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Abstract: In order to analyze the ground vibration responses induced by the dynamic loads in a
tunnel, this paper proposes a new simplified tunnel–soil model. Specifically, based on the basic
theory of the thin-layer method (TLM), the basic solution of three-dimensional layered foundation
soil displacement was derived in the cylindrical coordinate system. The perfectly matched layer
(PML) boundary condition was applied to the TLM. Subsequently, a tunnel–soil dynamic interaction
analysis model was established using the volume method (VM) in conjunction with the TLM-PML
method. The displacement frequency response function of the foundation soil around the tunnel
foundation was derived. Finally, a ground vibration test under an impact load in a tunnel was carried
out. The test and calculated results were compared. The comparison results show that the ground
vibration acceleration response values within 25 m from the load are similar. Compared with the
test results, the theoretical calculation results exhibit a decreasing trend in the range of 40–80 Hz
between 25 and 60 m, with the maximum reduction being approximately one order of magnitude.
In addition, the experimental comparison demonstrates that the model can be used to analyze the
ground vibrations caused by underground loads.

Keywords: tunnel–soil model; ground vibration; prediction model; vibration measurement

1. Introduction

The rapid development of urban rail transit brings the environmental vibration prob-
lem [1–3]. To predict and evaluate the train-induced ground-borne vibrations, mathemat-
ical models are useful. The vibrations can be calculated using empirical or theoretical
approaches, or a combination of both. For analyzing the ground vibrations induced by
underground train loads, the tunnel–soil dynamic interaction is a significant part of the
prediction model. Different analytical, semi-analytical, and numerical models have been de-
veloped to consider this interaction. Metrikine and Vrouwenvelder [4] proposed the “beam
in the ground” model, which simulated the tunnel as an Euler beam in the elastic stratum
(fixed lower surface). This model was used to study the surface vibration response under
moving constant force, moving harmonic load, and fixed random load. Koziol et al. [5]
improved the model proposed by Metrikine and Vrouwenvelder [4]. The elastic formation
was transformed into an elastic half-space, and the wavelet technology was employed to
perform the inverse Fourier transform to obtain the vibration response in the space domain.

In order to consider the influence of tunnel lining structure and boundary shape and
establish a more refined tunnel model, Forrest and Hunt [6] established the pipe-in-pipe
(PIP) model. In this model, a thin-walled cylindrical shell of infinite length was used to
simulate the tunnel lining structure, and a thick-walled cylinder with an infinite outer
diameter was used to simulate the soil outside the lining. Kuo et al. [7] extended the
PIP model to parallel double-hole tunnels to solve the fundamental solution of surface
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displacement under point load in tunnel. Based on Flugge thin-shell theory and infinite
period theory, He et al. [8] established a semi-analytical tube-in-tube model to predict the
three-dimensional dynamic response of periodic tunnels in soil. Edirisinghe and Talbot [9]
investigated the tunnel–soil–pile dynamic interaction based on the tube-in-tube model. Xu
and Ma [10] used the direct stiffness method to solve the dynamic response of a multi-layer
half-space under a spatial periodic moving load, which can be used as the fundamental
solution of the periodic boundary element formula. Ma et al. [11] proposed a novel periodic
tunnel–soil model with a track slab to simulate the propagation of train-induced vibrations,
and its validity was verified through the literature and in situ measurement.

In order to consider the reflection effect of surface boundaries on waves, He et al. [12]
obtained the fundamental displacement solution of a circular tunnel in a three-dimensional
layered half-space by using the transformation characteristics of planar cylindrical waves
and the transfer matrix method. Yuan et al. [13] also proposed an analytical solution for the
dynamic response of multiple scattering effects between tunnels, taking into account the
conversion characteristics of plane cylindrical waves and the case of two adjacent tunnels.
Based on the concept of analytic layer elements with circular holes, Yuan et al. [14] adopted
the wave function method to solve dynamic responses under moving loads on the ground
or within tunnels.

In practical engineering, soil layer parameters tend to change with depth. Treating
foundation soil as a uniform elastic body cannot fully reflect the actual situation. Therefore,
some scholars simplified the foundation soil model into a layered model. The thin-layer
method (TLM), a semi-analytical and semi-numerical method, is suitable for the solution
of layered foundations. The TLM was first proposed by Lysmer and Wass [15] in 1972
as a transfer boundary to represent the infinite extension of the horizontal direction of
the foundation. Kausel [16] proposed the paraxial boundary to solve the propagation
problem of TLM-simulated waves in the infinite domain. Park [17] discussed the accuracy
and convergence of the TLM in computational dynamic problems. Based on the two-
dimensional TLM, Jones and Hunt [18] investigated the influence of an inclined soil layer
on surface vibration and its sensitivity to the inclination angle. Barbosa et al. [19] proposed a
TLM with a perfectly matched layer (PML) boundary for calculating the dynamic response
of three-dimensional layered foundations, in which the PML efficiently simulated the wave
propagation into the underlying semi-infinite space [20].

In recent years, with the rapid development of computer science and technology, the
functions of various numerical simulation software have become increasingly perfect. Due
to their advantages in terms of application scope, cost, data processing, and other aspects,
numerical simulation methods have been widely used in the study of the environmental
vibration of rail transit, a complex and interdisciplinary problem. Zhou et al. [21] developed
a tunnel–soil layer model using the 2.5D finite element and boundary element method to
study the three-dimensional dynamic response of a segmented tunnel in a porous elastic
half-space. Ma et al. [22] proposed a 2.5D modeling method using the finite element method
(FEM) and PML coupling to study the vibration response of tunnel trains in curved sections.
Colaco et al. [23] established a 2.5D track–ground structure model to study its dynamic
characteristics under simple harmonic loads. This model employed the FEM to simulate
complex ground structures, such as tracks, and the method of fundamental solutions
to simulate infinite strata. Due to the introduction of periodic theory along the driving
direction, the periodic support and excitation parameters of the track structure cannot be
solved in the 2.5D model [24]. Based on the wave propagation analysis theory, Xu et al. [25]
proposed a wave FEM considering the longitudinal changes in dynamic soil parameters.
This approach derived the dynamic stiffness matrix of internal and boundary fundamental
elements to deal with the boundary truncation problem with high computational efficiency
and can solve the dynamic response of the surface under the load of subway trains.

In the present study, the TLM was developed to analyze the ground vibration under
an embedded dynamic load. As a semi-analytical method, the TLM can improve the com-
putational efficiency to a certain extent and fully consider the soil layers. The tunnel model
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was simplified using the volume method (VM). Firstly, based on the theory of the TLM, a
3D thin-layer model of layered soil was established in the column coordinate system. By
Fourier transform and Fourier–Bessel integral transform, the fundamental differential equa-
tion of the TLM in the frequency–wavenumber domain was derived, and the displacement
function was introduced. The fundamental solution of soil displacement of 3D layered soil
under point load was obtained using the stiffness matrix spectral decomposition method.
To control the reflection of the wave at the boundary, the PML was used to simulate the
lowest elastic half-space. Subsequently, the Euler–Bernoulli beam was used to simulate the
simplified tunnel, and the dynamic interaction analysis model of tunnel and foundation soil
was established according to the VM superposition principle. The tunnel–soil model based
on the TLM-VM-PML method was eventually established. The displacement frequency
response function of soil around the tunnel foundation was derived. Finally, the validity
and correctness of the proposed method were verified by tunnel excitation tests conducted
in an underground laboratory.

2. Establishment of Prediction Model
2.1. TLM-PML Method

The Green’s function of the layered soil is derived using the TLM in the cylindrical co-
ordinate system. The main idea is as follows: Firstly, the fundamental equation of motion in
an elastic half-space expressed in displacement form in the time domain is transformed into
the frequency domain by Fourier transform, and the equation of motion in the frequency–
space domain is obtained. Subsequently, the ordinary differential equation of displacement
in the wavenumber domain with respect to depth direction z is obtained by introducing the
Fourier–Bessel integral transform, that is, the fundamental differential equation of the TLM.
Subsequently, for each thin-layer element, the layer element equation (the relationship
between displacement and stress in the thin-layer element) is derived by using the Galerkin
weighted residual method for a discrete solution. Finally, the displacement fundamental
solution is obtained by using the stiffness matrix spectral decomposition method.

(1) Fundamental differential equation of TLM

First, for the elastic half-space depicted in Figure 1, the fundamental equation of
motion expressed in the form of stress is established under the cylindrical coordinate
system as follows:

∂σrr
σr

+ 1
r

∂σrθ
∂θ + ∂σrz

∂z + σrr−σθθ
r + Fr = 0

∂σθr
σr

+ 1
r

∂σθθ
∂θ + ∂σθz

∂z + 2
r σθr + Fθ = 0

∂σzr
σr

+ 1
r

∂σzθ
∂θ + ∂σzz

∂z + 1
r σzr + Fz = 0

(1)

where Fr, Fθ , and Fz are the body force per unit volume; σrr, σrθ , σrz, σθr, σθθ , σθz, σzr, σzθ ,
and σzz are the stress components in the cylindrical coordinate system.
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∂r + µ

[
∇2ur − 1

r

(
2
r

∂uθ
∂θ + ur

r

)]
= ρ ∂2ur

∂t2

(λ + µ) ∂∆
r∂θ + µ

[
∇2uθ − 1

r

(
uθ
r − 2

r
∂ur
∂θ

)]
= ρ ∂2uθ

∂t2

(λ + µ) ∂∆
∂z + µ∇2uz = ρ ∂2uz

∂t2

(2)

where ur, uθ and uz represent the displacement components in the radial, circumferential
and vertical directions in the column coordinate system, respectively. ρ is the density of
foundation soil, and ∇2 = ∂2

∂r2 +
∂

r∂r +
∂2

r2∂θ2 +
∂2

∂z2 is a Laplace operator.



Appl. Sci. 2024, 14, 5692 4 of 23

Appl. Sci. 2024, 14, x FOR PEER REVIEW 3 of 26 
 

In the present study, the TLM was developed to analyze the ground vibration under 
an embedded dynamic load. As a semi-analytical method, the TLM can improve the com-
putational efficiency to a certain extent and fully consider the soil layers. The tunnel model 
was simplified using the volume method (VM). Firstly, based on the theory of the TLM, a 
3D thin-layer model of layered soil was established in the column coordinate system. By 
Fourier transform and Fourier–Bessel integral transform, the fundamental differential 
equation of the TLM in the frequency–wavenumber domain was derived, and the dis-
placement function was introduced. The fundamental solution of soil displacement of 3D 
layered soil under point load was obtained using the stiffness matrix spectral decomposi-
tion method. To control the reflection of the wave at the boundary, the PML was used to 
simulate the lowest elastic half-space. Subsequently, the Euler–Bernoulli beam was used 
to simulate the simplified tunnel, and the dynamic interaction analysis model of tunnel 
and foundation soil was established according to the VM superposition principle. The 
tunnel–soil model based on the TLM-VM-PML method was eventually established. The 
displacement frequency response function of soil around the tunnel foundation was de-
rived. Finally, the validity and correctness of the proposed method were verified by tunnel 
excitation tests conducted in an underground laboratory. 

2. Establishment of Prediction Model 
2.1. TLM-PML Method 

The Green�s function of the layered soil is derived using the TLM in the cylindrical 
coordinate system. The main idea is as follows: Firstly, the fundamental equation of mo-
tion in an elastic half-space expressed in displacement form in the time domain is trans-
formed into the frequency domain by Fourier transform, and the equation of motion in 
the frequency–space domain is obtained. Subsequently, the ordinary differential equation 
of displacement in the wavenumber domain with respect to depth direction z is obtained 
by introducing the Fourier–Bessel integral transform, that is, the fundamental differential 
equation of the TLM. Subsequently, for each thin-layer element, the layer element equa-
tion (the relationship between displacement and stress in the thin-layer element) is de-
rived by using the Galerkin weighted residual method for a discrete solution. Finally, the 
displacement fundamental solution is obtained by using the stiffness matrix spectral de-
composition method. 
(1) Fundamental differential equation of TLM 

First, for the elastic half-space depicted in Figure 1, the fundamental equation of mo-
tion expressed in the form of stress is established under the cylindrical coordinate system 
as follows: 

x

z

y

r

ϴ 

zu
ru

O

uθ

zu
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The Fourier transform is applied to Equation (2) to obtain the equation of motion in
the frequency–space domain:
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∂r + µ

[
∇2ur − 1

r

(
2
r

∂uθ
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r

)]
= ρω2ur

(λ + µ) ∂∆
r∂θ + µ

[
∇2uθ − 1

r

(
uθ
r − 2

r
∂ur
∂θ

)]
= ρω2uθ

(λ + µ) ∂∆
∂z + µ∇2uz = ρω2uz

(3)

where ω represents the excited circular frequency and the symbol “-” represents a physical
quantity in the frequency–space domain.

Then, the Fourier–Bessel integral transform is introduced:

Ũ(kr, z) = αn

∫ ∞

0
rCn(krr)

∫ 2π

0
Tn(θ)U(r, θ, z)dθdr (4)

where kr is the wavenumber in the direction of r. Tn(θ) is an expansion of the Fourier series
in the θ direction, and n is the number of Fourier series expansions. The coefficient term
αn is defined as follows: when n = 0, αn =1/2π; when n ̸= 0, αn =1/π. The transformation
matrix Cn(krr) can be expressed by

Cn(krr) =


d

d(krr) Jn(krr) n
krr Jn(krr) 0

n
krr Jn(krr) d

d(krr) Jn(krr) 0

0 0 Jn(krr)

 (5)

where Jn(krr) is the Bessel functions of the first kind.
In the case of vertical vibration, with n = 0, the expression of the displacement compo-

nent in the equation of motion in the frequency domain is as follows:

{
ur
uz

}
=

∫ ∞

0

 J1(krr)
2

0

0 J0(krr)

{ũr
ũz

}
dkr (6)

Substituting Equation (6) into the motion Equation (3) in the frequency domain, the
fundamental differential equation of the TLM can be written as follows after sorting:

(λ + 2µ)kr
2ũr − µ d2ũr

dz2 + kr(λ + µ)dũz
dz − ρω2ũr = 0

−kr(λ + µ)dũr
dz + kr

2µũz − (λ + 2µ)d2ũz
dz2 − ρω2ũz = 0

(7)

where the symbol “~” represents a physical quantity in the frequency–wavenumber domain.
For the discrete equation of the TLM in the cylindrical coordinate system, the Galerkin

method of weighted residuals is used to solve the fundamental differential Equation (7) of
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the TLM. As shown in Figure 2, the foundation soil model consists of a series of thin layers
of layered soil and the lowest half-space. The soil is divided into N horizontal thin-layer
elements along the depth direction of the subsoil model. In the same thin-layer element,
the soil parameters are equal.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 5 of 26 
 

( )
( ) ( ) ( )

( ) ( ) ( )

( )

d 0

d 0
d

0 0

n r n r
r r

n r
n r n r

r r

n r

nJ k r J k r
d k r k r
nC k r J k r J k r
k r k r

J k r

 
 
 
 

=  
 
 
 
   

(5)

where Jn(krr) is the Bessel functions of the first kind. 
In the case of vertical vibration, with n = 0, the expression of the displacement com-

ponent in the equation of motion in the frequency domain is as follows: 

1

0

0

( ) 0
d2

0 ( )

r
r r

r
z z

r

J k ru u
k

u uJ k r

∞
     =        





 

(6)

Substituting Equation (6) into the motion Equation (3) in the frequency domain, the 
fundamental differential equation of the TLM can be written as follows after sorting: 

( ) ( )

( ) ( )

2
2 2

2

2
2 2

2

d d2 0
d d

d d2 0
d d

r z
r r r r

r z
r r z z

u uk u k u
z z

u uk k u u
z z

λ μ μ λ μ ρω

λ μ μ λ μ ρω

+ − + + − =

− + + − + − =

  

  
 

(7)

where the symbol “~” represents a physical quantity in the frequency–wavenumber do-
main. 

For the discrete equation of the TLM in the cylindrical coordinate system, the Ga-
lerkin method of weighted residuals is used to solve the fundamental differential Equa-
tion (7) of the TLM. As shown in Figure 2, the foundation soil model consists of a series of 
thin layers of layered soil and the lowest half-space. The soil is divided into N horizontal 
thin-layer elements along the depth direction of the subsoil model. In the same thin-layer 
element, the soil parameters are equal. 

θr

semi-infinite space
（PML）

x

y

z
Horizontal thin-layer 

elements

N=1
N=2

N=N

 
Figure 2. Cylindrical coordinate system of subsoil model. 

It is assumed that the displacement inside any thin-layer element is linearly or coni-
cally distributed along the vertical axis, corresponding to the primary and quadratic func-
tions respectively. Take the quadratic function as an example, an intermediate section (L 

Figure 2. Cylindrical coordinate system of subsoil model.

It is assumed that the displacement inside any thin-layer element is linearly or conically
distributed along the vertical axis, corresponding to the primary and quadratic functions
respectively. Take the quadratic function as an example, an intermediate section (L + 1/2) to
the upper and lower sections of a thin-layer element L with thickness h is added as shown
in Figure 3. The displacements of the three sections are ŨL = {ũr, ũθ , ũz}L

T , ŨL+1/2 =

{ũr, ũθ , ũz}L+1/2
T and ŨL+1 = {ũr, ũθ , ũz}L+1

T , respectively.
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ũz


L+1

NL = 2z2

h2 − z
h NL+ 1

2
= 1 − 4z2

h2 NL+1 = 2z2

h2 + z
h

(8)

Substituting Equation (8) of any plane in the thin-layer element into Equation (7) in
the wavenumber domain, the displacement can be written as follows:{
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where ũe
r = [ũr,L ũr,L+1/2 ũr,L+1], ũe

z = [ũz,L ũz,L+1/2 ũz,L+1], ũe
θ = [ũθ,L ũθ,L+1/2 ũθ,L+1],

σ̃e
zr = [σ̃zr,n 0 σ̃zr,n+1], σ̃

e
zz = [σ̃zz,n 0 σ̃zz,n+1] and σ̃e

zθ = [σ̃zθ,n 0 σ̃zθ,n+1] represent the
displacement and stress in the r, z, and θ directions of thin layer element sections in
wave-number domain, respectively.

Thin-layer element submatrices Ae
r , Ae

z, Ae
θ, Be

rz, Ce
r , Ce

z, and Ce
θ are matrices repre-

sented by the parameters of layered soil materials:

Ae
r =

(λ + 2G)h
30

 4 2 −1
2 16 2
−1 2 4

 Ae
z = Ae

θ =
Gh
30

 4 2 −1
2 16 2
−1 2 4

 (10)

Be
rz =


−λ+2G

2
2(λ+G)

3 − λ+G
6

− 2(λ+G)
3 0 2(λ+G)

3
λ+G

6 − 2(λ+G)
3

λ−G
2

 (11)

Ce
r = Ce

θ = G
3h

 7 −8 1
−8 16 −8
1 −8 7

− ω2 ρh
30

 4 2 −1
2 16 2
−1 2 4


Ce

z =
λ+2G

3h

 7 −8 1
−8 16 −8
1 −8 7

− ω2 ρh
30

 4 2 −1
2 16 2
−1 2 4

 (12)

After lumping each layer, the fundamental equation of the thin-layer method in the
frequency–wavenumber domain can be expressed as follows:

P̃ = KŨ =
(

Ãk2
r + C̃

)
Ũ (13)

where P̃ =
{

P̃r krP̃z P̃θ

}T
is the load vector. Ũ =

{
Ũr krŨz Ũθ

}T
is the displacement

vector. K = Ãk2
r + C̃ is the total stiffness matrix; matrices A and C can be written as:

Ã =

Ar 0 0
BT

rz Az 0
0 0 Aθ

 C̃ =

Cr BT
rz 0

0 Cz 0
0 0 Cθ

 (14)

(2) Fundamental solution of 3D foundation soil vibration by TLM

The stiffness matrix spectral decomposition method is used to solve Equation (13) for
the fundamental solution of 3D soil vibration in TLM:

The right eigenvalue analysis of K is carried out. According to the structure of matrix
Ã and C̃, it can be decomposed into two right eigenvalue problems: the problem of the
Rayleigh wave (r and z direction) and the problem of the Love wave (θ direction). Similarly,
there is the left eigenvalue problem. The first j is a set of corresponding left kj eigenvalues
ΩL,j = {kjϕr,j ϕz,j ϕθ ,j}T and right eigenvalues ΩR,j = {ϕr,j kjϕz,j ϕθ ,j}T.

By substituting the eigenvalues into the total stiffness matrix of the fundamental equa-
tion of the TLM and combining them, the left and right eigenvectors have the
following relationship:

ΩL
TÃΩR =

[
KrzΦrArΦr + ΦzBT

rzΦr + KrzΦzAzΦz 0
0 ΦθAθΦθ

]
=

[
Krz 0
0 I

]
= X

(15)

ΦL
TC̃ΦR = −ΦL

TÃΦRK2
R = −XK2

=

[
K2

rz 0
0 K2

θ

]
(16)
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where j = 1, 2, ···, 3N; Φr and Φz are N × 2N matrices; Φθ is an N × N matrix; Krz are the
first 2N elements of the diagonal matrix K, and Kθ are the last N elements of the diagonal
matrix K.

Introducing ΩRΩ−1
R = I, and combining Equations (13), (15) and (16), the displacement

equation in the frequency and wavenumber domain can be expressed as follows:

ũr
ũz
ũθ

 =

 ΦrErzΦT
r krΦrK−1

R ErzΦT
z 0

ΦzErzErzΦT
r /kr ΦzErzΦT

z 0

0 0 ΦθEθΦT
θ


P̃r

P̃z
P̃θ

 (17)

where Erz = (k2
r I − K2

rz)−1 and Eθ = (k2
r I − K2

θ )−1.
Based on the inverse Fourier–Bessel integral transform method, the displacement can

be transformed into the spatial domain:
ur
uz
uθ

 =
∞

∑
n=0

Tn(θ)
∫ ∞

0
krCn(krr)


ũr
ũz
ũθ

dkr (18)

All derivations in this paper are carried out in column coordinate system. The funda-
mental solution of displacement in the rectangular coordinate system can be transformed
by Equation (19). 

ux
uy
uz

 =

cos θ − sin θ 0
sin θ cos θ 0

0 0 1


ur
uθ

uz

 (19)

The displacement Umn
αβ along the α direction at the m layer under the unit load along

the direction β at the n layer is illustrated in Figure 4. kRj, ϕm
xj, and ϕm

zj represent the
eigenvalue and eigenvector of the j-order mode in the m layer of the Rayleigh wave
signature problem. kLj and ϕm

yj represent the eigenvalue and eigenvector of the j-mode in
the m layer of the Love eigenvalue problem, respectively. The calculation results are shown
in Equations (20) and (21). Equation (20) is the fundamental solution of the displacement
in the frequency–space domain under the point load. Equation (21) is the kernels of
fundamental solutions.

Umn
xx =

2N
∑
j

I3jϕ
m
xjϕ

n
xj +

N
∑
j

I4jϕ
m
yjϕ

n
yj

Umn
yy =

2N
∑
j

I4jϕ
m
xjϕ

n
xj +

N
∑
j

I3jϕ
m
yjϕ

n
yj

Umn
xy =

2N
∑
j

I2jϕ
m
xjϕ

n
xj −

N
∑
j

I2jϕ
m
yjϕ

n
yj = Umn

yx

Umn
xz = −i

2N
∑
j

I5jϕ
m
xjϕ

n
zj, Umn

zx = i
2N
∑
j

I5jϕ
m
zjϕ

n
xj = −Umn

xz

Umn
yz = −i

2N
∑
j

I6jϕ
m
xjϕ

n
zj, Umn

zy = i
2N
∑
j

I5jϕ
m
zjϕ

n
xj = −Umn

yz

Umn
zz =

2N
∑
j

I1jϕ
m
zjϕ

n
zj

(20)
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I1j =
1
4i H(2)

0
(
Zj
)

I2j =
cos θ sin θ

4i

{
H(2)

0
(
Zj
)
− 2

Zj

{
H(2)

1
(
Zj
)
− 2i

πZj

}}
I3j =

1
4i

{
cos2 θH(2)

0
(
Zj
)
− cos2 θ−sin2 θ

Zj

{
H(2)

1
(
Zj
)
− 2i

πZj

}}
I4j =

1
4i

{
sin2 θH(2)

0
(
Zj
)
+ cos2 θ−sin2 θ

Zj

{
H(2)

1
(
Zj
)
− 2i

πZj

}}
I5j = − 1

4 cos θH(2)
1

(
Zj
)

I6j = − 1
4 sin θH(2)

1
(
Zj
)

Zj = k jr r =
√

x2 + y2 cosθ = x/r sinθ = y/r

(21)
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All derivations in this paper are carried out in column coordinate system. The fun-
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In addition, when r approaches 0, the points along the vertical axis at the excitation
point are divergent. In order to eliminate this singularity in the calculation, a circular
uniform distribution load with radius r0 is considered to replace the concentrated point
load. In this research, the fundamental solution of displacement in the frequency–space
domain is calculated when a uniform load with radius r0 acts on the axis of the center of
the circle (r = 0 m), as shown in Equation (22).

Umn
xx =

NR
∑
j

I′3jϕ
m
xjϕ

n
xj +

NR
∑
j

I′4jϕ
m
yjϕ

n
yj

Umn
yy =

NR
∑
j

I′4jϕ
m
xjϕ

n
xj +

NR
∑
j

I′3jϕ
m
yjϕ

n
yj

Umn
zz =

NR
∑
j

I′1jϕ
m
zjϕ

n
zj

I′1j = r0

{
π

2ik j
J0
(
k jr

)
H(2)

1
(
Zj
)
− 1

r0k2
j

}

I′3j =
πr0

2ik j
H(2)

1
(
Zj
){

cos2 θ J0
(
k jr

)
− cos2 θ

k jr
J1
(
k jr

)
+

sin2 θ

k jr
J1
(
k jr

)}
− 1

2k2
j

I′4j =
πr0

2ik j
H(2)

1
(
Zj
){

sin2 θ J0
(
k jr

)
− sin2 θ

k jr
J1
(
k jr

)
+

cos2 θ

k jr
J1
(
k jr

)}
− 1

2k2
j

(22)

(3) Perfect match layer (PML) is applied to TLM

In order to consider the influence of the lowest elastic half-space of layered soil, the
PML is used to simulate the lowest elastic half-space. The PML is a numerical technique,
similar to the absorption or transmission boundary [20] based on a discrete finite element
model to suppress the reflection of waves in an infinite medium. The PML stretches the
space through a position-dependent function. Starting from the interface that defines the
elastic layer, the complex values of this function become larger to exponentially attenuate
the waves within the PML as the distance from this interface increases. In addition, the
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impedance difference at the PML boundary is consistent, which means that no reflection
occurs regardless of the propagation angle of the wave entering the PML region.

Considering that the SH wave propagates as Cs in a uniform elastic layer with a depth
of H, the elastic layer is usually converted to the PML by converting the vertical coordinate
z to the complex form z defined as follows:

z = z − iΨ(z) (23)

where the real part of z is the actual boundary layer depth; the imaginary part is the
function that changes with depth. The imaginary part Ψ(z), the undetermined function,
changes with depth, as expressed in Equation (24).

Ψ(z) =
z∫

0

ψ(s)ds(0 ≤ z ≤ H) (24)

where Ψ(s) is an extension function that is always positive. The commonly used extension
function [26] is as follows:

ψ(z) =
ω0

ω

( z
H

)m
(25)

where ω0 represents the absorption level of the wave at the boundary. Parameter m is the
elongation which should meet the requirement that m > 0.

Consider a plane wave propagating into the PML domain along the z-axis at a θ angle
(Figure 5); this wave can be expressed as follows:

u(x, z, t) = Aei(ωt−x ω
C sin θ−z ω

C cos θ) = Aei(ωt−x ω
C sin θ−z ω

C cos θ)e−Ψ(z) ω
C cos θ (26)
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The wave can be reflected at the bottom of the PML domain and on the free plane, and
its total energy attenuation ∆ is

∆ = e−2ωΩ H
C cos θ (27)

where Ω = ω0/ω(m + 1).
According to λ = 2πC/ω, and defining η = H/λ, Equation (24) can be expressed

as follows:
∆ = e−4πΩη cos θ (28)

For the given incidence angle, the effectiveness of the PML layer depends only on the
parameter Ω. On the other hand, a wave entering the PML at an angle θ at x0 will return to
the surface at a distance from the incident point r = x − x0 = 2Htanθ, i.e.,:

r
λ
= 2η tan θ (29)

It can be seen from Equations (28) and (29) that the larger the horizontal region of
concern, the larger η and Ω.
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The PML is constructed through a series of thin-layer elements in the TLM, and the
linear size of the element is directly extended according to the horizontal and vertical posi-
tions of the elements in the PML domain [27]. Therefore, assuming that the PML domain is
divided into N thin layers of the same thickness, the thin-layer extension thickness of the
l-layer is as follows:

hl = zl − zl−1 = H

{
1
N

− iΩ
[(

l
N

)m+1
+

(
l − 1

N

)m+1
]}

(30)

where 1 ≤ l ≤ N; l increases downward.
It can be seen from Equation (30) that in the TLM, for each thin-layer element, its

fundamental equation is composed of element matrices Ae
α, Ce

α, and Be
rz. In order to obtain

the layer element matrix of the PML, hl in the original element matrix of the TLM can be
replaced byhl .

It can be seen from the above that the selection of the PML parameters Ω, η, and m
has a great influence on the concerned horizontal region. A large number of numerical
experiments and regression analyses show [20] that the optimal parameters of the PML can
be selected as follows:

m = 2, η =
H
λs

=
3

√
1

12
xmax/λs ≥ 1, nN = 10η, Ω = 4η (31)

where N is the number of divisions of the PML thin layer, and n is the number of shape func-
tions used by TLM discretization. The xmax is the maximum horizontal distance concerned.

2.2. Simplified Tunnel Model Using VM

(1) The VM separates the ground–foundation system

The VM is a technique that utilizes the ground (G) as a free field, subsequently
establishing nodes in the internal space occupied by the foundation (F). These nodes
are the nodes of the ground–foundation dynamic interaction. The VM is based on the
superposition principle of elastic theory. As shown in Figure 6, in the VM solution model,
the layered foundation is first dispersed with thin-layer elements along the vertical line,
and node groups are configured in the foundation with the same volume as the foundation.
Each node of the node group must be located on the node plane of the divided thin-layer
elements, and then the foundation–foundation system is separated. The actual stiffness
matrix KF and mass matrix MF of the foundation are expressed as the superposition of soil
discharge stiffness matrix KG

F and mass matrix MG
F and stiffness matrix KF − KG

F , as well
as mass matrix MF − MG

F in the same volume as the foundation:

KF = KF − KG
F + KG

F (32)

MF = MF − MG
F + MG

F (33)
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Due to the separation of the system, the interaction force and displacement will occur
in the dissolving space of each substructure, which, respectively, meet the force balance
condition and displacement continuity condition.

The force balance conditions can be written as follows:

FG
C − F̃G

C + FF
C = 0 (34)

where FG
C , F̃G

C and FF
C represent the forces of foundation soil, foundation discharge and

foundation respectively.
The displacement continuity condition can be expressed as follows:

uG
C = ũG

C = uF
C (35)

where uG
C , ũG

C and uF
C represent the displacement of foundation soil, foundation discharge

and foundation respectively.
Based on the VM, the ground–foundation system can be divided into three parts:

(1) the foundation part F, (2) free-field layered foundation G, and (3) soil discharge part
with the same volume as the foundation. These three parts achieve dynamic coupling
through the common nodes of foundation and foundation, that is, the ground–foundation
system can be equivalent to (1) + (2) − (3).

(2) Derivation of frequency response function of foundation–subsoil displacement

The kinematic equilibrium equation of the ground–foundation system under the action
of external excitation force P is as follows:([

KF KFG
KGF KG

]
− ω2

[
MF

MG

])(
uF
uG

)
=

(
P
0

)
(36)

where K and M are the stiffness and mass matrices, respectively, and u is the displacement
vector. The subscripts F and G represent the foundation and ground, respectively.

According to the fundamental principle of the VM, the actual stiffness and mass matrix
of the foundation are decomposed into the forms of Equations (32) and (33). Substituting
Equations (32) and (33) into Equation (36), the dynamic balance equations can be obtained:

Foundation system:((
KF − KG

F

)
− ω2

(
MF − MG

F

))
uF = P + FF (37)

Ground system:([
KG

F KFG
KGF KG

]
− ω2

[
MG

F
MG

])(
uF
uG

)
=

(
FG
0

)
(38)

where FF and FG represent the interaction force vector between the foundation system and
the ground system due to the separation of the total system, satisfying the force balance
relationship FF + FG = 0.

To determine uF, uG yields need to be eliminated, expressed as follows:

uF = A(iω)FG

A(iω) =
((

KG
F − ω2MG

F
)
− KFG

(
KG − ω2MG

)−1KGF

)−1 (39)

where A(iω) represents the relationship between the exciting force and displacement of the
interaction nodes between the foundation and the foundation in the layered foundation
soil, that is, the dynamic flexibility matrix of the foundation. A(iω) can be calculated using
Green’s function of the TLM of substratum under a concentrated point load derived in
Section 2.1. It should be noted that if the horizontal coordinates of the observation point
and the excited point are the same, the displacements at the excited point and along the
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vertical axis passing through the excited point will diverge. In order to eliminate this
singularity, the fundamental solution of the displacement in the frequency–space domain
under uniformly distributed circular loads can be used to calculate the displacement.

By combining Equation (37) with Equation (39), the impedance matrix S(iω) in the
ground–foundation system can be expressed as follows:

S(iω)uF = P
S(iω) =

((
KF − KG

F
)
− ω2(MF − MG

F
))

+ A(iω)−1 (40)

By introducing the deformation of Equation (40) into Equation (2), the interaction
force between the ground and foundation interaction nodes can be written as follows:

FG = −FF = A(iω)−1S(iω)−1P (41)

After the ground–foundation interaction force of each node is obtained, the displace-
ment response of any observation point of foundation soil under FF action can be obtained
according to the fundamental displacement solution of layered foundation under unit point
load derived in Section 2.1.

When the external excitation force P is the vertical unit harmonic load, the displace-
ment response of the soil around the foundation derived above is the foundation–subsoil
displacement frequency response function.

(3) Analysis model of tunnel–foundation soil dynamic interaction

In the underground rail transit system, the movement of subway trains causes the
vibration of the tunnel structure. The dynamic load of the train is transmitted to the entire
tunnel structure through the track and then from the tunnel foundation to the surrounding
foundation soil. This results in the formation of a complex and multi-factor communication
system composed of the train–track–tunnel–soil layer. Therefore, when investigating the
environmental vibration of underground rail transit, the study of the overall vibration
propagation mechanism is typically divided into the study of the key problems in each
subsystem of the propagation path. The TLM-VM-PML method adopted in this paper can
be used to study the vibration transmission characteristics of the tunnel foundation–subsoil
system. The dynamic responses at different locations of the surface can be obtained by
inputting the foundation–subsoil displacement frequency response function derived above.

The frequency response function of foundation soil displacement derived from TLM-
VM-PML is applied to the solution of the dynamic response of foundation soil around the
tunnel foundation. Firstly, it is necessary to conduct an appropriate simplification of the
tunnel–soil model. In the existing research, tunnel structures were simplified as equivalent
beams embedded in layered soil 3. Subsequently, the tunnel vibration is considered to be
the source propagating to soil layers. Considering that the TLM is difficult to disperse
vertically, the following simplified assumptions are made in the tunnel–soil system:

a. Euler–Bernoulli beams in three-dimensional space are used to simulate the tunnel
structure. Each node has six degrees of freedom, which encompass the translation in
three directions of spatial coordinates and rotation around three coordinate axes.

b. The foundation soil is composed of several horizontal thin-layer elements, each of
which has the same soil layer properties.

c. The foundation soil and tunnel structure are in close contact through the interaction
node group with no relative displacement.

Based on the above assumptions, the tunnel–soil model is developed using the pro-
posed TLM-VM-PML method. As shown in Figure 7, the TLM is used to simulate the
layered soil. The elastic layer of the soil is divided into N thin-layer elements. The PML
boundary conditions are used to simulate the elastic half-space below the elastic layers.
The tunnel structure is simulated by the Euler–Bernoulli beam. The tunnel structure is
set as a circular shield tunnel with outer diameter D, inner diameter d, wall thickness δ,
elastic modulus Ep, mass density ρp, Poisson ratio νp, and rail buried depth H. According
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to the fundamental principle of the VM, the tunnel–soil interaction node group is set in the
inner space of the foundation soil occupied by the tunnel structure. The depth of the node
group is equivalent to the buried depth of the tunnel rail. The space coordinate system
is established with the ground above the excitation point in the tunnel as the origin. The
surface isometric observation points are set along the x axis with an interval of r.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 15 of 26 
 

 
Figure 7. Calculation model of tunnel and soils. 

The research idea for solving the dynamic response of the model is illustrated in Fig-
ure 8. Firstly, the tunnel foundation is divided into elements to form a tunnel–soil dynamic 
interaction node group, which is located on the node surface of thin-layer elements. The 
spatial position coordinates of each node are calculated. Then, the basic solution of fre-
quency–space domain displacement under point loads derived in Section 2.1 is introduced 
to form the dynamic flexibility matrix A(iω) of the common node groups of tunnel and 
foundation soil. The Euler–Bernoulli beam element is used to simulate the tunnel and its 
same-volume soil discharge. The impedance matrix S(iω) of the tunnel is obtained by cal-
culating the stiffness matrix and mass matrix as well as the soil discharge and combining 
the impedance function Equation (40). Finally, the dynamic interaction force of the node 
group is obtained, and the displacement at any point of the foundational soil around the 
tunnel foundation can be calculated by combining the Green�s function of the TLM. 

Fundamental solution of 
point load displacement 

for TLM

The dynamic flexibility 
matrix of the foundation

Stiffness and mass 
matrix of tunnel and 

discharge soil

Dynamic impedance 
matrix of tunnel 

foundation

Tunnel–soil 
interaction force

Fundamental solution of 
point load displacement for 

TLM

The dynamic 
response of soils 
around tunnel

Substitute into 
impedance function Eq. 

(40)

The position 
parameters of each 

node in the node group

 
Figure 8. Research idea for solving the dynamic response of soils around a tunnel. 

  

Figure 7. Calculation model of tunnel and soils.

The research idea for solving the dynamic response of the model is illustrated in
Figure 8. Firstly, the tunnel foundation is divided into elements to form a tunnel–soil
dynamic interaction node group, which is located on the node surface of thin-layer elements.
The spatial position coordinates of each node are calculated. Then, the basic solution
of frequency–space domain displacement under point loads derived in Section 2.1 is
introduced to form the dynamic flexibility matrix A(iω) of the common node groups of
tunnel and foundation soil. The Euler–Bernoulli beam element is used to simulate the
tunnel and its same-volume soil discharge. The impedance matrix S(iω) of the tunnel is
obtained by calculating the stiffness matrix and mass matrix as well as the soil discharge
and combining the impedance function Equation (40). Finally, the dynamic interaction
force of the node group is obtained, and the displacement at any point of the foundational
soil around the tunnel foundation can be calculated by combining the Green’s function of
the TLM.
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3. Field Measurements and Model Verification
3.1. Experimental Outline

In order to verify the TLM-VM-PML method to study the dynamic interaction between
the tunnel and soil foundation, a vibration excitation test was carried out in the tunnel.
The ground acceleration responses at different horizontal distances under the action of the
underground hammer force in the tunnel excitation test were calculated. The calculated
results were compared with the measured ones.

The test was conducted in a laboratory with an underground tunnel. The tunnel was a
double-layer horseshoe-shaped tunnel. The underground first layer was a curved tunnel
with a buried vault depth of 6 m, and the underground second layer was a straight tunnel
with a buried vault depth of 14 m. The height and width of both layers were 4 m, and the
wall thickness of the tunnel was 0.55 m. The plan and cross-section of the tunnel laboratory
are shown in Figure 9. The underground excitation test was carried out in the underground
first layer. In order to minimize the interference of external background noise, the test was
carried out on a quiet night.
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In the test, automatic drop hammer excitation equipment was used for exciting the
vibration source. As shown in Figure 10, the impact force can be changed by adjusting the
weight of the drop hammer and the lifting height of the drop hammer. The falling process
of the drop hammer can be approximately regarded as a free-falling motion. The hammer
head was equipped with a piezoelectric stress sensor, and the hammer force signal can
be collected with high-precision data acquisition instrument. The equipment can excite a
large impact energy in the tunnel in order to generate an effective vibration response at
ground level.
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The INV3062S 24-bit high-precision data acquisition instrument was used for auto-
matic acquisition in the test. The acceleration sensor LC0130 with a measuring range of
0.12 g was used (Figure 11). The sampling frequency of the acceleration signal was 2048 Hz.
The vertical vibration acceleration was collected.
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Figure 11. Data acquisition instrument and acceleration transducer.

The automatic drop hammer equipment was used to impact the tunnel track bed in
the underground layer of the laboratory. In order to ensure that each sensor on the ground
can pick up a clear acceleration signal, five mass counterweight blocks were selected in the
automatic drop hammer equipment, each with a lifting height of 15 cm. A total of 20 useful
signals were used for average processing.

The sensors were also arranged on the ground. The sensor just above the impact
location in the tunnel (0 m) was defined as point P0. From this point to the north along the
road, points P1–P11 were defined, as illustrated in Figure 12. Points P1–P11 were located
on the ground surface.
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Figure 12. Layout of hammer point and sensors’ locations for underground impact test.

3.2. Experimental Results

The time history and Fourier spectrum of the hammer force are illustrated in Figure 13.
The peak value of the hammer force is about 40 kN. It can be observed from the spectrum
that a large amount of energy can be aroused in the range of 0~100 Hz. The vertical
acceleration time history and spectrum of the sensors between 0 and 80 m on the ground
are shown in Figure 14.
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Figure 14 indicates the following:

(1) Under the exciting force of the automatic drop hammer, clear acceleration signals can
be collected in the range of 0–80 m on the surface. With the increase in the horizontal
distance on the surface, the surface acceleration vibration value also gradually de-
creases. The peak vertical acceleration on the surface at 0 m is about 0.035 m/s2, that
at 30 m is 0.01 m/s2, and that at 80 m is reduced to 0.001 m/s2.

(2) It can be seen from the time history diagram that the maximum vibration acceleration
occurs at different locations on the surface at different times. The maximum vibration
occurs at about 0.04 s at 0 m on the surface, at about 0.2 s at 30 m on the surface, and
at 0.4 s at 80 m on the surface, which also reflects the time difference of vibration
propagation in the soil layer.

(3) It can be seen from the spectrum diagram that under the action of the pulse exci-
tation force, a certain amount of energy can be excited at different horizontal dis-
tances from the surface between 0 and 100 Hz, of which the energy above 80 Hz is
slightly attenuated.

3.3. Model Results and Validation

Based on the tunnel excitation test, thin-layer modeling was adopted. The soil layer
parameters were based on the soil layer parameters near the laboratory. The specific soil
layer parameters are shown in Table 1. For the tunnel model, the horseshoe tunnel with
a net height and width of 4 m was simplified into a circular shield tunnel with an outer
diameter of 4 m. The wall thickness δ is 0.5 m, the buried depth of the tunnel rail surface H
is 10 m, the dynamic elastic modulus Ed is 29 GPa, the dynamic Poisson ratio ν is 0.2, and
the bulk weight γ is 25 kN/m3.

Table 1. Soil parameters of laboratory model.

Soil Layer Thickness
d/m

Volume Weight
γ/(kN/m3)

Dynamic Elastic
Modulus
Ed/kPa

Shear Wave
Velocity
vs/(m/s)

Dynamic
Poisson Ratio

ν

Damping Ratio
ξ

1 3 16.5 1.4 × 105 176 0.35 0.02
2 30 20.1 3.1 × 105 238 0.33 0.02
3 ∞ 20.5 6.7 × 105 353 0.29 0.02

The displacement frequency response functions at different observation points in
the tunnel–soil system under vertical unit harmonic load were calculated. The frequency
calculation range is between 0 and 100 Hz, and the frequency resolution is 0.5 Hz. A
total of 17 isometric surface observation points (Q0–Q16) perpendicular to the driving
direction were selected from directly above the excitation point x = 0 m to x = 80 m. The
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distance between the two adjacent observation points is 5 m. The schematic diagram of
each observation point on the surface is shown in Figure 15.
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According to the derivation method of displacement frequency response function in
Section 2.2, the displacement frequency response functions at each observation point on
the surface under vertical unit harmonic load were calculated, as shown in Figure 16.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 21 of 26 
 

between the two adjacent observation points is 5 m. The schematic diagram of each obser-
vation point on the surface is shown in Figure 15. 

17 isometric observation points
x

y

z

P
Q0

Q1
Q2

Q3
Q4

Q5

Q6

Q7

Q8

Q9

Q10

Q11
Q12

Q13
Q14

Q15
Q16

 
Figure 15. Schematic diagram of surface observation points. 

According to the derivation method of displacement frequency response function in 
Section 2.2, the displacement frequency response functions at each observation point on 
the surface under vertical unit harmonic load were calculated, as shown in Figure 16. 

0 10 20 30 40 50 60 70 80 90 100
10−14

10−13

10−12

10−11

10−10

10−9

Fr
eq

ue
nc

y 
re

sp
on

se
 fu

nc
tio

n(
m

/N
)

Frequency (Hz)

 Q0 at 0 m
 Q1 at 5 m
 Q2 at 10 m3Hz

24Hz

20Hz

45Hz

 
0 10 20 30 40 50 60 70 80 90 100

10−14

10−13

10−12

10−11

10−10

10−9

57Hz

Fr
eq

ue
nc

y 
re

sp
on

se
 fu

nc
tio

n(
m

/N
)

Frequency (Hz)

 Q3 at 15 m 
 Q4 at 20 m
 Q5 at 25 m

3Hz

94Hz
75Hz

19Hz

 
(a) Q0 at 0 m, Q1 at 5 m, and Q2 at 10 m (b) Q3 at 15 m, Q4 at 20 m, and Q5 at 25 m 

0 10 20 30 40 50 60 70 80 90 100
10−14

10−13

10−12

10−11

10−10

10−9

63Hz

59Hz

81Hz
71Hz

22Hz

Fr
eq

ue
nc

y 
re

sp
on

se
 fu

nc
tio

n(
m

/N
)

Frequency (Hz)

 Q6 at 30 m
 Q8 at 40 m
 Q10 at 50 m

3Hz

19Hz

 
0 10 20 30 40 50 60 70 80 90 100

10−14

10−13

10−12

10−11

10−10

10−9

Fr
eq

ue
nc

y 
re

sp
on

se
 fu

nc
tio

n(
m

/N
)

Frequency (Hz)

 Q12 at 60 m
 Q14 at 70 m
 Q16 at 80 m

3Hz

 
(c) Q6 at 30 m, Q8 at 40 m, and Q10 at 50 m (d) Q12 at 60 m, Q14 at 70 m, and Q16 at 80 m 

Figure 16. Displacement frequency response function of vertical ground vibrations at different lo-
cations. 

Figure 16. Displacement frequency response function of vertical ground vibrations at different locations.



Appl. Sci. 2024, 14, 5692 20 of 23

The Figure 17 calculated and experimental results are illustrated. It can be observed
that the calculated results are close to the experimental ones, both exhibiting the fluctuation
with frequency. The calculated and experimental ground vibrations are in good agreement
in most frequency bands at 5, 30, and 80 m and tend to be consistent in most frequency
bands but with a slightly different magnitude at 20, 25, and 30 m. Between 25 and 60 m,
the experimental results are significantly larger than the calculated ones in the frequency
band between 40 and 80 Hz. In general, considering that there are actually two layers of
tunnels in the laboratory, the calculated model does not take into account the influence of
the tunnel structure of the underground two-layer rail surface at a buried depth of 18 m. In
addition, the actual soil layer parameters and tunnel structure were greatly simplified in the
calculation process. In addition, the difference between the prediction and measurement
results were measured by calculating the Root Mean Square Error (RMSE) of each position,
as shown in Figure 18. It can be observed that the smaller the value of the RMSE, the closer
the predicted result of the model is to the measured result. The RMSE gradually decreases
with the increase in distance, and all magnitude values are one magnitude smaller than the
curve. Combined with the comparison results, it is considered that the TLM-VM-PML can
be used to study the analysis of the tunnel–foundation dynamic interaction.
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4. Conclusions

In summary, a novel TLM-VM-PML method is proposed for the analysis of the tunnel–
soil dynamic interaction. The basic theory of the TLM, VM, and PML method was derived.
A laboratory test was performed under the impact excitation to obtain the frequency
response functions in the tunnel–soil system. Based on the TLM-VM-PML method, a
model was established to numerically calculate the frequency response functions. The
experimental and calculated results were compared. The main conclusions are as follows:

(1) The vibration response decreases gradually with the increase in distance. The maximum
vibration acceleration at different locations occurs at different times, reflecting the time
difference in vibration propagation in the soil layer under the impact excitation.

(2) The calculated and experimental ground vibrations are in good agreement in most
frequency bands at 5, 30, and 80 m. These two vibration responses have slightly
different magnitudes at 20, 25, and 30 m. The experimental results are significantly
larger than the calculated ones in the frequency band between 40 and 80 Hz.

(3) Considering the differences in soil parameters between the test site and the numerical
model, as well as the differences caused by the simplification of the tunnel structures,
the above results prove that the proposed method can be used for the analysis of the
tunnel–foundation dynamic interaction.
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