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Abstract: Path planning is a fundamental task for autonomous mobile robots (AMRs). Classic
approaches provide an analytical solution by searching for the trajectory with the shortest distance;
however, reinforcement learning (RL) techniques have been proven to be effective in solving these
problems with the experiences gained by agents in real time. This study proposes a reward function
that motivates an agent to select the shortest path with fewer turns. The solution to the RL technique
is obtained via dynamic programming and Deep Q-Learning methods. In addition, a path-tracking
control design is proposed based on the Lyapunov candidate function. The results indicate that RL
algorithms show superior performance compared to classic A* algorithms. The number of turns is
reduced by 50%, resulting in a decrease in the total distance ranging from 3.2% to 36%.

Keywords: reinforcement learning; Deep Q-Learning; path planning; autonomous mobile robots;
Lyapunov function

1. Introduction

Trajectory planning in autonomous mobile robots (AMRs) has been a subject of study
for some time. Its importance lies in the need to reduce the time and energy costs of
a robot’s trajectory. In robotic systems, path planning corresponds to the connection
between environmental information and motion control [1]. Several techniques have been
developed that allow a robot to go from point P1 to point P2, corresponding to the position
of an object [2]. During path planning, it is essential to avoid static or dynamic obstacles.
In recent years, different approaches have been developed with the objective of integrating
environmental variables as well as the movement dynamics of AMRs [3–5].

Path planning is the key to success in mobile robotic systems. Any path-planning
technique can provide a satisfactory result, even if it is not the optimal path. Numerous
algorithms aim to minimize path cost by considering the distance factor; however, there are
other variables, such as time complexity and search area, considered in the optimization of
these algorithms [3].

The most common classic approaches used in route planning are the following: cell
decomposition (CD), which establishes the path between the start and end points through
the discretization of the environment into small portions called cells, using algorithms
based on graphs such as the Dijkstra and A* algorithms [6]; the roadmap approach (RA),
which establishes connections between the vertices of each object through a line called
the edge line, as long as there is no overlap with the objects and the line [7]; the artificial
potential field (APF), which considers an attractive force between the starting point and
the target point, while the objects generate repulsive forces [8]; and the rapidly exploring
random tree (RRT), which bases its operation on fast sampling that allows the starting
point to be expanded until the tree is close enough to the target point [9]. In addition
to these techniques, numerous algorithms based on intelligent systems, such as those of
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logic and diffusion, have been developed, including neural networks (NNs) and genetic
algorithms (GAs). The selection of the technique to be applied is mainly based on the
available information about the environment [2,4,5,10,11].

Cell decomposition methods can be used in global path planning and local path
planning. They mainly focus on discretizing free space into cells and selecting the path
through a sequence of cells. The set of solutions involving classical techniques can be
represented on mathematical graphs with acceptable accuracy; therefore, the incorporation
of artificial intelligence (AI) and automated reasoning has gained popularity, with the aim
of incorporating multiple variables. These variables include environmental variables or
variables that influence the dynamics of a robot, such as the incorporation of holonomic
constraints [3,12].

RL is an algorithm that aims to find an optimal behavior strategy for an agent when
interacting with an unknown environment. The agent receives positive, negative, or null
reward signals for actions performed, and the computed strategy should maximize the
accumulated rewards. The agent explores an environment to quickly learn about actions
with significant rewards. This definition includes a wide range of problems, from sequential
decision-making control to games and situations involving social dilemmas. It has applications
for control engineering, operative investigation, and machine learning [13–15].

Multiple studies have demonstrated that RL algorithms are capable of estimating
the optimal trajectory from the initial point to the target point in dynamic and static
environments [16–18]; however, there are limitations, such as the high consumption of
computational resources for large environments, which represents a higher consumption
of memory related to the Q value chart. In addition, the increase in cells drastically reduces
the convergence rate [19–21].

Relevant studies have demonstrated acceptable results; ref. [22] introduced a mobile
virtual objective that increases the low learning rate of the classical Q-Learning algorithm
by incorporating distance as a metric. An alternative to improving the performance of
the algorithm is to update the reward function, as carried out in [23]. The space-state and
action-state tables are also sometimes modified, considering the total knowledge of the
environment as well as static obstacles. On the other hand, the initialization of the Q value
table accelerates the learning process [24].

Similarly, the dynamic modification of Q values based on the knowledge of the
distance between the agent and the obstacles enhances the performance of the classic Q-
Learning algorithm regarding time and distance [21]. Therefore, the assignment of rewards
for each state increases performance over the classical path-planning algorithms, which are
A* and RRT [25].

Another improvement is the integration of factors such as the computational time,
length of trajectory, collision rate, and success rate to improve the efficiency of obstacle
avoidance in dynamic environments.

ACO algorithms are used to achieve smooth trajectories in dynamic environments,
taking into account cinematic restrictions, trajectory length, and path-smoothing con-
straint [26]. GAs show satisfactory results for smoothing trajectories and for generating
diverse trajectories [27].

The contributions of this study focus on the following:

• A reward function capable of finding a trade-off between trajectory distance and time
when minimizing the number of turns.

• A neural network architecture to extract the optimal trajectory according to the pro-
posed approach employing the Deep Q-Learning technique.

• A trajectory-tracking controller design based on Lyapunov’s stability criteria.

To evaluate the algorithm’s performance in terms of execution time, memory use, and
computational resources, it is compared to two RL algorithms.

The remainder of this study is divided as follows: Section 2 discusses the proposed
methodology, RL algorithms, and the design of the trajectory-tracking controller, while
Section 3 presents a summary of the results obtained.
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2. Proposed Methodology

The robot navigation problem can be divided into three subtasks: environment mod-
eling, a trajectory-planning algorithm, and tracking control design. Figure 1 shows the
proposed methodology. Environment modeling is considered a cell decomposition tech-
nique with uniformly sized cells and static as well as dynamic obstacles. The proposed
path-planning algorithm is based on the Markov decision process (MDP), with two differ-
ent solution approaches: a tabular technique and neural networks. Both algorithms aim
to motivate an agent to take shorter routes with fewer turns. The design of the tracking
control is founded on Lyapunov’s stability criteria. The proposed candidate function is the
root mean square.
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2.1. Environment Modeling

In this study, an AMR was modeled with differential traction to maneuver and avoid
collisions with dynamic as well as static obstacles. An environment was created based on
the cell decomposition technique, since it facilitates the development of the RL algorithm
by converting the problem into a finite state. Each cell represents the orientation, position,
and any other possible state according to the problem to be resolved.

In the environment, the robot is considered a punctual mass with a radius smaller
than the cell size, so 8 actions are allowed for each state: forward, backward, left, right,
forward–left, forward–right, backward–left, and backward–right, as shown in Figure 2a.
In this method, obstacles are modeled in such a manner that if the border of an obstacle
partially overlaps a cell, the entire cell will be considered an obstacle.
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Figure 2. Diagram of the environment and allowed actions for each state. (a) Allowed actions for the
robot. (b) Cell decomposition techniques for the model proposed.

The environments used have a dimension of 10× 10 cells, and only the positions of
the obstacles vary. Figure 2b shows an example of the environment. The red-filled cells
represent the obstacles, the red-dotted cells represent the area where an obstacle has motion
for each interaction, and the target point is represented in green. The robot is located at
position 0, 0 and the target at 9, 9. Each cell represents an x, y coordinate in integers.
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2.2. Reinforcement Learning and Q-Learning Algorithm

The sequence of decisions in RL is determined by the Markov decision process in-
troduced by Bellman [28]. The MDP consists of a set of states of an environment, a set of
actions taken by an agent, and a transition probability distribution that gives the probability
of moving from one state to another after completing an action in another state. This
process captures the effect of each action that has an associated trade-off.

Figure 3 shows the process of RL in which the following elements interact [15,29]:

• An agent is an entity that perceives/explores an environment and makes decisions.
• An environment includes everything surrounding an agent and is generally assumed

to be stochastic.
• Actions correspond to an agent’s movement in an environment.
• State is the representation of an agent over time.
• Reward is a numerical value that an agent tries to maximize by the selection of its actions.
• Policy represents a strategy used by an agent to select an action based on the present state.
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The following is a general presentation of the MDP, extracted from [14,15].
The result of the MDP corresponds to a sequence or trajectory of the groups of states,

St, actions, At, and rewards, Rt, for each instant of time, t = 0, 1, 2, 3 . . .. The beginning of
the sequence starts as shown in Equation (1):

S0, A0, R1, S1, A1, R2, S2, A2, R3, . . . (1)

The selection process for a subsequent state must comply with the fact that the next
state will depend on the immediately preceding state and action, and not on any other
previous states or actions. Furthermore, all possible states must have a probability greater
than 0, which guarantees that all actions are eligible at time t. The probability of the
occurrence of these states is represented in Equation (2):

p
(
s′, r

∣∣s, a
) ·
= Pr

{
St = s′, Rt = r

∣∣ St−1 = s, At−1 = a
}

(2)

where p defines the dynamic of the MDP for all s′, s ∈ S , r ∈ R, a ∈ A(s); therefore,
p : S ×R× S ×A → [0, 1] . From this function, we can calculate the transition probability
from one state to another, which is commonly denoted as follows:

p
(
s′
∣∣s, a

) ·
= Pr

{
St = s′

∣∣ St−1 = s, At−1 = a} = ∑
r∈R

p
(
s′, r

∣∣s, a
)

(3)

On the other hand, Equation (4) shows that it is possible to calculate the reward for
each transition based on two arguments, r : S ×A → R :

r(s, a) ·= E[Rt | St−1 = s, At−1 = a] = ∑
r∈R

r ∑
s′∈S

p
(
s′, r

∣∣s, a
)

(4)



Appl. Sci. 2024, 14, 7654 5 of 22

If you want to estimate the expected reward considering three arguments—state,
action, and next state—then r : S ×A× S → R is expressed as follows:

r
(
s, a, s′

) ·
= E[Rt | St−1 = s, At−1 = a, St = s′] = ∑

r∈R
r

p(s′, r|s, a)
p(s′|s, a)

(5)

Reward terms for the present study are shown in Equation (6), where there are two
main objectives: to incentivize an agent to move as fast as possible, reducing the number of
direction changes, and to increase diagonal movements, which represent movements with
greater distances:

r
(
s, a, s′

)
=


−1.5 + rn
−1 + rn
100 + rn

i f s = NE, NO, SE, SO
i f s = N, S, E, O

collision
(6)

rn =

{
−2
0

i f s = st−1
i f s ̸= st−1

(7)

The objective is to maximize the performance, Gt, that corresponds to the sum of each
reward for each time instant, as shown in Equation (8), where T is the final time:

Gt
·
= Rt+1 + Rt+2 + Rt+3 + . . . + RT (8)

A complete sequence of rewards, from the initial state to the final state, is called an
episode. Although episodes conclude in terminal states, the rewards are not always the
same for each episode. In this regard, the maximization of the expected performance is
accomplished through the parameter γ, which is represented as follows:

Gt
·
= Rt+1 + γRt+2 + γ2Rt+3 + . . . =

∞

∑
k=0

γkRt+k+1 (9)

where parameter γ is referred to as the discount rate and has values of 0 ≤ γ ≥ 1.
Several exact solutions and approximations have been developed to solve the MDP.

These methods can be classified into two main groups: tabular methods and neural networks.
Figure 4 shows a general diagram of the main algorithms based on the methods used.
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With regard to the correlation between states and actions established by the policy, the
optimal policy leads to the generation of a maximum trade-off. Dynamic programming is
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based on the assumption of the ideal MDP, which allows for the calculation of the trade-off
for all possible actions.

The most commonly used dynamic programming algorithms are value iteration and
policy iteration. In the present study, policy iteration was used, since it implies low costs of
computational resources due to requiring a lower number of iterations to converge. In this
algorithm, the policy necessary to compute the function, V(s), from the value of the state
is evaluated:

V(s)← ∑
s′ ,r′

p
(
s′, r

∣∣s, π(s)
)
[r + γV(s′)] (10)

The improved policy is calculated using an anticipated view to replace the initial value
of the policy, π(s):

π(s) = arg max
a ∑

s′ ,r′
p
(
s′, r

∣∣s, a
)
[r + γV(s′)] (11)

Algorithm 1 shows a complete version of policy iteration [15].

Algorithm 1: Policy Iteration

1: Initialize
2: V(s) ∈ R and π(s) ∈ A arbitrarily, for all states s ∈ S ; V( f inal) = 0
3: Policy Evaluation
4: Loop:
5: ∇ ← 0
6: Loor for each s ∈ S :
7: v ← V(s)
8: V(s)← ∑

s′ ,r′
p(s′, r|s, π(s))[r + γV(s′)]

9:
10: Until ∇ < θ

11: Policy Improvement
12: policy− stable = True
13: Loop for each s ∈ S :
14: previous action← π(s)
15: π(s) = argmax

a
∑

s′ ,r′
p(s′, r|s, a)[r + γV(s′)]

16:
17: If the previous action ̸= π(s), then policy− stable = False
18: If policy− stable = True, then, stop and return V and π

Table 1 shows the hyperparameters used in the policy iteration algorithm. A high
discount rate is considered for the agent to pursue long-term rewards. On the other hand, a
low learning rate is considered to guarantee convergence, which implies a higher number of
iterations. For practical purposes, the policy iteration technique will be referred to hereafter
as RL to differentiate it from the Q-Learning (QL) and Deep Q-Learning (DQL) techniques.

Table 1. Training the hyperparameters of the policy iteration algorithm.

Parameter Value

Episodes 100
Learning rate 1 × 10−6

Average iteration 550
Discount rate, γ 0.99

The algorithm was developed with Python 3.11.7 programming using an Intel Core
i5-10300 processor with 4 cores up to 2.50 GHz, an NVIDIA GeForce GTX 1650 graphic
card, 16 GB of RAM, and Windows 11.

Q-Learning is a method based on values and policies, which uses a Q-table to update
the action-value function at each step rather than the end of each episode. Each row
contains a state-action value. Q represents the “Quality” of each action performed in that
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state. During training, the agent updates the Q-table to determine the optimal policy. It
is possible to obtain the optimal policy function by using the Bellman equation, π∗(s), to
select the best action in each state [14]:

π∗(s) = arg max
a

Q∗(s, a) (12)

The optimal action-value function for policy π∗ is described as follows:

Q∗(s, a) = E
[

Rt+1 + γ max
a

Q∗(s′, a′)
∣∣∣St = s, At = a

]
(13)

Figure 5 shows the approaches of Q-Learning and Deep Q-Learning, where the values
in the Q-table in Deep Q-Learning are updated based on the architecture of deep learning.
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Figure 5. The approaches of Q-Learning and Deep Q-Learning.

The algorithm for Deep Q-Learning updates the parameters of the neural network using
the same policy that it explores. Algorithm 2 shows a complete version of Deep Q-Learning
that follows an off-policy strategy and the mean square error as the function loss.

Algorithm 2: Deep Q-Learning

1: Input: ε random probability, γ discount factor, α learning rate
2: Initialize
3: q-value, θ parameter, target parameter θtarg ←− θ

4: ϵ greedy policy Q∗(s, a|θ)
5: Initialize buffer B
6: Loop: episode ϵ 1 . . . N
7: Restart environment
8: Loop: t ϵ 1 . . . T−1
9: Select action At ∼ b(St)
10: Execute action and observe St+1, Rt
11: Insert transition into the buffer B
12: Compute loss function:

L(θ) = 1
|K| ∑

i=1

[
Ri + γmax

a
Q∗(s′, a′|θ)−Q∗(s, a|θ)

]2

13: Update the NN parameters θ

14: End Loop
15: Every episode θtarg ←− θ

16: End Loop
17: Output: Optimal policy π and q-value approximation
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The architecture employed to approximate the Q function in the Deep Q-Learning
algorithm is shown in Figure 6. It is a fully connected neural network with the following
characteristics:

• Input layer: two fully connected neurons, one for the x position and one for the y position.
• Hidden layers: two fully connected layers with 64 neurons and the ReLU activation

function.
• Output layer: a fully connected dense layer, which has 64 neurons as the input to the

last hidden layer. It produces a vector (1, 8) that corresponds to the Q values for each
possible action in an environment.
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Table 2 describes the hyperparameters selected for this study. Selecting a high discount
rate allows the agent to pursue a greater reward in the long term. As the discount rate
decreases, the agent will pursue short-term payoffs. A low learning rate translates into
slow convergence, so a high number of episodes is necessary to guarantee convergence
with a low learning rate. A high learning rate can result in network divergence.

Table 2. Hyperparameters of the Deep Q-Learning algorithm.

Parameter Value

Episodes 1000
Learning rate, α 1 × 10−3

Random probability starts 1
Random probability end 1 × 10−2

Random probability decay 0.995
Target update frequency, θ 10

Discount rate, γ 0.99
Memory size 10,000



Appl. Sci. 2024, 14, 7654 9 of 22

The algorithm was developed in Python programming with support from the open-
source framework TensorFlow. The hardware settings are the same as those of the policy
iteration algorithm.

2.3. Controller Design for Path Tracking
2.3.1. Kinematic Model of a Differential Drive Robot

The locomotion system, the environment in which it operates, and the number of
wheels determine the type of movement of a system [30,31]. Differential drive is obtained
by independently turning the two wheels, which are connected to the same axis but operate
independently. There is often an additional support wheel to improve stability.

Figure 7 shows a differential drive robot on coordinates x− y; for kinematic analysis,
the following is assumed:

• The robot is treated as a rigid body, as evidenced by its elements.
• Displacement is minimized in a perpendicular direction to the rolling.
• There is no translational displacement between the wheel and the floor.
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The x and y velocities of the robot depend on the linear velocity, v, and are represented
as follows:

·
x = v·cos θ (14)
·
y = v·sin θ (15)

For the angular velocity,
·
θ, we have the following expression:

·
θ = ω (16)

The kinematic model of a differential drive robot is represented in Equation (17):
·
x
·
y
·
θ

 =

cos θ 0
sin θ 0

0 1

[ v
ω

]
(17)

Considering the kinematic model, it is possible to differentiate equations that describe
the movement of the robot, where vr is the velocity of the right wheel and vl is the velocity
of the left wheel, both in rad/s , R represents the radius of the wheel, and L represents
the distance between wheels. The lineal velocity, v, and angular velocity, ω, are shown in
Equations (18) and (19), respectively [32]:
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v = R
(vr + vl)

2
(18)

ω = R
(vr + vl)

L
(19)

2.3.2. Lyapunov-Based Controller Design

The Lyapunov-based controller design involves the selection of a suitable Lyapunov
function, the analysis of its derivatives in order to guarantee its stability, and the design
of a control law that uses this function to lead the system towards a desired behavior [33].
In a

·
x = f (x, u) system, a control Lyapunov function, V, is a positive-defined function for

which the following is the case [34]:

∀x ̸= 0, ∃u
·

V(x, u) =
∂V
∂x

f (x, u) < 0 and ∃u
·

V(0, u) = 0 (20)

It assumes that for the whole value of x, there is a control variable that minimizes.
Assuming that there is a trajectory of movement, r(t), the point of interest is based

on its velocity,
·
r(t), and its conditions in the initial position as well as its orientation. It

is possible to obtain the velocity of each point of the trajectory through a Jacobian matrix,
J(q(t)), under the assumption that J(q(t)) is regular and therefore that the inverse exists.
The vector of the joint velocities is calculated as follows [19,33]:

·
q(t) = J(q(t))−1·r(t) (21)

where
·
q(t) is the velocities conjoined through a given trajectory. The path error can be

included in the inverse kinematics calculation. Equation (21) is rewritten as follows:

·
q[k] = J(q[k])−1·(r d[k]− re[k]) (22)

where rd is the desired state and re is the actual state. To prove the stability of the closed-loop
system, we propose the root mean square error as a Lyapunov function in its matrix form:

V(re) =
rT

e ·re

2
(23)

The function V(re) is locally positive in D. That is, V(0) = 0 and V(re) > 0 in D−{0}.
for all re in D. Its derivation can be represented as follows:

·
V(re) = rT

e
··re (24)

·
V(re) ≤ 0 for all re in D; therefore, it is asymptotically stable [35]. In order to assess

stability, the expression of the derivative of the nominated function in the function of the
velocity of the error is presented as

·
re = −K·re (25)

where K is a proposal positive-defined matrix. Substituting Equation (25) into (22), we
obtain the control equation ·

q[k] = J(q[k])−1·K·re[k] (26)

Algorithm 3 is the controller algorithm to be applied.
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Algorithm 3: Lyapunov-Based Controller

1: Initialize
2: Samples, robot parameters, desired trajectory.
3: Controller Calculation
4: Loop:
5: Error calculation.
6: Jacobian matrix J(q(t)).
7: Control parameters.
8: Control law

·
q[k] = J(q[k])−1·K·re[k]

9: Control actions.
10: End Loop
11: Visualization

3. Results

This section is divided into two subsections.
The first subsection examines the variation in the distance and number of turns of the

proposed RL and Deep Q-Learning algorithms in comparison to A*. The first A* algorithm
considers four actions and the second eight actions.

The second subsection presents the results of the controller for the follow-up of
trajectories based on the Lyapunov candidate function.

3.1. Evaluation of Trajectory-Planning Algorithms

Figure 8 shows the proposed maps for the evaluation of the algorithms RL and Deep
Q-Learning. Four different maps are considered.
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Figure 8. The structures of the maps used for the test: (a) Map 1, with static obstacles and a dynamic
obstacle; (b) Map 2, with static and dynamic obstacles; (c) Map 3, with static obstacles; and (d) Map 4,
with static obstacles.
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The first map, proposed in Figure 8a, contemplates the initial position of the agent at
the coordinate (0, 0), corresponding to the upper-left corner. In this environment, a vertical,
obstacle-free trajectory from the initial row to the final row of fixed obstacles is avoided.
The only trajectory that has this characteristic is planned by horizontally moving a dynamic
obstacle, which changes in each iteration. The objective is located in the lower-right corner,
corresponding to position (9, 9).

The second proposed map, shown in Figure 8b, is a variant of the first map and aims
to validate the agent behavior by adding random dynamic obstacles.

The third and fourth maps are shown in Figures 8c and 8d, respectively. They contemplate
static obstacles, but an initial coordinate different from the coordinate (0, 0) is considered.

Figure 9a–d shows the graphs of the number of iterations with rewards from the RL
algorithm for Maps 1, 2, 3, and 4, respectively. Map 1 shows a total reward of 4539, while
Map 2 shows 4381, Map 3 shows 4323, and Map 4 shows 4596. All four graphs indicate a
tendency to minimize accumulated rewards. The close values between the accumulated
rewards of the maps are due to the fact that each map considers 10× 10 cells, and the action
sequences for each map have similar lengths. From iteration 300 onwards, convergence is
evident in each map.
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Figure 10 shows the performance of the proposed Deep Q-Learning algorithm. The
rewards versus episode plots for Maps 1, 2, 3, and 4 are seen in Figure 10a, Figure 10b,
Figure 10c, and Figure 10d, respectively. The four graphs show a convergence from episode
200 onwards. The results show acceptable performance, since the agent receives minimum
penalties along the trajectory. This can be proven with values close to zero from episode
200 onwards.
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episodes, Map 4.

The characteristics to be compared with the four proposed algorithms include the
distance traveled, the number of turns during the trajectory, and the training time. Table 3
provides a comparison based on the planted approach.

Table 3. Comparison of the performance of each algorithm on different maps.

Map Algorithm Distance (m) No. Turns Training Time (s)

Reinforcement learning 13.89 3 112.40
1 Deep Q-Learning 13.89 3 526.45

A* (4 actions) 22.00 10 0.011
A* (8 actions) 13.89 4 0.015

Reinforcement
Learning 13.31 4 119.46

2 Deep Q-Learning 13.31 4 556.49
A* (4 actions) 18.00 5 0.011
A* (8 actions) 13.89 7 0.014

Reinforcement learning 17.89 8 127.65
3 Deep Q-Learning 17.89 7 687.87

A* (4 actions) 22.00 10 0.010
A* (8 actions) 18.48 9 0.014

Reinforcement learning 13.89 6 98.06
4 Deep Q-Learning 13.89 4 447.16

A* (4 actions) 18.00 4 0.009
A* (8 actions) 13.89 8 0.013
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The graphical representation of the optimal trajectory of the four algorithms proposed
in Maps 1, 2, 3, and 4 is presented in Figure 11, Figure 12, Figure 13, and Figure 14,
respectively. The response of each algorithm is shown separately.
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Figure 11. The optimal trajectory of Map 1 according to the proposed algorithms. (a) Optimal
trajectory of the RL algorithm of Map 1; (b) optimal trajectory of the A*-4 algorithm of Map 1;
(c) optimal trajectory of the A*-8 algorithm of Map 1; and (d) optimal trajectory of the Deep Q-
Learning algorithm of Map 1.
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trajectory of the RL algorithm of Map 2; (b) optimal trajectory of the A*-4 algorithm of Map 2;
(c) optimal trajectory of the A*-8 algorithm of Map 2; and (d) optimal trajectory of the Deep Q-
Learning algorithm of Map 2.
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(c) optimal trajectory of the A*-8 algorithm of Map 3; and (d) optimal trajectory of the Deep Q-
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3.2. Results of the Trajectory-Tracking Controller Design 
In this second part, the response of the controller for trajectory tracking on the differ-
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Figure 14. The optimal trajectory of Map 4 according to the proposed algorithms. (a) Optimal
trajectory of the RL algorithm of Map 4; (b) optimal trajectory of the A*-4 algorithm of Map 4;
(c) optimal trajectory of the A*-8 algorithm of Map 4; and (d) optimal trajectory of the Deep Q-
Learning algorithm of Map 4.

To prove the advantages of the proposed model of trajectory planning, we compared it
to the ID3QN [36] and DQN [37] models under the same conditions. The DQN [37] model
shows a higher performance compared to the method in [36] in terms of the number of
turns and a lower performance in the length of the trajectory. The ID3QN method adopts a
structure of three fully connected hidden layers with 256 neurons and applies the ReLU
activation function.

Figure 15 shows the trajectory of each algorithm in a map of 20 × 20 cells. The length
of the trajectory in all maps is 28.627. The number of turns for the ID3QN and DQN
algorithms and the proposed DQL method is 7, 4, and 4, respectively.
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proposed DQL algorithm.

3.2. Results of the Trajectory-Tracking Controller Design

In this second part, the response of the controller for trajectory tracking on the dif-
ferent maps is presented. The controller’s response was evaluated using the optimal
trajectory of the DQL algorithm, which showed the best performance compared to the
other proposed algorithms.

The estimated desired trajectory for the four maps is presented in Figure 16. The
configuration used for the robot to evaluate the performance control is as follows: L = 0.5 m
and r = 0.15 m. The K parameter proposed for the controller is 0.1.
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Figures 17–20 show linear velocity and angular velocity, as well as errors in x and y
for Maps 1, 2, 3, and 4.
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Figure 17. The controller’s response for Deep Q-Learning algorithm trajectory for Map 1. (a) Linear
velocity of robot in trajectory of Map 1; (b) angular velocity of robot in trajectory of Map 1; (c) error x
of robot in trajectory of Map 1; and (d) error y of robot in trajectory of Map 1.
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Figure 18. The controller’s response for the trajectory of the Deep Q-Learning algorithm for Map 2.
(a) The linear velocity of the robot in the trajectory of Map 2; (b) the angular velocity of the robot in
the trajectory of Map 2; (c) the error x of the robot in the trajectory of Map 2; and (d) the error y of the
robot in the trajectory of Map 2.
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Figure 19. The controller’s response for the trajectory of the Deep Q-Learning algorithm for Map 3. 
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Figure 19. The controller’s response for the trajectory of the Deep Q-Learning algorithm for Map 3.
(a) The linear velocity of the robot in the trajectory of Map 3; (b) the angular velocity of the robot in
the trajectory of Map 3; (c) the error x of the robot in the trajectory of Map 3; and (d) the error y of the
robot in the trajectory of Map 3.
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Figure 20. The controller’s response for the trajectory of the Deep Q-Learning algorithm for Map 4.
(a) The linear velocity of the robot in the trajectory of Map 4; (b) the angular velocity of the robot in
the trajectory of Map 4; (c) the error x of the robot in the trajectory of Map 4; and (d) the error y of the
robot in the trajectory of Map 4.

4. Discussion

This section explores variations in the proposed algorithms within the four maps and
the behavior of the trajectory-tracking controller.

The results demonstrate acceptable performance for both the basic RL and Deep Q-
Learning algorithms. Both algorithms reduced the distance compared to the A* algorithm,
which only had four probable actions. The A* algorithm achieved the same distance as
the basic RL algorithm and the Deep Q-Learning algorithm, with eight possible actions,
shown in Maps 1 and 4. The A* algorithm indicated a higher number of turns in all of the
evaluated maps. Technique A* depended on knowledge of the environment, which limited
its application in dynamic environments.

The RL algorithm and the Deep Q-Learning algorithm reduced the number of turns in
all maps, resulting in a balance between trajectory distance and the number of turns.

The difference between the RL algorithm and the Deep Q-Learning algorithm lay in
the number of turns along the trajectory. The Deep Q-Learning algorithm reduced the
number of turns in Maps 3 and 4. This allowed the robot to maintain a constant velocity
along most of its trajectory.

The behavior of the RL algorithm and the Deep Q-Learning algorithm allowed us
to verify that the proposed reward function motivated the agent to take shorter paths
with fewer turns in comparison to the A* technique. The reward function employed in
the basic RL algorithm and the Deep Q-Learning algorithm accomplished the objective of
incentivizing an agent to take diagonal paths with the minimum number of turns. This
approach allowed the robot to save energy by maintaining a constant velocity for an
extended period of time.

The RL and Deep Q-Learning algorithms found an optimal path without prior knowl-
edge of the locations of the obstacles and their dynamics without updating the probability
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of displacement. The proposed dynamic environments did not represent a problem for any
of the algorithms in determining the optimal path since the dynamic obstacles had minimal
motion in the environment.

The reward function employed in the basic RL algorithm and the Deep Q-Learning
algorithm accomplished the objective of incentivizing the agent to take diagonal trajectories
with the minimum number of turns. This approach allowed the robot to save energy by
maintaining a constant velocity for as long as possible.

The proposed method was evaluated using two RL-based algorithms. The result was
the same performance as the ID3QN and DQN algorithms in the length of the trajectory.
Regarding the number of turns, the ID3QN algorithm showed a higher performance
compared to the DQN algorithm and the proposed method. Additionally, the proposed
algorithm showed a reduction in the number of neurons from 256 to 64 and a reduction
in the number of hidden layers from three to two compared to the ID3QN method. This
represents a reduction in computational resources.

Trajectory control based on the Lyapunov candidate was proposed, which corresponds
to a mean square error that meets the two stability conditions.

The error between the desired trajectory and the estimated trajectory was less than
1.2 cm in axis x and y.

5. Conclusions

As a result, the proposed reward function met the objective of motivating an agent
to find the shortest route with fewer turns in comparison to the classic A* technique. The
use of the reward function allowed for a reduction in turns in all cases of up to 50%, and
showed a distance reduction of 36% against algorithm A* with four probable actions and
3.2% for algorithm A* with eight probable actions.

The root mean square error was evaluated as a potential candidate function for the
Lyapunov-based controller. The root mean square complied with the Lyapunov stability
criteria. Simulations showed the efficiency of the proposed scheme, which provided the
robot with smooth and accurate motions. The angular velocity showed minimal variation,
resulting in a smooth trajectory from the initial point to the target point.

6. Future Work

• Conduct a comparison of the controller’s performance in real environments against
the results obtained analytically.

• Integrate deep learning algorithms to provide visual feedback for the robot and deter-
mine the locations of dynamic obstacles as well as the behavior in these environments,
with the objective of updating the values of compensation dynamically.

• Study and propose techniques for interpolation to smooth trajectories between cells,
which, combined with visual feedback, can generate new routes with constant velocities.

• Assess other algorithms based on reinforcement learning and establish new functions
for rewards and the initiation of states.

• Evaluate the learning by reinforcement algorithms on maps with a larger number of
cells to validate convergence.
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