iriciell applied
o sciences

Article

Singular Phenomenon Analysis of Wind-Driven Circulation
System Based on Galerkin Low-Order Model

Peihua Feng 1, Shengli Cao %* and Zhilong Liu 3

check for
updates

Citation: Feng, P; Cao, S.; Liu, Z.
Singular Phenomenon Analysis of
Wind-Driven Circulation System
Based on Galerkin Low-Order Model.
Appl. Sci. 2024, 14,7329. https://
doi.org/10.3390/app14167329

Academic Editor: Atsushi Mase

Received: 26 June 2024
Revised: 10 August 2024
Accepted: 15 August 2024
Published: 20 August 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

State Key Laboratory for Strength and Vibration of Mechanical Structures, School of Aerospace Engineering,
Xi’an Jiaotong University, Xi’an 710049, China; fphd2017@xjtu.edu.cn

School of Automation, Xi’an University of Posts & Telecommunications, Xi’an 710061, China

State Key Laboratory of Compressor Technology, Hefei General Machinery Research Institute,

Hefei 230031, China; 1zlong323@163.com

*  Correspondence: csl1993@xupt.edu.cn

Abstract: Ocean circulation plays an important role in the formation and occurrence of extreme
climate events. The study shows that the periodic variation of ocean circulation under strong wind
stress is closely related to climate oscillation. Ocean circulation is a nonlinear dynamic system, which
shows complex nonlinear characteristics, so the essence behind ocean circulation has not been clearly
explained. Therefore, the response and evolution of the circulation system to wind stress are studied
based on the bifurcation and catastrophe theories in nonlinear dynamics. First, the quasi-geostrophic
gyre equation and the normalized gravity model are introduced and developed to study ocean
circulation driven by wind stress, and solved using the Galerkin method. Then, the bifurcation and
catastrophe behaviors of the system governed by the low-order ocean circulation model during the
change in wind stress intensity and the coexistence of multiple equilibria in the circulation system are
studied in detail. The results show that saddle and unstable nodes appear in the system after a cusp
catastrophe. With the change in model parameters, the unstable node becomes the unstable focus, and
then the subcritical Hopf bifurcation occurs. The system forms a bistable interval when the system
undergoes a catastrophe twice, and the system shows hysteresis. In addition, multiple equilibrium
states are coexisting in the circulating system, and the unstable equilibrium state always changes into
a stable equilibrium state through vortex movement. Therefore, there is a route for the system to
induce short-term climate oscillation, that is, in the multi-stable equilibrium state of the system, the
vortex oscillates after being subject to small disturbances, and then triggers climate oscillation.

Keywords: wind-driven ocean circulation; periodic oscillation; bifurcation, catastrophe analysis;
equilibrium state

1. Introduction

Ocean circulation is a fundamental component of Earth’s climate system, influencing
weather patterns and contributing to the development of extreme climate events. Currently,
the nature of ocean circulation and its evolution on time scales ranging from several
months to several years are critical issues in oceanography [1]. Ocean circulation exhibits
several distinct features. For instance, the thickness of the boundary layer formed by
the atmosphere on the sea surface is greater due to the significantly lower density of
wind-driven circulation compared with seawater [2]. Under the influence of wind stress,
atmospheric momentum is transferred to the water body, causing the water to move along
with the wind. Notable examples of this phenomenon are the Kuroshio in the North Pacific
and the Gulf Stream in the North Atlantic, which represent the major western boundary
currents in the Northern Hemisphere [1,3,4].

Historically, much of our understanding of ocean circulation was derived from obser-
vations. In 1898, Nansen, a Norwegian scientist, was likely the first to qualitatively describe
the formation process of wind-driven circulation. According to his theories, wind stress acts
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upon the sea surface, transferring kinetic energy into the water body and causing surface
water movement. He also observed that, in the Northern Hemisphere, the flow shifts to the
right of the wind direction due to the Coriolis force. Subsequent theoretical research can be
traced back to Ekman, who quantitatively described wind-driven circulation and studied
the circulation structure within the sea surface boundary layer [5]. Ekman’s theory suggests
that velocity within the boundary layer exhibits a spiral distribution, with the flow direction
deviating to the right of the wind stress. This boundary layer has since been termed the
Ekman layer. However, Ekman’s model assumes that wind stress on seawater acts solely as
a frictional force, which does not fully align with actual observations. In 1947, building on
Ekman’s quantitative model, Sverdrup considered the horizontal pressure gradient force
in the wind-driven circulation model, establishing the relationship between basin-wide
circulation and the wind stress curl [6]. Although Sverdrup innovatively proposed the
formation process of wind-driven ocean circulation, he did not account for the western
boundary effect (such as the formation of the Atlantic Gulf Stream, which includes the
western boundary effect).

Based on previous theoretical frameworks and actual wind field characteristics, Munk
introduced lateral friction in his model to represent the western boundary effect [3]. This
model was later refined by Charney, who developed the inertial western boundary layer
theory [7]. The series of studies conducted in the mid-20th century significantly deepened
our understanding of ocean circulation. However, the spatial distribution of wind-driven
circulation and the evolution of ocean currents were not accurately characterized due to the
limitations of computing technology at the time. Pedlosky and Gill synthesized the results
of previous research on geophysical flows, starting from the three-dimensional spherical
rotation equations, and simplified the barotropic quasi-geostrophic model and the shallow
water model [8,9]. Subsequent research on geophysical fluid dynamics has since been based
heavily on their foundational work.

In the atmosphere-ocean system, the ocean serves as the largest reservoir of heat and
water, with the movement of ocean currents exerting a significant impact on the climate of
coastal areas, particularly on temperature and precipitation. The most direct meteorological
manifestation of changes in ocean circulation is short-term climate oscillation. The study of
this phenomenon is crucial, as common weather models, constrained by computational
resources, are often inadequate for predicting climate changes over longer time scales. This
limitation can lead to large-scale natural disasters when extreme climate events occur [10].
Two of the most significant examples are the El Nifio Southern Oscillation in the equatorial
Pacific and the Atlantic multi-decadal oscillation in the North Atlantic [11,12]. Indeed,
the study of the El Nifio-Southern Oscillation (ENSO) has long been a central topic in ocean
and atmospheric sciences, with particular focus on the relationship between oceanic and
atmospheric variables, their spatial structures, and temporal evolution.

By analyzing the singular frequency spectrum of various global average temperature
records, it has been shown that the ocean surface temperature in the North Atlantic exhibits
inter-annual variability [11]. Through spectral analysis, Delworth and Mann identified
distinct spectral peaks within the 50-70 year frequency band [13]. This short-term climate
oscillation in the Atlantic Ocean is termed the Atlantic multi-decadal oscillation (AMO),
with the AMO index defined as the 10-year running average of ocean surface temperature,
exhibiting an anomalous trend north of the equator. Interestingly, results indicate a strong
negative correlation between AMO and precipitation across the continental United States.
Specifically, during periods of a high (low) AMO index, precipitation is reduced (increased)
across much of central United States [14,15]. McCarthy’s research demonstrates that the
evolution of ocean circulation between the subtropical and subpolar zones can influence
the development of AMO, and a negative AMO has been closely linked to the accelerated
sea level rise along the northeast coast of the United States [12]. Consequently, some
researchers suggest that inter-annual periodic climate changes in the atmosphere—ocean
system are highly correlated with the influence of external atmospheric wind fields on
ocean circulation [16].
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In addition, the marginal seas, such as the South China Sea, exhibit evident charac-
teristics of low-frequency periodic oscillation. Yang and Wu studied the climate evolution
characteristics of the South China Sea using a two-layer quasi-geostrophic model, and found
that the periodic behavior of the local climate is closely related to monsoonal patterns. They
concluded that the monsoon first influences the evolution of ocean circulation, thereby
inducing periodic climate oscillations [17]. The Kuroshio Extension (KE), an extension of
the Kuroshio warm current in the North Pacific Ocean, is the region with the highest gyre
kinetic energy in the North Pacific [4]. Observations indicate that the large-scale periodic
oscillation of the KE can transport high-temperature, high-salinity seawater from the Pacific
Ocean to coastal areas, affecting the meteorology and hydrology of North America’s coastal
regions, leading to abnormally high temperatures [18,19].

The broader impact of wind on climate systems and ocean circulation has also been a
focal point of recent studies. Liang examined how low- and mid-level wind couplings and
topography affect mesoscale convective systems (MCSs) in Northwest China, discovering
that low-level anticyclonic circulation impacts the distribution of high humidity zones [20].
Clancy et al. analyzed Arctic cyclones, identifying asymmetries in atmospheric and sea ice
structures that resemble mid-latitude cyclones with distinct warm and cold sectors [21].
Zuo and Hasager assessed the impact of Aeolus wind data on near-surface wind forecasts,
noting positive effects in high-latitude regions, particularly with extended forecast time
steps [22]. McMonigal et al. investigated the effects of wind-driven ocean circulation on
global warming, finding that these changes amplified the warming rate by 17% from 1979 to
2014, underscoring the importance of atmospheric circulation changes for accurate climate
predictions [23]. Li et al. (2023) explored tropical cyclone (TC) wind forcing within a fully
coupled climate model, demonstrating that TCs increase ocean heat content through effects
on vertical mixing, air-sea enthalpy fluxes, and cloud cover [24].

From an ocean dynamics perspective, Paldor and Friedland (2023) extended Ekman’s
wind-driven transport theory to the § plane by introducing pseudo-angular momentum,
which simplifies the understanding of water column trajectories near the equator [25]. Kong
and Jansen (2021) emphasized the role of ocean topography in modulating Southern Ocean
circulation responses to wind stress changes, demonstrating that stationary eddies play a
dominant role in these responses [26]. Additionally, Thomsen et al. (2021) found that eddy
effects generally counteract Ekman circulation, with changes in air—sea heat flux influencing
the strength of eddy cancellation. Specifically, as heat flux increases, eddy cancellation
decreases, causing the flow to gradually approach classical Ekman circulation [27].

To explore the nature of ocean circulation evolution, scholars have developed an
idealized multi-gyre model, grounded in the study of wind-driven circulation. In a confined
fluid region, the system satisfies the governing equations of quasi-geostrophic (QG) or
shallow water (SW) dynamics under a normalized gravity mode. When the system is
forced by a wind field composed of multiple gyres, these gyres can represent subpolar
cyclones and subtropical anticyclones, which correspond to ocean gyres in the real-world
ocean environment. Consequently, such an idealized gyre model has been widely applied
in studies of large-scale mid-latitude ocean circulation responses to wind forcing [28-30].

In conjunction with the wind-driven circulation model and actual observational data,
statistical analysis methods have been extensively utilized to study complex ocean currents.
Methods such as empirical orthogonal function (EOF) analysis [31] and nonlinear time
series analysis [32,33] have proven effective in climate change and oceanographic research.
However, a limitation of these methods is the need for additional models to establish causal
relationships between key physical quantities. Moreover, statistical integral quantities are
often used to analyze interactions between mean physical quantities and perturbations [8].
Nonetheless, the complexity of most ocean circulation problems often results in significant
deviations in statistical integrals, as observational or ocean models may not fully satisfy
the necessary conditions.
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As discussed earlier, certain behaviors of ocean circulation exhibit dynamic properties,
making it feasible to study these systems from a dynamical perspective. Bryan and Holland
identified that inter-annual phenomena in the ocean-atmosphere system'’s climate change
process possess dynamic characteristics [34,35]. In open ocean areas, Kondrashov analyzed
gyres using adaptive harmonic decomposition and inverse stochastic modeling techniques,
revealing that wind-driven ocean circulation exhibits quasi-periodic variations [28]. Indeed,
understanding the evolution of ocean circulation by examining its sensitivity to various
parameters using dynamic system theories is crucial. Since the 1990s, the dynamical system
perspective has been introduced into oceanography, with researchers employing bifurcation
theory from nonlinear dynamics to explain low-frequency periodic oscillations in ocean
circulation [36]. Nonlinear dynamic theory suggests that low-frequency oscillations in the
ocean are driven by attractors within the system, such as limit cycles, strange attractors,
and homoclinic orbits [37,38].

The results from quasi-geostrophic (QG) models have been instrumental in explain-
ing the asymptotic behavior of the shallow water system. Primeau’s investigation of a
low-order quasi-geostrophic ocean circulation model revealed the presence of multiple
equilibrium solutions, periodic solutions, and quasi-periodic solutions within the circu-
lation system [39]. Notably, it was found that the circulation system can exhibit multiple
equilibrium states. Through the stability analysis of nonlinear dynamics, it was determined
that the system can possess both stable and unstable equilibria under identical parameters,
where the circulation system in an unstable state will oscillate until it reaches a stable
equilibrium [40]. Simonnet’s work demonstrated that the overall system maintains an-
tisymmetry as long as the zonal wind stress is symmetric. However, as the wind stress
intensifies and more energy is injected into the system, the symmetry of the circulation
system can break, leading to the emergence of multiple equilibria [41]. Sheremet studied
the Rossby resonance modes under single and double vortex wind stress, finding that
the motion of vortices within the circulation system exhibits periodic variation charac-
teristics following the system’s bifurcation, with vortices changing periodically as wind
stress further increases [42]. Dijkstra and Katsman also posited that asymmetric oscillation
modes are inherent in the circulation system, and a Hopf bifurcation occurs as wind stress
increases [41,43].

Interestingly, Simonnet and Ghil discovered a homoclinic bifurcation by increasing
lateral friction in the original antisymmetric model and by adding two higher-order merid-
ional modes to the low-order simplified model. They identified the homoclinic bifurcation
as a primary cause of irregular changes within the circulation system [41].

To gain a deeper understanding of the influence of ocean circulation on climate
anomalies, it is crucial to examine the bifurcation and catastrophic behaviors of low-order
circulation models as wind stress intensity changes. In subsequent studies, the quasi-
geostrophic gyre equation, coupled with a normalized gravity model, will be employed
to describe wind-driven ocean circulation. The Galerkin method will be introduced to
approximate the solution. The nonlinear dynamics of ocean circulation, from stability
to instability under varying wind stress, will be analyzed in detail. The findings of this
research will hold significant implications for the prediction and prevention of extreme
climate events.

2. Galerkin Procedure

Large-scale numerical simulation and analysis represent the most economical and
effective approach to studying the infinite-dimensional dynamical systems composed of
continuum media, which exhibit a rich variety of nonlinear behaviors. However, when
simplifying such systems using classical linearization methods, some nonlinear behaviors
may not be accurately captured [3]. The direct numerical integration method is commonly
employed to investigate dissipative infinite-dimensional dynamical systems, particularly
those of second order in time. Nevertheless, simulating the long-term behavior of these
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systems demands substantial computational resources [44]. Consequently, it is crucial to
reduce the complexity of the system by decreasing the number of degrees of freedom.

In reality, the long-term dynamical behaviors of an infinite-dimensional dissipative
dynamical system are often attracted to an invariant manifold of finite dimension. By pro-
jecting the solution of the governing equations onto this invariant manifold, the system can
be significantly simplified. Therefore, the Galerkin procedure is introduced as a method to
approximate the solution of the system [45].

Considering the nonlinear equation,

f(u) = 0 onboundary Q) and B(#) = 0 on boundary T (1)

where u = u(x,t) is a mapping on R — H and boundary I corresponds to region (),
and f € H is given. The eigenfunction set {wy } of the linear operator with orthogonality is
selected, so u can be expressed as,

N
U= Z AWy ()

where g; is an unknown variable. There will be residuals generated from the corresponding
differential equation and boundary conditions, Equation (1).

f(ﬁ (Z aka)k> =R; B(ﬁ = (Z akwk> =R (3)

i=1 k=1

Considering the basis function set {wy }, the Galerkin procedure requires the weighted
integral of residual Equation (3) over I and () to satisfy the relationship,

/Q ]f(ﬁdQ—i—/wTB )L =0,j=1,2,--,N @)

Then, a series of simple algebraic equations can be obtained and variables a; can be
obtained simultaneously. Furthermore, the desired variable u can be obtained.

3. Governing Equations of Ocean Circulation

In geophysical fluid dynamics, Pedlosky and Gill proposed the shallow water (SW)
equations, and simplified the equations with the different environments, having a profound
impact on the quantitative analysis [8,9]. This paper mainly studies the ocean circulation
driven by wind. The Rossby number corresponding to the SW model is very small, and the
topological change at the bottom of the calculation area is also very small. In this case,
the SW model can be simplified by assuming a small Rossby number. A single-layer
quasi-geostrophic vorticity equation in a square region is obtained, using the equalization
dimensionalization of characteristic flow rates and characteristic scales with the quasi-
geostrophic theory.

EJF iﬂ,i [l —FY + By] = —VZC ﬂ€+“QG<

)

oty BT"
ot ox

ox  dy
7=V%¥Y (6)

where u and v denote the horizontal and vertical velocities, respectively. ¥ is the flow
function, and { = dv/dx — du/dy is the vertical relative vorticity. ¥ and ¥ represent the
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horizontal and vertical wind stresses, respectively. In addition, Equation (7) shows the
dimensionless parameters in Equation (5).

Bol?. p _ fiL?

,B: u g/D L
_uL., _ L . _
Re= 2= 1= qupV Avfo;ege = porguz (7)
11 [Ty VAR s o1 ag)?
or=L M0 = LY sy = L (ﬁ)

where j is the Planetary vorticity gradient strength, F is the Rotating Froude number, Re is
the Reynolds number,  is the bottom friction coefficient, ao¢ is the wind stress intensity,
61 is the relative inertial boundary layer thickness, dy; is the relative horizontal viscous
boundary layer thickness, and Js is the relative vertical viscous boundary layer thickness.
The dimensional parameters are listed in Table 1, and the values of these parameters refer
to the settings in reference [17].

Table 1. Dimensional parameters.

Dimensional Parameter Symbol Value
Characteristic horizontal length L 5x10*m
Ocean layer thickness D 103 m
Rossby number of the coordinate origin Bo 1.6 x 10~ m~1s~1
Characteristic horizontal velocity u 1.0m-s~!
Coriolis parameter fo 1074571
Ideal zonal wind stress T 0.8 Pa
Normalized gravitational acceleration I'd 0.025m -s~2
Density 00 10°kg- m~3
Vertical momentum exchange coefficient Ay 0.01 m?.s7!
Horizontal momentum exchange coefficient Ay 100~2500 m? - s~1

The normalized gravitational acceleration can be obtained by ¢’ = gdp/po. The value
¢ =25%x 1072 m-s 2 in Ref. [17] is used, and the corresponding dimensionless param-
eters are given in Table 2, and the values of these parameters also refer to the settings in
reference [17].

Table 2. Dimensionless parameters.

Dimensionless Parameters Symbol Values
Planetary vorticity gradient strength B 0.04
Rotating Froude number F 1.0
Reynolds number Re 20-500
Bottom friction coefficient U 0.05
Wind stress intensity aQG 0.04
Relative inertial boundary layer thickness o1 5.0
Relative horizontal viscous boundary layer thickness oM 0.3684~1.0772
Relative vertical viscous boundary layer thickness s 0.625

It is worth noting that the velocity field of flow is expressed as a stream function in the
field of geophysical fluid dynamics,

u=—0Y/dy;v=0%Y/ox (8)

In the square region [0, 1] x [0, 1], Equation (5) satisfies the non-slip boundary condition
and no penetration boundary condition, that is,

x=0,1:¥=0,u=—0¥Y/dy =0,0u/dy = —3*¥/9y* =0 o)
y=0,1:¥=0,0=0¥/0x =0,00/9x = 0*¥/9x*> =0
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dA,

dt

Also, for Equation (5), the system with respect to the central axis y = 1/2 is antisym-
metric without the wind stress term, and the relationship R can be expressed as,

%QG(T(xll - ]/)) = —"P(x/]/) (10)
Roc(u(x,1-y)) =u(x,y), Roc(o(x,1-y)) = —v(x,y)

where the selection of w will satisfy the antisymmetric relationship.

4. Results and Analysis

Based on the classic quasi-geostrophic vorticity equation, the governing equation of
wind-driven ocean circulation is obtained, and the Galerkin method is used to approach
the solution of the circulation model. Using Equation (8), Equation (5) can be rewritten as
follows, namely, the quasi-geotranslocation potential equation,

oY 1
0;(AY — FY) +](‘I’,A‘I’)+,Bg = R—eAZ‘I’—yA‘Y+wf (11)

where J(¥,AY) = %—2’ BBA—;J - %—‘; agT\Y is the Jacobian determinant.

Simonnet [41] proposed to expand the quasi-geostrophic vorticity equation with the
eigenfunction that is suitable for the specific problem in the x and y directions, so that
the computation can become easy. Considering the long-term west boundary current in
the ocean, the eigenfunction or mode that decays exponentially in the x direction and is

sinusoidally distributed in the y direction is introduced in this study,
{G(x,y) = e sin mx sin(2kmy), k = 1,2, -+, +o0} (12)

Obviously, the eigenfunctions in Equation (12) keep the orthogonals to each other,
and their set can form a complete space. The solution of the quasi-geostationary poten-
tial equation, Equation (11), can be projected onto the space. In addition, because of the
exponential attenuation in the x direction, the eigenfunction will have nonlinear character-
istics. As a projection operator, the selection of the attenuation factor, s, only determines
its attenuation rate and does not influence the result. In this study, the attenuation factor
s=2.

Therefore, the expansion of the stream function can be expressed as

Y(x,y,t) = Y Ag(t)e ™ sin mx sin(2k7my) (13)
k=1

where Ay represents the amplitude of the k-th mode at time ¢. It is clear that the stream
function, namely Equation (13), satisfies the symmetry relationship, Equation (10), and the
flow velocities 1 and v naturally satisfy this relationship.

By using the Galerkin method (see Appendix A), it can be concluded that Ay satisfies
the following equation:

—1 A — Mg Z ]AlA] — Z ]AZA] + (Ul,kwl + Uz,ka),k =1,2,---,400 (14)

R

Therefore, the modal amplitudes, Ay, of the system can be obtained, and the stream
function, ¥, and the velocities u and v also can be obtained. The set of the first-order
differential equations can be solved by the Runge-Kutta methods with high precision.

Theoretically, the truncation of eigenfunctions used in the Galerkin procedure affects
the accuracy of the solution. However, this paper seeks to explore the nature of ocean
circulation through the lens of bifurcation and catastrophe theories within the framework of
nonlinear dynamics. As such, a low-order model can still qualitatively capture the essential
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characteristics of the circulation system to a certain extent. This section will focus on the
low-order model of wind-driven circulation, specifically the reduced positive pressure
quasi-geostrophic potential equation, referred to as Equation (11). The influence of wind
stress intensity on circulation will be examined in detail.

With the first two eigenfunction or modes,

Y(x,y,t) =e " sinmx[Aq(t) sin(27ty) + Ay(t) sin(47y)] (15)

It is assumed that the wind stress intensity parameters w;, w, are constant. Then,
Equation (14) can be obtained as follows,

dat 16
% = —1rAy — /\2A% + o pwy ( )

{ U = 1A+ M AL Ay + 01w

Following Equation (A10) in Appendix A, the coefficients of the coupling terms can
be given as A; = 1.2973, A, = 0.5897 in Equation (16). Considering that the coefficient of
horizontal momentum exchange, A, is relatively large, it might as well be given as Re = 20.
Then, the coefficient of the linear term is r; = 0.4500, 7, = 0.5045. For the constant term, w;
and w, are variable parameters, and the coefficient is taken as 07 ; = 0.3643, 03> = 0.8015.

According to Appendix B, through the analysis of the equilibrium position of
Equation (16), it can be concluded that the equilibrium position can be governed by the
following equations,

3, M2 — AM02pws = 12071W1
A} : - e = 17
L T S W (17)
Ay = ((72,2702 - Azz‘i%) /72 (18)

Therefore, as parameters w; and w; are determined, the equilibrium position (A;, Ay) can
be obtained according to Equation (18). The derivative operator of the system, Equation (16),
at the equilibrium position is given by the Jacobian matrix,

—n+MAy M4
[ *2)\2141 it ) (19)
The eigenvalues, «, of the matrix are given by the following quadratic equation,
K2 + (1’1 + 71— )LlAz)K + 2/\1/\214% + 7’2(1’1 — AlAz) =0 (20)

Note that Equation (20) is defined in the complex domain, and the type of equilibrium
position depends on the eigenvalues. Since the equilibrium position is governed by the
one-dimensional cubic equation, namely Equation (17) with two parameters (wy, wy), it
is clear that such an equation is an extension of the governing equation for the system
with a cusp catastrophe. According to the cusp catastrophe theory, Equation (17) gives an
equilibrium surface or catastrophe manifold. From Equations (17)—(20), the equilibrium
surface shown in Figure 1 and A; changes with the wind stress intensity parameters w;
and wy can be obtained. The red areas H; and Hj are stable equilibrium states, and the
blue area H, is the unstable equilibrium state. On the manifold, it shows that the value
of A; in the phase point (wy, w,, A1) changes steadily as the control parameter changes,
and only abruptly changes at some specific positions.
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Figure 1. Equilibrium surface (red for stability, blue for instability).

According to Appendix B, combined with the one-dimensional cubic equation with
one variable, it can be seen that the catastrophe position corresponds to the critical point of
the discriminant A = 0. Therefore, the condition that the catastrophe point should meet on
the parameter surface is

2 3
7201,1W1 172 — A0 0Wo
A (17, : _ 21

( 2/\1/\2> +< 3A1A2 ) 0 1

Therefore, the catastrophe point can be obtained to form a singular point set. Figure 2
shows its projection onto the control parameter plane (wy,w;), which is also called a
bifurcation set. The curve is a half cubic parabola, which has a cusp at O(0,0.4804), so it
is called a cusp catastrophe. As the phase point moves continuously to the catastrophe
point at the upper H; of the equilibrium surface, it will jump directly over Hp and enter
the stable equilibrium surface Hs, since the middle H; of the equilibrium surface is in an
unstable state.

o~

w

Figure 2. The bifurcation set of system Equation (16) with the variation of control parameter (wq, w5 ).
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In fact, as the control parameters (w1, w;) change, the number and type of catastrophe
are also different, that is, the system will have multiple equilibrium states under certain
control parameters. As control parameter wq (wy) is a fixed value, the curve L or C relevant
to the other parameter w; (w1) is given in Figure 2. As (w1, w;) change along curve Cs,
the control parameter first enters D, area from D; area, and then passes back to D, area,
it is clear that the phase point will undergo two jumps. Of course, the phase point will
also experience only one or no sudden jump while changing along other curves (curve
Cy, Ly, or Cy, etc.). Using the corresponding curve of the parametric curve C or L on the
equilibrium surface, as shown in Figure 1, the bifurcation diagram of the equilibrium point
can be obtained. Then the number and the type of equilibrium points change during the
catastrophe process. The bifurcation of the equilibrium point and the corresponding phase
diagram are given below, as the parameters change with the series of curves C and L.

4.1. Bifurcation Analysis of the System under First-Order Wind Stress

As the corresponding second-order wind stress intensity parameter w; is a fixed value,
w1 is the bifurcation parameter. First, let wy = 5 and focus on the parameter curve C3 shown
in Figure 2. Figure 3 is the bifurcation diagram of equilibrium value A; of the first-order
modal amplitude varying with the wind stress intensity parameter wy. In Figure 3, the equi-
librium points in the red solid lines /1 and /5 indicate stable focus. The equilibrium points in
the blue dashed lines P;Qq and P>Q; are unstable. (w1, w;) focuses. The equilibrium points
in the purple-red dashed lines Q151 and Q,S; are unstable nodes. The equilibrium points
in the black dashed line S; S, are saddle points. Correspondingly, the distribution of the
real part, «;, of the eigenvalues of the derivative operator in the system at the equilibrium
position is also given in Figure 4.

25 . . . . ; ; .
27 /
15 L% h ]
0, .77 Ip |
;£ |2 |
I S, | 1
2 . |
05} >a—1 | :
-~
- Tl |
| 0 | e F .
| RN
0.5 | - ]
I | N
1 -
-1 F | | /)51 |
= I ’Pj. -’ L1
1.5 F - J
/ ¥
2 / ]
25 1 L . . | ' |
8 6 4 2 0 2 4 6 8

Figure 3. Parametric curve corresponding bifurcation diagram.

The two sudden changes occur at S, and S; on the Cs3 curve, respectively. At Sy,
the equilibrium positions of the system change from one stable focus to one unstable node
and one saddle point. However, the equilibrium positions at S; change from one stable
focus, one unstable node, and one saddle point to one stable focus. With the further increase
or decrease of wy, the unstable node becomes the unstable focus at Q; and Q». It can be
seen that an unstable node is experienced during the bifurcation process from the saddle
point to the unstable focus. In addition, it changes from the left to the right of point P,
meaning it changes from a stable focus to an unstable focus. So, the system is unstable,
and a supercritical Hopf bifurcation occurs at P;. Similarly, a subcritical Hopf bifurcation
occurs as the unstable focus changes to the stable focus at P,.
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Figure 4. The distribution of the real part, g, of the derivative operator of the equilibrium position system.

As the bifurcation parameter w; increases from infinitesimal value, the phase trajectory
is initially attracted to the stable branch of /. As it reaches the equilibrium point at P,
a jump occurs. The phase trajectory jumps over the unstable branch along the green dotted
line and is directly attracted to the stable branch /. Conversely, as the bifurcation parameter
wy decreases from infinity, the phase trajectory at point P, reaches the stable state attracted
to the I branch. Then it jumps over the unstable branch and is attracted to the stable branch
I;. Therefore, in the middle area of the jump between P; and P, there are two possible
stable states of the system, which are in the black dashed part. That is, the saddle point on
the unstable branch can jump to the stable upper branch I, or the stable lower /1 branch,
meaning the system is in a bistable state.

Figure 5 shows the corresponding bifurcation diagrams as the parameter curves C;
and C; change along the bifurcation set. In Figure 5a, a sudden change occurs at w; = 0
with the continuous increase of w;. A stable point is added from the state of no equilibrium
point, and then it changes to a stable focus at point B. In Figure 5b, there is no sudden
change. Although the equilibrium point is always in a stable state, the type of equilibrium
position switches many times as w; increases continuously. The stable node at the B;
position changes to the stable focus, and the focus of position By changes to a stable node.
Then it changes to a stable focus at B3, and finally returns to a stable node at the B, position.

(¥

(a) (b)

Figure 5. Bifurcation diagram of system Equation (16) when w, is fixed. (a) Along parametric curve
Cy; (b) along parametric curve Cj.
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4.2. Bifurcation Analysis of the System under Second-Order Wind Stress

As the circulation system has only second-order wind stress, the corresponding inten-
sity parameter w; of the first-order wind stress is a fixed value, and wj is the bifurcation
parameter. First, let w; = 1 and focus on the parameter curve L3 in Figure 2. Figure 6 is a
bifurcation diagram of the value A; of the first-order modal amplitude equilibrium point
changing with the wind stress intensity parameter w,. In Figure 6, the equilibrium points
in the purple solid line [; are stable nodes. The equilibrium points in the red solid lines I,
and /4 are stable focuses. However, the equilibrium points in the black dashed line /3 are
saddle points, the equilibrium points in the purple-red dashed line TN are unstable nodes,
and the equilibrium points in the blue dashed line NK are unstable focuses.

3 T T T T T T T
2 | j2 / -
1t i
J’f =
L= M Iy
~ D L 4
=T | e —_——
-
"
i N ~ 4
~ o K
-~
"-\,._Hm I
2T M\\‘ |
~—
A . . . . . . .
-4 -2 ] 2 4 6 B 10 12
W

Figure 6. The bifurcation diagram corresponding to the parameter curve L.

The sudden change in the system only occurs at point T on the parameter curve Ls.
In this situation, an unstable node and a saddle point are added from the stable focus state
on branch I. With the further increase in the parameter w,, the unstable node becomes
an unstable focus at N. Finally, the subcritical Hopf bifurcation occurs in the lower part
of the equilibrium curve at K from an unstable focus to a stable focus, which is consistent
with the sudden change along the parameter curve Cs. At M, the transition from a stable
node to a stable focus is consistent with switching the stable point as changing along the
parameter curves C; and Cy.

In fact, as the parameter w, increases, the phase trajectory of the system is always
attracted to the stable node branch ; or the stable focus branch I, before point K. However,
the phase trajectory of the system may be attracted to the stable focus branch I, or I; after
point K. In this situation, the system has two possible stable states, i.e., in a bistable state.

Figure 7 shows the bifurcation diagrams as the parameter curves L; and L, change
along the bifurcation set. For the parametric curve Ly, the bifurcation behavior is similar
to the variation along the parametric curve L3, as shown in Figure 7a. The stable branch
is continuous in the lower branch after bifurcation, while an unstable state appears in the
upper branch. From Figure 7b, it can be seen that a sudden change occurs at point O as
the parameter curve L, changes. Then, the number and type of equilibrium points before
and after point O change topologically, which is a fork bifurcation. In addition, it is clear
that the bifurcation occurring along the parameter curves L and L3 is an imperfection
bifurcation, and its prototype is a fork bifurcation that occurs as L, changes. The transition
from stable nodes to stable focus also occurs at P; and P», which is the same as the change
along curve Cp with abrupt changes at the cusp.
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Figure 7. Bifurcation diagram of system Equation (16) when w; is fixed. (a) Along parametric curve
Ly; (b) along parametric curve L;.

Overall, as the value of the system parameters (w;, w,) is distributed in the D; area on
the corresponding bifurcation set (Figure 2), system Equation (16) has only one equilibrium
state and is a stable node, Psy;, as shown in Figure 8a, or stable focus, Psr, as shown in
Figure 8b. As the wind stress intensity changes, three equilibrium states coexist in the
system after passing through the catastrophe point set and entering the D, area, which can
be divided into the following four situations: (1) unstable node, Qy;y, saddle point, Qs,
and stable focus, Psr, coexist, as shown in Figure 8c; (2) two stable focuses, Psr1 and Psry,
and saddle point, Qg, coexist, as shown in Figure 8d; (3) unstable focus, Qy;r, saddle point,
Qs, and stable focus, Psr, coexist, as shown in Figure 8e; and (4) two stable nodes, Psy1
and Pspp, and saddle point, Qg, coexist, as shown in Figure 8f.

Although the system exhibits different types of equilibrium states depending on the
wind stress intensity, there is always a stable equilibrium state present in the dynamical
system, typically characterized as a stable node or stable focus. Additionally, the phase
diagram reveals that, over time, the trajectory of each point tends to approach the sta-
ble equilibrium position from an unstable equilibrium position after a prolonged period
of evolution.

In the study of the low-order model of the circulation system, it has been observed
that the amplitude of the first two modes corresponding to the system exhibits catastrophic
behavior as the wind stress intensity changes. The number and types of equilibrium states
within the system undergo significant changes before and after the catastrophe. This
observation further confirms that multiple equilibrium states coexist in the wind-driven
ocean circulation system, and vortex motion facilitates the transition from an unstable to
a stable state. As the system possesses multiple stable equilibrium states, as illustrated
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in Figure 8d.{, a slight disturbance can alter the final equilibrium position. In the context
of the circulation system, when vortex motion is slightly perturbed by environmental

factors, its state may oscillate between stable equilibrium states, potentially contributing to

low-frequency oscillations observed in the atmosphere—ocean system.

(b)

(@)

Figure 8. The six existing states of the equilibrium point of system Equation (16). (a) Stable nodes;

(b) stable focus;

and stable focus; (d) two stable focuses and saddle

saddle points,

(c) unstable nodes,

(f) two stable nodes and saddle points.

saddle point, and stable focus;

(e) unstable focus,

7

points;

iscussion

5.D

The results of this study provide insights into the complex dynamics of wind-driven
ocean circulation systems using a Galerkin low-order model. By analyzing singular phe-
nomena, we have demonstrated that such systems exhibit bifurcation and catastrophe

behaviors under varying wind stress intensities. These findings have significant impli-
cations for understanding real-world ocean circulation structures and their influence on

climate variability.
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Our model highlights the intricate interplay between wind-driven forces and oceanic
responses, which is essential for understanding major oceanic phenomena such as the Gulf
Stream, El Nifio-Southern Oscillation (ENSO), and North Atlantic Oscillation (NAO). These
systems are not purely stochastic; instead, they exhibit quasi-cyclical behaviors that can be
partially explained by the self-oscillation phenomena identified in our model. For instance,
the Gulf Stream, a major western boundary current in the North Atlantic, plays a critical
role in regulating the climate of the surrounding regions. Our findings on bifurcation and
multistability align with observations that the Gulf Stream can maintain stable states, even
amidst external perturbations. This stability is essential for its role in heat transport across
the Atlantic Ocean, affecting weather patterns in North America and Europe.

The El Nifio-Southern Oscillation (ENSO) is characterized by periodic variations in sea
surface temperatures and atmospheric conditions in the equatorial Pacific. The oscillatory
nature of the ENSO can be linked to the multi-equilibria states and the sensitivity of the
circulation system to wind stress changes, as demonstrated in our model. The model
suggests that the ENSO’s predictable patterns may result from the interaction between
oceanic gyres and atmospheric winds, as discussed by McCarthy et al. (2015) and Delworth
and Mann (2000) [12,13]. Similarly, the North Atlantic Oscillation (NAO) involves shifts in
atmospheric pressure and wind patterns that significantly impact climate variability in the
Northern Hemisphere. Our study’s insights into wind stress-induced bifurcations provide
a framework for understanding how such oscillations might arise from intrinsic properties
of the ocean—atmosphere system rather than being purely driven by external forces.

While our model focuses on the intrinsic dynamics of ocean circulation, it is crucial
to acknowledge the role of extraterrestrial factors in shaping Earth’s climate systems. His-
torical and paleoclimate data suggest that factors such as Milankovitch cycles (orbital and
rotational changes of Earth), solar activity variations, lunar and planetary tidal effects,
and volcanic eruptions contribute to statistically significant oscillations in climate phenom-
ena. These long-term cycles, driven by changes in Earth’s orbit and axial tilt, influence the
distribution of solar energy received by Earth, thereby affecting ocean circulation patterns.
Our model’s emphasis on sensitivity to parameter changes could be extended to explore
how such cycles impact circulation stability and transitions. Solar radiation cycles, ranging
from a few years to millennia, are known to influence Earth’s climate by altering atmo-
spheric and oceanic circulations. The quasi-cyclical nature of ocean currents in our model
may be modulated by these solar cycles, as proposed by researchers studying the ENSO
and other oscillations [16].

Tidal forces exerted by the Moon and planets, along with sudden climatic shifts caused
by volcanic eruptions, introduce variability in oceanic systems. The model’s ability to simu-
late bifurcations and transitions between stable states can help explain how such external
perturbations lead to observable changes in circulation patterns. The relative stability of
phenomena like the Gulf Stream, ENSO, and other large-scale ocean-atmosphere structures
stems from their inherent dynamical properties. As discussed, these systems often exhibit
stable and predictable behaviors due to the interplay between multiple equilibrium states
and external forcing. Our model provides a theoretical foundation for understanding this
stability by demonstrating how wind-driven circulation can transition between states while
maintaining overall system coherence.

The methodologies presented in this study have practical applications in climate mod-
eling and prediction. By incorporating real-world datasets, the model can be adapted to
simulate specific oceanic phenomena and forecast potential changes due to varying wind
stress conditions. This capability is crucial for improving weather predictions and devel-
oping strategies for climate adaptation and mitigation. In conclusion, our study advances
the understanding of wind-driven ocean circulation’s complex dynamics, offering a frame-
work to explore the multifaceted interactions between atmospheric winds, ocean currents,
and climate variability. Future research should aim to integrate extraterrestrial influences
and real-world data to further refine and validate the model’s predictive capabilities.
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6. Conclusions

A wind-driven ocean circulation model is established based on the quasi-geostrophic
vorticity equation, and the Galerkin method is used to approach the solution, resulting
in a nonlinear differential dynamic system with first-order in time. Further, the dynamic
behaviors of the low-order circulation model under different wind stress intensities are
studied from the viewpoint of bifurcation and catastrophe theories in nonlinear dynamics,
and the main conclusions can be drawn as follows.

It has been shown that there exists a cusp catastrophe in the low-order circulation
system. At the catastrophe position, the state of the system changes from an unstable
equilibrium to a stable equilibrium. After the cusp catastrophe, saddle nodes and unstable
nodes are added to the system, and then the unstable nodes transform into unstable focuses.
As wind stress intensity wy is constant, there is a bistable region in the circulation system
as wp changes, and it shows hysteresis. However, as wind stress intensity parameter
wj is constant, the fork bifurcation appears firstly in the circulation system, and then
the subcritical Hopf bifurcation occurs with the increase of w;. In addition to the above,
the results show there is a phenomenon of coexistence of multiple equilibria in the wind-
driven circulation system. Interestingly, the circulation system is changed from an unstable
equilibrium state to a stable equilibrium state by the vortex, and, as there are multiple stable
equilibrium states, the vortex motion can be induced to oscillate by small perturbations,
which could lead to a short-term climate oscillation.
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Appendix A. Approaching Circulation Model Using the Galerkin Method

Based on the classic quasi-geostrophic vorticity equation, the governing equation of
wind-driven ocean circulation is obtained, and the Galerkin method is used to approach the
solution of the circulation model. Using Equation (8), Equation (5) can be rewritten as fol-
lowing, namely, the quasi-geotranslocation potential equation Equation (11). Simonnet [41]
proposed to expand the quasi-geostrophic vorticity equation with the eigenfunction that
is suitable for the specific problem in the x and y directions, so that the computation can
become easy. Considering the long-term west boundary current in the ocean, the eigen-
function or mode, that decays exponentially in the x direction and sinusoidally distributed
in the y direction, is introduced in this study as Equation (12) Obviously, the eigenfunctions
in Equation (12) keep orthogonal to each other, and their set can form a complete space.
The solution of the quasi-geostationary potential equation Equation (11) can be projected
onto the space. In addition, because of the exponential attenuation in the x direction, the
eigenfunction will have nonlinear characteristics. As a projection operator, the selection
of the attenuation factor s only determines its attenuation rate and does not influence the
result. In this study, the attenuation factor s = 2.
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Obviously, the eigenfunctions in Equation (12) keep the orthogonals to each other,
and their set can form a complete space. The solution of the quasi-geostationary poten-
tial equation, Equation (11), can be projected onto the space. In addition, because of the
exponential attenuation in the x direction, the eigenfunction will have nonlinear character-
istics. As a projection operator, the selection of the attenuation factor, s, only determines
its attenuation rate and does not influence the result. In this study, the attenuation factor
s=2.

Therefore, the expansion of the stream function can be expressed as

Y(x,y,t) Z Ai(t)e™ ¥ sin mrx sin(2k7y) (A1)

where Ay represents the amplitude of the k-th mode at time £. It is clear that the stream
function, namely Equation (A1), satisfies the symmetry relationship, Equation (10), and the
flow velocities 1 and v naturally satisfy this relationship.

Let the complementary function be

F(x,y,¥) = 0;(AY — F¥) + J(¥,AY) + uAY — %Az‘i’ — wy (A2)
Using the Galerkin method, the following equations are obtained,
1,1
(F,G)o = / / F(x,y,Y) G(x,y)dxdy =0,k=1,2,--- , 400 (A3)
0 J0

where (, )o is the inner product. With the Galerkin method, the unsteady term can
be obtained,

(0:(AY — FY), G(x,y))o = koé - ;f:m {1 + 41k 2:; ] k (A4)
Further, the convection term can be obtained,
(J(¥,AY), i w Y jAA = ) jAA] (A5)
k=1 ik j—i=k
Also, the dissipation term can be obtained,
(V¥ — 87,6 (x,y))
_ye Snssn {y(l n 1+52) n % {1 . (5528]{2)1535?2)“61(4} }Ak (A6)

The wind stress term should satisfy the antisymmetric relationship %o, which can be
expressed as

Z )sin2kmty, k = 1,2, (A7)
where wy (t) is the intensity parameter relevant to the antisymmetric wind stress. In this

study, the first two modes are used. The first mode is in the form of a double-gyre, and the
second mode is in the form of a four-gyre. Finally, yields,

(17,6 x9)), = ~ gz a(8) + () (A8
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Therefore, the solution to Equation (A3) is as follows,

2452 (1+452) 3t ) )
/ . e " A — Y. A
At T 4 ) 1oe o7 (Zlﬂ:krn]AlAJ Z]—z:k]AzA])
14214 1 (14552 —8k2) (1+s? ) +16k* (A9)
+ Z1+52+4k2+1-" Re 1+s2+4k2+F
S

- (1+Sz+4k2+F)(l—6757T) (51,kw1 + 52,kw2) = O/k = 1/ 2/ Tty +o0

where d;jis the Kronecker symbol. Asi = j, bii=1 otherwise, it is zero. As

2452 (1+5?) 1qe=357
(149s2) (1+s2+4k2+F) ~ 1—e 27

_ 4551,]( _ _

Ik = (l+s2+4k2+F)(1fe—s”)’l =12, k=12 oo (A10)
ps2aar? 1 (1+552—8Kk%) (1+s2)+16k*

Tk = Wiy ake i T Re 1152 +4k2+F

A =

Then, Equation (A9) can be rewritten as follows,

A,

T = —1Ar — A 2 inAj — Z inAj + (allkwl + 0'2/k‘LU2),k =1,2,---,400 (A11)

i+j=k i—j—
it;j]{ j—i=k
Therefore, the modal amplitudes, Ay, of the system can be obtained, and the stream
function, ¥, and the velocities u and v also can be obtained. The set of the first-order
differential equations can be solved using the Runge-Kutta methods with high precision.

Appendix B. Catastrophe Behaviors of Reduced Models of Circulation System

Theoretically, the truncation of the eigenfunction used in the Galerkin procedure influ-
ences the accuracy of the solution. However, this paper aims to study the nature of ocean
circulation from the viewpoint of bifurcation and catastrophe theories in nonlinear dynam-
ics, so the low-order model can also qualitatively describe the nature of the circulation
to a certain degree. This section will consider the low-order model of wind-driven circu-
lation, i.e., the reduced positive pressure quasi-geostationary potential equation, namely
Equation (11). And the influence of wind stress intensity on circulation is studied in detail.

With the first two eigenfunction or modes,

Y(x,y,t) =e " sinmx[Aq(t) sin(2my) + Ay(t) sin(4my)] (A12)

It is assumed that the wind stress intensity parameters w;, w, are constant. Then,
Equation (14) can be obtained as follows,
Ay _
= A1+ AMALAy + o100 (A13)
A
dt2 = —1rA) — /\zA% + 0p0w7

Following Equation (A10), the coefficients of the coupling terms can be given as
A1 =1.2973, A; = 0.5897 in Equation (A13). Considering that the coefficient of horizontal
momentum exchange, Ay, is relatively large, it might as well be given as Re = 20. Then
the coefficient of the linear term is r; = 0.4500, r, = 0.5045. For the constant term, w; and
wy are variable parameters, and the coefficient is taken as 0 1 = 0.3643, 03, = 0.8015.

Following the definition, the equilibrium position of system Equation (A13) satis-
fies dA;/dt = dAy/dt = 0. Thus the equilibrium position can be governed by the
following equations,

Iy — MoppWy 5 1201,1W1

73
ATt AAg ! AMAg

=0 (A14)
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Ay = ((72,2702 - Azt‘ﬁ) /12 (A15)
For Equation (A14), set
_nn AI\)l\;Tz,zwzlq _ 7722,)1511 (A16)
So the discriminant can be obtained,
raoaw\* | (rir — Moppws
As A >0,
. (2\/Eq>1/3_p<2\/3q>1/3' At
2 3 2
AsA =0,
Al =\/=p/3,A% = =2/=p/3. (A19)
As A <O,
Al = 2/Rcos (9 +32i”>,i ~1,2,3. (A20)
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where R = /—(p/3)3,0 = % arccos(—%). Therefore, as parameters w; and w, are
determined, the equilibrium position (A1, Ay) can be obtained according to Equation (A15).
The derivative operator of system Equation (A13) at the equilibrium position is given by
the Jacobian matrix,

[ 11 +AMAy AAy }

—ZAzAl it ) (A21)

The eigenvalues, «, of the matrix are given by the following quadratic equation,
K2 + (1’1 + 71y — AlAz)K + 2}\1}\214% + 7‘2(1’1 — )\11‘_12) =0 (A22)

Note that Equation (A22) is defined in the complex domain, and the type of equilibrium
position depends on the eigenvalues. Since the equilibrium position is governed by the
one-dimensional cubic equation, namely, Equation (A14) with two parameters (wy, w;),
it is clear that such an equation is an extension of the governing equation for the system
with a cusp catastrophe. According to the cusp catastrophe theory, Equation (A14) gives an
equilibrium surface or catastrophe manifold.

Combined with the one-dimensional cubic equation with one variable, it can be seen
that the catastrophe position corresponds to the critical point of the discriminant A = 0.
Therefore, the condition that the catastrophe point should meet on the parameter surface is

2 3
PN i L Y (4 B Moaw2 \* _ (A23)
2A1 A2 3AA,

Therefore, the catastrophe point can be obtained to form a singular point set.
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