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Abstract: Liquid-phase adsorption technology has been widely applied to address environmental
problems related to the removal of pollutants from aqueous streams. Simple and effective methods for
determining mass transfer parameters, including intra-particle and fluid-to-solid film resistances, are
crucial for designing adsorption processes. The efficient simplified diffusion technique (ES technique),
based on a completely mixed batch reactor (CMBR), is proposed in this study to address these needs.
In this study, we compare three diffusivity (Ds) determination methods: the rigorous diffusion
technique (R technique), the simplified diffusion technique (S technique), and the ES technique.
Although the simulation results from the R technique are excellent, it is a very complicated and
time-consuming approach that is not convenient for practical use. The S technique provides a
much simpler approach, but its results are only valid in cases where the contribution of fluid film
resistance is negligible (Biot number > 40). The ES technique proposed in this study can overcome
those limitations. The estimation errors of the ES technique are significantly smaller than that of the
S technique when compared with the R technique. The proposed ES technique would be very useful
for field applications to determine diffusivity for aqueous adsorption systems.

Keywords: adsorption; diffusivity; CMBR; efficient simplified diffusion technique

1. Introduction

Adsorptive separation technology has been widely applied to solve environmental
problems for removing pollutants in waste streams [1–4]. The advantages of adsorption
methods include lower operating costs, ease of operation, and high selectivity for pollu-
tants [5,6]. Accurate kinetic parameters are required for the proper design of adsorption
apparatus, such as fixed-bed or packed-bed adsorbers. In general, the fixed-bed (or packed-
bed) breakthrough curve method is commonly used to determine the kinetic parameters
of adsorption processes [7–9]. One of the main advantages of this method is that the
experimental apparatus used in this method is similar to the full-scale fixed-bed adsorption
towers applied in the industry. Both intra-particle and fluid-to-solid film (or liquid film)
resistances are important for mass transfer processes [8]. In general, the mass transfer
resistance within the fluid-to-solid film cannot be ignored when determining intraparticle
diffusivity when using the fixed-bed breakthrough curve method. In addition, there could
be a channeling effect when applying this method. One approach for the fixed-bed break-
through curve method is the long column technique. When using that approach, the overall
mass transfer resistance of the process can be estimated using a simplified mass transfer
model, such as an overall mass transfer model or a linear driving force model. In these
cases, the fluid-to-solid film resistance can be estimated using an empirical formula. The
intra-particle diffusivity can be determined by subtracting the contribution of fluid-to-solid
film resistance from the overall mass transfer resistance obtained above [2,9].
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Another approach to reduce the fluid-to-solid film resistance is using the differential
reactor (shallow bed) technique [10,11]. When intra-particle diffusion is controlled by
surface diffusion, concentration decay curves can be estimated using an analytical solution.
The intra-particle diffusivity can be determined by comparing the experimental data and
theoretical concentration decay curve [12]. However, when the fluid-to-solid film resistance
cannot be neglected in the experiment, the separation of intra-particle resistance and fluid-
to-solid film resistance would be required to obtain accurate diffusivity values [8,13,14], and
the differential reactor technique may not be valid. In addition, one of the main drawbacks
of that technique is that a large volume of fluid is required for the test.

The completely mixed batch reactor (CMBR) method provides another choice for
estimating the diffusivity in liquid systems. The test procedure is relatively simple and only
requires a few liters of liquid, providing a much more environmentally friendly approach
relative to the long column or differential reactor methods [2]. Unfortunately, the fluid-
to-solid film mass transfer resistances cannot be ignored in these experiments, and an
empirical formula for estimating the value of that resistance is not available. For example,
Suzuki and Kawazoe (1974) investigated the adsorption rates of 2-dodecylbenzene sulfonate
on four different activated carbons and proposed a simple technique based on a Linear
Driving Force Diffusion (L.D.F.) Model [15]. Unfortunately, the simplicity of the model and
computation technique applied in that study led to significant errors in their estimates of
diffusivity. Therefore, a better diffusion model is desirable. For example, an intraparticle
diffusion method has been proposed by Furuya et al. (1996) for the investigation of
two phenolic compounds (p-chlorophenol (PCP) and p-nitrophenol (PNP)) onto granular
activated carbon (GAC-CAL) [16]. One of the main limitations of that method is that it does
not consider the resistance within the fluid-to-solid film in the CMBR, but that resistance can
be important for CMBR processes. A method that considers both intraparticle diffusion and
fluid-to-solid film resistances was proposed by Fujiki et al. (2010), where the intraparticle
diffusivity was determined by matching the numerical concentration decay curves with the
experimentally measured values [2]. Although that simulation result performs fairly well,
the method is very complicated and time-consuming. In this study, the method considering
both intra-particle and fluid-to-solid film resistances is referred to as the rigorous diffusion
technique (R technique). If the method only considers intra-particle resistance, it is referred
to as the simplified diffusion technique (S technique). In general, the results obtained
from the R technique are fairly accurate. However, the R technique is a very complicated
and time-consuming approach and is not convenient for practical use. The S technique
provides a simpler approach, but it is only valid in cases when the contribution of fluid
film resistance is negligible [17]. Therefore, the efficient simplified diffusion technique
(ES technique) for the determination of surface diffusivity that relies on a completely mixed
batch reactor is proposed in this study to overcome the limitations of the S technique. The
estimation errors of the ES technique are significantly smaller than that of the S technique
when compared with the R technique. The proposed ES technique would be useful for field
applications to determine the surface diffusivity for an aqueous adsorption system.

2. Materials and Methods

The fundamental equations of the R and S techniques are listed in this section. The R technique
considers both intra-particle and fluid-to-solid film resistances [2], and the S technique only considers
intra-particle resistance (without fluid-to-solid film resistance) [16]. The ES technique is a modified
version of the E Technique, which will be presented in the Results and Discussion sections.
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2.1. Fundamental Equations of R Technique

The fundamental equations of the R technique are listed as follows:

1. Intra-Particle Diffusion(
∂qm

∂t

)
=

(
DS
r2

)
∂

∂r

(
r2 ∂qm

∂r

)
qm = q0 at t = 0 (1)

2. Fluid-to-Solid Film Transfer

ρS

(
∂qt

∂t

)
= kFaP(ct − cS) (2)

3. Interface Transfer(
∂qt

∂t

)
= −DSaP

(
∂qm

∂r

)
r=rP

qm = f (cs) at r = rp (3)

4. Mass Balance within Vessel (
∂qt

∂t

)
= −

(
V
m

)(
∂ct

∂t

)
(4)

5. Average Amount Adsorbed

qt =

∫ rP
0 4πqmr2dr

4/3πr3
P

(5)

6. Equilibrium Relationship
qS = k(cS)

1/n (6)

The above equations (Equations (1)–(6)) are converted into dimensionless ones
(Equations (7)–(12)) by means of the dimensionless variables defined below.

Dimensionless Variables:

T =

(
DS

r2
P

)
t; R =

(
r

rP

)
; CT =

(
ct

c0

)
; CS =

(
cS
c0

)
; QT =

(
qt

q0

)
; Qm =

(
qm

q0

)
Dimensionless Equations:

1. First Item Intra-Particle Diffusion(
∂Qm

∂T

)
=

(
1

R2

)
∂

∂R

(
R2 ∂Qm

∂R

)
; Qm = f (Cs) at R = 1 (7)

2. Fluid-to-Solid Film Transfer(
∂QT
∂T

)
= 3 Bi (CT − CS); Bi =

(
kF rP

DS β ρS

)
; β =

(
q0

c0

)
(8)

3. Interface Transfer (
∂Qt

∂T

)
= −3

(
∂Qm

∂R

)
R=1

Qm = f (Cs) at R = 1 (9)
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4. Mass Balance within Vessel(
∂QT
∂T

)
= −

(
V

mβ

)(
∂CT
∂T

)
(10)

5. Average Amount Adsorbed

Qt = 3
∫ 1

0
QmR2dR (11)

6. Equilibrium Relationship
QS = (CS)

1/n (12)

The calculation method for the R technique is as follows: The core of the calculation
involved solving Equation (7). The Crank–Nicolson method was used as the solution
method. In this case, boundary values were required. At the boundary point, R = 0, the
relational expression ∂Qm/∂R = 0 was used based on the assumption of point symmetry.
At R = 1, the value of Qm was determined by solving Equations (8) and (9), and the equilib-
rium was determined using Equation (12). The calculation program was created using a
C++ compiler.

The typical simulation results of the R technique’s dimensionless concentration decay
curves (RCD) based on Equations (7)–(12) under various conditions are presented in Figure 1
(Freundlich exponent n = 4, 5, 6; Biot number = 4, 40; fluid/solid ratio (mβ/V = m q0/VC0)
= 0.443 − 1.196). The final RCD curve concentrations mainly depend on the values of the
fluid/solid ratio (mβ/V) and the Biot number (Figure 1a). For example, the final dimensionless
concentration (T = 1) values reach 0.6, 0.4, and 0.2 when the fluid/solid ratios are 0.443, 0.721,
and 1.104, respectively. In addition, the effect of the Biot number on the RCD curves is much
greater than that of n (4, 5, 6) (Figures 1a and 1b, respectively). For industrial applications, a
typical Freundich exponent (n) is in the range of 4–6. Therefore, n = 4, 5, and 6 were simulated
in this study. By converting the vertical axis from CT to (CT − Ce)/(C0 − Ce), the effect of the
fluid/solid ratio was reduced (Figure 2). For example, at T = 1, the dimensionless concentration
(CT − Ce)/(C0 − Ce) converged into 0 (Figure 2). The impact of the Biot no. and n on the RCD
curves was reduced as well. The characteristics were applied in the study of the simulation of
concentration decay curves.
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2.2. Fundamental Equations of S Technique

The S technique assumes that the adsorbate concentration equilibrium is instantly es-
tablished at the interface between solid and liquid phases. The S technique only considers
intra-particle resistance (without fluid-to-solid film resistance), so this technique is used to
analyze the experimental concentration decay curves (ECD curves); the fluid concentration at
the interface between the liquid and the solid (CS) is equal to the fluid concentration (CT) within
the reactor. Since the equilibrium is instantly established at the interface, Equations (8) and (9)
are unnecessary, and Equation (12) is expressed as Equation (16). Finally, fundamental equations
based on the S technique are shown as follows (Equations (13)–(16)):

1. Intra-Particle Diffusion(
∂Qm

∂T

)
=

(
1

R2

)
∂

∂R

(
R2 ∂Qm

∂R

)
Qm = Qs = f (Cs) at R = 1 (13)

2. Mass Balance within Vessel(
∂QT

∂T

)
= −

(
V

mβ

)(
∂CT

∂T

)
(14)

3. Average Amount Adsorbed

Qt = 3
∫ 1

0
QmR2dR (15)

4. Equilibrium Relationship

QS = (CT)
1
n (16)

3. Results and Discussion

The procedures and results of the three methods (R, S, and ES techniques) are presented
in this section. Due to the limitations and drawbacks of the R technique and S technique,
a new efficient simplified technique (ES technique) for the determination of diffusivity is
proposed in this study.

3.1. R Technique

The procedures of the R technique are illustrated in Figure 3.
Step 1: Determine the fluid-to-solid ratio (mβ/V) and Freundlich exponent (1/n) from

the experiments (mβ/V = 1.196 and n = 4 were obtained in this study).
Step 2: Plot the experimental concentration decay (ECD) curve (ct vs. t) and dimen-

sionless curves ((Ct − Ce)/(C0 − Ce) vs. T). Determine the experimental time ratio t0.2/t0.8
from the plot. Please note that t0.2 and t0.8 are experimental times corresponding to con-
centrations (ct) at 0.2 and 0.8, respectively. t0.2 and t0.8 are equal to 3700 and 13.7 min,
respectively. The experimental time ratio of t0.2/t0.8 is equal to 26.91 in this case.

Step 3: Simulate the theoretical concentration decay (RTCD) curves for various values of
the Bi number (such as 1.0, 25, 10, and 40) using Equations (7)–(12). Determine the dimensionless
time ratios (T0.2/T0.8) for various Bi numbers from the RTCD curves. T0.2 and T0.8 correspond
to the dimensionless concentration (Ct − Ce)/(C0 − Ce)) at 0.2 and 0.8.

Step 4: Plot the Bi number and the time ratio of T0.2/T0.8 obtained in step 3. The
optimum Bi number can be obtained from the plot by using T0.2/T0.8 = t0.2/t0.8 = 26.91,
which was obtained in Step 1, as shown in Figure 3. The optimum Bi number is equal to 40,
as indicated in the figure. A complicated computation is required in both Steps 3 and 4.
Please note that T0.2/T0.8 is equal to t0.2/t0.8, which can be derived from the dimensionless
variable. For example, T0.2/T0.8 = [(Ds/rp

2) × t0.2]/[(Ds/rp
2) × t0.8 ]= t0.2/t0.8.
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Step 5. Plot both the ECD and RECD curves with an optimal Bi number (Bi = 40).
T/t = 1.8 × 10−4 (min−1) was obtained in this step by matching both curves, as shown in
the figure. For example, t = 1 min and T = 1.8 × 10−4, as seen in the plot.

Step 6. Determine the Ds value. For example, since T = (Ds/rp
2) t, Ds = (T/t) × rp

2 =
1.8 × 10−4 (min−1)/(0.1 cm)2 = 3.0 × 10−8 cm2/s. Therefore, the Ds value determined by
the R method equals 3.0 × 10−8 cm2/s.
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3.2. S Technique

The S technique is a simpler method, and it is easy to apply. When the S technique is
employed for the estimation of surface diffusivity (Ds,sim), the obtained simulated curve is
referred as a simplified concentration decay curve (SCD curve) using Equations (13)–(16),
as shown in the Mathematical Methods
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Therefore, Steps 3 and 4 mentioned in Figure 3 (R technique) are not required. The procedures
for the S technique are illustrated in Figure 4. In this technique (S technique), Steps 1 and 2 (Figure 4)
are the same as those in the R technique (Figure 3). In Step 3 (Figure 4), only one simulated
theoretical concentration decay curve (STCD) is required. In the S technique, it is assumed that
the main diffusion resistance is intra-particle resistance. For example, when Bi = 40, it is assumed
that the intra-particle resistance is much greater than that of the fluid-to-solid film resistance in
the system. In this case, (Bi = 40), the time ratio (T/t) is equal to 1.63 × 10−4 min−1 by matching
the ECD and STCD curves. The value of DS was determined to be 2.72 × 10−8 cm2/s, as shown
in Figure 4 (Step 4). This value is slightly smaller (about 9.33%) than that of the value obtained
using the R technique (Ds,rig = 3.0 × 10−8 cm2/s). The S technique only considers intra-particle
resistance (without fluid-to-solid film resistance). The S technique is useful for cases when
the intra-particle resistance is much greater than the fluid-to-solid film resistance. However,
if the fluid-to-solid film resistance cannot be ignored or is greater than the intra-particle
resistance, the S technique may not be valid. The three cases of various Bi numbers
(Bi = 40, 10, and 4) estimated in this case are shown in Table 1. The value of the Bi
number indicates the ratios of intra-particle resistance and fluid-to-solid film resistance.
For example, Bi = 10 indicates that both resistances are important. Bi = 40 and 4 indicate
that the intra-particle resistance and fluid-to-solid film resistance dominate, respectively.
The simulation results are presented in Table 1 and Figure 5. When Bi = 40, 10, and 4, the
estimated Ds,sim results are equal to 2.72, 1.90, and 1.08 cm2/s, respectively. Compared with
the R technique, the errors are about 9.33, 36.67, and 64.00%, respectively. Therefore, the
S technique should be improved to increase the estimation accuracy for conditions in which
the fluid-to-solid film resistance is significant. Therefore, a new ES technique is proposed
in this study, as shown in the below section.

Table 1. Simulation results obtained using different techniques (rigorous, simplified, and efficient
simplified techniques) under various diffusion resistance conditions (Bi = 40, 10, and 4).

Case 1: Surface diffusion-controlled conditions (Biot number = 40)

Rigorous Technique Simplified Technique Efficient Simplified Technique

t0.2/t0.8 26.91 26.91 26.91
T0.2/T0.8 26.91 34.88 34.88

T/t 1.80 × 10−4 1.63 × 10−4 1.63 × 10−4

(t0.2/t0.8)/(T0.2/T0.8) - - 7.73 × 10−1

Ds [cm2/s} 3.00 × 10−8 (2) 2.72 × 10−8 (3) 3.00 × 10−8 (4)

Estimation error (%) (1) - 9.33% 0.00%

Case 2: Condition of both surface diffusion and fluid film resistance are important (Biot number = 10)

Rigorous Technique Simplified Technique Efficient Simplified Technique

t0.2/t0.8 14.66 14.66 14.66
T0.2/T0.8 14.66 34.88 34.88

T/t 1.80 × 10−4 1.14 × 10−4 1.14 × 10−4

(t0.2/t0.8)/(T0.2/T0.8) - - 4.20 × 10−1

Ds [cm2/s} 3.00 × 10−8 1.90 × 10−8 2.90 × 10−8

Estimation error (%) - 36.67% 3.33%

Case 3: Fluid film controlled condition (Biot number = 4)

Rigorous Technique Simplified Technique Efficient Simplified Technique

t0.2/t0.8 9.09 9.09 9.09
T0.2/T0.8 9.09 34.88 34.88

T/t 1.80 × 10−4 6.50 × 10−5 6.50 × 10−5

(t0.2/t0.8)/(T0.2/T0.8) - - 2.61 × 10−1

Ds [cm2/s} 3.00 × 10−8 1.08 × 10−8 2.90 × 10−8

Estimation error (%) - 64.00% 3.33%
(1) Compared with Ds ,rig; (2) Ds ,rig; (3) Ds ,sim; and (4) Ds ,eff .
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3.3. ES Technique

Since the S technique ignores the fraction of mass transfer resistance due to fluid-
to-solid film diffusion, the overall resistance is assumed to be equal to the intraparticle
diffusion resistance in the method. As a result, the value of Ds,sim is smaller than that
of Ds,rig, as indicated in Table 1. Therefore, the ES technique is proposed in this study
to minimize the estimation error. The relative ratio of diffusivities (RRD, Ds,sim/Ds,rig)
between the S technique and R technique is evaluated under various conditions in this
study. The results are presented in Figure 6 with the relative ratio of diffusivities (RRD)
against the time ratio (TR, (t0.2/t0.8)exp/(T0.2/T0.8)sim). As indicated in Figure 6, the RRD
is a function of the time ratio (TR). For example, when the TR is larger than 0.6, the RRD
is about 0.8, which means that there is less than a 20% difference between the Ds,sim and
Ds,rig. A biquadratic polynomial equation was obtained using data points, as shown in
Figure 6. The correlation between the RRD and TR can be further defined in the following
biquadratic polynomial equation:

RRD = −3.7784 * TR4 + 11.392 * TR3 − 13.063 * TR2 + 7.2592 * TR − 0.8163 (17)

Since the RRD is the relative ratio of diffusivities between the S technique and R technique,
it is used as a correction factor in the ES technique to obtain a much more accurate diffusivity
value. The diffusivity value estimated by the ES technique uses Equation (17).

Ds,eff = Ds,sim/RRD = Ds,sim/(Ds,sim/Ds,rig) = Ds,sim/Ds,sim * Ds,rig = Ds,rig (18)

The procedures of the ES technique are shown in Figure 7. An additional two steps
(Steps 6 and 7) are added in the ES technique (Figure 7) compared with the S technique
(Figure 4). The time ratio (TR) (t0.2/t0.8)exp/(T0.2/T0.8)sim is determined in Step 6. For
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example, (t0.2/t0.8)exp/(T0.2/T0.8)sim = 26.91/34.88 = 0.7713. As seen in Figure 5, or as
determined by using Equation (17), the RRD is about 0.906. As shown in Equation (17),
Ds,eff = 2.72 × 10−8 (cm2/s)/0.906 = 3.00 × 10−8 (cm2/s).
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Figure 6. Correlation between relative ratio of diffusivities (RRD) and time ratio (TR).

Three cases of different scenarios are presented in Table 1 with Biot numbers 40, 10, and 4,
which correspond to negligible, medium, and significant fluid film resistance cases. As shown
in Table 1, the relative estimated error of Ds,sim is significantly increased with a decreasing
Biot number. For example, compared to the diffusivity (Ds,sim) results obtained using the
R technique, the estimation errors obtained using the S technique are about 9.33, 36.67,
and 64.00% for Biot numbers 40, 10, and 4, respectively. The S technique is only valid in
cases when the contribution of fluid film resistance is negligible. In contrast, the estimated
errors for those same Biot numbers are about 0.00, 3.33, and 3.33% for the ES technique,
which suggests that the ES technique can be applied to a wide range of Biot numbers. In
conclusion, the estimation errors of the ES technique are significantly smaller than those of
the S technique.

In addition, physical parameters such as the viscosity of the liquid might significantly
contribute to the description of phenomena occurring in these systems. Since this study did
not have exact information regarding the impact of the viscosity of the liquid, we used Biot
numbers, which encompass these factors. Future research will be performed to investigate
the impact of the viscosity of the liquid in the CMBR system.



Appl. Sci. 2024, 14, 4903 12 of 14Appl. Sci. 2024, 14, x FOR PEER REVIEW 12 of 14 
 

 
Figure 7. Procedures for efficient simplified diffusion technique. 

4. Conclusions 
The ES technique using a completely mixed batch reactor (CMBR) is proposed in this 

study for the determination of diffusivity. This technique overcomes the main limitation of 
the S technique, which is only valid when the contribution of fluid film resistance is negligi-
ble. The relative ratio of diffusivity (RRD) is introduced as a correction factor in the ES tech-
nique to reduce the estimation error of diffusivity. The ES technique can be used under a 
wide range of conditions, including under conditions when both intra-particle and fluid 
film resistances are significant. In conclusion, the proposed ES technique would be useful 
for field applications to determine the surface diffusivity for an aqueous adsorption system 
using the completely mixed batch reactor (CMBR) approach. 

Figure 7. Procedures for efficient simplified diffusion technique.

4. Conclusions

The ES technique using a completely mixed batch reactor (CMBR) is proposed in this
study for the determination of diffusivity. This technique overcomes the main limitation
of the S technique, which is only valid when the contribution of fluid film resistance is
negligible. The relative ratio of diffusivity (RRD) is introduced as a correction factor in the
ES technique to reduce the estimation error of diffusivity. The ES technique can be used
under a wide range of conditions, including under conditions when both intra-particle and
fluid film resistances are significant. In conclusion, the proposed ES technique would be
useful for field applications to determine the surface diffusivity for an aqueous adsorption
system using the completely mixed batch reactor (CMBR) approach.
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Nomenclature

Bi Biot number, Bi =
(

kF rP
DS β ρS

)
aP Surface area based on solid particle [cm2/cm3]
c0 Concentration within vessel at time, 0 [mmol/cm3]
ce Equilibrium concentration at time, infinity [mmol/cm3]
cs Concentration at interface between solid and fluid-to-solid film [mmol/cm3]

Cs Dimensionless cs, CS =
(

cS
c0

)
ct Concentration within vessel at time, t [mmol/cm3]

Ct Dimensionless ct, Ct =
(

ct
c0

)
Ds Effective surface diffusivity (based on solid concentration difference) [cm2/s]
Ds,rig Effective surface diffusivity estimated using R technique [cm2/s]
Ds,sim Effective surface diffusivity estimated using S technique [cm2/s]
Ds,eff Effective surface diffusivity estimated using ES technique [cm2/s]
k Freundlich constant [(mmol/g) (cm3/mmol)n]
kF liquid film mass transfer coefficient [cm2/s]
m Weight of adsorbent [g]
1/n Freundlich exponent [-]
q0 Amount adsorbed in equilibrium with fluid concentration, c0 [mmol/g]
qint Initial amount adsorbed at t = 0 [mmol/g]
qm Amount adsorbed at r = r [mmol/g]

Qm Dimensionless qm, Qm =
(

qm
q0

)
qt Average amount adsorbed within a solid particle at time, t [mmol/g]

Qt Dimensionless qt, Qt =
(

qt
q0

)
r Internal radial length (length from solid center) [cm]
rp Particle radius [cm]

R Dimensionless internal radial length, R =
(

r
rP

)
t Time [s]

T Dimensionless time, T =
(

DS
r2

P

)
t

V Volume of vessel [cm3]
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