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Abstract

A novel engineering approach for assessing the robustness of fuzzy logic control (FLC)
systems with modified parallel distributed compensation (MPDC) is presented. It ad-
dresses the problem of successful implementation and operation in industrial environ-
ment of designed systems for the control of complex plants with model uncertainty. The
research steps on modified Takagi-Sugeno-Kang (MTSK) plant models MTSKn and
MTSKlow already derived and validated for normal and low plant loads from experi-
mental data for the level of the solution in an industrial carbonisation column for soda ash
production. MPDC with PI linear local controllers are developed based on the MTSKn
plant model, which differ in the parameters that are optimised by genetic algorithms for
fitness functions with and without robustness requirements and different random initial
parameter values. The MTSKn and each of the designed MPDC are represented according
to suggested criteria by a nominal and varied linear plant model and controller, respec-
tively. Then, robust stability and robust performance criteria are derived for the linearised
MPDC-MTSKn systems. The system performance and robustness are investigated in the
frequency domain and from the simulated reference step responses for MTSKn and
MTSKlow, with the results benchmarked against an existing adaptive FLC.

Keywords: level fuzzy logic control; parallel distributed compensation; robust stability;
robust performance; simulations; Takagi-Sugeno-Kang plant model

1. Introduction

In the era of increased competition, the intrinsic nonlinearity, model uncertainty and
disturbances of contemporary industrial plants demand intelligent techniques for model-
ling and control to respond to the control system’s increased performance requirements.
Fuzzy logic controllers (FLCs) become popular in ensuring closed-loop system stability
and good performance by simple nonlinear algorithms and design rules based on expert
knowledge about the control of the plant. The economical use of computational resources
makes them attractive for broad industrial real-time applications via programmable logic
controllers.

The most commonly applied FLCs are the model-free Mamdani and Sugeno PID
FLCs and the parallel distributed compensation (PDC) built on an existing Takagi-
Sugeno—Kang (TSK) plant model. The TSK plant model assumes that the nonlinear plant
operates in a small number N of overlapping zones, where the local plant can be described
by a linear state-space model. The PDC and the TSK plant model have Sugeno fuzzy units
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(FUs) that differ only in the conclusions which contain the linear state-space plant models
in the TSK plant model and the designed on its basis linear state-space controllers in the
PDC. The inputs are the measured variables that determine the current operation point.
Their membership functions (MFs) outline the expert-defined linearisation zones. The
fuzzy inference computes from the premises the degrees pi, i =1 + N of belonging of the
measured inputs to each of the linearisation zones and the degrees of rule activation w;,
which scale the corresponding individual rule conclusion. The FU defuzzified output o is
computed as a weighted average of the conclusions qualified (scaled) by wi of the individ-
ual rules.

In [1], a modified TSK plant model (MTSK) and a modified PDC (MPDC) are sug-
gested, where the premise part of the fuzzy rules is separated from the conclusion part.
The premise part concludes in a Sugeno FU with a specific rule base that maps the N input
MF to N FU outputs 0 = pj. The conclusion part contains the parallel-operating local for
the linearisation zones linear dynamic plant models or controllers, respectively, which can
be described in any form. Most often, the local plant and controller for each zone are con-
veniently and compactly represented by transfer functions of a comprehensible physical
meaning, which are easy for experts to assess. The transfer functions are also the basis of
the widely spread engineering approaches for tuning of linear controllers using the well
mastered linear control theory.

The main approaches for the design of model-free PID FLC are based on empirical
knowledge, linearisation techniques, a linear PID controller, or—complex for engineering
use—stability requirements based on linear matrix inequalities, H~, and Popov and Lya-
punov criteria [2-9]. The basic part of the PDC design concludes in the design of the local
linear control systems accounting for the TSK local plant models and the criteria for sta-
bility, desired performance, and robustness. The global PDC system stability is ensured
using Lyapunov stability methods and linear matrix inequalities [4,10-12] or frequency-
domain approaches [1,13]. The FLC parameters, including the MF and the fuzzy rules, can
be optimised most often by genetic algorithms (GAs) and system simulations [14-17]. The
TSK model needed is first derived by the linearisation of an existing nonlinear plant model
or via GA parameter optimisation of an expert-defined TSK model structure using exper-
imental or simulation data for the plant input and output [1,5,12,15].

The current trend towards vast implementation in industry of fuzzy logic control of
various process variables requires enhancement of the FLC and PDC design with simple
and easy-to-use engineering techniques for assessment of system robustness, which en-
sures the feasibility of the designed system and its stable operation in a noisy and chang-
ing environment. In [1], robust stability and robust performance criteria are derived for
the design of a model-free PID FLC based on the synergism between the criteria for non-
linear system Popov stability and linear system robustness. First, a two-input single-out-
put (2ISO) FLC is transformed into an equivalent single-input single-output (SISO) FLC
using the 2ISO FLC control surface projection. Next, the nonlinear plant is represented by
an expert-defined nominal linear plant model and plant model uncertainty [18]. Then, the
SISO FLC system is turned into Popov’s system, to which the Popov stability criterion is
applied, accounting for plant model uncertainty [18,19]. The suggested robustness ap-
proach is expanded over an adaptive FLC of a PID FLC with an MPDC adaptation of the
FLC gains as a function of the plant output [20]. The adaptation of the FLC gains reduces
the subjectivity in the FLC expert design and responds to the changes in the plant due to
different loads, disturbances, aging, operation modes, etc. Often, the robustness of the
FLC system is tested after its design by simulations without considering the impact of the
industrial environment [21].

A common drawback of the approaches suggested in the literature for the design of
FLC systems is the lack of a simple for use in the engineering practice system robustness
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investigation techniques oriented to real plant and disturbance uncertainties in order to
guarantee successful system operation in industrial environment.

Hence, the aim of the present research is the development of a novel engineering
approach for robustness investigation of an MPDC system illustrated for the control of
the level of the solution in an industrial carbonisation column (CCl) for soda ash produc-
tion. The approach is based on existing MTSK plant models. A novel fitness function with
system robustness requirement is suggested for GA optimisation of the local controllers’
parameters in the MPDC design. Novel criteria for robust stability and robust perfor-
mance for a linearised MPDC-MTSK system are derived. The system linearisation is based
on representation of the MTSK plant model and the MPDC by nominal linear and worst
varied models determined according to suggested criteria from the local linear plant mod-
els and controllers, respectively.

The CCl is the installation where soda crystals are produced as a result of a complex
exothermic and reversible chemical reaction between the ammonia brine solution fed
from the top as inflow, whose level is controlled, and the carbon dioxide gases in a coun-
terflow. Level is a widely distributed variable to be controlled in various industries in
order to ensure material and energy balance. It comprises a nonlinear plant subjected to
disturbances and plant model uncertainty due to changes in load, modes of operation,
operation point, etc. So, FLC appears to be a suitable strategy for its control.

The paper is based on experimental data from the CCl in Solvay Sodi in the town of
Devnya, Bulgaria, MATLAB™ (2008b)-Simulink and its toolboxes for fuzzy logic and ge-
netic algorithms [22,23].

The novelty of the present research lies in the approach developed for studying the
fitness of a designed MPDC control system for industrial implementation and operation
in industrial environment through investigation and improvement of its robustness. The
approach is illustrated for the control of an industrial plant, here the solution level in an
industrial CCl, which provides necessary realistic data about the plant behaviour. Novel
robust stability and robust performance conditions are derived in the frequency domain
for the MPDC system. On their basis, the system robustness is investigated and various
techniques for its improvement are suggested, such as restarting GA optimisation from
different randomly generated initial parameter values in the parameter ranges, which
results in different optimal parameters, and a novel robustness-bound fitness function.

The rest of the paper is organised as follows. Section 2 presents the investigation
background related to the existing research on linear and adaptive FLC (AFLC) system
robustness. Different MPDC are designed in Section 3. The parameters of the MPDC linear
PI'local controllers are GA-optimised based on a derived MTSK plant model using differ-
ent initial parameter values and fitness functions. Robust stability and robust performance
conditions of an MPDC system are derived in Section 4, representing the MTSK plant
model and the MPDC by suggested nominal models and model uncertainty. The robust-
ness and performance of the designed MPDC systems are investigated via simulations
and compared with an AFLC system in Section 5. Section 6 includes the conclusion and a
vision for future research.

2. Investigation Background

The present investigation on MPDC system robustness is based on Morari—Zafiriou
robust stability and robust performance criteria for a linear system that are simple for
engineering applications [18]. The plant is assumed to be represented by a family of plant
models F = {Po(s), I(s)}, defined by expert-assessed nominal plant model P°(s) and multi-
plicative model uncertainty [(s) = AP(s)/P°(s), AP(s) = P(s) — P°(s), where P(s) is the varied
plant model with the worst impact on the closed-loop system stability. The robust stability
criterion requires that the Nyquist plot of the open-loop system, consisting of a linear
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controller C(s) and a nominal plant model P°(s), together with the overlaid uncertainty
disks for each frequency wi from the range D. of the significant for the system frequencies,
fulfil the Nyquist stability criterion; i.e., the Nyquist plot with the disks is located below
and on the right of the Nyquist critical stability point (-1, jO), as illustrated in Figure 1. The
uncertainty disk radius r is a function of I(jw) and P°(jw). It is computed as the difference
between the magnitudes of two vectors:

ri = | P(ji).C(jawi) | = | Po(jawi).C(jcwi) | = | AP(jeoi) .1 C(jevi) | = (jeoi).Po(jewi).C(jecvi) | (1)

The robust stability condition is satisfied if the magnitude of the vector 11 +
Po(jw).C(jw) | in Figure 1 is greater than 7, 11 + P°C| > [L.P°C| for Vwe D, where (jw) is
omitted to simplify the expression.

Nyquist
point /  Im(o)
| \

4

L

W,

i o>w)>r

WaL (jo) = P° (jo)Cljo)

Figure 1. Nyquist plot for plant model’s family.

Dividing both sides by 11 + P°Cl, the final robust stability criterion takes the follow-
ing form:

| Do(jw).I(jew) | <1 for Vwe Do, 2)

where @°(jw) is the frequency response of the closed-loop system with nominal plant
model, computed from the closed-loop system transfer function ®°(s) = Po(s).C(s).[1 +
Po(s).C(s)] for s = jw.

The robust performance criterion is derived as a bounded H--norm of the error e for
all significant frequencies w and plant models from the family Fmax sgple(jco)l <

1,VoweD, . It is modified to

lyansupls(jm).Wf(jm)l < 1,VoeD,. ©)

The substitution applied is based on e(s) = —5(s)d(s), where S(s) = [1 + P(s).C(s)] is the
closed-loop system sensitivity function and d(s) = Wi(s).1(s) is the disturbance applied at
the plant output. The variety of disturbances is described by the shaping filter Wi(s) and
its model uncertainty. For most industrial systems, | We(jw)|€[0.3 +0.9] [18].

Considering the relationship between the sides in a triangle in Figure 1 |1+ PCl 2 |1
+ PoC| = |I.P°Cl, their reciprocals (11 + PCl)' < (11 + P°C| - |I.P°Cl) and the division by
I1 + PoClof both the numerator and the denominator of the right-hand expression, it is
obtained that | S| < 1501 (1 - |®v.[1)1. The upper bound is a function of P° and ! and replaces
IS| in (3). Thus, a harder robust performance condition is obtained, |S°(jw). We(jw)! (1 -
| Do(jw).I(jw) )1 <1, or

| So(je). Wi(jw) | + 1De(jw).l(jw) | <1, Vwe De. 4)
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The robust performance criterion (4) contains the robust stability criterion (2), and
therefore it is stronger. There is a relationship between the frequency response magni-
tudes of the sensitivity function |S(jw)| and the closed-loop system |®°(jw)|. They com-
plement each other to 1, | 5°(jw) | + |De(jw) | =1, Po(s).C(s).[1 + Po(s).C(s)]* + [1 + Po(s).C(s)]™
= 1. Thus, the decreased sensitivity to disturbances causes a corresponding deterioration
of the nominal system performance. A way out is a reasonable trade-off between robust-
ness and nominal system performance.

In [20], robust stability and robust performance criteria are derived for a suggested
adaptive PID 2ISO FLC (AFLC) system using the example of level control by modification
of the Morari-Zafiriou approach. The AFLC consists of a 2ISO PD FLC with a linear inte-
grator of the system error in parallel and an adaptation mechanism based on the MPDC
principle. The MPDC is composed of a Sugeno model and local gains Ksj and Kj of the PD
FLC post-processing and of the integrator, respectively. The Sugeno model has the current
measured level H for input and orthogonal MF i, Zy; = 1, which define the linearisation
zones that, for the level control, are three, j =1 + 3. A specific rule base ensures mapping
of the MF at the outputs oj = j, which scale the local for each j-th linearisation zone GA-
optimised gains Ksj and Kj. The final gains are computed as weighted average of the local
gains Ka = Z.Kaj, Ki = 2. Kij and change with the level since pj(H).

In order to study the AFLC system robustness, the system nonlinear components are
linearised. The MPDC of the Sugeno model and the local gains is represented by the fam-
ilies Fxa = {Ka°, AKa} and Fxi = {Ki°, AKi}. The local gains for linearisation zone “Norm” are
commonly accepted for nominal gains Ka° and Kic. The additive uncertainties AKa = Ka -
Ka0 and AKi = Ki — Ki° with the varied gains Ka and Ki cover the range of gains adaptation.
The complex nonlinear plant is also described by the family Fr = {P°(s), AP(s)}, where ex-
perts assess the nominal plant model P°(s) for the most often used operation point and the
worst varied plant model P(s) for the heaviest operation conditions.

Then, the nonlinear function or.c = ‘P(e, de) that describes the 2ISO FU with output
or.c and inputs the system error e and its derivative de = é is linearised: ¥(e, de) = Kie +
Kode. Considering that de is computed by a differentiator of the system error with transfer
function Wa(s), de(s) = Wa(s).e(s), and accepting the maximal gain Ki = K2 = K = max, the
transfer function of the linearised 2ISO PD FLC becomes Wrp(s) = K.Ka.[1 + Wa(s)]. In [20],
the suggested approach for 2ISO PD FLC linearisation includes a 2ISO FU approximation
by an equivalent SISO FU with the signed distance ds = ¢ + Aé as an input, normalised by
the help of Kus in the range [-1, 1] [24]. Then, the sector-bounded control curve of the SISO
FU is linearised by the upper sector line with gain K. Accounting for the linearised SISO
FU and the pre- and post-processing, the SISO PD FLC transfer function becomes Wep(s)
=~ K.Kas. Ka.[1 + Wa(s)].

As a result, the robust stability and robust performance criteria for the linearised
SISO equivalent of the 2ISO PID AFLC system can be expressed as (2) and (4) but for
different linearised controller and multiplicative uncertainty, which modify all frequency
responses in (2) and (3). The linearised controller contains the adaptation gains. Its transfer
function for nominal gains is Cjj,(s) = K. Kys. K2[1 + Wy(s)] + K /s and for varied gains
Ciin(s) = K. Kgs. (KQ + AK,)[1 + Wy(s)] + (K + AK;)/s. The modified multiplicative un-
certainty is I(s) = [Cjj (S)P(s) — C3,(5). P°(5)]/[C,(s). P°(s)]. It corresponds to the same
uncertainty disks overlaid for different frequencies over the nominal Nyquist plot in Fig-
ure 1, which now are determined not only by changes in the plant model but also by
changes in the controller. The new frequency responses in (2) and (4) are computed for s
= jw from the corresponding transfer functions for the modified uncertainty I(s), the sys-
tem sensitivity function S°(s) =[1+ C,(s).P°(s)]™* and the closed-loop system
DO(s) = Cn (). PO(s). [1 + 5, (s). P°(s)]™t . The superscript ‘0" denotes nominal plant
model and adaptation gains and the subscript ‘lin” a linearised controller.
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The satisfaction of the robust stability and robust performance conditions for the lin-
earised SISO FU, the family of plant models that represents the nonlinear plant, and the
families that describe the PDC adaptation of the FLC parameters in the expected ranges
ensures stability of the initial 2ISO AFLC. The modified robustness criteria (2) and (4) can
also be applied in case of adaptation of only one of the gains by accepting zero additive
uncertainty for the other gain as well as for AFLC with an SISO FU or various structures
and adaptation principles.

The modified criteria (2) and (4) are used to study the robustness of a designed AFLC
system for a nominal plant model for the control of the level in an industrial CCl in [16]
with adaptation of Ka and Ki. This system is further used in the paper as a benchmark.

3. MPDC System Design and GA Parameter Optimisation

The GA optimisation applied to plant TSK modelling and design of different control-
lers is based on an algorithm similar to that explained in [25] for tuning of a PI PDC. The
main differences are in the experimental data, the simulation model of the closed-loop
system with the plant TSK model and the controller, the plan of the simulation experi-
ments, the optimising parameters and their ranges and the fitness function and the extra
criterion accepted.

The AFLC has a complex structure that includes two FUs of the 2ISO PD FLC and of
the SISO MPDC Sugeno model and an integrator of e in parallel to the PD FLC. Moreover,
the computation of the input de of the 2ISO FU is approximate and noise-sensitive, usually
using a differentiator of e. The PID AFLC tuning parameters are the MPDC local gains Ka;
and Kj which are GA-optimised. The accepted fitness function of the mean squared error
(MSE) and the relative control variance is computed from simulations of the closed-loop
system with a derived MTSK plant model. The PID AFLC is nonlinear due on the one
hand to the 2ISO FU of the PD FLC and the MPDC adaptation of Ka depending on the
level. On the other hand, the MPDC adaptation of Ki turns the linear integrator in parallel
to the PD FLC into a nonlinear function of the level [20].

In the present research designing a simpler PI MPDC controller using the same
Sugeno model from the AFLC MPDC adaptation is suggested [20] to softly blend the con-
trol actions of the local PI controllers operating in parallel, Cj(s) = Ky + Kij/s. Thus, the
MPDC with fixed GA-optimised parameters (K Kj) of the local controllers produces a
control action that is a nonlinear function of the level. Two fitness functions are em-
ployed —the one from the PID AFLC design and its modification by adding to it an extra
requirement for improving system robustness.

The block diagram of the system with the suggested PI MPDC for N linearisation
zones, N = 3 for the control of the level in the CCl, is presented in Figure 2. The MPDC
design steps on two MTSK plant models previously derived and validated in [26] using
expert knowledge and GA parameter optimisation with experimental data collected dur-
ing the regular operation of the CCl under two different loads. The MTSK models have
identical structures, presented in Figure 2, but different parameters of the local plant trans-
fer functions Pi(s) = K;[(T;s + 1). (Tys +1)]7, j=1+ N, as shown in Table 1.
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Figure 2. Block diagram of control system MPDC based on MTSK plant model which replaces the

plant in simulation.

Table 1. Local plant models’ parameters.

Zones Parameters

T =164 s, y(0) = 29%

Low Load

Normal Load
Ts=150 s, y(0) = 33%

Nominal local plant

K1 0.31 Ke=0.11
T, s 24 73

1. Low
11, S 24 ™=73
Tzni, s; (t1/Tznn) 164; 0.15 Te =150; 0.49
FP1 = Ki.ti/Tzz1 0.047 0.054 = min
K2 0.75 0.28
Ty s 219 350

2. Norm T, S 164 150
Tzne, s; (T2/ Tzn2) 219;0.75 350; 0.43
FP2 = Ko.t2/Tzne2 0.56 0.12

Varied local plant
Ks 1 K=0.51
. Ts, s 481 98

3. High s 164 T=98
Tzns, s; (t3/Tzns) 481; 0.34 T =150; 0.65
FP3 = Ks.t3/Tzns 0.34 0.33 = max
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The Sugeno model of the MTSK plant models is employed in the AFLC MPDC ad-
aptation mechanism and in the suggested MPDC to assess the location of the current op-
eration point in regard to the linearisation zones defined by the MF. The orthogonal MFs
for level Low, Norm and High, MF =[0 0 35 50; 35 50 65; 50, 65 100 100], are expert-defined
for three linearisation zones around the most often used references 40%, 50% and 60% for
the control of the level in the CCl. Its input is the plant output, i.e., the level y = H of the
solution in the CCl, which measured value Hk at time #« determines the current operation
point. Specific fuzzy rules with singletons 1 and 0 in the conclusions ensure that the three
outputs map the MF oi = pi: IF y is Low THEN 01 =1, 02=0, 03 = 0; IF y is Norm THEN o1 =
0,02=1,03=0; IFy is High THEN 01=0, 02=0, 03=1.

The simulated step responses of the two MTSK models in Figure 3 add new
knowledge about the plant. The great difference between them is a measure for the con-
siderable industrial plant model uncertainty provoked by the load changes. Besides, the
plant nonlinear character is revealed; i.e., equal plant input step changes du = 5% cause
different plant responses in the different operation points and hence different parameters
(K T ) of the Ziegler-Nichols (ZN) models, assessed from them via graphical approxima-
tion. The MTSK plant model for low load (MTSKlow) is accepted as varied and for normal
load (MTSKn) as nominal. The two models are further used in the simulation-based GA
optimisation of the MPDC parameters and in the study of the system robustness.

90

enmnnnme suspmmmpsEnEE=S

K1, Tzn1, tau 4

Figure 3. Simulated step responses of the MTSK plant models and the MFs distribution.

The parameters of the local PI controllers (Kyj Kjj) are computed for three runs of GA
optimisation for each of the two accepted fitness functions:

F = MSE + 0.D(U/Hr)/Dp (5)
= o __
Frob=F + max lex — exl. (6)

Each new run starts from different randomly generated initial values of the parame-
ters in the ranges around their empirically tuned values and leads to different optimised
values of the parameters. The fitness function (5) is used in the parameter optimisation of
the AFLC. It integrates the mean squared error for a sample of M values MSE = Y}, eZ/M
and the relative control variance D(U/H:) with respect to the reference for the level H: per
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Appl. Sci. 2026, 16, 1805

9 of 18

unit variance Dr of the main disturbance —the pressure P in the solution supply pipe rec-
orded during the real-time operation of the industrial CCl. The minimisation of MSE in-
creases the system dynamic accuracy. The minimisation of D(U/H:)/Dr smooths the con-
trol action, thus reducing the wearing of the final control elements. The scaling factor 0 =
1.5 is empirically tuned to balance the contribution of the two components to the criteria.
The newly suggested fitness function (6) modifies (5) by including an extra term as a meas-
ure for system robustness, the maximal at some time instant fx absolute difference max|e°
—-el = max leg — ex| between the errors e° and e of the systems with nominal and varied

MTSK plant model and MPDC controller. System simulations with the MTSKn plant
model enable the computation of F. The computation of max|e° - el from Fob also requires
simulations of the system with the varied MTSKlow plant model. The GA optimisation in
each case ends with reaching MSE < 10.5 and max|e° — el < 9.5 estimated from system
responses to changes of H: = 50-60-50-40-50, % with step AH: =10, %.

The GA-optimised parameters of the local PI controllers from various initial values
for each of the two fitness functions are systemised in Table 2. The accepted end conditions
ensure reaching close optimal values of the performance and robustness indicators Frob,
MSE, F and max|e° - el for different optimised parameters. The GA optimisation based
on (6) decreases the optimal value for maxle° — el. According to Table 2, the PDC1 and
PDClr systems have the worst performance indicators. Despite the close optimal values
for F and Frob and their components, the different optimal MPDC parameters are expected
to have a different impact on system robustness. Moreover, the MPDC parameters are
optimised for the specific system input and cannot ensure system stability and good per-
formance for different reference changes and industrial disturbances.

Table 2. Local PI controllers’ parameters.

Criterion Variants of Ky, Tin Ky, T2 Kps, Tis Nominal (Kp, Ti)° Fus. MSE
(Fitness ~ MPDC PI Kpt/Ta Kp2/Ti2 Kp3/Tss and Varied (Kp, T) oy AT
. ] F, maxle° - el
Function) Parameters Low Norm High Parameters
2.6, 560 3.8, 660 0.8, 676 (0.8, 676)°
1 (PDC1 25.8,10.5,16.8, 9
( ) 0.0047 0.0058 =max:  0.0012 = mini (3.8, 660) § §
. 3.09, 355 6.18, 750 0.92, 641 (0.92, 641)°
F= 2 (PDC2 24.7,8.6,15.5,9.2
un (PDC2) 0087 =max: 00082  0.0014 = min: (3.09, 355) /86,1559
3.68, 541 54,917 0.87, 806 (0.87, 806)°
3 (PDC3 24.6,8.6,15.2,9.4
( ) 0.0068 = maxs 0.0059 0.0011 = mins (3.68, 541)
6, 396 4.3,454 4.1, 644 (4.1, 644)°
1 (PDC1 26,10.5,17.9, 8.1
(PDCL) 015 = maxee  0.0095 0.009 = minu: (6, 396) 6,105,175, 8
. 4.83,462 5,373 3.38, 766 (3.38, 766)°
Foo=min = 2(PDC20) 0105 = maxer 00134 0.0044 = mina (4.83, 462) 23.6,88,157,7.8
5.1, 474 5,435 3.4, 693 (34, 693)°
PD 23.78, 8.8, 15.8,
3 (PDC3n) 0.0108 = maxsr 0.0115 0.0049 = minsr (5.1,474) 3.78,8.8,158,8

4. MPDC System Robust Stability and Robust Performance

In order to study the MPDC system robustness, robust stability and robust perfor-
mance criteria are derived based on a linearisation technique similar to that suggested in
[20]. For that purpose, the nonlinear plant is represented by a family of linear models Fr =
{Po(s), Ir(s)}, determined by a nominal plant model P°(s) and the worst multiplicative plant
model uncertainty Ip(s) = AP(s)/P(s), AP(s) = P(s) — Po(s), where P(s) is the varied plant
model.

Here, it is suggested that the nominal and varied linear plant models are determined
from the MTSKn local ZN plant models. A criterion FP is accepted to measure which local
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plant model has the smallest and which has the worst impact on the closed-loop system
stability. For local ZN plant models, it can be accepted that FP = K.t/T, which reflects that
a great gain K and/or a time delay t and/or a small time constant T of a ZN plant model,
each separately and in combination, constitute a great threat to the system stability. There-
fore, the MTSKn local ZN plant model with the smallest value minjFP;j of the criterion is
accepted for a nominal linear plant model. The worst varied plant model is determined
from all other MTSKn local plant models with the greatest value max;FP; of the criterion.

In the same manner, the nonlinear MPDC with local linear controllers is represented
by a family of linear controllers Fc = {Ce(s), Ic(s)}. The nominal Ce(s) is a local controller
with parameters that ensure the smallest threat to system stability according to a sug-
gested criterion FC;. In case of PI local controllers, it can be accepted FC = Kp.Ki, Ki = 1/T:.
The criterion reflects that the high controller’s proportional and integrating gains Kp and
Ki, each and both, have the worst impact on the closed-loop system stability. The worst
varied controller C(s) is selected from the other local controllers for which FCj = max;. The
worst multiplicative controller uncertainty lc(s) is computed from lc(s) = AC(s)/Ce(s), AC(s)
= C(s) = Co(s).

The MPDC system robust stability is derived from Figure 1, applying the approaches
suggested in [18,20]. The radius of the uncertainty disks around each point of the nominal
Nyquist plot Po(jw).Co(jw) for a given frequency depends on the variations both of the
plant model and the controller:

ri = | P(jao).Cjeo) | = | Po(jeon).Cojeon) | = 1[Pe(jcoi) + AP(jeoi)].[Co(jeoi) + AC(cn)]| = | Po(jcor).Co(jeon) | . )

After opening of the brackets, the radius becomes r = |Po.Cel + |AP.Co + Po.AC +
AP.ACI = | Po.Cel, where (jw) is omitted for convenience of writing. Considering that AP
=[p.Po, AC = Ic.Co, r is obtained:

r=IIlp.Po.Co+ [c.Po.Co + [p.Ic.Po.Col = | Po.Co.(Ip + Ic + Ip.Ic) | = | Po.Colxl, Ix = Ip + Ic + Ip.lc, (8)

where [x is the multiplicative uncertainty due to variations in both the plant model and
the controller.

The robust stability criterion requires |1 + Po.C| > r for Vwe D,,,. Dividing both sides
by 11+ Pe.Cel yields

| Po(jw).Ix(jw) | <1, VweD,, 9)

The robust performance criterion is derived based on its general definition (3) from
the relationship among the sides of a triangle in Figure 1. 11+ PC| 2 |1 + P°Ce| - r. Con-
sidering the reciprocal expressions (|1 + PC|)™* < (|1 + P°C°| —r)~! and dividing both
the numerator and the denominator in the right-hand expression by |1 + P°C°], it is ob-
tained |S|<(|1+ P°C°])L. (J1 — @°lz)™* or |SI<|SO]. (|11 — @°lg|)~*. Then the sensitivity
function |S| in (3) is substituted by the greater |S°|.(|1 — ®°l3|)~? to yield the stronger
condition for robust performance [S°Wi|. (|1 — ®°ls|)~! < 1 or finally:

[SC(G)Wr(jw)| + |°(jw)ly(jo)| < 1, VoeD, . (10)

The robust stability and robust performance criteria for an MPDC system (9) and (10),
respectively, differ from (2) and (4) for a linear system with plant model uncertainty in
multiplicative uncertainty. They hold for an MPDC system with defined nominal and var-
ied plant models and controllers from the available MTSK local plant models and the
MPDC local controllers, respectively. The robust stability (9) and robust performance (10)
conditions can also be applied to any other control system where both the plant and the
controller are subjected to bounded changes. The satisfaction of (9) and (10) ensures that
the closed-loop system, designed via GA optimisation of the parameters of the local con-
trollers, maintains stability and desired performance even in the worst transition through
the different linearisation zones. The fulfilment of (9) and (10) can be ensured by new GA-
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optimised parameters of the MTSK local plant models and MPDC local controllers, which
determine different nominal and varied plant models and controllers. Each new GA opti-
misation starts with random initial parameter values and reaches the same end condition
for different optimised parameter.

The study of the robustness based on (9) and (10) is illustrated for the MPDC system
for the control of the level of the solution in a CCl. The local plant models Pj(s) of the
derived MTSK plant models from Figure 2 with parameters in Table 1 are approximated
for convenience by ZN models Pyy;(s) = K]-e‘”"S (Tznjs + 1)~ with parameters (K; Tznj 1),
presented in Table 1. The time delay tj = min(Tj, T+) and the time constant Tznj = max(Tj,
T4), 1j < Tznj are determined considering the approximation of the pure time delay by the
linear terms of the Taylor’s series expansion e~™ » (t.s + 1)~1. The selection of ZN mod-
els is based on their wide engineering use for describing most of the industrial processes
by a small number of parameters with clear physical meaning, which facilitates the for-
mulation of criteria for determination of the nominal and varied plant models from the
MTSK local plant models.

The accepted criterion that measures the local plant model impact on the system sta-
bility is FPj = K;.tj/Tznj. The impact is the worst for the greatest value for FPj. From Table
1, the nominal linear plant model with the smallest FPj, minjFP;j, is P°(s) = Pzni(s), where
Pzni(s) is the ZN local plant model of MTSKn in linearisation zone “‘Low’ (j = 1). The worst
varied linear plant model P(s) is the local ZN plant model of MTSKn in zone ‘High” P(s) =
Pzns(s) with parameters Ko = Ks, Te = Tzns, t = 13 with maximal FPj, max;FPj, as seen in
Table 1. Thus, the family Fr = {P(s), Ip(s)} of linear models that represents the nonlinear
plant is determined. The step responses of the nominal and varied linear plant models,
shown in dotted line in Figure 3, enclose the step responses of the MTSKn plant model.

The nonlinear MPDC with local linear PI controllers Ci(s) = Kyj(1 + Ki/s), Kij = 1/Ty is
represented by the family Fc = {C°(s), Ic(s)}. The local PI controller that satisfies the ac-
cepted criterion FCj = min,; is selected as nominal C(s) = Kop(1 + K°i/s), Kei = 1/T°i. The worst
varied controller C(s) = Kp(1 + Ki/s), Ki=1/T;, is determined from the local controllers of the
other zones according to the accepted criterion FCj = max;. The selected nominal and var-
ied controllers differ for the different optimal parameters of the local PI controllers. The
parameters (K, T°) of the nominal PI controller C°(s) and (Kp, Ti) of the worst varied PI
controller C(s) for all six cases of GA optimisation from three initial values for the tuning
parameters for each of the two fitness functions used are presented in Table 2. Different
nominal and varied controllers define different worst multiplicative controller uncertainty
Ic(s) and family linear models Fc.

5. Investigation of MPDC System Robustness and Analysis of Results

The investigation of the MPDC system aims to identify the impact of various factors
on system robustness and performance to help achieve an optimal balance between the
two. System robustness is evaluated by the robust stability (9) and robust performance
(10) criteria in the frequency domain and by the deviation of the performance indicators
of the system assessed from the simulated step responses with the varied MTSKlow plant
model from those of the system with the MTSKn plant model in the time domain.

In Figure 4 are presented the robust stability via dotted lines and robust performance
via solid line curves of the MPDC systems with local PI controllers PDC1 + PDC3 and
PDCl1r + PDC3r from Table 2, computed from the left-hand side of (9) and (10) for we De.
Each curve in solid and dotted lines is labelled in the colour of the curve. The significant
frequencies for all systems belong to the estimated range D,~{(1072 + 1)]w,, where wo =
2m/T° is the plant natural frequency. The robustness criteria for each system are satisfied
for we Darob, DwrobCDw, where the corresponding curves are below the border line 1(w).
The derived robust stability and robust performance curves for AFLC in [20] are also
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added to Figure 4 for comparison. They are computed for the GA-optimised in [16] MPDC
local adaptation gains Kaj = [51 32 89] and Kj = [1/34 1/374 1/179] that minimise F from (5)
and the accepted nominal and varied gains. The nominal and varied linear plant models
are the suggested here from the MTSKn local ZN plant model.

2 S Pt ety Bl [l it 2F —w gy~~~ T [ttt T [

Robust performance
|

| |
Robust performa‘nce
A\

|
1(w) border line

| !-w“.,,',,,',‘l-‘@ s
. L | | L R R R I |
LTI pussajspnnnnn Frannangad FOFrrrrYrimy TPy | Robust S#ablhty ' wo=0.04 !
o - - - - - Robust'stapility’~ - —  “wo0=0.042y — - — -~ — -~~~ ) S o [ - Wo=0.04 £ b ——— ]
o] 0.01 0.02 0.03 0.04 0.05 0.06 O 0.01 0.02 0.03 0.04 0.05 0.06
Frequency, rad/s Frequency, rad/s

Figure 4. Robust stability and robust performance curves of investigated MPDC and AFLC systems.

The magnitudes of the MPDC multiplicative system uncertainties |/xz(jw)| in solid
lines and the magnitude frequency responses of the nominal linear closed-loop systems
| Po(je) | in dotted lines are presented in Figure 5, labelled in the colours of the curves. The
different optimised parameters of the local PI controllers for each run of the GA optimi-
sation and the suggested criteria for selection of the nominal and varied controllers on
their basis result in different |Iz(jow) | and |®e(jw) | curves for the PDC1 + PDC3 and PDClr
+ PDC3r systems, shown in Figure 5. The |/x(jw) | curves of the PDC1 + PDC3 systems are
with 2.5 greater magnitudes than of the curves of the PDC1r + PDC3r systems. The |Ix(jw) |
curves of PDClr + PDC3r systems are close to each other since the nominal plant models
and controllers are closed to their varied counterparts. The satisfaction of the robust sta-
bility criterion (9) for great values of |/z(jw)| requires small values of |®°(jw)!.

\
2514~ ~ 0.1Magnitude of ultiplicative ~ ~ ~ ~ ~
a u/r{cer;ainty |

"y . N
: ‘ ‘ 02| PDC2r ™ tee, L Y A IR
s, 5% of closed lobp system magnitude P¢C3.;"':::L'--. Magnitude closed I
R LTI ™ frequehcy responseforw=0 | o4 __________ __ Sesaesiiidloop frequency response
IR WALLLITTY ol | "' [6% of closéd loop system i ) et rrrrnn - A
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- any
| magnitude frequency response | Wo=0-042% — — — — — jrennaeny | | | wo=0.042 | wc=0.06,|
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wc=0.01 Frequency, rad/s Frequency, rad/s

Figure 5. Magnitudes of multiplicative uncertainties and magnitude frequency responses of closed-
loop AFLC and MPDC.

The magnitude frequency responses of the nominal closed-loop systems in Figure 5
enable the assessment of the nominal linear system cutting frequencies w. for which
|®e(jwe) | becomes small enough to practically filter the input signals with frequencies
greater than w.. Here, it is accepted that | ®°(jcoc) | < 5%.1De(j0) |, where |®e(j0)| =1 corre-
sponds to y(e) = yr(e), i.e., steady state in the time domain. The first frequency w1 for
which the robustness criteria are satisfied in Figure 4 and the cutting frequencies w. from
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the magnitude frequency responses of the nominal closed-loop linear systems in Figure 5
define the range Durob = [w1, W], we > w1, in which the robustness criteria are practically
fulfilled. The small values of |®°(jw)| for great values of |/x(jw)| determine a low cutting
frequency w.. A great range Durob determines high system robustness to input signals and
plant parameter changes of varying magnitude and frequency.

The investigation results presented in Figures 4 and 5 answer the questions regarding
how system robustness can be improved by different initial values for GA optimisation
parameters and by introduction of a robustness-related term in the fitness function. The
second factor has a greater impact on the system robustness through the significant
change in the range w. — w:.

The simulated MPDC systems’ reference step responses of level and control action
are displayed in Figures 6 and 7. The references are the most often used for the level in
the CCl and change in the sequence Hr=50-60-50-40-50, % to enable assessing the nonlin-
ear system performance in different operating points, i.e., linearisation zones where the
local plant models and controllers are different. The fulfilment of the robustness criteria
(9) and (10) ensures close system performance indicators in the different zones, i.e., system
robustness in the transition from one to another linearisation zone. The first transient re-
sponse for fixed Hr= 50, %is for establishing equilibrium initial conditions. In Figure 8, the
step responses of level and control action of the PDC3 and PDCr3 systems selected as the
best are compared with those of the AFLC system. All step responses are simulated for
systems with nominal and varied MTSKlow plant models derived for low CCl load. Thus,
the system robustness to changes in the characteristics of the nonlinear plant in each zone
can be assessed. Figures 6-8 show the importance of the inclusion of a robustness term in
the fitness function in the GA optimisation of the MPDC parameters since it improves
system robustness at the expense of a nominal system with decreased dynamic accuracy
and increased control action span. This inclusion increases the range w. — w1, assessed
from the robustness curves, thus relating the frequency-domain and time-domain
measures for system robustness. The frequency-domain robustness criteria are more gen-
eral as they show the frequency range of input signals for which robustness is ensured.

70 T T T T T 70
H,% q‘.: d?tted line - f‘br varied pl‘hnt (low Ioa‘H) H,%

dotte‘f:l line - for vq‘ried plant (Iq‘w load)

65
60| 2
55 :
& 50
45

40

35
0

1000 2000 3000 4000 5000

Figure 6. Reference step responses of level of MPDC systems designed for F = min (left) and Frob =
min (right).
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Figure 7. Reference step responses of control action of MPDC systems designed for F = min (left)

and Frob = min (right).

Figure 8. Reference step responses of level (left) and control action (right) of MPDC systems PDC3,
PDCr3 and AFLC.

The relationship between the performance and the robustness of the systems de-
signed for various fitness functions and initial values in the GA parameter optimisation is
estimated with respect to the following measures for performance and robustness of
MPDC closed-loop systems:

- the mean overshoot from all step responses g°mean, 0° = [(yr — y)/Ay:].100, %, and the
range of settling time #°, s as measures for the system dynamic accuracy;

- the mean span of the control action from all step responses Usmean = | U°max = Umin | mean
as a measure for control smoothness;

- the width of the frequency range Durob = [W1, 0c], assessed by the difference we - w1,
where w1 is the first frequency w1 for which (9) is satisfied and the first frequency wr
for which (10) is satisfied;

- the absolute difference between the mean overshoots AOmean = | G°mean — Omean |, %, and
settling times Afsmax = | f%max — tsmax|, s of the systems with nominal and varied MTSK
plant models;

- the maximal absolute difference from all step responses between the plant output of
the systems with nominal y° and varied y MTSK plant models Aymax = 110 = ¢/ | max;

- the absolute difference between the mean spans of the control action AlUsmean = | Usmean
= Usmean |, % of the systems with nominal and varied MTSK plant models.

The indicators for systems’ dynamic accuracy, control smoothness and robustness
are assessed from the corresponding graphs in Figures 4, 6-8 and systemised in Table 3,
where the best values are in bold and the worst are highlighted in grey. The negative
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width of Darob shows that no robustness criteria are fulfilled in the frequency range that is
significant for the system before the cutting frequency.

Table 3. MPDC and AFL system performance and robustness indicators.

Performance PDC1 PDC2 PDC3 PDClr PDC2r PDC3r
and Robust- System System System System System System
ness Indicators y y y y y y
O°mean, % 11 17 13 40 30 30

o, 5 1500 — 1500 800 +2000 1000+2000 900+1900  1000+3000 1000 +2500 1000 + 2500
Uosmean, % 33 48 43 48 47 47
(we = @) (0.001) (0.006) (0.002) (0.04) (0.038) (0.037)
(e — 1) (-0.013) (-0.01) (~0.007) (0.026) (0.028) (0.028)
AGmean, % 46 38 30 7 10 7
Atsmas, S oo oo 00 1000 1000 1000
Aymax, % 8 9 8.5 7 5 5
AUstnean, % 2 7 6 2 2 2
“+/'~ (sum) +4/-4 (0)  +0/-4(-4)  +2/-2(0) +4/-3 (+1) +4/0 (+4) +5/0 (+5)

oo —does not settle within 1500 s.

The analysis of the graphs leads to the following conclusions:

The impact of the changes in the plant due to the different load on the system perfor-
mance, assessed by A0mean, Atsmax, AYymax and Alsmean, is reduced when the frequency range
Durob, for which the robustness criteria are satisfied covers a greater part of the range Do
of significant frequencies for the MPDC system. The degree of overlapping of Derob and
Do is measured by w. — w1 as it depends on the frequency w1, when the robustness criteria
are first satisfied, and the MPDC system cutting frequency, estimated from the cutting
frequency w. of the nominal linear closed-loop system.

The PDCl1r + PDC3r systems, designed for Frob = min, show the following advantages
and drawbacks over the PDC1 + PDC3 systems, designed for F = min:

- awider frequency range with satisfied robustness criteria;

- better robustness expressed in smaller Aomean, Atsmax, Aymax and AlUsmean, assessed from
the step responses for nominal and varied MTSK plant models;

- worse performance of the systems with an MTSKn plant model, expressed in higher
O°mean, % and UPsmean;

- close step responses both for nominal and varied MTSK plant models, i.e., insensitive
to different initial parameter values in the GA optimisation;

- an insignificant change with load of the system step responses simulated with the
varied MTSKlow plant model from the nominal step responses with an MTSKn plant
model;

- close control actions for nominal and varied MTSKlow plant models;
- identical greater mean control spans Ucsmean and identical smaller changes AUsmean,
i.e,, insensitive to different initial parameter values in the GA optimisation.

The PDC1-PDC3 systems and the AFLC system have a narrow frequency range Durob
with respect to robust stability and negative range Drurob with respect to robust perfor-
mance. So, the robust performance criterion (10) is not fulfilled in the frequency range that
is significant for the system, i.e., w1 > w.. This is provoked by the high system sensitivity
[Se(jew) | to disturbances and changes in the plant characteristics in (10), which determines
small values of |®°(jw)| for we Do and hence small we. The violation of (10) causes deteri-
oration in the system performance. It is felt in the great deviation of the PDC1-PDC3 sys-
tems’ step responses for a varied MTSKlow plant model from those of the systems with
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an MTSKn plant model in Figure 6. The impact of the plant changes on the AFLC system
step responses for an MTSKn plant model is small, measured by the smallest from all
systems AOmean, Afsmax and Alsmean, as seen in Figure 8. The trade-off with the system dy-
namic accuracy for an MTSKn plant model is relatively small as 6°mean, t°r and U°smean are
the smallest from all MPDC systems. The control action settles the fastest. This is ex-
plained with the adaptation of Ka and Ki, seen in Figure 8, and compensated by the more
complex controller’s structure and design.

The numbers of the best denoted with ‘+" and the worst denoted with *-" values of the
performance indicators of the investigated systems are presented in Table 3. System PDC3
can be considered the best among the systems designed for F = min with the greatest sum
(+2 — 2 =0), with equal numbers of advantages and drawbacks. System PDC3r is the best
among the systems designed for Frob = min and better than PDC3 system with a sum of
(+5 — 0 = +5), with 5 more advantages than drawbacks. The step responses for level and
control action of the best PDC3 and PDC3r systems are presented in Figure 8 to be com-
pared against the step responses of the AFLC system.

The conclusion is that the PDC3r system is competitive with the AFLC system with
respect to robustness and MPDC-MTSKn system performance but has a simpler structure
and design. This is due to the inclusion of a requirement for robustness in the fitness func-
tion used by the GA optimisation of the PDCr parameters. The criteria for determining
the nominal and varied linear plant model and controller also help to satisfy (9) and (10)
in a wide frequency range. However, the high robustness of the PDC3r system is achieved
at the expense of reduced MPDC-MTSKn system dynamic accuracy.

6. Conclusions

The main contributions of the present research include the following:

A novel engineering approach for the robustness investigation of an MPDC system
is developed. It is illustrated for the control of the level of the solution in an industrial
carbonisation column for soda ash production. The approach is based on existing MTSK
plant models derived and validated from experimental data for normal and low load dur-
ing the operation of the CCL

MPDC with local PI controllers is designed. A novel fitness function with a system
robustness requirement is suggested for GA optimisation of the local controllers” param-
eters. The impact of random initial values of the parameters in the GA optimisation on
system robustness is studied.

Novel frequency-domain criteria for robust stability and robust performance are de-
rived based on MPDC-MTSK system linearisation, representing the MTSK plant model
and the MPDC by linear nominal and worst varied models determined according to sug-
gested criteria from the local linear plant models and controllers, respectively.

The performance and the robustness of the designed MPDC-MTSK systems are stud-
ied in the frequency domain and by the time-domain indicators assessed from the simu-
lated step responses of the systems with the MTSK plant model for normal (nominal) and
the MTSK plant model for low load (varied). The results show the effectiveness of the
novel robustness-bound fitness function and the competitiveness of the simple in struc-
ture and design PI MPDC to the existing PID AFLC.
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Abbreviations

The following abbreviations are used in this manuscript:

CCl carbonisation column

(A)FL(C) (adaptive) fuzzy logic (control/ler)

FU fuzzy unit

GA genetic algorithm

MF membership function

MSE mean squared error

M)PDC(r) (modified) parallel distributed compensation (robust)

SISO, 2ISO single-input single-output, two-input single-output
(M)TSK(n/low) (modified) Takagi-Sugeno—Kang model (for normal or low load)
ZN Ziegler-Nichols model
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