initial energies through
scattering processes. Our findings reveal that the carrier envelope (CE) phase of the laser
pulse significantly shapes the spatial distribution of Thomson scattering radiation, while
its influence on the temporal spectrum and frequency spectrum is negligible. Notably,
the pulse width of the radiation pulse exhibits a period-like variation with the phase,
completing a cycle with a period of 7t. Furthermore, the radiation is compressed into spikes
lasting mere hundreds of zeptoseconds, significantly shorter in the time domain compared
to processes in strong atomic fields.

The initial energy of the electrons emerges as a critical factor in determining the
characteristics of higher harmonic radiation. The initial energy of the electrons and the
initial phase of the laser jointly influence the location of the maximum radiation. Meanwhile,
electrons with higher initial energies exhibit more concentrated radiation, resulting in
superior collimation. This enhanced collimation is particularly apparent in the radiation
peak value, which is significantly influenced by the electron’s initial energy. The higher the
initial energy, the more focused and directional the resulting radiation becomes, offering
potential advantages for applications that require precision targeting or beam shaping.

These results may have profound implications for various applications. The ability
to precisely control the spatial distribution of Thomson scattering radiation through the
manipulation of the CE phase and the initial energy of the electrons could enable the
development of advanced laser-based imaging techniques. Such techniques could find
application in high-resolution microscopy, medical imaging, and materials science, where
detailed spatial information is crucial.
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