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Abstract: Orifice Hollow Cathodes are electric devices necessary for the functioning of common
plasma thrusters for space applications. Their reliability mainly depends on the success of a space-
craft’s mission equipped with electric propulsion. The development of plasma models is crucial in
the evaluation of plasma properties within the cathodes that are difficult to measure due to the small
dimensions. Many models, based on non-linear systems of plasma equations, have been proposed
in the openiterature. These are solved commonly by means of iterative procedures. This paper
investigates the possibility of solving them by means of the Particle Swarm Optimization method.
The results of the validation tests confirm the expected trends for all the unknowns; the confidence
bound of the discharge current as a function of mass flow rate is very narrow (2 ÷ 5 V); moreover,
the results match very well the experimental data except at theowest mass flow rate (0.08 mg/s) and
discharge current (1A), where the computations underpredict the discharge current to the utmost
by 40%. The highest data dispersion regards the plasma density in the emitter region (±20% of the
average value) and the wall temperatures (±50 K with respect to the average values) of the orifice
and insert; those of the others variables are very tiny.

Keywords: cathode; plasma; model; PSO

1. Introduction

Orifice Hollow Cathodes (OHCs) [1] are used both as electronic sources and/or
neutralizers for electric propulsion (EP) devices, e.g., Hall Effect Thrusters (HETs), Gridded
Ion Thrusters (GITs), and High-Efficiency Multistage Plasma Thrusters (HEMPTs) [2].
Aot of computational tools, based on phenomenological models, also known as zero-
dimensional (0D) or reduced-order models, aim to predict OHCs’ plasma properties and
performances and are useful to support their design, and have been being developed since
the 1980s [3–12]. The most recent contributions (last five years) in this field of research have
particularly dealt with the proposal of the original model based on the scaling relationship
of the total pressure inside the OHCs [8]; the improvement of the existing models by
means of the inclusion of such aspects neglected in past works [9]; and the detailed plasma
modeling within heaterless cathodes and coupling with the thermal model [11,12].

Also, the Italian Aerospace Research Centre (CIRA) has developed its own design
and analysis tools for xenon-fed OHCs (named PlasMCat) [13], which is based on Alber-
toni’s et al. model [6], whose plasma equations are corrected according to the suggestion
by Wordingham et al. [14] and cathode’s internal pressure is computed by means of the
empirical formula proposed by Taunay et al. [15]. Moreover, a proper plasma model is
included for the cathode–keeper gap.

The equations that constitute most of the models presented in the openiterature [5–7,9–12]
are commonly iteratively solved to face their own non-linear characteristics. Each author
adopts a different approach. PlasMCat follows a procedure similar to Albertoni et al. [6]
and in agreement with them, and assesses that the adopted solution technique hasimited
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stability because abrupt changes in geometry, flow rate or discharge current can cause the
solution to diverge. This has given motivation to explore different solution strategies.

In this work, the possibility of solving the whole system of models’ equations by means
of a Particle Swarm Optimization (PSO) algorithm is investigated. PSO is a population-
based stochastic optimization technique developed by Eberhart and Kennedy in 1995 [16],
inspired by the social behaviour of bird flocking or fish schooling. PSO has been success-
fully applied in many research and application areas [17], and recently, it has also been
successfully used in EP applications to solve the complex systems of non-linear equations
used to model Helicon Plasma Thrusters’ (HPTs) plasma [18].

Hence, because of the relevant number of involved variables and the associated strong
non-linearity, in order to benefit from this approach, a code that searches for all the possible
solutions of the plasma equations for OHCs has been built and tested.

The article is structured as follows: the main definitions and assumptions of the
plasma model (whose equations are recalled in Section 2.3 for completeness) are discussed
in Section 2; the optimization technique and its detailed model are presented in Section 3; an
application of the methodology is presented in Section 4, where the results of the simulation
are discussed; finally, the conclusions are drawn in Section 5.

2. Plasma Model of Hollow Cathode
2.1. Cathode Architecture

In the typical OHC configuration (Figure 1), a conductive tube, made of refrac-
tory metal (e.g., tantalum or molybdenum) or graphite, drives the flow of a neutral gas
(e.g., xenon, argon, and other non-noble gases). At the end of the main tube, an orifice
plate is usually placed. By changing the diameter of the orifice, the internal pressure can be
adjusted [1]. A hollow cylinder, namely an insert made of aow-work functional material, is
placed inside the tube. The insert is the core part of the cathode because it emits electrons
by means of a thermionic effect. Barium-based and rare-earth emitters (e.g., LaB6, CeB6),
which have, respectively, a work function of about 2 eV and 2.7 eV [1] allow us to provide
current densities as high as 105 A/m2 at a surface temperature of about 1300 K and 1900 K,
respectively. The main drawback for Barium-based emitters is that they are highly suscepti-
ble to oxygen contamination, whereas rare-earth emitters require very high temperatures
to work, and care must be taken when they are in contact with many refractory metals at
high temperatures because they react. For this kind of coupling, a thin graphite sleeve is
usually placed between the emitter and the main tube.

Figure 1. (a) Schematic of typical Orifice Hollow Cathode and (b) sketch of plasma model regions.

A heater is wrapped around the tube to trigger thermionic emission. If it is designed
well, a cathode can sustain the emitting temperature by means of plasma heating; thus, the
heater can be turned off. For this reason, thermal management is a key factor in OHCs (e.g.,
thermal shields around the heater are often used to reduce radiationosses).

Another important element is the keeper electrode that encloses the heater–main
tube assembly. It has the double function of helping the extraction of the electrons to the
discharge plasma and protecting the cathode from the ion bombardment.
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2.2. Definition and Assumptions

The hollow cathode internal plasma volume is divided into three regions: the keeper
region, represented by “k” (which includes the keeper orifice region and the cathode–keeper
gap), the insert or emitting region, represented by “e”, and the orifice region, represented
by “o”, as depicted in Figure 1. A set of conservation equations is written for each region
(Section 2.3) to compute averaged plasma properties (0-D model). The modelled plasma
consists of neutrals, singly charged ions and electrons. The unknown parameters are
the electron temperatures (Te,e, Te,o, Te,k), the plasma densities (ne,e, ne,o, ne,k), the neutral
densities (nn,e, nn,o, nn,k), the effective emissionength (Le f f ), the sheath potential (Vp), and
the wall temperature of the emitter (Ts), the orifice (Tw,o) and the keeper (Tw,k).

The main assumptions, in agreement with the norm for 0D models [5,6,9], are as follows:

1. The heavy particles (ions and neutrals) are in a thermal equilibrium between each
other and their temperature is assumed to be equal to the temperature of the wall,
i.e., Tion = Tn = Tw;

2. A choked gas flow model is used in the orifice regions of both the cathode tube and
the keeper;

3. A double sheath potential drop is recorded at the orifice entrance region; thus, a planar
double sheath is modelled (Figure 1).

The neutral flow through the cathode’s insert, which is transitional, is not modelled as
continuous and governed by the Poiseuille’saw, which is a well established assumption for
0D models [14]. Instead, the cathode internal pressure is computed by means of Taunay et al.
formula [15].

For all the simulations described in this paper, xenon is used as a propellant because
it is widely used in EP devices. Particularly, the electron-neutral cross section has been
updated in order to include only elastic collisions as suggested by Wordingham et al. [14]
and to take into account the most recent experimental data, a fit of which is proposed in
ref. [13].

2.3. Plasma Model Equations

The following subsections recall the equations presented in ref. [13] that are used
to model the plasma in the three regions in which the cathode’s internal volume has
been divided.

2.3.1. Keeper

In the keeper region, the unknowns are the plasma number density (ne,k), electron
temperature (Te,k) and neutral density (nn,k), and the equations are the current density
balance, Equation (1), the balance of ion flux, Equation (2), and the equation of state,
Equation (3).

ne,k = ne,o
Ao

Ak

√
Te,o

Te,k
(1)

qπr2
k Lknn,kne,kKi = ji,k(2πrkLk) + 2jth,kπr2

k (2)(
ne,k + nn,k

)
kBTw,k

(
1 +

αTe,k

Tw,k

)
=

ṁ
πr2

k

√
RgTw,k

γ

(
1 +

αTe,k

Tw,k

)
(3)

2.3.2. Orifice

The system of equations for the cathode’s orifice region writes a balance for the ion
flux Equation (4) and for the power Equation (5), and states that pressure calculated by
means of kinetic theory is equal to that computed with continuum flow and choked orifice,
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Equation (6). The plasma number density (ne,o), the electron temperature (Te,o), and the
density of the neutrals (nn,o) in the orifice region are the unknowns.

qπr2
o Lonn,one,oKi︸ ︷︷ ︸

ṅion

= ji,o

[
2πroLo + πr2

o

(
1 − 1

4
1

0.61

√
8
π

)]
+ jth,oπr2

o (4)

RI2
d = ṅion⟨ϵi⟩+

5
2

kB
q

Id(Te,o−Te,e) (5)

(
ne,o + nn,o

)
kBTw,o

(
1 +

αTe,o

Tw,o

)
=

ṁ
πr2

o

√
RgTw,o

γ

(
1 +

αTe,o

Tw,o

)
(6)

Here, the plasma resistance is calculated as:

R =
ηLo

πr2
o

(7)

The plasma resistivity is generally computed as:

η =
(νei + νen)me

neq2 (8)

and collision frequencies are:

νei = 2.9 · 10−12

 nenΛ(
Te kB

q

) 3
2

 (9)

ven = ⟨σen⟩nn

(
kBTe

ne

)
(10)

where the Coulombogarithm is:

nΛ = 23 − 1
2

log

 10−6ne(
Te kB

q

)3

 (11)

and the fit for the Maxwellian average elastic electron-neutral cross section ([m2]) proposed
in ref. [13] (Table 1) for xenon is:

Log10(⟨σen⟩) =
p1T∗

e
5 + p2T∗

e
4 + p3T∗

e
3 + p4T∗

e
2 + p5T∗

e + p6

T∗
e

2 + q1T∗
e + q2

, T∗
e = Log10

(
Te kB

q

)
(12)

Table 1. Coefficients of xenon electron-neutral cross section numerical fit [13].

p1 p2 p3 p4 p5 p6 q1 q2

Values 0.0350 −0.3057 −0.6698 −18.5416 −12.8821 −9.9614 0.7093 0.5227

2.3.3. Insert

Four equations are written in order to obtain the unknown plasma number density
(ne,e), electron temperature (Te,e), neutral density (nn,e) and emitter sheath voltage drop
(Vp) in the insert region. These are the balance for the ion flux, Equation (13), the current
conservation, Equation (14), the power balance, Equation (15), and the continuity equations,
Equation (16).
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

qπr2
e Le f f nn,ene,eKi + ji,oπr2

o = ji,e
(

Ae f f + πr2
e − πr2

o

)
+ jth,eπr2

e︸ ︷︷ ︸
ṅout,e

(13)

Id
Ae f f

= ji,e + jem − jer (14)

ji,o

(
Vds + 2

kBTs

q

)
πr2

o + RI2
d + jem

(
Vp +

3
2

kBTs

q

)
Ae f f = ṅout,e

(
⟨εi⟩+ 2

kBTs

q

)
+ jer2

kBTe

q
Ae f f +

5
2

kBTe,e

q
Id (15)

(ne,e + nn,e)kBTs

(
1 +

αTe,e

Ts

)
= 1.36 · 10−9 Id

0.3Tn
0.95ṁ0.57Lo

0.15

M0.10⟨εi⟩0.20µ0.35de
1.43do

1.71 (16)

The plasma resistance in the insert region is computed as:

R =
3η

4πLe f f
(17)

A voltage drop is supposed to be between the insert and orifice region; the intensity of this
double sheath is computed according to theiterature [5,6,9] by using the following expression:

Vds =

(
9IdkBTe,o

7.5πne,or2
oq2

√
me

2q

)2/3
(18)

The xenon viscosity in Ns/m2 is computed by means of the formula proposed by Goebel
and Katz [1]:

µ = 2.3 · 10−5 · Tr
0.71+ 0.29

Tr , Tr = Ts/289.7 (19)

which is true if Tr > 1. In the following, all the expressions for the current densities used in
Equations (13)–(16) are recalled for completeness:

ji = 0.61qne

(
kBTe

mi

)1/2
(20)

jth = 0.25qne

(
8kBTe

πmi

)1/2
(21)

jem= D T2
s exp

(
−

qϕe f f

kBTs

)
(22)

ϕe f f = ϕ0 −

√
qEc

4πϵo
(23)

Ec =

√
nekBTe

ϵ0

2

√
1 + 2

qVp

kBTe
− 4

1/2

(24)

jer= q
1
4

neexp
(
−

qVp

kBTs

)(
8kBTe

πme

)1/2
(25)

3. Particle Swarm Optimization Methodology
3.1. Overview

The finding of a solution to a so complex system of equations would have had to
be carried out by resorting to a very high number of manual attempts until the correct
combination was reached. It was therefore decided to solve the equations system using a
heuristic optimizer such as the Particle Swarm Optimization (PSO) [19–21].
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PSO is a population-based stochastic optimization technique developed by Eberhart
and Kennedy in 1995 [16], inspired by the social behaviour of bird flocking or fish school-
ing. The Particle Swarm Optimization concept consists of the generation of a swarm of
individuals, each of them characterized by a proper set of variables’ value, and hence,
a unique state variable vector, X̂. During the generation of the swarm, all these values
are randomly assigned in such a way as to cover the variable’s domain as it is defined in
the initial problem setup. In fact, all the individuals try to find the problem’s solution by
searching inside the associated domain and their boundaries, using a performance index
as the main indicator. Thisatter is usually called the fitness index or cost function. So,
once the domain has been defined, it is necessary to determine the structure of the cost
function to optimize. In this regard, the cost function can be written as ainear combination
of target values and/or any constraints to be imposed. In this work, it is required that all
the residuals, as defined in the following, are minimized.

Now, deepening in the procedure, at the first iteration, after the swarm generation,
the solver is applied to each individual in order to calculate the cost function that defines
how much that solution would be good. The calculation of the cost function J is the starting
point for the next iteration. In fact, to start the exploration of the variables’ domain, all the
individuals need a proper velocity. Thisatter is calculated as the sum of many different
contributionsinked to their Personal Best and the Global Best index. The Personal Best (PB)
and the Global Best (GB) are, respectively, the best solutions found from a single individual
and from the whole swarm in the exploration’s history. To understand what is best, each
individual in the swarm must remember the set of variables associated with the best cost
function it has previously encountered. In this way, the information coming from the next
iteration q + 1 can be compared with the previous one, q, and the exploration process is
driven towards the most promising region of the domain. Another contribution to the
velocity calculation comes from the velocity itself at the previous iteration. In fact, this term
is also called Inertia. With the same criterion, the term due to the PB is called Nostalgia,
and the other one, due to the GB, is called Social. The composition of these three terms
defines the new velocity for the next iteration q + 1, as showed in Figure 2.

Figure 2. PSO: Schematic view of the velocity contributions. Full orange arrows are the single velocity
contributions; the dotted orange arrows are the projections of the velocity terms that define the final
velocity (blue/red arrow) and henceead the updated state Xq+1

z . Circles represent figurative positions
in the exploration domain.

So, the Personal Best and the Global Best of that iteration are used to update the indi-
vidual velocity and hence their position (variables’ set). These positions, in the respective
domains, are the starting point for the next iteration. At each time step, the domain can be
explored, iteration after iteration, changing the velocity of all the individuals and hence
accelerating toward the updated Personal Best and Global Best. The cycle stops with the
criteria selected by the user, at a fixed number of iterations, or in a dynamic way depending
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on the number of concluded iterations without significant optimization. In both cases, the
user obtains the final solution that should also be the optimal one in that domain.

The theory behind the PSO, as for all the other heuristic techniques, excludes that the
solution obtained could be effectively the optimal one in absolute sense [21]. This situation
could be relevant if this technique is used in a scientific field admitting a high number
of “local optima”, such as astrodynamics. Unfortunately, the OHC model seems to be
very similar to this situation because of the high number of variables and equations and
their strong non-linearity. So, it is reasonable to start the optimization process many times,
to overcome, or ateast mitigate, the possibility that the result is not the real best solution,
in absolute sense. Also for this reason, in recent years, PSO has been updated with many
variants and advancements [17,22–24] in order to enhance the research capability and/or
faster convergence.

3.2. PSO General Model

As aforementioned, the solution of the equation’s system has to be searched in a
certain domain. The constraints are set to the ten independent variables, i.e., neutral
and plasma densities in the orifice and the emitter (nn,e, ne,e, nn,o, ne,o), the electron and
wall temperatures (Te,e, Te,o, Ts, Tw,o), the emissionength (Le f f ) and the plasma potential
(Vp). In fact, by analysing Equations (1)–(3), it is simple to verify that the keeper plasma
unknowns (nn,k, ne,k, Te,k) depend on the plasma density and the electron temperature of
the orifice. Moreover, the keeper wall temperature (Tw,k) is set constant to the typical value.
The ten parameters govern the entire problem and therefore represent the 10-dimensional
exploration domain of the PSO method. The boundaries of the exploration domain (min and
max) for each variable can be arbitrarily defined; clearly, reasonable values must be used to
foster the research and not waste computational effort in regions representing non-physical
operative conditions. Thus, a good way to proceed is to use values in agreement with the
typical value reported for cathodes, which is well characterized in the open literature.

Once the domain has been defined, it is necessary to initialize the swarm assigning
an initial state and velocity for each individual. Between the ten variables defined above,
some of those, such as the electronic temperature Te, have a range with a minimum and
maximum in the same order of magnitude, and the value of the specific variable can be
assigned with a simple random approach as in Equation (26). Other variables, instead,
are defined in a range with an order of magnitude much greater than one, such as neutral
density nn,e, that spans from 1021 up to 1024. For this second type of variable, a different
equation for the state generation is required (Equation (27)). Indeed, if Equation (26) were
used for these variables, an in-homogeneous swarm distribution would be obtained, with a
greater concentration near the upper boundary. This undesirable condition is overcome
thanks to Equation (27). Using the notation of Xmin and Xmax, respectively, for the minimum
and maximum of a general variable X of the state vector X̂ of the problem, the two different
expressions can be considered:

X = Xmin + (Xmax − Xmin) ∗ rand (26)

with X = {Vp, Te, Te,o, Ts, Le f f , Tw,o}
and

X = 10 exp(log(Xmin) + [log(Xmax)− log(Xmin)] ∗ rand) (27)

with X = {nn,e, ne,e, nn,o, ne,o}. Here, rand is a random operator that randomly assumes
values between 0 and 1.

The wider order of magnitude of certain variables is irrelevant to the initial velocity
definition as it is quickly updated during the first iterations. Hence, in a simple manner, it
also defines the first velocity of each variable as follows:

(VX)z = (Xmin)z + [(Xmax)z − (Xmin)z] ∗ rand (28)
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At this point, after the swarm initialization, each individual, with its own state vector,
represents a possible solution to the problem; hence, it is processed in the numerical model
in order to solve the associated equations (plasma density, electronic temperature, etc . . . )
and obtain the residuals ϵ of that specific running setup. So, the cost function J is evaluated
for each individual as the sum of the residuals ϵ,

Jq
z = ∥ϵI∥+ ∥ϵPow,e∥+ ∥ϵion,e∥+ ∥ϵpress,e∥+ ∥ϵPow,o∥+ ∥ϵion,o∥+ ∥ϵpress,o∥ (29)

where:

• ϵI = RHS − LHS of Equation (14), (current);
• ϵPow,e = RHS − LHS of Equation (15) (emitter power);
• ϵion,e = RHS − LHS of Equation (13) (emitter ions);
• ϵpress,e = RHS − LHS of Equation (16) (emitter pressure);
• ϵPow,o = RHS − LHS of Equation (5) (orifice power);
• ϵion,o = RHS − LHS of Equation (4) (orifice ions);
• ϵpress,o = RHS − LHS of Equation (6) (orifice pressure).

where Jq
z is the cost function evaluated for the z-th individual at the q-th iteration.

Furthermore, all the residuals, as defined above, have been divided into their reference
variable (i.e., discharge current, power, and so on) in order to obtain dimensionless residuals
with the same order of magnitude. This operation allows the optimization code to operate
with different variables, but all with the same weight. Now, all these first cost functions Jq

z
are assigned as the PB of each individual, so:

PBq
z = Jq

z (30)

while the GB has to be selected as the one with the minimum value in the entire swarm; hence:

GBq = min
(

Jq
z

)
(31)

With thisatter step, the swarm initialization can be said concluded, and the real
optimization process can start. So, to update the state of all the individuals, using the
information coming from the exploration, and hence from the swarm, the new velocities
can be calculated with the ultimate form:

Vq+1
z = C1 ∗ Vq

z + C2 ∗ rand ∗ (PBq
z − Xq

z) + C3 ∗ rand ∗ (GBq − Xq
z) (32)

where z is the z-th individual and q is the q-th iteration, C1-C2-C3 are constants in the
range between 0 and 2, X refers to the variable whose velocity is being calculated, and rand
is a random operator that assumes values between 0 and 1, as mentioned above.

Now, the individuals’ state can be updated with the velocity in order to start effectively
the domain exploration:

Xq
z = Xq−1

z + Vq
z (33)

This updated state is considered a temporary state since it has to be checked with
respect to the original domain as defined at the beginning of this section. In fact, it could
happen that the updated state results to be out of the domain bounds because of its
movement due to the applied velocity. In this case, the state is corrected assigning the
boundary value that it was trying to violate during the update.

With the updated state, also the cost function can be updated in order to compare
the values with the ones calculated at the iteration before Jq−1

z . If Jq
z results to be smaller

than the iteration before for one or more individuals, then its own Personal Best would be
updated, and so:

PBq
z = min

(
Jq−1
z , Jq

z

)
(34)
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The same happens for the Global Best, where its own value is compared with all the PB of
the entire swarm. If ateast one individual has found a better solution PBq

z , with respect to
the GB of the iteration before GBq−1, the Global Best would also be updated, so:

GBq = min
(

GBq−1, PBq
z

)
(35)

This criterion is fundamental to this optimization technique since it allows us to drive the
individuals close to the promising region of the domain where better solutions are found.
From this point ahead, the cycle is continuously repeated until the stop criterion is satisfied.

3.3. PSO-Code Based Solver

It has been assessed that the developed PSO-code base solver can be used both to
support the preliminary design of new hollow cathodes and for the rebuilding of plasma
properties if the electrical characteristics are known.

To design a new cathode, primarily the cathode geometry (i.e., insert, orifice and
keeper diameters, orifice and keeper-orificeengths), the propellant mass flow rate, the insert
material and the current value have to be set. Secondly, a reasonable exploration domain
must be defined. Then PSO code can be run. It will give the evaluation of all the unknowns
within a confidence bounds.

It has been verified (this becomes clear in the application example of Section 4) that
the trend of the emitter wall temperature as a function of mass flow rate can be better
reproduced if a target total discharge voltage Vtarget is defined, which is calculated as the
ratio of the absorbed power to the discharge current Id.

Thus, it is necessary to modify the formulation of the cost function J since it has to
consider a new parameter, i.e., Vtot, as in Equation (36). In fact, in this case, the optimization
process has to minimize also the difference between the total voltage Vtot and the target
value Vtarget.

Jq
z = ∥ϵI∥+ ∥ϵPow,e∥+ ∥ϵion,e∥+ ∥ϵpress,e∥+ ∥ϵPow,o∥+ ∥ϵion,o∥+ ∥ϵpress,o∥+ ∥Vtot − Vtarget∥ (36)

It is clear that thisast approach can be used also for the rebuilding of plasma properties
in an existing hollow cathode when the experimental electrical characteristics are known.

4. Results

This section reports the results of an application of the described methodology.
The boundaries of the PSO exploration domain (Table 2) for each variable have been
defined in agreement with the values estimated for the AlphCA Cathode, that is an OHC
developed and tested by SITAEL [25,26]. A keeper surface temperature of 800 K has been
set for all the calculations according to the experimental measurements.

AlphCA has a Tantalum tube, 7.5 mm in diameter, which hosts a LaB6 insert that is
6 mmong and has an internal diameter of 3 mm. The tube is approximately thick 0.3 mm
and 20.6 mmong and at its end there is an orifice that has a diameter of 0.4 mm and
aength of 0.36 mm. The tube assembly is enclosed by means of a Molybdenum alloy
keeper that has an orifice (diameter: 0.6 mm) at its end. Because theength of keeper
orifice has not been found, a realistic value of 0.3 mm has been selected to perform the
calculation. The propellant is pure xenon (contamination issues are not considered in
the model). The cathode operates at a discharge current ranging from 1 to 3 A and at
mass flow rates between 0.08 and 1 mg/s. The electrical characteristics in this operational
envelope, measured in diode mode with keeper [26], are reported in Figure 3, as test2 and
test3. The discharge voltage as a function of the mass flow rate decreases reaching a plateau
after a certain value; this value states the transition from the so-called “plume” mode to the
“spot” mode [1,5].
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(a) (b)

(c)

Figure 3. Present calculation’s confidence bound of the total discharge voltage as function of the
propellant mass flow rate computed at 1A (a), 2A (b), 3A (c) by means of PSO; experimental measure-
ments from ref. [26] are reported for comparison as test2 and test3.

Table 2. Boundaries of the PSO exploration domain.

Variable Min Max Unit

nn,e 1 × 1021 1 × 1024 m−3

ne,e 1 × 1018 1 × 1021 m−3

Vp 5 50 V
Te,e 1 4 eV
nn,o 1 × 1021 1 × 1023 m−3

ne,o 1 × 1018 1 × 1022 m−3

Te,o 1 4 eV
Ts 1700 1950 K

Le f f 1 × 10−3 6 × 10−3 m
Tw,o 1700 1950 K

The shaded zone in Figure 3 represents the confidence bound of the total discharge
voltage, imited by the x̂ ± σ curves, in which the PSO solutionsay. More in detail, the mean
x̂, and the variance σ2, have been calculated for the best ten solutions obtained at each
mass flow rate value. The mean and the variance are calculated with the standard equation,
respectively, as follows:

x̂ =
1
n

n

∑
z=1

xz (37)

σ̂2 =
1
n

n

∑
z=1

(
x2

z − x̂2
)

(38)

Hence, the standard deviation σ =
√

σ̂2 is used to generate the confidence bound
(x̂ ± σ) around the mean values.

Several considerations arise from the observation of Figure 3:
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• The confidence bounds range between 2 V and 5 V for the current span examined;
• The discharge current initially decreases with the mass flow rate, as expected, but it

increases at the highest mass flow rates; this could be attributed to the absence of a
second double sheath at the cathode orifice exit that could be negative because the
plasma density decreases passing from the orifice region to the keeper region (see
Figures 4a and 5a);

• The shaded zone perfectly covers the experimental measurements obtained for a cur-
rent of 2A and it is slightly higher at 3A; at 1A and atowest mass flow rates, the current
is up to 40%ower, at its maximum, than the reference data, ikely because the system of
equations does not adequately describe the plasma physics in those conditions.

Figures 4–6 report the best ten solutions obtained for the operative point at 1A and
2A in the whole mass flow rate span. These ten solutions have been selected from the PSO
algorithmooking at the cost function. In fact, the cost function J is defined as the sum of
the residuals ϵ evaluated for each equation, as reported in Section 3.2. Thus, with this
assumption, the value of J can be used as a direct and global index of the solution quality
and hence is presented in Figure 7.

(a) (b)

(c) (d)

Figure 4. (a) Plasma density; (b) neutral density; (c) electronic temperature; (d) emitter temperature
as function of mass flow rate. All the figures refer to physical properties evaluated in the orifice
region in the case of operative points at 1A and 2A.
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(a) (b)

(c)

Figure 5. (a) Plasma density; (b) neutral density; (c) electronic temperature as function of mass flow
rate. All the figures refer to physical properties evaluated in the keeper region in the case of operative
points at 1A and 2A.

(a) (b)

(c) (d)

Figure 6. (a) Plasma density; (b) neutral density; (c) electronic temperature; (d) emitter temperature
as function of mass flow rate. All the figures refer to physical properties evaluated in the emitter
region in the case of operative points at 1A and 2A.
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Figure 7. Residual’s mean value evaluated at 2A. Each histogram represents the mean values of the
single residuals obtained for the ten solutions provided by the PSO process.

Figure 7 presents the errors ϵ evaluated as the mean value of the ten solutions at 2A,
for example, with respect to the mass flow rates. A similar figure would be drawn at 1A
and 3A. The ten solutions presented at 1A and 2A, Figures 4–6, are characterised by a J
value that typically remains under the 5% from the minimum mass flow rate up to 0.6 mg/s.
Beyond this value, and up to 1 mg/s, the residuals, ϵ, tend to increase as obviously do
the cost function J. This circumstance is also evidenced by the greater dispersion of the
solutions while moving toward the higher mass flow rate values. Also in this region of
greater uncertainties, the J values areimited to 20% and 40%, respectively, for the cases at
2A and 1A. Moreover, in the worst case, the mean value of a single residual is not greater
than 10% as in Figure 7, where the greater error is due to the calculation of the pressure in
the orifice region.

All the trends of plasma properties (Figures 4–6) reflect those reported in the openiter-
ature [5,6]: the neutral densities increase because of the internal pressure, particularly the
trend isinear in the orifice and keeper regions (Equations (3) and (6)) and with 0.57 power
in the emitter (Equation (16)); the plasma densities trends have also an increasing trend
because more neutrals means more collisions, and thus ionization. The electron tempera-
tures decrease with the mass flow rate in all regions because it decreases with the internal
pressure as demonstrated in ref. [1]. The orifice temperature slightly increases because of
the higher heat flux to the wall, whereas no particular trend can be assumed for the emitter
temperature where, as for the orifice region, an increasing trend is expected, too.

The electron temperatures (Figures 4c, 5c and 6c), and the plasma (Figures 4a, 5a and 6a),
and neutral (Figure 4b, 5b and 6b) densities found by PSO are very close to each other,
generating a confidence region that seems to be very tight. The higher dispersion is that
of emitter plasma density (i.e., ±20% of the average value). The wall temperatures of the
emitter and orificeay withiness than 100 K bound. Nevertheless, it must be remarked that
the PSO has been able to obtain the order of magnitude of neutral and plasma densities by
searching within a range of three orders of magnitude.

Figure 8 shows the PSO targeting the experimental measurements [26] of the dis-
charge voltage as a function of mass flow rate at 2A (i.e., PSO using Equation (36)). It
has been found that the results perfectly match the results calculated without the assump-
tion made with Equation (36) The only difference regards the emitter wall temperature.
Figure 9 highlights that with this approach, the expected increasing trend of the temper-
ature can be detected. Moreover, the confidence bound is narrower. Here, in Figure 9,
the two bounds have been calculated evaluating the mean and the standard deviation,
as in Equations (37) and (38), of the associated ten solutions provided from the two differ-
ent simulations.
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Figure 8. PSO targeting the experimental measurements (test3) [26] of the discharge voltage as
function of mass flow rate at 2A.

Figure 9. Comparison of the expected emitter temperatures when PSO is targeting the experimental
measurements [26] of the discharge voltage and when the discharge voltage is free, both as functions
of mass flow rate at 2A.

Computational Effort

The optimization code developed in this framework, namely the PSO, has been written
in a Matlab environment (v.r2 2022). Simulations were conducted on an Intel-i7 Personal
Computer @ 1.80 GHz with 16.0 GB RAM (Santa Clara, CA, USA). For each research
and optimization cycle, an amount of 20 million possible solutions are evaluated iness
than 7 min from which the best 10 solutions are extracted. In more detail, a swarm of
2000 individuals for 1000 iterations has been used for 10 cycles. As already mentioned,
the strength of this methodies in its ability to be very fast and completely independent
of the initial conditions. In fact, this independence allows us to completely overcome the
initial condition estimation problem, as reported in the openiterature [6]. Anyway, faster
or slower convergence can be selected by changing the coefficients C1, C2 and C3 in the
velocity equation (Equation (32)) to balance the exploration and convergence dominance.

5. Conclusions

The paper has investigated the feasibility of using the Particle Swarm Optimization
technique to solve a non-linear system of equations describing the plasma physics within
orifice hollow cathodes.

The results of the assessment test cases, conducted on Sitael AlphCA, Pisa, Italy, have
shown that the coupling between PSO and plasma model reveals itself as a fast, powerful
and accurate preliminary design and rebuilding tool for OHCs.

The trends of all the unknowns of the problem are well predicted.
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Particularly, the discharge voltage as a function of mass flow rate is predicted with a
confidence bound in the range 2 ÷ 5 V for the current span examined. The computations
at 2A and 3A well match the experimental data, whereas at 1A andow mass flow rates,
the discharge current is underestimated (maximum by 40%), probably because the system
of equation is inadequate to describe the plasma physics in those conditions. The discharge
current trend as a function of mass flow rate is of a parabolic type for all currents: it initially
decreases, as expected, but it increases at high mass flow rates. This could be due to the
absence of a double sheath at the cathode orifice exit in the model, which might dampen
the discharge voltage increase at high mass flow rates.

All the other unknowns of the problem are computed with a very tiny confidence
bound with the exception of the plasma density in the emitter region (±20% of the average
value) and the wall temperature of the emitter and the orifice (±50 K respect to the average
values). Regarding plasma densities, it is worth remarking that the PSO has been able to get
within a range of three orders of magnitude of the right one for neutral and plasma densities.

It has been verified that the confidence bound of the emitter temperature can be
reduced and its trend can be improved by targeting the discharge voltage.

The difficulty in finding solutions to the complex system of equations characterizing
the plasma within the OHC has been fully overcome with the usage of the PSO technique.
This enables the possibility of easily performing sensitivity studies on all the geometrical
parameters of the cathode model, as well as quickly testing model modifications (i.e., the
addition of the aforementioned double sheath at the cathode orifice exit).

As future development, a thermal model in FEMM [27] will be coupled to the PSO-
plasma model, according to ref. [11]. This would give the wall temperatures a new con-
straint; thus, more accurate plasma properties predictions are expected.
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OHCs Orifice Hollow Cathodes
EP Electric propulsion
HETs Hall Effect Thrusters
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PSO Particle Swarm Optimization
HPTs Helicon Plasma Thrusters
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RHS Right-Hand Side
LHS Left-Hand Side
PB Personal Best
GB Global Best
Symbols
A Area
L Length
r Radius
d Diameter
q Elementary charge
kB Boltzmann’s constant
ϵ0 Vacuum permittivity
ϵ Residual
Ec Electric field at the cathode sheath
Id Discharge current
j Current density
Ki Ionization rate coefficient
me Electron mass
mi Ion mass
ṁ Mass flow rate
n Density
ṅ Ion rate
p Pressure
P Power
R Resistance
T Temperature
V Potential
ϕ Work function
α Degree of ionization
η Plasma resistivity
ν Collision frequency
σ Cross section, standard deviation
γ Specific heat ratio
M Molecular Weight
µ Viscosity
Λ Coulomb Logarithm
D Material-specific Richardson-Dushman constant
⟨ϵi⟩ Average ionization energy (12.12 eV for xenon)
Subscripts
n Neutral
p Plasma
e Emitter, electron
o Orifice
k Keeper
en Electron-neutral
ei Electron-ion
i Ion moving at Bohm speed
ion Ion or ionization
er Electron recombination
em Thermionic emission
th Thermal
e f f Effective
s Emitter surface
q Optimization iterations
z Swarm individual
w Wall
ds Double sheath
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