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Abstract

Graph-based multi-view clustering has gained significant attention in recent years due to
its superior ability to reveal clustering structures. However, existing methods often incur
high computational costs when capturing local information and overlook the higher-order
correlations between multiple views. To address these issues, we propose Tensorized
Consensus Graph Learning for Incomplete Multi-View Clustering with Confidence In-
tegration (TCGL). This approach constructs adjacency and local heat kernel graphs by
filtering missing samples to better capture local structures while leveraging a t-SVD-based
weighted tensor nuclear norm sparsification method to reduce noise. Additionally, we
introduce a matrix energy-based adjacency graph normalization strategy that utilizes com-
mon nearest neighbors to generate probability matrices, enhancing noise resistance and
improving structural exploration. Experimental results demonstrate that TCGL effectively
handles incomplete data and significantly outperforms state-of-the-art approaches across
multiple datasets.

Keywords: graph learning; incomplete multi-view clustering; low-rank tensor learning

1. Introduction

Multi-view clustering (MVC) is a technique that enhances clustering performance by
integrating data from multiple sources or feature representations, allowing for a more compre-
hensive understanding of complex objects [1]. Real-world entities, such as images, users or
biological samples, can usually be described from multiple complementary perspectives [2].
For instance, an image may be represented using a variety of descriptors including color his-
tograms, textural patterns, and shape descriptors [3], while a user’s profile might encompass
multi-faceted information [4], such as social connections [5], behavior logs and text content [6].
The objective of MVC is to leverage the complementarity and consistency between these views
and thereby more accurately capture the intrinsic data structure.

In practical applications, multi-view data frequently encounters a range of challenges [7],
such as missing instances caused by sensor failures or data corruption, noise interference, and
the inherent difficulty of aligning heterogeneous data sources [8]. Consequently, Incomplete
Multi-view Clustering (IMVC) algorithms have been devised to address these issues [9].
Current IMVC methods can be generally divided into two principal categories [10]. The first
approach relies on graph-based techniques [11], where a similarity graph is constructed for
each view, and clustering is subsequently achieved by leveraging the spectral properties of
the graph Laplacian matrix [12]. For example, Liu et al. [13] presented an efficient incomplete
multi-view clustering method (EE-IMVC) that iteratively refines the base clustering matrix and

Appl. Sci. 2025, 15, 12468

https:/ /doi.org/10.3390/app152312468


https://doi.org/10.3390/app152312468
https://doi.org/10.3390/app152312468
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0009-0005-0303-2045
https://doi.org/10.3390/app152312468
https://www.mdpi.com/article/10.3390/app152312468?type=check_update&version=2

Appl. Sci. 2025, 15, 12468

2 of 25

the consensus clustering matrix to enhance clustering outcomes. Additionally, Wen et al. [14]
proposed a consensus graph learning framework grounded in high-confidence local structures
(HCLS-CGL), which enhances noise robustness by learning cross-view consensus graphs and
incorporating confidence graph constraints. The second approach employs non-negative
matrix factorization (NMF) method for multi-view clustering task [15], which uncovers
latent data structures by decomposing the data matrix into two or more non-negative factor
matrices. Within this paradigm, Khan et al. [16] put forward the Manifold Regularized Multi-
view Fuzzy Clustering Method (MRFCM). This approach maintains the innate geometric
configuration of the data through manifold regularization and dimension reduction, while
simultaneously mitigating overfitting and enhancing sparsity through a combined use of the
Frobenius norm and L1-norm. Furthermore, Luong et al. [17] introduced a deep non-negative
matrix factorization-based multi-view clustering approach (ODD-NMF), which preserves the
structural relationships within the data through multi-layer manifold learning, integrating
diversity and orthogonality constraints to optimize clustering performance.

However, existing methods still have several limitations [18]. Many methods are limited
to dual-view data or necessitate the completeness of at least one view. Additionally, learning
graph structures directly from raw data can easily introduce a large amount of noise [14]. For
instance, Gaussian-kernel-based graphs lack universal applicability, and the self-expressive
property of original data is especially sensitive to anomalous points [19]. Furthermore, most
methods focus on common representations or pairwise view relationships, inadequately
capturing the higher-order interdependencies within multi-view data and consequently
resulting in the loss of vital underlying semantic information [20]. Compounding these issues,
the graph learning process in most methods is typically disconnected from the clustering
objective [21], as prior knowledge about the desired cluster structure is rarely incorporated.
This disjunction ultimately results in severely suboptimal performance.

To tackle these challenges, we propose a novel method termed Tensorized Consensus
Graph Learning (TCGL) for incomplete multi-view clustering. As illustrated in Figure 1,
TCGL constructs adjacency graphs and local heat kernel graphs by filtering missing samples
and retaining valid data, which aids in representing the data’s local structural characteris-
tics. To this end, the local heat kernel matrices are assembled into a tensor. We then employ
a weighted tensor nuclear norm minimization, grounded in t-SVD, to denoise the con-
structed tensor and preserve critical similarity structures that are often obscured in graphs
derived directly from raw data. Furthermore, the adjacency graph of each view is normal-
ized by its matrix energy to enhance multi-view consistency and clustering performance.
Subsequently, the sparsified local heat kernel graphs and the probability matrices are fused
into a consensus graph, which more accurately captures the underlying data structures
across all views. The major contributions of this paper are summarized as follows:

*  We propose the Tensorized Consensus Graph Learning (TCGL) with a confidence
integration framework for incomplete multi-view clustering, which leverages miss-
ing sample filtration to construct adjacency and local heat kernel graphs, thereby
enhancing the preservation of local structural information.

¢ A probability matrix generation strategy based on common nearest neighbors is
employed, coupled with a t-SVD-based weighted tensor nuclear norm sparsification
technique. This integration effectively mitigates noise, retains high-value similarity
information, and strengthens structural representation learning.

¢ TCGL framework is optimized with an alternating minimization algorithm. Extensive
evaluations on several benchmark datasets validate that our approach surpasses
existing state-of-the-art IMVC techniques.

This paper is structured as follows. Section 2 covers the preliminaries. Section 3
elaborates on the proposed TCGL method, followed by the description of the optimization
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algorithm in Section 4. Section 5 evaluates the experimental results, and Section 6 provides
the concluding remarks and future work.
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Figure 1. Illustration of the proposed TCGL model. Given an incomplete multi-view dataset X, TCGL
first processes the incomplete data to construct the adjacency graph H(¥) and the local heat kernel
graph Z(V). The heat kernel matrices are then assembled into a tensor and refined by a t-SVD-based
sparsification module to enhance high-similarity information and reduce noise. Concurrently, the
adjacency graph H(V) is normalized to generate a probability matrix. Finally, these components are
fused to learn a consensus graph for multi-view clustering.

2. Preliminary

This section presents the notation and key preliminaries that form the foundation
for our proposed method, is cataloged in Table 1. The input is an incomplete multi-view
dataset X = {X(l), x@, ..., x@ }, where X() € R%*" denotes the feature matrix of the v-th
view (v =1,2,...,V). Here, d, represents the feature dimensionality of the v-th view, n is
the total number of samples across all views, and each column Xv) i € R (i=1,2,...,n)
corresponds to the feature representation of the i-th sample in the v-th view.

2.1. Notation

2.1.1. Basic Symbol Conventions

e Calligraphic letters (e.g., A, X') represent tensors (typically 3D tensors for multi-view
graph modeling in this work);

*  Bold uppercase letters (e.g., A, X(U)) denote matrices;

. Bold lowercase letters (e.g., a, xl@) signify vectors;

*  Plain lowercase letters (e.g., n,dy, V) represent scalars (e.g., sample count, feature
dimensionality, view number).

For a matrix A € R™*":

¢ A denotes the i-th column vector of A;
* A;. denotes the i-th row vector of A;
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* A;; denotes the element at the i-th row and j-th column of A;
* |A| denotes the element-wise absolute value operation (i.e., |A

= A
L] | L)
* A > (Oindicates that all elements of A are non-negative;

e rank(A) denotes the rank of A;

*  1,xy and 1, are the compact notation for an all-ones matrix and an n-dimensional

all-ones vector, respectively (with dimensions omitted when evident).

Table 1. List of matrix, tensor and set symbols.

Symbol Dimension  Description
X set Incomplete multi-view dataset {X(1),..., X(V)}
Xv) Roxn Feature matrix of view v
(0] R<V Missing-indicator matrix
M) R>" Diagonal mask for available samples in view v
zv R™ > Local similarity between available samples in view v
zv R7>n Full similarity graph of view v (zero-padded)
1 R0 > Co-neighbor probability in view v
HY) Rrx7 Full co-neighbor confidence graph of view v
S R™>" Consensus similarity graph for clustering
Ls R Normalized Laplacian of consensus graph S
Z R xnxV Tensor stacking all Z(?) graphs
J R xnxV Auxiliary tensor for low-rank regularization
Q R>nxV Lagrange-multiplier tensor in ALM
o RY View-weight vector [ay, ..., ay]T
w Rmin(r,V) Weight vector for tensor nuclear norm shrinkage
F R7x¢ Spectral embedding matrix

2.1.2. Graph Laplacian Matrix

For a similarity matrix B € R"*" (constructed to describe sample similarity in a single
view), its symmetric normalized graph Laplacian is defined as:

[B| + B[
=L M)

where Dg € R"*" is the degree matrix corresponding to B, and its i-th diagonal element is

Lg = Dg

calculated as: |B; :| + |B; ;|
(Dg)ii =Y, % @

j=1

2.1.3. Tensor-Related Operations

For a 3D tensor A € R"™ "<k (used to stack k view-specific similarity matrices in
this work):

o A ¢ R"*" denotes the t-th frontal slice of A (i.e., the matrix obtained by fixing the
third dimension atindex t,t =1,2,...,k);

e  Fast Fourier Transform (FFT) along the third dimension: A = fft(.A4, [|,3), where A0
is the FFT result of the t-th frontal slice;

*  Inverse FFT (IFFT) recovery: A = ifft(A, [], 3), which reconstructs the original tensor
from its frequency-domain representation .A;
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2.1.4. Block Vectorization

Converts a 3D tensor into a 2D matrix by concatenating its frontal slices vertically,
defined as:

)
bvec(A) = | . | e R">7, ©)
Akk)

The inverse operation (block folding) recovers the tensor from its block-vectorized
form: bvfold(bvec(.A)) = A.

2.1.5. Block Circulant Matrix

Constructed from the frontal slices of .A to enable tensor singular value decomposition
(t-SVD) via matrix operations, defined as:

A gl gk 4@
AQ A0 AR 4B

beirc(A) = | . _ . _ | e Rmkank, ()
AB AR AR 4

This structure ensures that the t-SVD of A is equivalent to the conventional SVD of
beirc(A) in the frequency domain, which simplifies the optimization of tensor nuclear
norm regularization.

Definition 1 (Transpose of a Tensor [22]). For a tensor A € R™*"2%" jts transpose AT €
R™*™M*"s s acquired by initially transposing each frontal slice ( AW) and subsequently reversing
the sequence of the transposed slices from 2 to n3.

Definition 2 (Identity Tensor). The identity tensor 1L is an ny X ny X ng tensor, characterized
by an identity matrix of size ny X ny as its first frontal slice, with all other frontal slices being null.

Definition 3 (Orthogonal Tensor). A tensor A is deemed orthogonal if it satisfies the conditions
AT A=A - AT =T,

Definition 4 (t-Product). For tensors A € R™"*"2X"3 gnd |3 € R"™2*M"4X73 theiy t-product A - B
results in a tensor £ of dimensions ny X ngq X ng, defined as follows:

& = Ax B = bvfold(bcirc(A) * bvec(B)). (5)

The t-product between A and B can be swiftly computed by multiplying correspond-
ing frontal slices in the Fourier domain:

EY =AW BY, k=1, (6)

and then obtaining the t-product £ = ifft(&; 2, 3]).

Definition 5 (t-SVD [23]). A tensor A € R™*"2*"3 cqn be factorized via its t-SVD as:
A=UxS VT, (7)

where U € R"*™M*"3 and V € R"2*"2*"3 gre orthogonal tensors, and S € R"*"2%" js an

f-diagonal tensor with diagonal matrices as its frontal slices.
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Following [23], an efficient computation of the t-SVD leverages the matrix SVD within
the Fourier domain.

. A . T
A —ghgh (V(k)) , k=1,...,ns ®)

Definition 6 (Tensor Multi-Rank). For a tensor A € R™*"2*"3 its multi-rank is defined as a
vector r € R™>1, where the i-th element corresponds to the rank of the i-th frontal slice of A.

Definition 7 (t-SVD Based Tensor Nuclear Norm [24]). Given a tensor A € RM*"2%"3 jtg
t-SVD based tensor nuclear norm (t-TNN) is expressed as:

n n3 min(ny,ny)
Als = X AW, = ¥ ¥ o(Al), 9)
k=1 k=1 i=1

where 0;(A)) denotes the i-th largest singular value of A,
Additionally, the weighted t-SVD based tensor nuclear norm is defined as:

ns min 1’11 712)

2 2 wo;(AW), (10)

where w; is the weight associated with o;(A*¥)), allowing the incorporation of prior knowl-
edge regarding the singular values of the matrices.

Remark 1. In this work, the weight vector w = [wy, ..., w;| is initialized uniformly as w; =
1/ min(nq,ny) fori = 1,...,min(ny,ny), ensuring equal contribution from all singular value
components at the start of optimization. Furthermore, w remains fixed throughout the learning
process. This design provides a stable regularization framework. The model’s adaptability to the
importance of different views is primarily handled through the optimization of the view-weighting
vector & and the low-rank constraints on the tensor slices.

3. The Proposed Method

We present a graph-based consensus learning framework for incomplete multi-view
clustering. TCGL comprises three key stages: addressing missing data, constructing KNN
binary and confidence graphs, and consolidating the confidence graphs into a tensor
for low-rank processing. The weighted confidence graph facilitates the generation of a
consensus graph, which is subsequently clustered using K-means.

The existing approaches for dealing with incomplete data, such as imputation,
distance-based adjustment [25], weighted processing, latent model inference, and dimen-
sionality reduction, are all subject to limitations. These limitations include introducing
biases, escalating computational costs, losing information, and depending on subjective
rules. To overcome these challenges, TCGL strategically excludes the dimensions contain-
ing missing values for each sample through the constructed index matrix. By constructing
a location index matrix O € {0,1}"*/, where O;; = 1 indicates the j-th view of the i-th
(v)

sample is not missing, and O; ; = 0 indicates it is missing. M; ;" is constructed by the prior

location indices O for filtering complete data and aligning data, as follows:

1, if the j-th samlpe has an available

MZ(Z]J) = instance va) in the v-th view (11)

0, otherwise.
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Consensus Graph Learning Method

The standard procedure for graph-based spectral clustering [26,27] includes three key
steps: affinity graph construction, eigen-decomposition of the graph Laplacian matrix,
and final cluster assignment via k-means. The affinity graph is an n X n matrix, where n
represents the number of samples in the data, and the elements of the matrix indicate the
relationships between the samples, such as their similarity or distance. Among these steps,
the construction of the affinity graph is particularly important as it significantly impacts
the final clustering results.

In recent years, several methods for constructing high-quality affinity graphs have
been proposed [28-30] aiming to better capture the intrinsic relationships between the data
points. One such method is the constrained Laplacian rank (CLR) approach [31]. CLR
aims to learn a new similarity matrix that reflects the cluster structure by ensuring that the
matrix has exactly c blocks, each corresponding to one of the c clusters. The formulation of
this problem is as follows:

min S - G|13,

(12)
s.t.0<S <1, S1=1,rank(Lg) = n —c, diag(S) =0,

where S € R"*" denotes the consensus high-quality graph to be learned. The constraints
ensure that the elements of S lie within the range [0, 1]; each row sums to 1; and the rank of
its Laplacian matrix Lg equals n — ¢, where # is the number of samples and c is the number
of clusters. In addition, G € R"*" represents the pre-constructed affinity graph of the v-th
view, such as the k-nearest neighbor (k-NN) graph.

The rationale for imposing the rank constraint rank(Lg) = n — c lies in the theorem
proposed by [31], which states that the number of connected components in the graph S is
equal to the number of zero eigenvalues of its Laplacian matrix. This constraint ensures
exactly ¢ connected components in the affinity graph, which is consistent with the intrinsic
cluster structure of the data.

In graph-learning-based clustering methods, it has been shown that learning a high-
quality graph capable of capturing the intrinsic relationships between data points is crucial
for improving clustering performance. Therefore, under the assumption that different
views should lead to a consistent clustering outcome, many approaches aim to learn a
unified consensus graph S € R"*" by effectively integrating information from all available
views for multi-view clustering [32]. A commonly employed formulation is as follows:

HMI%(& S—GW2>+ANSF
#(Sa) v=1 ’ F F
st.0<S<1,81=1, rank(Ls) =n—c, (13)

1%
0<a,<1, ¥ ap =1, diag(S) =0,
v=1

where «; is defined as follows:

1

T 2s—G@E (14)

Xy

In multi-view clustering, each view might contain varying amounts of information.

To integrate this information effectively while acknowledging the differing contributions
of each view to the final clustering result, assigning weights to each view is meaningful.
This is why a is introduced in the formula, where r typically represents the power of the
weight, further adjusting the influence of each view. By tuning the values of «,, we can
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highlight views that significantly affect the clustering results while downplaying those
with lesser impact, thereby enhancing the overall clustering performance.

Furthermore, the rank constraint rank(Lg) = n — ¢ in Equation (10) can be transformed
into the minimum optimization problem of FIpFiBI Tr (FTLSF) . This transformation allows

us to obtain the following equivalent optimizatign problem:

|4 2
min ) <av S-GW F) + M||S|[F + A2 Te (ETLgF),

P(Sa) v=1
s£0<S<1,81=10<a, <1, (15)

f ay =1, diag(S) = 0,F'F =1,

v=1
where ¢(S, a) denotes the boundary constraints of variables S and «, and [ is the number of
views of the data. After obtaining the consensus graph S by optimizing the above objective,
spectral clustering or connected component search methods can be applied to S to achieve
the clustering result of the given data. The parameter r is tunable to control the distribution
of the coefficient vector «. Additionally, A1 and A; are penalty parameters introduced to
regulate the optimization process.

Challenge and Motivation 1: Although the consensus graph learning model provides
an effective multi-view clustering framework, it presents significant challenges under the
Generalized Incomplete Multi-View Clustering (GIMC) setting. In GIMC, the core challenge
stems from the heterogeneous and unaligned graphs built from available instances. While
some techniques aim to recover these missing parts [25], they are often computationally
expensive. Moreover, perfect recovery is impractical, and imperfect reconstructions can
lead to severe performance degradation.

To overcome these limitations, this paper employs a method to learn a consensus
graph from the available similarity information of the non-missing instances.rather than
relying on potentially imperfect recovered graphs. Specifically, we utilize the previously
defined M matrix to indicate the availability of each sample in each view, where M; ; =1
indicates that the j-th view of the i-th sample is not missing, and M; ; = 0 indicates that it
is missing. Based on this, we formulate the following optimization problem to learn the
consensus graph S € R"*" using certain graph information from the available views:

14 ~
min Y (vcy S — MWMZOMM™T

S/‘X v=1

2
F) + A1]|S||2 4+ A2 Tr(FTLgF),

4 T (16)
st.0<a, <1, Y a,=1,81=10<S<1,
o

=1
diag(S) =0,FTF =1,

where Z(®) ¢ R, ZZ(;J) represents the similarity between the i-th and j-th available

instances in the v-th view. In our approach, Zf? is constructed by the recognizable k-
nearest neighbor algorithm as follows:

2
0

7O _ e 2, if xl(v) € w(x](U)) or x](v) € lP(xSv)) (17)

(v)

—X.

0, otherwise.

Challenge and Motivation 2: For incomplete multi-view data, due to the uncon-
trollable nature of missing views and noise, the pre-constructed graph Z () may fail to
accurately capture the true nearest neighbor relationships between samples. This limitation
motivates us to integrate adaptive nearest neighbor graph learning into the consensus graph
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framework. However, existing solutions often suffer from high computational complexity
and optimization difficulties.

Inspired by [14], we propose an innovative strategy based on spatial proximity as-
sumptions. The core hypothesis of our method is that intrinsically adjacent samples should
share overlapping neighbor sets, and the degree of overlap is positively correlated with
class consistency. Specifically, pairwise co-neighbor counts are computed by matrix multi-
plication Hj; = A; . - A, ;, generating a binary adjacency matrix H (with the diagonal initial-
ized to zero) from observable data instances. Subsequently, we apply max-normalization
H = H/ max(H) to transform the co-neighbor counts into probabilistic affinities, construct-
ing a co-neighbor likelihood matrix H. This matrix encodes the probability of sample pairs
sharing mutual neighbors and serves as structural prior knowledge. We then incorporate
this topological information into the following optimization model:

min i <av (S—M(”)Z(U)M(”)T) oM@OHAOM®" 2)
S p=1 F
+M1][SIF + A2Tr (FTLF), (18)
1%
st0<a, <1, Y a,=1,8T1=1,0<S <1,diag(S) =0,F'F=1,
v=1

where © denotes element-wise multiplication. This formulation effectively incorporates
confidence-based structural information, providing a more robust framework for consensus
graph learning in incomplete multi-view clustering scenarios. To derive an equivalent
formulation of Equation (18), we first define the transformed variables Z(®) and H.
Specifically, let Z(?) = M®)TZ@M®) and H®) = M©THM(®)., Substituting these into
the original problem yields the following equivalent optimization problem:

V 2
min (av (s—zM)eHW F> +M1|[S|12 + A Tr (FTLGF),

Sa y=1

(19)
14
st0<a, <1, Y a,=1,ST1=1,0<S <1,diag(S) =0,F F=1
v=1
Challenge and Motivation 3: In multi-view clustering tasks, exploring the local

connectivity of data has been proven to be an effective strategy. Neighbors of xl(v) € Rbox1
(v)
N
We previously introduced the specific solution formula for Z. Based on this, we can

are typically described as the k-nearest data points in the dataset to x

redefine the basic formula for computing the nearest neighbor confidence matrix Z(®) as follows:

V n ~
min Y}, Y KHZ(”)
ZM) v=1i,=1
(v) (0\Tq —
st.0< z; <1,(z’)1=1

2
7
F

(20)

The parameter « serves as a regularization parameter to prevent the trivial solution
Z() = I. Despite their impressive performance, most existing methods focus on learning
common representations or pairwise correlations between views [33,34]. However, this
approach often fails to capture the full range of deeper, higher-order correlations in multi-
view data, leading to the loss of crucial semantic information. Furthermore, these methods
typically require a separate post-processing step to obtain the final clustering results and
cannot account for the interrelationships between multiple affinity matrices from different
views in a unified framework. As a result, this often leads to suboptimal clustering

()
i
eliminate scale ambiguity, and maintain comparability across views. This normalization is a

performance. The constraint (z;"’)T1 = 1 is imposed to normalize sample-wise affinities,

standard technique in graph learning and does not restrict the relative similarity structure.
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To address the aforementioned issues, we leverage a low-rank tensor-based method
for multi-view proximity learning. This method simultaneously optimizes the affinity
matrices for each view to effectively capture higher-order correlations in multi-view data,
thereby enhancing the final clustering performance. As illustrated in Figure 1, data samples
XM, ..., XV) from multiple feature subsets or data sources are first provided as input, and
corresponding affinity matrices zM, . ZV) are generated through a multi-view proximity
learning strategy. To further explore the higher-order correlations between different data
points across views, we employ a tensor construction mechanism, where multiple affinity
matrices are jointly constructed into a tensor Z € R"*"*V_ The mathematical formulation
of the method is given as follows:

ZV)

14 2
min Y x +BY(2),
z0),2Z 9=1 E

st0<z) <1,(z")11=1,2 =o(z,...,zV),

(21)

where f is a regularization parameter, ¥ represents the specific constraint applied to the
constructed tensor Z, and & refers to the process of constructing the tensor Z by merging
multiple affinity matrices Z(V) into a third-order tensor. Inspired by the work in [20],
we employ a weighted t-SVD-based tensor nuclear norm to capture the higher-order
correlations embedded within multi-view affinity matrices. The mathematical formulation
for this approach is given as follows:

v lz0| 4+ iz
min K + ,
Z(v),Z v§] H F IBH ||w,®

st.0<zY <1,ENT1=1,2 =0zO,...,zV).

ij i

(22)

To achieve the separability of Z, the variable-splitting technique is implemented,
and an auxiliary tensor variable J € R™"XV ig introduced as a substitute for Z. Con-
sequently, the model presented in Equation (19) can be restructured into the subsequent
optimization problem.

(V) ? j
min K||Z + ‘1; P
7@ 7 vz_l H F H Hw@

st0<z) <1,(2")1=1,7 = 2.

(23)

This work integrates two complementary methodologies. The objective of consen-
sus graph learning is to derive a unified graph that reflects cross-view relationships and
the inherent clustering structure. Conversely, low-rank tensorization employs tensors to
model higher-order correlations and complex interdependencies between views. Although
demonstrably effective individually, these two strategies operate in isolation, limiting the
exploitation of their complementary strengths. To overcome this limitation, we propose
a unified framework integrating Consensus Graph Learning with Low-rank Tensoriza-
tion. By jointly optimizing graph construction and tensor decomposition, our approach
simultaneously captures local connectivity patterns and global higher-order correlations,
providing a more robust and comprehensive solution for multi-view clustering. The details
of the framework are as follows:
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v
min ) KHZ(V)

2
+BIIT|
0,8,20),FJ =1 F

w,®

Tensor Low-Rank Factorization

2
(S—zM)yoH® F) + A1]|S||2 + Ao Tr(ETLGF),

e

v=1

(24)

Consensus Graph Learning

\4
st.0<a,<1, Y a,=1S"1=1,0<8S<1,

v=1

0<z <1,(z"N1=1,7 =2 FF=1L

Remark 2. The proposed objective function incorporates a tensor rank reqularization term to capture
multi-dimensional interactions across heterogeneous data views. Specifically, the transformed
representation Z(?) € R"™" undergoes a spatial reorganization through tensor rotation. As
demonstrated in Figure 1, the rotational operation yields Z\") whose i-th frontal slice sz e RV
encapsulates cross-view associations between n instances. An optimized graph structure should
maintain inter-sample relational consistency throughout these heterogeneous feature spaces.

To address the inherent structural divergence between different view-specific clusters,
we impose a multi-rank minimization constraint on the third-order tensor Z. This formula-

0
1
extraction of Supplementary Information from disparate viewpoints.

tion induces spatial low-rank characteristics in each rotated slice Z,"’, enabling effective

The adoption of third-order tensor representation fundamentally extends conven-
tional matrix-based approaches by modeling triadic relationships rather than pairwise
interactions. While matrix factorization techniques can only recover dyadic correlations,
the proposed tensor rank minimization framework inherently preserves multi-way de-
pendency patterns. This characteristic makes the tensor regularization term particularly
suitable for revealing latent synergistic interactions and multi-dimensional correlations in
multi-view learning scenarios.

Remark 3. The rotation of the tensor along the third mode is introduced to make the model
compatible with the t-SVD framework proposed by Kilmer and Martin [23]. By applying this
rotation, each frontal slice of the transformed tensor corresponds to a mode-3 fiber in the original
representation, allowing the tensor to be expressed as a sequence of circulant-structured matrices.
This is essential because the t-SVD and the associated tensor nuclear norm are defined under this
rotated representation, where convolution-like interactions across views become linear operations in
the Fourier domain.

Intuitively, the rotation does not change the underlying information but reorganizes
the tensor so that correlations across views are captured in a way that aligns with the
algebra of the t-product. This enables the model to better exploit multi-view dependencies
using a mathematically well-established framework, rather than relying on an arbitrary
permutation of tensor dimensions.

Remark 4. The proposed tensor formulation offers a different perspective compared with conven-
tional weighted matrix approaches. While weighted combinations of matrices (Y\_; w,Z()) are
effective for modeling pairwise relationships, they mainly characterize dyadic correlations between
views. In contrast, representing multi-view affinities as a third-order tensor Z € R™ "V provides
a unified structure in which all views are jointly considered. The low-rank tensor constraint fosters
a shared low-dimensional representation, effectively integrating multi-view information at once.
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This approach can capture specific higher-order interactions—for instance, cluster patterns shaped
by three or more views—uwhich pairwise combinations may not adequately represent.

4. Optimization

The Augmented Lagrangian Multiplier (ALM) in conjunction with the Alternative
Direction Minimizing (ADM) optimization algorithm is utilized for addressing the opti-
mization problem at hand, which involves updating one specific variable while keeping
the others constant. Furthermore, the corresponding augmented Lagrangian function of
the above model is

21,

: o7 | P
min 62O+ BllT s + 517~ (2+ )

0,S,Z() F, T v=1
v

+ ¥ (ocv (S—2zM)eoHW
v=1

2
+ A]IS]|2 + A, Tr (FTLGF).
P> 1” ||F 2 ( S) (25)

|4
st 0<a, <1, Y ap=18T1=10<8S<1,
v=1

0<z) <1,(")1=1,7 =2 FF=1,
where Q € R"™"*V is the Lagrange multiplier, and p > 0 is the penalty factor. By means of
the alternative minimization strategy, the problem in Equation (25) can be divided into the
following five sub-problems, each of which alternately optimizes each variable while fixing
the others.

S subproblem: By fixing the other variables except S, we can update S by the follow-
ing problem:

14
min( (| (5-2) o0 )
v=1
+A1]|S||2 + A2 Tr (FTLgF)), (26)

st. 871 =1,0 < S < 1,diag(S) = 0.

1
In Equation (26), we can simply infer that Tr (FTLSF) =3 Z;’]«Zl HF,-,: -F HESI-,]- when

7,

S is a positive matrix. Defining E; ; = HFi,: —F. ;, then we can transform Equation (26)
as follows: )
. % DévHi(;)ZZi,j - %Ei,j
min | S~ = . (27)
Bj=1 L aH? 4 Ay
v=1

It is obvious that Equation (27) is equivalent to the following n independent sub-
optimization problems with respect to each column of matrix S:

2
4 A
2 2
Y ):1 Déva,?) Zj— ZEi,j
. =
ram El Sij— % (02 ’ 28
= Y aoHT 4+ M (28)

v=1
n
s.t. ) Si’]' =1,0< Si,j <1, S],] =0.
i=1
According to the Lagrangian algorithm, we can obtain the following closed form
solution for Equation (28):

(29)

. _ {(Ti,j+’7j)+/ i#]
L] . .
0, 1=17,
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) A
)y avﬂfj) Z;— Zin,j
where T; ; = =l % , function (a) sets negative a to zero and preserves
2
vgl “UHS]}') + )\1
n
the non-negative a. According to the boundary constraint 'Z Si,]- =10< Sl-,j <1, S]-,]- =0,
; i=1
1= r T
. L i=1,i#j
we can obtain 77; = — Q1
Z(®) subproblem: By fixing the other variables except Z, we can update Z by the
following problem:
! 2
min( Y (s - z<v>) ©H® >
Z \o=1 o 0 F (30)
+x|z0|| + 217 - 2+ 2)IE,
F 2 0

where Q € RV s the Lagrange multiplier, and p > 0 is the penalty factor.

1 2 2
min T (s - z<”)) oHO| + KHz<v>
Z®©) p=1 F ) F (31)
J‘ jo) (Z(m N Q“”)
2 P
F
QW

Denote B(?) = J(@) —

, and for each view v, the problem in Equation (31) can be
rewritten as: l
n 2
min Y Y ((Si,j — zl(;’)) ©) hl(fj’))
ogz(?)gl,(z“’)) 1=1v=1ij=1 (32)

ij i
©2 , P (1.(0) 2
+Kzi3' + E(bzz]) —zl(,z]{)) .

Accordingly, the problem in Equation (32) can be reformulated separately for each i:

1

. 2 2
min Y ay (512 - 251'250) + zl@) ) O] hgv)
0=z <1,(2(”) 1=177! (33)
gl + 8 (4 2720 1 772).
After certain combination, the above problem is equivalent to solving the follow-
ing model:
(v) 20,8:h; + pb@) ?
min o || - (34)
0§z<”>gl,(z(”))T1:1 2K+ 2a0hi +p |,

Specifically, the problem in Equation (34) is an Euclidean projection problem on the
simplex space [35], whose Lagrangian function can be written as

2
1 2a,s;h; + pb”)
r Z(v),n,q) _ 2 Z(v) _ “RoSilly i
( ! ) 21 2K + 20,hy +p ) (35)

W((zz@)) - 1) — Tz,
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where 7 is a scalar and ¢ is a Lagrangian coefficient vector. According to the Karush-Kuhn-
()

Tucker condition , the optimal solution z; " can be verified to be

20 _ (MUSihi +pb”
1

izam TP 171> . (36)

+

We employ the efficient sorting-based algorithm by Duchi et al. [36] for the simplex
projection.
J subproblem: By fixing the other variables, J can be updated by solving the

following problem:

1 2
minﬁ||J||w,®+HJ (A+ Q) 37)
J p 2 1Y

The solution to the aforementioned minimization problem is established by the fol-

F
lowing two theorems.

Theorem 1. Given Y = Uy x Dy % VlT, being SVD of Y € R™*", T > 0,1 = min(m, n), we can
define the standard weighted nuclear norm minimization problem as:

.1
arg min X = Y|} + 7[X]w- (38)
X

Consequently, we arrive at the optimal solution for the model defined in Equation (39):
X" = FT*w[Y] = UYPT*LU (Y)V11;/ (39)
where we have

Pro (Y) = diag(Z1, &2, &) with

& = sign(ei(Y)) max(;(Y) — 7 % ;,0). 0

Theorem 2. Given A € R"*"2*"3 [ = min(nq,ny), we have A = U * S * VT. Then the model
.1 5
arg;nlnEHX—.A||F+T||X||w,®- (41)
It can be defined as:
X* =Traw(A) = U % ifft (Prie (A)) VT, (42)

where A = fft(A, [],3), and Pr.w (A) is a tensor, in which PT*W(XU)) denotes the i-th frontal
slice of Prae (Z(l) ).

Proof. Specifically speaking, the optimization problem in Equation (39) can be reformu-
lated in the Fourier domain as follows:

e 1 — ny 1 (i
X =argmin_ || ¥ — Al + ¥ ¥ T*w; *(Tj(X(l))r (43)
v 2 i=1j=1

(i)

where X' denotes the i-th frontal slice of X, 0; (Y(i)) is the j-th largest singular value of

?(i), and w; stands for the weighting shrinkage coefficient of ¢; (Y(l) ). O
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The problem in Equation (43) can be transformed by employing the Frobenius
norm scheme:

n (s s 1 g
arg min 23 <;||X(l) — .A(Z)leE + ¥ THwj *aj(zl’(l))) (44)
x i=1 j=1

Notice that each variable ¥ in Equation (41) is independent, which means that we
can divide this problem into n3 independent subproblems. Thus, for the i-th problem,
Vi=1,2,...,n3, wehave

(i) 1 =0 —( ! (i
2 :arg?)nnEHX() —A()H%—l—jZlT*wj*aj(X()). (45)
z =

According to Theorem 1, we can obtain the solution of the above equation, i.e.,
y(i)* _ rr*w[j(i)] _ a(i)PT*w (Z(i)>v(i)T, (46)

where X denotes the i-th frontal slice of s similarly for 7" and V(i). Hence, the
solution in Equation (46) can be further written as:

X* = T A] = U % ifft(Pri(A)) * VT, (47)

where U = ifft(U4, [],3) and V = ifft(V, [], 3).
The solution to the model in Equation (47) follows directly from Theorem 2:

Tt =T, [g+9] (48)
o P

F subproblem: By fixing the other variables except F, the optimization problem becomes

min Tr(FTLF). (49)
FIF=I

We can solve the problem in Equation (49) by calculating the eigenvectors correspond-

ing to the smallest c eigenvalues of the Laplacian matrix Ls.

oy, subproblem: By fixing the other variables except ay, the optimization problem is
equivalent to dealing with the model in Equation (50).

Ky = 2|S—12(v)||% (50)
Q subproblem: The Lagrange multiplier Q can be updated as:
Q=Q+p(2-J). (51)
p subproblem: The penalty parameter p is updated as:
p(f+1) =u- p(f), (52)

where 1 > 1 is employed to accelerate the convergence speed by gradually strengthening
the penalty on constraint violations.
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5. Experiments

This section evaluates the effectiveness of the proposed TCGL framework through
extensive experiments on four real-world datasets. We benchmark its clustering perfor-
mance against several state-of-the-art methods. Additionally, a comprehensive analysis is
provided, including ablation studies, parameter sensitivity analysis, and an examination of
empirical convergence. All experiments are implemented in MATLAB R2023b and run on
two computing environments: a local workstation with a 12th Gen Intel Core i7-12700H
CPU (2.30 GHz) and 16 GB RAM, and a rented server equipped with an Intel Xeon-class
processor and 128 GB RAM. Large-scale datasets (Caltech7 and Animal) are evaluated on
the server, while smaller datasets (ORL and UCI) are processed on the local workstation.

In our experiments, y is selected via a simple grid search to achieve the most stable
convergence behavior, and the initial value of p is set within the range (1,2] following
common ADMM practices. This initialization—update scheme adopts a standard geomet-
ric growth strategy widely used in ADMM-based optimization to balance convergence
stability and computational efficiency. Stopping tolerance 10~* and kmax = 30 are used
throughout the experiments. The weight vector w is initialized uniformly and remains
fixed during optimization.

5.1. Experimental Settings
5.1.1. Datasets

(1) ORL: The ORL dataset consists of 400 face images from 40 distinct individuals, with
each individual having 10 images. The label of each individual serves as the ground
truth class label. These images were captured under various conditions, including
different lighting, times of day, facial expressions (such as smiling or not), and facial
features (e.g., with or without glasses). In our experiments, three different feature
views are employed: intensity-based features (view 1), Local Binary Pattern (LBP)
features (view 2), and Gabor features (view 3).

(2) UCI: The UCI dataset, sourced from the UCI machine learning repository, consists
of 2000 handwritten digit images representing 10 different digits, with each digit
having 200 samples. Each digit is treated as a distinct class label. For our experiments,
three types of features are utilized: intensity-averaged features (view 1), Fourier
coefficient-based features (view 2), and morphological features (view 3).

(3) Caltech7: Caltech? is a subset of the well-known Caltech101 dataset, which contains
images from 101 categories, including objects such as animals, vehicles, and everyday
items. Caltech101 includes 9144 images, making it a widely used benchmark in object
recognition research. Caltech? includes 1474 images from seven selected categories.
For our experiments, six types of features are extracted from each image and utilized
for classification.

(4) Animal: The Animal dataset is a comprehensive collection of images featuring a
diverse range of animal species. It contains 30,475 images across 50 different animal
categories. The dataset captures various animals in different poses and environments,
making it suitable for tasks such as image classification and object recognition. We
utilize a subset of this dataset, which includes 11,673 images from the first 20 animal
categories, with four different views for each animal. The dataset description is shown
in Table 2.
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Table 2. Performance Comparison on Animal Dataset.
Datasets Type Objects View Dimensions Classes
ORL Image 400 4096/3304/6750 40
ucI Image 2000 240/76/6 10
Caltech7 Image 1474 48/40/254/1984/512/928 7
Animal Image 11,673 2689/2000/2001 /2000 20

5.1.2. Compared Methods

In the experiments, our TCGL is compared with nine state-of-the-art methods:
BSV [37], MIC [38], DAIMC [39], OMVC [40], OPIMC [41], MKKM-IK-MKC [42], PIC [43],
and UEAF [25]. We briefly describe the methods not mentioned in previous sections
as follows:

(1) AGC-IMC [44]: Adaptive Graph Completion and Consensus Representation Learning,
which enhances clustering performance through intra-view consistency, inter-view
reasoning, and an adaptive weighting mechanism, addressing view imbalance.

(2) TMBSD [45]: Tensor Nuclear Norm Regularization and High-order Consistency, main-
taining a block-diagonal structure across views, optimizing for efficient clustering.

(3) DIMVC [46]: A method without padding or fusion, utilizing deep feature embedding
and clustering models to mine complementary information across views, enhancing
clustering consistency.

(4) IMVC-CBG [47]: A flexible bipartite graph framework that integrates multi-view
anchor point learning and incomplete bipartite graph modeling, suitable for large-
scale IMVC tasks.

(5) LSIMVC [48]: Combines sparse constraints and local graph embedding, alleviating
view imbalance and improving consensus representation and clustering performance.

(6) TCIMC [49]: Tensor Schatten p-norm completion, combining connectivity constraints
and low-rank structures to enhance the utilization of complementary information
across views.

(7) ETLSRR [50]: Enhanced Tensor Low-rank and Sparse Representation Recovery, using
non-convex regularization to alleviate approximation bias and improve the discrim-
inability of similarity matrices.

(8) HCLS_CGL [14]: Consensus Graph Learning, simplifying and efficiently implement-
ing incomplete multi-view clustering.

(9) JTIV-LRR [51]: Low-rank constraints and inter-view correlation modeling, addressing
the issue of neglecting cross-view relationships in traditional methods.

(10) IMVTSC-MVI [52]: Infers missing views in the feature space and jointly learns simi-
larity graphs in the manifold space, while incorporating a low-rank tensor constraint
to capture high-order cross-view correlations and enhance clustering performance on
incomplete multi-view data.

All competing methods are implemented using their recommended parameters or by
conducting a parameter search to optimize performance.

5.1.3. Evaluation Metrics

Following previous works [25,39,48], clustering accuracy (ACC), normalized mutual
information (NMI), and purity are adopted as metrics to evaluate the performance of the
aforementioned methods.

5.1.4. Parameter Settings

In our experiments, all parameters are fixed across different datasets to ensure fairness
and reproducibility. The numbers of nearest neighbors are set to k; = k, = 13, following
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common practice in graph-based clustering, where a moderately sized neighborhood
helps preserve the local manifold structure while avoiding over-connection. The trade-off
parameters are set to Ay = 0.01, A, = 0.01, and A3 = 0.001. These values balance the
contributions of structure preservation, tensor regularization, and confidence integration,
and we find that the model performance is stable within a reasonable range around these
defaults. Therefore, extensive parameter tuning is unnecessary.

For incomplete multi-view settings, the missing rate is controlled by randomly remov-
ing a proportion of samples in each view according to the target missing ratio. This strategy
is widely adopted in prior works and ensures that different methods are evaluated under
identical missing patterns.

5.2. Experimental Results and Analysis

Tables 3, 4 and 5 present the clustering results under missing rates of 10%, 30% and
50% respectively, while Table 6 shows the results under more challenging missing rates of
30%, 50% and 70% on the larger Animal dataset.

Regarding the selection of missing rates: The 10%-30%-50% scheme follows the
common practice in incomplete multi-view learning literature [14,48,51] to ensure fair
comparison. The additional 70% missing rate was specifically tested on the Animal dataset
to evaluate our method’s robustness under extreme missing conditions, which is particu-
larly meaningful for larger datasets where higher missing rates are more likely to occur in
real applications.

Table 3. Performance Comparison on Caltech7 Dataset.

Dataset Caltech?7
10% 30% 50%
Method/Rate
ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%)
BSV 43.89 +1.37 39.66 £2.23 84.08 £1.23 39.06 £1.26 31.63 £1.51 75.25+0.71 38.31 +£1.68 26.81 +1.38 68.97 +0.49
MIC 44.07 £4.97 33.71 £ 2.66 78.12+1.76 38.01 £2.12 27.35+1.69 73.31+£0.72 35.80 +2.34 20.44 +0.98 68.26 + 1.40
DAIMC 4829 £6.76 44.61 £ 3.88 83.32 £1.31 47.46 +£3.42 38.45 +2.88 76.83 +£3.23 44.89 +4.88 36.28 +2.34 75.50 £ 1.17
OMVC 40.88 £ 1.54 28.13 £2.54 79.21 +1.77 36.82 £ 1.65 2532 +£1.03 77.73 +£1.35 33.28 £4.40 18.76 +4.22 74.05 +4.74
OPIMC 49.24 +2.89 4298 +1.02 84.89 + 0.69 48.34 +4.36 41.54 +2.38 83.70 + 1.80 4412 +5.85 35.98 +2.77 80.64 + 2.06
PIC 58.82 +£2.95 41.73+£3.93 83.99 £+ 0.54 58.24 £1.20 4444 +3.12 83.89 +£0.53 56.50 +2.93 43.51 +£1.50 83.64 + 0.55
UEAF 50.82 £4.05 39.44 £2.07 81.49 £1.78 42.71 £0.84 31.07 £1.99 78.26 +£2.12 36.32 £4.22 24.02 +£1.37 76.29 +£1.93
LSIMVC 59.62 £4.28 49.72 £4.27 85.10 £ 0.61 57.64 +1.68 46.19 £ 1.86 84.31 +£0.57 56.66 + 2.66 44.61 £2.17 83.91 +£0.57
HCLS_CGL 73.09 +4.33 60.01 +£2.28 87.46 + 0.97 70.47 + 5.65 57.58 + 3.08 86.87 £+ 0.63 66.46 +1.61 54.64 +2.35 85.89 +1.24
JTIV-LRR 70.24 +0.26 6742 +1.26 86.25 +1.23 68.44 +2.67 66.37 £2.26 85.57 +£0.75 65.75 +1.59 65.21 +2.03 86.59 + 0.86
TCGL 83.31 + 0.25 73.07 + 0.82 86.97 £ 0.76 88.33 + 0.54 80.55 + 0.28 88.60 + 0.46 81.82 + 0.57 76.48 + 1.01 87.86 + 0.42
Table 4. Performance Comparison on UCI Dataset.
Dataset UcCI
10% 30% 50%
Method/Rate
ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%)
UEAF 87.40 + 0.86 78.20 +0.74 7449 +1.12 68.62 +0.57 62.35 +1.25 50.55 +1.02 56.85 + 0.92 51.17 £ 0.48 32.18 £0.76
AGC-IMC 82.70 +£ 1.04 85.81 +0.88 78.44 + 091 82.85 + 0.56 84.94 +1.35 78.10 +1.02 81.85+1.26 83.57 £ 0.73 76.74 + 1.05
IMI\‘/[]‘];ISC- 99.60 + 0.45 99.01 +£0.31 99.11 £ 0.58 99.35 + 0.46 98.32 +0.74 98.56 + 0.39 98.90 + 0.71 97.05 £+ 0.82 97.56 + 0.94
TCIMC 81.25 £ 0.85 82.62 +£1.04 75.30 +0.77 73.37 £ 0.64 78.42 +0.94 69.06 £+ 0.56 68.90 +£1.18 74.99 +0.78 60.44 + 0.45
IMVC-CBG 79.54 + 1.09 72.62 +0.88 65.57 +0.98 79.19+1.13 72.38 +0.85 65.43 +1.07 76.20 +0.78 71.29 + 0.63 63.21 +0.99
TMBSD 99.15 + 0.57 98.00 £ 1.12 98.13 £ 0.91 98.98 + 0.65 97.60 + 0.94 97.77 £0.82 98.05 + 0.48 95.85 +1.25 95.72 £ 0.79
ETLSRR 99.80 £+ 0.42 99.45 £+ 0.36 99.56 £+ 0.53 99.68 + 0.48 99.11 + 0.61 99.38 £+ 0.50 99.65 + 0.29 99.06 £+ 0.72 99.22 +0.35
TCGL 99.92 + 032  99.75+0.43  99.90 + 0.82 99.60 = 0.68 98.97 £ 0.53 99.60 & 0.73 99.55 =+ 0.29 99.77 £ 0.58  99.55 & 0.82

During the model training, we observed that the singular values of each view could
exhibit considerable differences in the t-SVD process. To fully leverage the structural
information from different views, TCGL does not simply explore high-order correlations
between views through tensors. Instead, it accounts for the variations in singular values
across different views by assigning different auxiliary multipliers during training. Overall,
from these three tables, it can be seen that the HCLS_CGL method performs remarkably
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well on multiple datasets, especially on Caltech7 and Animal datasets. This suggests that
leveraging local structural information to assist consensus graph learning is an effective
strategy. However, this method is limited to extracting information from low-dimensional
space and fails to capture deeper correlations between multi-view data points, thus lacking
breakthroughs in clustering performance improvement.

Table 5. Performance Comparison on ORL Dataset.

Dataset ORL
10% 30% 50%
Method/Rate
ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%)
UEAF 63.52 +£0.74 78.45 +1.30 47.03 £1.50 50.32 £ 0.56 70.34 +£1.38 31.91 £0.65 45.85 +£0.24 62.65 + 0.64 12.09 047
AGC-IMC 7435+ 1.21 86.59 +1.10 64.22 +0.44 7410+ 1.32 84.87 +0.61 62.08 + 0.56 62.05+1.25 76.86 + 1.31 47.02 +1.16
IMI\‘/[,‘T/ISC- 84.13 £0.27 94.40 £0.29 80.26 = 1.30 81.67 £21.43 90.86 £ 0.30 74.26 + 0.25 80.83 £0.73 90.95 £ 0.16 73.64 +0.22
TCIMC 78.70 £ 1.14 89.20 £1.50 71.09 £+ 0.84 77.05 +£2.22 8743 +1.14 65.99 £0.17 75.05 £ 1.07 85.12 £ 0.09 63.00 £1.35
IMVC-CBG 74.02 +1.04 88.42 +£0.72 64.43 +0.57 73.00 + 0.67 88.50 £+ 0.35 63.88 +0.01 72.68 +0.76 88.42 + 0.36 64.01 +1.41
TMBSD 96.00 £ 1.59 98.02 £1.13 95.07 +£1.90 94.60 +1.07 9797 £1.21 92.97 +£0.29 92.54 +1.36 96.83 + 1.31 89.98 +2.38
ETLSRR 96.55 +0.52 98.95 +1.34 96.31 £1.22 96.40 + 1.46 98.90 +£0.29 96.26 +1.47 95.62 + 1.06 98.40 + 0.66 94.99 +0.77
JTIV-LRR 96.28 + 0.89 98.93 +£0.25 96.28 + 0.85 97.36 + 1.06 99.07 + 0.35 97.03 +0.98 96.71 + 0.95 98.80 + 0.54 96.20 + 1.26
TCGL 99.75 + 0.21 99.78 + 0.59 99.75 + 0.81 97.89 + 0.45 98.65 £+ 0.56 97.95 + 0.68 95.50 £+ 0.85 96.36 = 0.15 95.50 £ 0.56
Table 6. Performance Comparison on Animal Dataset.
Dataset Animal
30% 50% 70%
Method/Rate
ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%) ACC (%) NMI (%) Purity (%)
BSV 42.05+1.20 48.16 £20.44 45.20 £ 0.88 48.63 +1.89 55.91 +0.58 52.26 =1.19 56.22 +1.20 63.99 + 0.38 60.31 £ 0.78
DAIMC 50.18 £2.18 55.03 +£1.03 54.82 +1.57 53.87 £ 1.36 59.36 £ 1.16 59.51 + 1.65 56.42 +1.37 62.76 + 0.46 62.12 +1.04
OMVC 42.51 +0.89 50.77 £ 0.63 47.33 +0.66 43.98 +0.77 53.11 +£0.83 50.42 +0.91 46.39 +1.02 55.38 + 0.46 52.97 +£0.76
OPIMC 46.33 £2.14 52.34 +0.69 49.49 +£1.41 53.14 £1.38 58.51 + 0.46 56.23 +£1.20 53.88 £ 1.26 62.04 £0.26 57.91+0.43
PIC 55.94 +£0.78 62.35 £ 0.46 63.07 £0.44 56.84 +1.55 64.37 £ 0.64 64.75 £1.57 57.67 £1.03 65.82 +0.26 65.42 + 0.38
UEAF 45.73 £12.9 51.61 £12.87 49.10 £ 0.27 51.86 + 6.48 58.43 +£7.53 55.36 + 0.36 58.19 £+ 3.04 64.92 +3.95 63.02 +0.47
HCLS_CGL 58.72 +1.87 63.12 +£0.59 64.21 £1.33 61.74 +0.37 67.88 +0.47 68.52 + 0.56 61.29 +1.10 67.25+0.48 67.98 + 0.54
LSIMVC 56.30 £ 0.53 62.64 +0.30 60.14 £0.43 60.68 + 0.81 66.79 + 0.38 64.92 +0.48 64.83 £1.11 71.21 +0.57 69.17 + 0.54
TCGL 77.19 + 2.04 83.65 + 1.36 82.73 + 0.87 85.40 + 1.82 88.37 + 1.51 91.01 + 0.48 83.56 + 1.17 87.78 + 0.41 89.70 + 0.67

The similarity graph of the consensus graph learned by our method on the Caltech?
dataset under 30% and 50% missing-view rates are presented in Figure 2. As observed
in the left sub-figure, the learned graph exhibits a clear block-diagonal structure, effec-
tively capturing the underlying cluster structure. More importantly, even under a high
missing rate of 50%, the consensus graph maintains a pronounced block-diagonal pattern,
demonstrating the robustness and effectiveness of our approach in handling incomplete

multi-view data.

Figure 2. The consensus graph learned by our method from the Caltech7 with 30% and 50% miss-

ing views.
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Runtime and Complexity Analysis

To further evaluate the efficiency of the proposed TCGL method, we report both
empirical runtime statistics and a theoretical analysis of computational complexity. Table 6
summarizes the total running time and the average per-iteration time on four benchmark
datasets under a 30% missing rate.

Empirical runtime analysis: As shown in Table 7, TCGL achieves competitive efficiency
on small- and medium-scale datasets such as ORL, UCI, and Caltech101-7, with average
iteration times all within a few seconds. On the larger Animal dataset, the computation
becomes more demanding due to the tensor SVD step, which is theoretically the dominant
cost of the algorithm. Nevertheless, TCGL remains practically executable and converges
within a reasonable number of iterations (typically 20-30), making the overall runtime
manageable even for larger data.

Theoretical complexity analysis: According to the decomposition of Algorithm 1, the main
computational costs arise from: (i) the update of S, requiring O(n*logn) due to row-wise
simplex projection; (ii) the closed-form update of each Z(?), with complexity O(12) per view;
(iii) the computation of the c smallest eigenvectors for updating F, with cost O(n%c); and (iv)
the tensor SVD for updating J, with complexity O(V - (11, min(ny, 1)) ), which dominates
the per-iteration computation. By aggregating these components, the overall per-iteration
complexity of TCGL can be expressed as O(V - (n1np min(ny, n2)) + n*log n + n’c).

Algorithm 1 Tensorized Consensus Graph Learning for Incomplete Multi-View Clustering
with Confidence Integration

%4
Require: Multi-view dataset X = {X(Z’) S RdUX”} % trade-off parameters a,f > 0,
o

weight vector w > 0 (initialized as w; = 1/ mir;(nl,nz) and kept fixed), and clus-
ter number c.
1: Initialize @ = J = 0, and set p (o € (1,2]).

k k—1
2: while M > 10~% and k < 30 do
[E6=D]

3: forVvo=1,...,Vdo
Update S(®) by solving the problem in Equation (26).

end for

forVo=1,...,Vdo
Update Z(®) by solving the problem in Equation (14).

end for

Update J by solving the problem in Equation (34).

10  Update Qby Q =Q+p(Z—-J).

11: Update F, which is formed by ¢ eigenvectors of Ly = Ds — % corresponding to
the ¢ smallest eigenvalues.

12: Update the weight «;, by solving the problem in Equation (11).

13: Update p by p = pp.

14: end while

Ensure: The learned consensus graph S and the clustering labels obtained by performing
k-means on the spectral embedding F.

R N N

Discussion: Although tensor operations contribute significantly to the computational cost,
TCGL benefits from fast convergence and maintains competitive runtime compared with
existing tensor-based multi-view clustering methods. The results demonstrate that TCGL
achieves a favorable balance between clustering accuracy and computational efficiency.
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Table 7. Runtime statistics of TCGL on four benchmark datasets.

Dataset Total Time (s) Avg. Iter Time (s)
Caltech101-7 (30% missing) 66.0997 3.1071

UCI (30% missing) 52.6787 2.0615

ORL (30% missing) 5.5199 0.2217
Animal (30% missing) 1576.0215 131.3351

5.3. Parameter Sensitivity Analysis

From the experimental results shown in Figure 3a, it can be observed that the proposed
method is sensitive to the parameter y;, where the best performance is achieved when y = 2
and B = 0.15. This indicates that selecting appropriate parameters for the tensor low-rank
processing module is crucial, and it plays an important role in improving clustering perfor-
mance. By combining the subfigures (a) and (b) in Figure 3, we can observe that the proposed
TCGL model consistently demonstrates superior clustering results across different datasets.

(a) Caltech? (b) UCI

Figure 3. Parameters analysis: The performances in terms of ACC when using different trade-off
parameters y and B on the Caltech7 and UCI datasets, respectively.

5.4. Visualization

As shown in Figure 4, we visualize the t-SNE results on the Caltech7 and UCI datasets.
These visualizations clearly demonstrate that TCGL effectively reveals an underlying
clustering structure.

.-_'d'
o R <
Y ™ S
Gk @
"".fﬁ"'"\i“i.q;:f 1)
"‘(.“.i“ v s
(a) (c)
':.‘! —~
“?(}) }.
i RN N
2 e.r?‘ o A i — i
(d) (e) ®)

Figure 4. t-SNE visualization results at 30% incomplete rate, where the numbers represent different
classes. (a—c) Original features, HCLS_CGL representations, and TCGL representations on the
Caltech? dataset. (d—f) Original features, HCLS_CGL representations, and TCGL representations on
the UCI dataset.
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5.5. Convergence Analysis

As previously mentioned, the complex objective function is decomposed into six
convex subproblems. Minimizing each subproblem leads to a continuous decrease in the
objective value. This implies that during the alternating update process of these variables,
the loss of objective function (5) remains monotonically decreasing. In Figure 5, we present
the variation of the objective function loss with the number of iterations on the Caltech?
and UCI datasets with a missing-view rate of 30%. From the figure, it can be observed
that the objective loss consistently decreases and quickly converges to a stable state, which
confirms the good convergence property of the proposed optimization algorithm.

1200 90 1500 100

1100 - 185

1000 - 180

©
o
S
~
o

1000

@
S
S
=]

Objective function value
ACC(%)

Objective function value
ACC(%)

ACC(%)
ACC(%)

Objective function value
o~
3 3
8 3
@
3

Objective function value

o
S
S

L T n n . . . .
0 10 20 30 40 50 0 10 20 30 40 50
Iteration Iteration

(a) Caltech? (b) UCIT
Figure 5. The objective function value and clustering accuracy versus the number of iterations of
the proposed method on the (a) Caltech? dataset where the missing-view rate is set as 30% and the
(b) UCI dataset where the missing-view rate is set as 10%.

6. Conclusions

In this paper, we propose a Tensorized Consensus Graph Learning with Confidence
Integration (TCGL) method to address challenges in incomplete multi-view clustering,
including inefficient local information utilization, noise sensitivity, and insufficient capture
of higher-order cross-view correlations. By filtering missing samples to preserve valid data
structure, employing tensor nuclear norm sparsification to model multi-view higher-order
relationships, and integrating confidence-based probability matrices for noise robustness,
TCGL enables effective clustering of incomplete multi-view data. Experimental evaluations
across benchmark datasets demonstrate its superiority over state-of-the-art methods in cap-
turing cross-view complementary information and handling data incompleteness. Notably,
on the Caltech? dataset with 30% missing rate, TCGL achieved the most significant im-
provements, outperforming the second-best method by 25.34% in ACC and 39.89% in NML
Future research will explore optimizing TCGL for large-scale scenarios and integrating it
with deep learning for complex non-linear data analysis.

Although TCGL achieves strong results, several directions remain open. The tensor
and spectral operations may become computationally demanding on very large datasets,
motivating more efficient large-scale approximations. The row-sum constraint on Z(?)
may also be less suitable when data neighborhoods are highly irregular. Moreover, our
experiments assume MCAR missingness, while behavior under MNAR settings requires
further study. Extending TCGL toward neural clustering frameworks and learning adap-
tive view-specific weights are also promising directions for improving flexibility and
modeling power.
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