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Abstract: Planning and decision making are closely interconnected processes that often occur in
tandem, influence and informing each other. Planning usually precedes decision making in the
chronological sequence, and it can be viewed as a strategy to make decisions. A comprehensive
planning or decision strategy can facilitate effective decisions. Thus, understanding and learning
human decision-making strategies has drawn intensive attention from the AI community. For
example, applying planning algorithms into reinforcement leaning (RL) can simulate the consequence
of different actions and select optimal decisions based on learned models, while inverse reinforcement
learning (IRL) learns a reward function and policy from expert demonstration and applies them into
new scenarios. Most of these methods work based on learning human decision strategies by using
modeling of a Markovian decision-making process (MDP). In this paper, we argue that the property of
MDP is not fit for human decision-making processes in the real-world and it is insufficient to capture
human decision strategies. To tackle this challenge, we propose a new approach to identify the
characteristics of human decision-making processes as a decision map, where the decision strategy
is defined by the probability distribution of human decisions that are adaptive to the dynamic
changes in the environment. The proposed approach was inspired by imitation learning (IL) but
with fundamental differences: (a) Instead of aiming to learn an optimal policy based on expert’s
demonstrations, we aimed to estimate the distribution of decisions of any group of people. (b) Instead
of modeling the environment by an MDP, we used an ambiguity probability model to consider
the uncertainty of each decision. (c) The participant trajectory was obtained by categorizing each
decision of a participant to a certain cluster based on the commonness in the distribution of decisions.
The result shows a feasible way to capture human long-term decision dependency, which provides
a complement to the existing machine learning methods for understanding and learning human
decision strategies.

Keywords: decision-making process; decision strategy; knowledge representation; artificial
intelligence; data clustering

1. Introduction

Planning and decision making have been extensively studied in the AI community,
with the aim to design and develop an intelligent agent that can interact and act in a variety
of environments involving individuals or agents. Planning and decision making are closely
related processes. Effective decision making often relies on some form of planning, where
individuals or agents consider different options, anticipate potential consequences, and
evaluate trade-offs before making a choice. In other words, planning can be viewed as a
higher-level cognitive process that supports decision making by providing a structured
framework for considering alternatives, setting goals, and organizing actions in pursuit of
desired outcomes.

Planning or decision strategies refer to the approaches that individuals use to make
decisions [1]. These strategies can vary based on factors such as the decision context,
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available information, preferences, and cognitive biases [2]. Common decision strategies
include heuristic-based approaches (e.g., using rules of thumb or shortcuts) [3], analytical
approaches (e.g., systematic analysis of options) [4], and intuitive approaches (e.g., relying
on gut feelings) [5]. In other hand, decision making involves various cognitive processes,
including perception, attention, memory, reasoning, and judgment. Decision making
is also influenced by environmental factors, such as social norms, situational context,
available resources, and external constraints. IL is a machine learning approach where an
agent learns to perform tasks by observing and mimicking demonstrations provided by
an expert. The goal is to replicate the expert’s behavior based on observed actions and
outcomes [6]. In IL, the state space and action space are critical components, where the state
space encapsulates the environment’s current condition, and the action space defines the
agent’s possible decisions or behaviors in response to different states. Imitation learning
methods often incorporate planning algorithms to enhance decision-making capabilities.
For example, RL techniques combined with planning (such as model-based RL) can enable
agents to simulate outcomes of different actions and select optimal decisions based on
learned models [7,8]. Planning can also aid in generalization and adaptation in imitation
learning settings. Agents can use planning to infer strategies or policies underlying expert
demonstrations and apply similar decision-making principles to new scenarios [9]. By
integrating planning with imitation learning, agents can exhibit more flexible and robust
decision-making behavior, allowing them to handle complex tasks and adapt to changing
environments beyond the specific demonstrations they were trained on.

Regarding the different methodologies for reproducing the expert behavior, IL can be
generally divided into two major approaches: behavior cloning (BC) and IRL. BC simply
tackles the IL problem as a supervised learning problem that aims to build a straightfor-
ward mapping from the state space to the action space under the learned policy. But this
method can only provide relatively acceptable performance in environments that are the
same or similar to the training dataset due to the property of an MDP. However, minor
errors can quickly compound when the learned policy departs from the observed states
in the demonstration [10]. To increase the awareness of the environment dynamics, an
IRL approach uses reinforcement learning methods to extract a reward function based
on the optimal expert trajectory and learning a policy from the inferred reward function.
However, the IRL method is hardly implemented into real-world tasks since recovering
a reward function requires intensive interactions with an external environment, which
can be costly in terms of computation and safety [11,12]. Decision making is performed
as the center of human interaction with the real world and the decision-making process
has a tight relationship with individual characteristics, which was mentioned in our pre-
vious work [13]. In this paper, we propose an approach to characterize human decisions.
Generally defining the characteristics of decision making may involve understanding the
decision strategies employed by individuals or groups in different contexts and examining
how the cognitive processes interact to influence decision outcomes. Additionally under-
standing how the environmental factors shape decision-making behavior can contribute to
defining its characteristics. The characteristics of decision making can also be defined in
terms of decision outcomes, such as the quality of decisions, decision confidence, decision
speed, and decision consistency. Analyzing these outcomes can provide insights into the
underlying characteristics of decision-making processes.

The characteristics of decision making can be inferred from analyzing the probability
distribution of a group of people’s decisions. Let us break down how this can be achieved:

• Tendency and preference: Analyzing the probability distribution allows us to identify
tendencies and preferences within a group. For example, if a certain option is cho-
sen more frequently than others, it suggests a preference for that option within the
group [14,15].

• Variability and consensus: The spread or variability of decisions within the probability
distribution provides insights into the level of agreement or disagreement between
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decision makers. A narrow distribution indicates a high level of consensus, whereas a
broader distribution suggests greater variability in decision preferences [16,17].

• Decision biases: Certain decision biases may manifest as skewed or asymmetric
probability distributions. For instance, if decisions tend to cluster around a particular
option due to an anchoring bias or status quo bias, it will be reflected in the shape of
the probability distribution [18].

• Risk preferences: Decision making often involves trade-offs between risks and rewards.
By analyzing the probability distribution of decisions, we can infer the risk preferences
of the group. A risk-averse group may exhibit a probability distribution skewed
toward safer options, while a risk-seeking group may display a distribution skewed
toward riskier alternatives [19,20].

• Decision stability: The stability of decision making over time can also be assessed
through changes in the probability distribution. A consistent probability distribu-
tion indicates stable decision-making behavior, whereas fluctuations or shifts in the
distribution may signify changes in preferences or external influences [21,22].

While analyzing the probability distribution of decisions provides valuable insights
into the characteristics of decision making within a group, it is essential to complement
this analysis with other approaches to gain a comprehensive understanding. Factors
such as decision strategies, cognitive processes, individual differences, and environmental
influences also play significant roles in shaping decision-making behavior. Therefore, a
holistic approach that integrates various methods and perspectives is often necessary to
fully define the characteristics of decision making.

Our insight is that the difficulty of environment dynamics with previous IL approaches
arises from the method for the extraction of human knowledge or experience, i.e., the
dynamics of the environment are modeled by an MDP that assumes the next state only
depends on the decision (or action) in the current state in the expert trajectory. Thereby,
we argue that the extracted human knowledge or experience under MDP settings can only
perform well in the low-level task, e.g., object manipulations, where the environmental
dynamics are limited. Meanwhile, it is prone to failing in a high-level task, e.g., driving on
the highway, which requires high-level knowledge that refers to planning, causal reasoning,
or analogical reasoning to handle the environment dynamics. In reality, when human
agents use this high-level knowledge to make decisions, they usually consider a long-term
relationship, such as what they experienced and what decisions were made. However,
MDP settings usually fail to extract such long-term relationships lying in the demonstration
data [23,24].

In this paper, we propose a method to extract human knowledge based on the charac-
teristics of decision-making processes from a group of people. This method was inspired by
IL but with some fundamental differences: (a) Instead of aiming to learn an optimal policy
based on demonstrations, we aimed to estimate the distribution of decisions of a group
of people. (b) Instead of modeling the environment by an MDP, we used an ambiguity
probability model to consider the uncertainty of each decision. (c) The participant trajectory
was obtained by categorizing each decision into a certain cluster based on the commonness
compared with the distribution of decisions.

The rest of the paper is organized as follows: the related works are described in
Section 2; the challenges in imitation learning are elaborated in Section 3; the proposed
method is explained with an application example in Section 4; the results of application
example are discussed in Section 5; conclusion and future work are given in Section 6.

2. Related Works

In past decades, the classical AI, known as the good old-fashioned artificial intelli-
gence (GOFAI), has shown itself as powerful and efficient when considering numerous
applications [25–27]. The GOFAI-based systems supported or even outperformed humans
in specific tasks that used to be dominated by human intelligence, for example, IBM’s
Deep Blue first defeated the world champion player in the epic chess battle rematch in
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1997 [28], and more recently, Google’s AlphaGo system was reported to produce remarkable
results in the series of competition with professional Go players from 2015 to 2017 [29].
However, these complicated and challenging problems are considered to be just a fragment
of human intelligence in dealing with finite, deterministic, and constrained problems that
are a part of the complex and multidimensional intelligence problem spaces [30]. Let
us take the board game of checkers as an example. Despite the complexity of the game,
which can contain nearly 500 billion possible position moves, it still has a finite number of
combinations and a certain number of parameters (i.e., pieces on the board). Besides this,
the most important thing is that the board game has fixed rules and perfect information,
which means players have insight into everything that has happened before they decide
to move a piece. However, unlike these finite, deterministic, constrained board gaming
spaces, the real world where humans live are full of uncertainties and usually with limited
availability of information for making decisions. Unfortunately, the classical AI tends to
fail in pursuing human-level intelligence to deal with problems that are highly dynamic
and uncertain. Generally speaking, classical AI has been successful in those tasks that are
normally considered difficult, such as playing chess, applying rules of logic, proving a
mathematical theorem, or solving certain abstract problems, but fail in those tasks where
human actions are experienced as natural, effortless, and dynamic, such as seeing, hearing,
talking, walking, and driving; all these skills require common sense [31]. Thus, building
systems that incorporate the common sense knowledge became the goal for many classical
problem-solving systems, such as CYC (stands for encyclopedia) [32], with the aim to
make inferences based on a database of common sense, or the DARPA (Defense Advanced
Research Project Agency) project in [33], which is trying to build a machine that can learn
by reading a text. However, the successes of these projects are disputed because they are in-
capable of dealing with common sense in a flexible and adaptive way. One of main reasons
is that such systems represent and manipulate the common sense knowledge in an explicit
way. For example, in the CYC system, the building blocks of common sense knowledge are
propositional statements, such as “cars cannot fly”, “viruses cause infection”, “smoking is
harmful to health”, etc.; it is believed that the large collection of such logic-based statements
in conjunction with a set of inference rules is all that is needed to represent common sense
knowledge. However, common sense is not rigid but highly dynamic and varies in relation
to people’s characteristics and background, especially when it refers to the trivial matters
in our daily lives [34,35]. For example, we all have an intuitive understanding of the word
“driving” that will come to mind if we freely associate with “driving”. It might be turning
the wheel, stepping on the gas, a luxury car, a road journey, a car race, the jammed traffic,
etc. It is these kinds of variational experiences that form the basis of our common sense,
which can never be captured or modeled by such a set of logical statements and rules but
requires interactions with the real world.

Common sense reasoning presents challenges in formalization and computational
modeling due to its inherent complexity and context-dependent nature. Incorporating
common sense into machine learning algorithms, including imitation learning, requires
effective representation and integration with data-driven approaches. On the other hand,
leveraging common sense can enhance the capabilities of imitation learning agents in
addressing real-world tasks that involve rich contextual understanding, intuitive decision
making, and adaptive behavior. Integrating common sense reasoning with imitation
learning opens up new avenues for developing human-like intelligent systems. Many
studies were conducted to explore the relationship between common sense and decision
making in different fields, such as managerial decisions in organization [36], integrating
common sense as prior knowledge in reinforcement learning [37], and medical decisions in
treatment [38]. However, that research put more focus on how common sense as ”practical
judgement” influences a decision rather than how common sense is captured as knowledge
from lived experience. Despite the fact that in our daily lives, most decision problems are
trivial without general agreed-upon criteria, individuals make decisions based on their
own perceptions and personality, which are formed by their life experience. This kind of
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common sense is highly dynamic to different groups of people, and it cannot be simply
formalized by a set of rules but requires observations of how individuals interact with the
real world and what are the characteristics in those interactions.

3. Challenges in Imitation Learning

IL as learning from demonstration or apprenticeship learning is generally mathe-
matically formulated within the framework of reinforcement learning [39]. The goal of
imitation learning is to enable an agent to mimic expert behavior by learning from observed
demonstrations. The following notations are used:

• State space: S, set of all possible states.
• Action space: A, set of all possible actions.
• Reward function: R : S × A → R, defines the immediate reward for taking an action

in a state.
• Demonstration dataset: D = {(s1, a1), (s2, a2), . . . , (st, at)}, set of state–action pairs

from expert demonstrations.
• Policy: π : S → A, agent’s policy mapping states to actions.

The objective of IL is to learn a policy π that mimics the expert’s behavior, as demon-
strated in D, where the aim is to find a policy π that maximizes the expected cumulative
reward, like RL but without direct interaction with the environment. In the BC approach,
a policy π is directly learned that maps state s to action a based on the observed demon-
strations [40]. The learning objective of BC can be formulated as minimizing the expected
loss between the actions predicted by π and the actions in the demonstration dataset D
according to

minπEs∼D[loss(π(s), a)]. (1)

Here, loss is a suitable loss function (e.g., mean squared error or cross-entropy) that mea-
sures the discrepancy between the predicted action π(s) and demonstrated action a. In the
inverse reinforcement learning (IRL) approach, the agent infers the underlying reward func-
tion R from the expert’s behavior and then learns a policy π that maximizes this inferred
reward [41]. The learning process involves estimating the reward function R based on
the observed demonstrations and then optimizing the policy π to maximize the expected
cumulative reward under this reward function according to

maxπ

T

∑
t=1

ESt∼p(.)[R(st, π(st)], (2)

where p(.) is the distribution over states encountered during the execution of policy π.
Considering the training and optimization in IL methods, two major trends can be

mentioned: the supervised learning approach and iterative improvement. BC can be
framed as a supervised learning problem, where the policy π is learned using supervised
learning techniques (e.g., neural networks) to minimize the prediction error between π(s)
and a from D. Iterative approaches, such as policy iteration or gradient-based optimization
methods (e.g., policy gradient), can be employed to iteratively update the policy π to
maximize the expected reward based on the observed demonstrations.

Three major challenges can be considered in relation to IL, which are as
follows [6,10,42]:

• Generalization: one key challenge in imitation learning is generalizing the learned
policy π to new, unseen situations that may differ from the demonstrations;

• Distribution mismatch: the distribution of states encountered during the policy ex-
ecution by the agent may differ from the distribution of states in the demonstration
dataset D, leading to challenges in effective learning;

• Bias and variance trade-off: balancing bias (due to approximation error) and variance
(due to noisy demonstrations) is critical for successful imitation learning.
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Various techniques and algorithms can be applied to address challenges and achieve
effective imitation learning. However, we believe the difficulty of environment dynam-
ics that can be expressed with common sense problems is the major challenge with IL
approaches, which cannot be solved due to their fundamental limitation of using an MDP.

4. Method

In this section, we explain the proposed method and elaborate upon it with a game
example as a one-dimensional application of the method. The proposed method was
inspired by IL approaches.

Figure 1 illustrates the differences between IL approaches and the proposed method
to extract human knowledge or experiences. As shown in the left part of Figure 1, an agent
learns a task by observing demonstrations performed by an expert. Generally, it extracts
expert knowledge through the three processes of a learning algorithm, policy optimization,
and evaluation-refinement process. In the demonstration collection procedure, a set of
demonstrations is collected from an expert. These demonstrations typically consist of
sequences of states and actions that the expert performs while completing the task [43]. The
applied learning algorithm process for different methods, such as BC, IRL, or adversarial
structured IL, varies, where the goal is to learn a policy or a mapping from states to actions
that mimics the behavior of the expert. In the policy optimization process, the learned policy
is optimized to minimize the discrepancy between its behavior and that of the expert. This
optimization process may involve techniques such as reinforcement learning or supervised
learning, depending on the learning algorithm. In the evaluation-refinement process, the
learned policy is evaluated on new data to assess its performance. If the performance is
not satisfactory, the process may be iterated by collecting more demonstrations, refining
the representation, or adjusting the learning algorithm parameters. As shown in the right
part of Figure 1, instead of collecting the expert knowledge decisions of a group of people,
our proposed method collects decisions to extract the probability distribution of optional
decisions through the three processes of decision observation, uncertainty estimation, and
the decision characteristics process. In the following, these three processes are elaborated
in detail.

Figure 1. Comparison of task event processing in IL approaches and the proposed method.

As mentioned in the introduction, decision making is the fundamental human activity
for interaction with the real world. Figure 2 shows how individuals generally interact
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with the outside world through decision making. Let us assume the world consists of
a set of infinite task events S, where each task event is a subset of S and is denoted as
S′ = si, i = 0 . . . n, where si is a state of the task event and n is the number of states, which
is determined by the sequence of actions (see Figure 2 bottom). The impact of an action
on the state, i.e., the state of a task event, is represented by the state transition function
T(si+1si, ai), where the ai represents the action and occurs according to decision making
(see Figure 1 top). The decision making contains three processes: perception, reasoning,
and acting. In perception, the state is perceived through the measurements of the current
state, such as temperature, velocity, and position, so that the state is perceived by a set of
parameters and their values. Note that the perception of state is task-oriented, which means
the choices of parameters are related to the task under the decision-making process. For
example, normally a driver does not look at the back mirror when the car is driven straight
forward, but the back mirror is used when driver needs to change lane or drive in reverse.
For succinctness, the “state” is used interchangeably with “perceived state” throughout
the text and is denoted by si. The decision di is selected after the perception through the
reasoning of alternatives, denoted as the function R(si); this process is mostly based on
personal experience and other personal factors, such as preference and emotions [44]. A
physical action, denoted by the function ϕ(di), happens after a decision. The states during
the task execution keep changing until the task event is accomplished. The number of
states and their order within the task event are determined by the sequence of actions. It
should be noted that Figure 1 illustrates two types of common sense in conjunction with
the relation between the decision making and task execution. Implementing the flow chart
in the figure from the top to bottom, i.e., using the function ϕ(R(si)), the figure represents
the first type of common sense, i.e., ”the knack for seeing things as they are, or doing things
as they ought to be done”. While, implementing the flow chart from the bottom to top, i.e.,
estimation of the function ϕ(R(si)), the figure represents the second type of common sense,
i.e., the commonsensical experiences of a group for the execution of a task.

Figure 2. Detailed task event processing in the proposed method.

4.1. Application Example

A number-guessing game as a one-dimensional application of the method was de-
signed. The collected data from the game was used to estimate the function ϕ through its
inputs si and outputs ai, as shown from the bottom to top in Figure 2.

In the game, participants were asked to find out an integer number that was randomly
predefined within the range of 1 to 1000. During the task, each participant had unlimited
attempts to ask questions to achieve the goal. In each attempt, participants needed to select
one of two types of question: (1) Is the next targeted number bigger than participant’s
previously chosen number? (2) Is the next targeted number equal to participant’s previous
chosen number? Then, an answer of “Yes” or “No” was given to participants based on
their questions and chosen number. The task event did not end until the targeted number



Appl. Sci. 2024, 14, 5469 8 of 18

is identified. The flowchart of the task event is shown in Figure 3. In this task event, the
ranges of the targeted number represented states; at the beginning, all participants faced
the same state, where the targeted range was from 1 to 1000; after each attempt, the states
were changed based on each participant’s actions (i.e., the question and number they chose).

Figure 3. Flow chart of number guessing game.

A web-based application was deployed to collect data, and 54 people participated
in the game. The decision data of the participants, i.e., the chosen number and type of
question, were collected, but only bigger-type question and its chosen number were used
in the later data processing since this type of question changed the targeted range more
significantly than the other one, especially when the targeted range remained wide in the
early phase of task event. In addition, demographic information of the participants was
collected as well.

4.2. Method Implementation in Game Application

In this subsection, the usage of the proposed method for the task event processing
in the game is explained, where the chosen number ai and relevant state si are processed
to estimate the function ϕ. The process is achieved in the five steps of normalization,
clustering, generation of an ambiguous cluster, and association accumulation.

4.2.1. Feature Space Mapping

Throughout the execution of task, the decision sequence of each participant was
recorded as

dj
i = {sj

i , aj
i}, sj

i ∈ S, aj
i ∈ Aj (3)

where j is the index of participant; pairs of states and actions were used to represent the
decision sequence of each participant. Aj is the set of possible actions of participant j and i
is the index of each attempt. The decision sequence of each participant was a consequence
of the participant actions, which was executed as

dj
i = {sj

i , aj
i}

T j
i−→ {sj

i+1, aj
i} (4)

which resulted in a new situation of sj
i+1. Using the action of each decision as a comparable

measurement factor among all the decisions and all the participants created a multiple-
measurement space where the decisions of each participant could be considered as one
dimension that had a special measurement unit depending on each participant. To be able
to compare all the decisions of all the participants a feature space was considered, where the
multiple-measurement space was mapped to a one-dimensional feature space according to

dj
i = {sj

i , aj
i}

T j
i−→ {sj

i+1, aj
i}

Fj
i−→ d f j

i = {sj
i ,

sj
i+1

sj
i

, aj
is

j
i+1 < sj

i} (5)
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where F is the feature-mapping operation and d f j
i is the decision in feature space with

respect to each decision of a participant given as i and each participant given as j. According
to the defined decision in the feature space, the measurable parameter in the feature
space became

dj
i = {sj

i , aj
i}

Fj
i−→ {pj

i} (6)

The process of feature mapping is shown in Figure 4, where each participant’s decision
sequence was mapped as d f j

i = {pj
i}.

Figure 4. Mapping decisions to feature space.

4.2.2. Clustering

The decision sequence of each participant, i.e., d f j = {pj
i}, was clustered as d f j =

{pj
ik}, where k is the index of the cluster. The clustering method was proposed in two steps.

In the first step, the number of clusters for each decision sequence was identified; the result
of the clustering was obtained as a one- or multi-element cluster. A one-element cluster is
a cluster that includes either only one decision or several decisions but with the same d f
value, i.e., Cone = {pj

ik}, pj
1k = . . . = pj

ik, i = 1, . . . , n. A multi-element cluster is a cluster

that includes at least two varied d f j
i values, i.e., Cmul = {pj

ik}, pj
ik ∈ [0, 1],∄pj

1k = . . . =

pj
ik, i = 1, . . . , n, n >= 2. In the second step, all one-element clusters were combined and

re-clustered. Details of the two steps are described as follows:
Step 1: K-medoids method [45] was used as core of clustering. Algorithm 1 shows the

number of clusters was identified in two sub-steps: (a) A condition was defined to perform
k-medoids for constraining the span of each cluster (SEC) less than a threshold, i.e., the
value of error tolerance (VET). The SEC was considered to be the distance in each cluster,
denoted as each_span = pmax

k − pmin
k where pmax

k = max{pj
ik} and pmin

k = min{pj
ik}. VET

was increased iteratively from 0.01 to 0.15 by steps of 0.01. Meanwhile, in each iteration,
the number of clusters was also increased from one by a one-step manner and continued
until the condition SEC < VET was satisfied. Then, the number of clusters regarding
each VET was recorded as candidates, denoted as candi_num. (b) The difference between
each two sequential candidates was calculated, denoted as di f f erence = candi_numi −
candi_numi+1; the final number of clusters was identical to the first two candidates whose
difference was zero. Figure 5a,b shows two examples where the two clustering results in
step 1 are presented. On the left of Figure 5, the candidate number of clusters for each
VET are plotted and the final number of clusters is marked by the red circle; on the right,
the results of clustering according to final numbers of clusters are plotted, where different
clusters are distinguished by colors, the one-element clusters are marked by dash lines, and
the multi-elements clusters are marked by solid lines.

Step 2: All one-element clusters from all decision sequences of participants were
gathered and considered as a new decision sequence of a virtual participant. Then, the en-
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semble of one-element clusters was re-clustered by using step 1. The result of re-clustering
is shown in Figure 5c right.

Figure 5. Examples of clustering result, on the right figures, different clusters of decisions are
presented by different colors, one-element clusters are presented by dash lines, and multi-element
cluster are presented by solid lines: (a) a sequence of decisions in one cluster; (b) a sequence of
decisions in several clusters; (c) re-clustering of one-element clusters.
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Algorithm 1: Clustering
scale = 1 Result: final_number_of_clusters
break f lag = 0;
index = 1;
candi_num ; /* records of all candidates regarding each VET for the final number of clusters */
for VET = 0.01 : 0.01 : 0.15 do

temp_num = 1;
while (1) do

[k, decision_sequence] = kmedoids(decision_sequence, temp_num);
SEC = pmax

k - pmin
k ;

if SEC < VET then
break;

end
temp_num = temp_num + 1;

end
candi_num(index) = temp_num + 1; /* save each candidate number of clusters */
index = index + 1;

end
for i = 1 : length(candi_num) do

di f f erence = candi_num(i)− candi_num(i + 1);
if differnce == 0 then

break;
end

end
f inal_number_o f _clusters = candi_num(i);

4.2.3. Generation of Ambiguous Clusters

Each cluster was improved to be a more general and analog cluster based on its discrete
elements in this process. The improved cluster is called an ambiguous cluster, denoted as
ψi, which was achieved by modeling one-element and multi-element clusters as a Gaussian
distribution and Student’s t-distribution, respectively. For the Gaussian distribution, the
mean was estimated as the value of the element in each one-element cluster; the variance
was estimated as half of the relevant VET. For the Student’s t-distribution, the mean and
variance were estimated by using the modeling function in Matlab (2021a), i.e., fitdist(x,
‘tLocationScale’), to each multi-element cluster. Due to the limited number of elements
(less than 30) in each multi-element cluster, the Student’s t-distribution was used for the
estimation rather than using a Gaussian distribution directly. The amplitude of estimated
distribution was normalized and weighted by a multiplier factor denoted as λi. The factor
was determined by the number of discrete elements in each cluster. Examples of generating
an ambiguous cluster are shown in Figure 5 left.

4.2.4. Association and Accumulation

Each two ambiguous clusters were associated by Ψij = Wiψi + Wjψj, where Ψij is the
association of each two ambiguous clusters; i and j were the indexes of the ambiguous clus-
ters; Wi = λi/(λi + λj), Wj = 1−Wi, Wi, and Wj are the relative weights of two ambiguous
clusters in the association. An example of association is shown in Figure 6. Finally, the
function ϕ was estimated by accumulating all associations of each two ambiguous clusters,
denoted as ϕ = ∑M

1 Ψij, where Ψij is the association of each two ambiguous clusters, and
M = n(n − 1)/2 and n are the total numbers of ambiguous clusters.
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Figure 6. Example of generating two ambiguous clusters and operation of their association.

5. Results and Discussion

The application example and its data processing demonstrated the process of estimat-
ing the function ϕ based on the initial decisions made by a group of people. The result
of estimation was called a “Decision Map”, where all possible decisions, i.e., initial deci-
sions and their variations, were characterized by a probability distribution, as presented
in Figure 7. The amplitude of the probability distribution reveals the commonness among
all possible decisions, i.e., a higher amplitude corresponds to more commonness of the
decision. The meanings of each process are explained as following: (1) The process of the
feature space mapping interpreted the sequence of each participant’s decisions (the chosen
number) into a d f value in the feature space. The d f value indicates how each participant
decided to partition the current range to narrow down the searching area of the targeted
number for the next attempt. Moreover, the d f value is a comparable measurement among
all decisions regardless of the dynamic range. (2) To find the common characteristics be-
tween those decisions made by each participant, their decision sequence was clustered and
each cluster was considered as a decision strategy. For instance, in Figure 5a right, the d f
values were around 0.5, meaning the participant always used the strategy that partitioned
the targeted range at around middle point in each attempt. However, each cluster was just
a preliminary representation of a decision strategy that only contained limited decisions,
but other possible variations of decision in this strategy might not be observed in the
limited attempts during the application example. (3) To include those possible variations of
decision into the decision strategies, ambiguous clusters were generated. The generation
of an ambiguous cluster was carried out by modeling the uncertainty of initial clusters
as a Gaussian distribution or Student’s t-distribution. Note that the choices of modeling
type depended on the attribute of initial data in the cluster and subjective preference that
had impact on the decision-making process. In this study, the Gaussian distribution and
Student’s t-distribution were used for the generation of ambiguous clusters by assuming
that possible decisions, i.e., the initial decision and its variations, were normally distributed
within a strategy. By generation of an ambiguous cluster, each decision strategy was
represented by a probability distribution, where the characteristics of possible decisions
within the strategy was reflected by the probability density. Furthermore, the weighting
of the normalized ambiguous cluster reflected the commonness of each decision strategy;
in other words, the higher-weighted ambiguous cluster meant more inclusions of initial
decisions, thereby, the more commonness among decisions was integrated into the relevant
strategy. However, each ambiguous cluster only revealed the characteristics of possible
decisions within the decision strategy. (4) To understand the characteristics of all possible
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decisions among the different decision strategies, first, each two ambiguous clusters were
associated with their relative weights. As Figure 6 presents, the overlapping part shows the
common decisions between two strategies, their amplitudes in the corresponding positions
are increased after association. Then, after accumulating all associations of two ambiguous
clusters, the commonness of decisions was displayed by amplitudes in the decision map,
and the curve also indicated the characteristics of the decision making in this group of
people. For example, in Figure 7, the most common decisions were around 0.5; according
to this, we can conclude a characteristic of decision making that most participants in this
group made decisions cautiously since they preferred to control the consequent risk of
decisions (results in the searching ranges in the next attempt) equally.

Figure 7. Decision map of 54 participants.

In addition, the decision map is adaptable to the different groups of people, and it
can also indicate the tendency of common decisions as the number of people increases. To
investigate this, we divided the dataset of all participants into sub-groups and generated
decision maps based on the sub-groups. In each sub-group, participants and their decision
data were randomly selected; the number of people increased from 4 to 52 by adding
four people each time; and this process of division was repeated 30 times. Figure 8 shows
several examples of decision maps based on different sub-groups of participants; each
row presents decision maps of sub-groups with a different number of participants; each
column presents decision maps of sub-groups with the same number of participants but
different individuals. As we can see, the commonness of decisions in the decision maps
varied with different numbers of people and different individuals in the sub-groups, but
those variations tended to be limited as the number of people grew. Furthermore, the
variation in the decision map was measured by α = RSS

TPDM , where TPDM stands for the
sum of the total population’s decision map (as in Figure 7), and RSS stands for the residual
sum of the square betweenthe sub-group’s and total population’s decision maps. The
value of α indicates the percentage of difference from the sub-group’s decision map to the
TPDM. Figure 9 shows the variations in the decision map with different numbers of people.
As shown in the figure, the α values decreased as the number of people grew, especially
after 28 people, where an increased number of people made less of a difference on the
decision map, which indicates that the commonness contributions of decisions were limited.
Moreover, the error bars of the α value reduced, which indicates the random selection of
participants had less of an effect on the decision map as the number of people grew.



Appl. Sci. 2024, 14, 5469 14 of 18

Figure 8. Ten examples of derived decision maps based on different sub-groups of participants.

Figure 9. The variation in decision map with different number of participants.

Another angle of looking at a decision map is its application. Based on the decision
map, a one-dimensional ontological structure of decisions (1-DOSE) was applied. Ontology
is known as a method to study a concept regarding where and what entities exist and how
such entities may be grouped and related to each other [46]. In the 1-DOSE, the concept was
regarded as a group of people’s common sense regarding dealing with a specific problem
or task; their decisions to solve the problem were regarded as the entities of the concept;
the decision strategy was regarded as a groups of entities; and the relationship between
strategies was hierarchically connected by ranks. Table 1 shows an example of a 1-DOSE
with 30 decision strategies. The rank was calculated in three steps: (1) each strategy’s
initial decisions were projected to the corresponding positions in the decision map; (2) the
corresponding amplitudes at those positions were accumulated and the accumulated value
was assigned to each decision strategy; (3) the ranks of decision strategies were identified
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based on the sorting of their accumulated values of amplitude in descending order. This
rank revealed the hierarchical similarities of decision strategies since the decision strategy
with a higher rank meant it had a higher accumulated value of amplitude and its initial
decisions were shared by more participants in their decision-making process. Moreover, a
1-DOSE provides a way to quantitatively analyze the characteristics of the decisions made
by a person regarding a specific problem or task. Table 2 shows an example of such an
analysis between two participants. Each d f value in their decision sequences was assigned
with a rank number; the rank number corresponded to the rank of a relevant decision
strategy in the 1-DOSE; the sum of ranks reflects the commonness of the participant’s
decision sequence, i.e., a lower sum of the ranks number means more common decisions
were made by the participant in his or her decision sequence. In the analysis of Table 2, the
participants’ personalities were exposed somehow by how their decisions were close to
the common strategy applied by other participants. By using “somehow”, we mean that
only one decision sequence was not good enough to evaluate the whole personality of the
participant, but it could be considered as one piece of personality itself in a decision-making
process. This provides a new perspective for current research of an autonomous decision-
making system, where the absence of situation data in reconstructions or modeling used
leads to poor or no decision making. By implementation of the 1-DOSE, the dependence
between situation reconstruction and decision making can be reduced since humans have
contributed to the hard part in the decision-making process, i.e., the process from the
perception of the situation to the decision making. The machine only needs to learn how to
apply one characteristic of making decisions to a specific problem or task, which can refer
to the 1-DOSE. In addition, the 1-DOSE does not necessarily show the optimal decisions,
but it always shows an overview of how decisions are made by people related to their
characteristics. However, the decision map can be optimized by characterizing a group of
experts’ decisions regarding a given problem or task and then the 1-DOSE based on the
experts’ decision map can be implemented, where the optimal decisions are aligned with
the most common decisions.

Table 1. 1-DOSE with 30 decision strategies (identified by cluster index).

Rank Cluster Index Rank Cluster Index Rank Cluster Index
1 2 11 9 21 10
2 30 12 28 22 24
3 7 13 20 23 16
4 23 14 17 24 12
5 3 15 22 25 5
6 4 16 29 26 25
7 14 17 15 27 18
8 27 18 1 28 26
9 8 19 13 29 11
10 21 20 6 30 19

Table 2. The commonness analysis with two participants’ decisions.

Participant 1 Participant 2
Decision Sequence D.S. Index Rank Decision Sequence D.S. Index Rank

0.5000 2 1 0.5000 2 1
0.4000 7 3 0.6000 49 57
0.7500 8 9 0.3333 38 91
0.6667 23 4 0.4000 38 91
0.5000 2 1 0.5000 2 1
0.6000 30 2 0.7500 60 45
0.8333 53 75 0.6667 49 57
0.8000 53 75 0.5000 2 1
0.5000 2 1 0.8000 60 45
0.5000 2 1 0.7500 60 45

Sum of ranks 172 Sum of ranks 434
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6. Conclusions

In this paper, we propose a approach to acquire characteristics of decision making
based on a group of people’s decisions regarding a specific task. The idea of this method was
inspired by IL, but with fundamental differences: (a) Instead of aiming to learn an optimal
policy based on expert’s demonstrations, we aimed to estimate the distribution of decisions
of a group of people. (b) Instead of modeling the environment by an MDP, we used an
ambiguity probability model to consider the uncertainty of each decision. (c) The participant
trajectory was obtained by categorizing each decision of the participant to a certain cluster
based on the commonness in the distribution of decisions. The feasibility of the approach
was addressed by an application example, where a one-dimensional intelligence problem
was designed for data collection. In the processes of applying example data, we used
statistical methods to estimate and characterize all possible decisions that could be made
by this group of participants. The characteristics of decision making was estimated and
represented by a probability distribution called a decision map, where the curve of the
amplitude indicates the commonness of decisions within the group of participants. We also
discussed the variations in the decision map, which shows the decision map is adaptable to
unveil the characteristic of decision making based on different groups of participants. In the
end, we discussed a decision-map-based application, named 1-DOSE, which used a group
of peoples’ decision map as a reference to measure the commonness of an individual’s
decision trajectory. This application provides a new perspective to the research of learning
and mimicking human decision making in autonomous systems. However, in this study,
the lack of a comparison of the proposed approach with other existing approaches is a
shortcoming, which is planned to be investigated in future research work.
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