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Abstract

This paper proposes the Fuzzy Difference Equation Matrix Model (FDEMM), a novel
predictive control algorithm designed for nonlinear multivariable systems. Standard
Dynamic Matrix Control (DMC) often struggles with computational load and nonlinearities.
FDEMM addresses this by integrating the Difference Equation Matrix Model (DEMM) with
a generalized Takagi-Sugeno (T-S) fuzzy framework, utilizing a parameter-weighting
scheme to handle overlapping membership functions. The method is validated on two
distinct nonlinear systems: a binary distillation column and a delayed thermal mixing tank.
Results demonstrate FDEMM'’s ability to control complex systems achieving the desired
output even in the presence of disturbances and noise. The proposed strategy offers a
computationally efficient alternative for real-time control of complex nonlinear processes.

Keywords: predictive control; T-S fuzzy model; nonlinear systems, multivariable systems;
thermal mixing tank; distillation column

1. Introduction

A new predictive algorithm, the Fuzzy Difference Equation Matrix Model (FDEMM),
is presented in the context of Model Predictive Control (MPC). In previous work, we
demonstrated that the Difference Equation Matrix Model (DEMM) offers reduced com-
putational load and faster execution than the original Dynamic Matrix Control (DMC),
making it particularly suitable for real-time applications. In this work, we extend DEMM by
integrating it with the Takagi-Sugeno (T-S) fuzzy modeling approach to handle nonlinear
and complex multivariable systems.

One of the main limitations of standard T-S modeling lies in its inability to work
with overlapping pairs of Membership Functions (MFs), a common situation. To address
this, we propose a generalized T-S modeling structure that accommodates overlapping
MFs. This is achieved through a parameter weighting methodology designed to optimize
the performance index used in the MPC formulation. We also introduce a robust fuzzy
controller based on a Linear Quadratic Regulator (LQR), leveraging the flexibility of fuzzy
systems and the stability guarantees of LQR. The performance and robustness of the
proposed framework are demonstrated through two practical case studies: a nonlinear
multivariable distillation column and a delayed thermal mixing tank.
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MPC has become a foundational strategy for handling complex control problems
in modern industry. Its ability to predict future plant behavior and optimize control
actions over a finite prediction horizon makes it particularly effective for multi-variable and
constraint-heavy systems [1]. At each control step, MPC solves an optimization problem
using a model of the plant to determine the best possible control inputs.

Within the family of MPC algorithms, DMC stands out for its ease of implementa-
tion, real-time feasibility, and broad industrial adoption. DMC is especially powerful
for Multiple-Input-Multiple-Output (MIMO) systemes, as it naturally accommodates in-
put/output constraints and unusual dynamic behavior. However, DMC’s main drawback
lies in its computational intensity, particularly when used in applications involving adaptive
control, online system identification, or nonlinear dynamics. This limitation has motivated
a range of adaptations aimed at reducing computational demands without sacrificing
control performance.

MPC has seen wide application in fields ranging from energy management [2,3],
aerospace systems [4] to autonomous vehicles control [5,6]. For instance, in the building
sector, Heating, Ventilation, and Air Conditioning (HVAC) systems represent a common
application area where MPC has demonstrated significant energy savings. These systems
are governed by dynamic variables such as occupancy levels, temperature, weather con-
ditions, and solar radiation [2]. MPC'’s ability to plan future actions based on forecasted
disturbances enhances performance under such uncertainty.

In the aerospace domain, Ref. [4] presents an MPC scheme combined with event-
triggered control for high-precision spacecraft maneuvers. Rather than recomputing control
actions at fixed intervals, their method triggers control updates only when prediction errors
exceed certain thresholds, thereby reducing computational burden while maintaining accuracy.

Even when accurate plant models are not available, MPC remains useful as a reference
trajectory generator or as a component in hybrid control systems. In [5], Reinforcement Learn-
ing (RL) is used in tandem with MPC to control autonomous vehicles motion. RL techniques
are employed both to generate fuzzy approximations of the plant and to enhance the MPC
optimization process, demonstrating improved adaptability in uncertain environments.

Battery management is another area where MPC and DMC are used. In [3], DMC is
employed to enhance State of Charge (SoC) estimation in battery systems by continuously
updating the model based on real-time voltage and current measurements. As batteries
age and deviate from initial conditions, DMC helps recalibrate predictions to maintain
estimation accuracy.

Similarly, Ref. [6] applies DMC in the coordinated control of quadcopters, which
involves both collision avoidance in 3D space and consensus in shared variables like yaw
or horizontal positioning. The study highlights DMC’s ability to operate effectively in
high-dimensional, dynamic environments.

The effectiveness of MPC-based control is highly dependent on the accuracy of the
process model used. In many cases, practitioners rely on linearized models, derived from
physical laws and valid around a specific operating point. However, such models often fail
to capture nonlinearities, dead times, or aging effects, especially in complex systems.

As a result, researchers have sought alternative modeling techniques capable of pro-
viding accurate representations of nonlinear systems, even when system dynamics are only
partially known. Among these, fuzzy modeling has gained popularity due to its capacity
to approximate nonlinear behavior using a collection of simple linear models, combined
via simple MFs.

The T-S fuzzy model [7] is one of the most studied fuzzy modeling frameworks. It
allows complex nonlinear systems to be represented as a weighted combination of linear
subsystems, where the weights are determined by the degree of truth in fuzzy rules. This
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modeling approach is particularly attractive when classical identification techniques are
infeasible or when partial knowledge of the system is available.

Several improvements to standard T-S models have been proposed in recent literature:
in [8] a self-adjusting real-time fuzzy model is used to control a robotic arm under unknown
dynamics, in [9] unknown MFs are used to construct a fuzzy model for unmanned marine
vehicles, addressing complex disturbances in ocean navigation, and in [10] fractional-order
uncertain T-S fuzzy model is developed.

Once constructed, fuzzy models can be integrated with advanced control strategies.
For example, ref. [11] combines H,, control with piecewise Lyapunov functions for finite-
time stability guarantees.

In chemical process industries, for example in the control of distillation columns, MPC
has shown clear advantages over traditional control strategies. Distillation or other pro-
cesses that involve mixtures and maintaining temperature and concentration conditions are
nonlinear and often involve dead times, which complicates linear model-based control [12]:
in [13] machine learning-MPC is shown to improve energy efficiency and reduce error on
a distillation column, and in [14], a reinforcement learning temperature control model is
used for the MPC responsible of a rubber mixing process.

In [15], the inadequacy of PID for distillation control is discussed, and DMC is found to
outperform both PID and fuzzy controllers. However, in our work, fuzzy logic is not used
as a competing controller but as a modeling tool to support and enhance MPC performance.

A comparable approach is found in [16], where the system model for a binary distilla-
tion column is generated using a Differential Extreme Learning Machine. Their Adaptive
Distributed MPC outperforms other MPC-based alternatives. In contrast, our method uses
fuzzy modeling to achieve similar adaptability and accuracy with a more interpretable
model structure.

Thermal mixing tanks and fluid storage systems are also prime examples of nonlinear
systems where MPC excels. When hot and cold liquids mix, the resulting temperature
profile depends on input timing, flow rate, and stratification effects [17]. These complexities
make conventional control methods less effective: in [18], water storage is modeled as
part of smart microgrid optimization, involving nonlinear pump scheduling and daily
usage forecasts, and in [19], thermal storage is optimized for smart home energy systems,
requiring accurate models of water temperature evolution over time.

In [20], an Adaptive Fuzzy PID is shown to outperform conventional PID in controlling
a two-input thermal tank, reducing overshoot and improving settling time. Our own case
study extends this by using fuzzy logic for both plant modeling and control, enabling
greater adaptability and performance.

In systems where control actions must be computed before discrete or reactive events,
such as in compression ignition engines, MPC provides a structured way to plan actions
under uncertainty. In [21], MPC is applied to an engine where outputs (e.g., ignition
power, emissions, and noise) are only observable after the reaction occurs. Neural net-
works are used to approximate the system dynamics, enabling predictive control in this
challenging scenario.

Building upon the foundational work in predictive control and fuzzy modeling, the
primary objective of this study is to develop and validate the FDEMM as a robust solution
for multivariable nonlinear processes. While the traditional DMC [1,2] remains a standard
for linear systems, its extension to nonlinear domains often suffers from high computational
costs. The proposed FDEMM uses the DEMM [22] as its structural prototype, which has
been proven more efficient than DMC in linear applications, and generalizes it through a
T-S fuzzy framework [13,14]. Unlike other T-S based MPC approaches that rely on complex
online optimization or LMI-based stability conditions [15], the FDEMM provides an ana-
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lytical control law that maintains computational simplicity while offering the adaptability
required for nonlinear dynamics. The efficacy of this approach is demonstrated through
its application to a binary distillation column and a thermal mixing tank, highlighting its
performance in both high-coupling and high-delay scenarios.

The remainder of the paper is structured as follows. Section 2 introduces the general-
ized T-S modeling approach. Section 3 revisits the DEMM algorithm. Section 4 presents
the proposed FDEMM method. In Section 5, two case studies (a distillation column and
a thermal mixing tank) are used to demonstrate the method’s effectiveness. Section 6
concludes with a discussion of findings and suggestions for future research.

2. Estimation of T-S Model

Both the system and the FDEMM are described using a T-S fuzzy model [7]. The
T-S model estimates the parameters of a nonlinear system by minimizing a quadratic
performance index. It is based on approximating the system behavior through a set of local
linear models, typically expressed in the form

f:R"— R 1)
y=f(x1,x2,...,%)
Each IF-THEN rule §(1-) for an n'-order system is defined as:
Sliin) i f xp s M? and x; is Méz and ... x, is Min 2

(i1.n) (i1--in)

tl’len y — PO + pgl‘l...l‘n)xl + Pgl...iﬂ)xz + . + Pn xn

The fuzzy estimation of the system output is then given by

Ly iy i) () [p ) 4 p{t 0 4 pl

In
) = ; 1 @3)
Y i1 L w(ir-in) (x)

where (1 - - - ) is the number of fuzzy sets for variable (x1 - - - xy).
w ) (x) = pyg, (1) oy (X2) - - - iy, (%) (4)

Here pj;, (x;) denotes the MF associated with the fuzzy set M;’
Let m be a set of input/output samples {x1x, Xo, - - ., Xk, Yi } - The parameters of the
fuzzy system can be estimated by minimizing the following quadratic performance index:

J= Y (e =907 = Iy — XP||? 5)
k=1
where
T
Y = [yl yz ym:|
T
P = {p(()l..‘l) p§l...1) pél.‘.l) pgll...l) p(()l...n) p;(,ll...n)i|
g1...1) ﬁgl...ﬂxn gl...l)xnl ﬁgrl...rn) grl...rn)xnl
X = .
L.1 ,S}"'ﬂmm g...l)xnm ﬁggl...rn) ﬁgl...rn)xnm
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and

_ w(il---in) (xk) (6)

Ty Dy ) (x)

IBI(Czl...zn)

If X is a full-rank matrix, the parameters of the fuzzy system can be computed by
minimizing the following performance index as follows:

J= Y= XP|*= (Y - XP)T(Y — XP)
V] =XT"(y-XxP)=XTy - XTXP =0 )
P=(X"x)"1xTy

The method developed in [7] presents significant limitations, as it cannot be applied
in the most common case where the MFs are defined as shown in Figure 1.

Uiq Ui

a; bi

Figure 1. Most common case of MFs of the fuzzy system.

The MFs pj (x;) = Z?:z{' and ppp(x;) = 3= are defined in an interval [a;, b;], which

must satisfy the following condition:

pi(a;) =1 pi1(b;) =0
pio(a;) =0 pio(b) =1
rir (x;) + pin(x;) =1

In this common configuration, it has been shown [23,24] that the matrix X is not of full rank.
As a result, the matrix XT X is not invertible, rendering the original T-S method inapplicable.
A detailed proof of this result can be found in [24]. To address the rank deficiency, an
efficient alternative, requiring minimal computational effort, is proposed in [24], based on
the well-known parameter weighting method.

This method can also be applied to adjust the T-S model parameters using local param-
eters estimated at specific operating points or obtained directly from physical input/output
data. We assume an initial parameter estimate of the form:

Po=[pyplp3... 0" 8)

which represents a first approximation of the T-S model parameters. The classical least
squares method can be used near the equilibrium point to obtain this initial estimate. These
reference parameters can then serve as a baseline for all subsystems. Subsequently, the
parameter vector of the fuzzy model is refined by minimizing:

1=

J= Y (=97 +7" Y (po, — p)* = Y = XP||> + 77| P — P||?
k=1 i
v X 2 )
= — P| =Y. — X.P|?
7Py I
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Y = | Y
M ,(1...
B4
Xj =
1.1
L FjN

Here, the factor <y reflects the confidence level in the initial parameter estimates. When the
system is described by state variables, the model is represented by vector-valued functions
of the form

RS —"T
y=f(x1, x2,..., xn)

This function is equivalent to m scalar functions:

10
yeR™ (19

y]':,fj(xl/ X2,y xn) ]/63%, ]:1]’]’1

To extend the previous definition (Equation (2)) to m scalar functions, the [IFF-THEN
fuzzy rules are expressed in vectorial form as follows:

S](.il"'i”) cIfxqis Mﬁ and x is M]% and ... xy is M;;“1 then "
o (iein) (i1...in) (i1.-in) (i1.-.in) (1)
9i="rjo + Pi X1+ Pi Xp+...+ Pin Xn

By applying the previously described method to each of these scalar models, we obtain:

T
Yj2 YiN
(1..1) (1..1) (r1..10) (r1..1n)
Pi1 Pin Pjol P]‘nl
1) ‘B](% .1)X11 ﬁ](‘}ml)xnl ‘B](;] - Vn) ‘8]({] - rn)xl ‘B](;’] -~rn)xn1
1.1 1.1 il T il
ﬁ](-N iy ﬁ](-N Ry ﬁ](;\} ™ ﬁ](;\} (RN ,B](;\} "N
Thus, the adjusted parameter formulation becomes:
Y X :
Ji = || J - P (12)
TP Tj
where I'; is equal to ;[; t -

It is common in T-S model design for the fuzzy sets in the premise part of all subsys-
tems to be identical, such that

Xy

X

Xm =X

Furthermore, if the weighting factors y; are equal across all subsystems, they can be
grouped as:

Y1

Y,

Yon

P
1 TP,0

Py .. Py | = (XiXo)7UX, (14)

A complete proof of this result is provided in [23].

3. Difference Equation Matrix Model Algorithm

Before presenting the proposed FDEMM algorithm, we first briefly review the DEMM
algorithm developed by the authors in [22]. In this approach, the system is described by a
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0
i 1
iy i
ﬁn+1 an
0 ﬁn+1
0

difference equation, where past input and output measurements are used as states. For a
single-input-single-output (SISO) system, the model is expressed as:

Y+ aYk—1 + -+ anyg—y = bo + bug_q + - - - + bpuy_y, (15)

where

*  ug and yj are the input and output signals at time step k;
* a,fori=12,...,nandbj,j=1,2,...,n, are the model coefficients.

To incorporate incremental inputs, defined as Auy = uy — uy_1, into the discrete model
of Equation (15), we subtract the same difference equation evaluated at the previous time
step. This yields:

i+ (a1 = Dygor + -+ (an — an-1)Yk—n — AnYk—n—1 = b1dug_q + -+ bpBug_,  (16)
The resulting equation can be rewritten as:
Yo+ @1yx—1 + BaYk— + -+ BnlYg—n + BnlYg—n—1 = 01U +- -+ bubuy, - (17)

Equation (17) can then be expressed in matrix form for a prediction horizon # as:

0 Gpy1 An Gy a
0 Api1 An )
0 Y1 0 0 up a3 Yie—n
Y2 Yk—n+1
0 -~ 0 STl o 0 0 v awn 1 -
Yk+h-1 . Yk-1
! 0 Yi+h 0 0 0 ’ 0 Yk
4 a1 0 0 0 0
by by1 0 0 by By 0 0 e e e e 0
0 bn byqg - b3 by by 0 cer e e e 0
0 0 by . by | [Dlg—nia by by by . e e e 0 Ay
. . . . . Aug_yi0 . . : . . . Augyq
. I IR e e : 18
1 A R S o | B A
Aug_ Aty
0 Auy_q 0 b by by 0 Aty pp—q
0 0 0 0 0 -+ 0 bu -+ b3 b bk

Rewriting the previous matrix formulation in a compact form and solving for the
predicted model out put, we obtain:

yr = —A] Agyy + AT BiAuy + AT ByAug = Ayyp + BpAuy, + BrAug (19)
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where f and p represent future and past output-input vectors, respectively. Thus, the
predicted system output ¢ becomes:

vr = :J/k+1 Yev2 0 Ykth—1 yk+h]t€%h

W = (v vewn o wer w ew

Aup = A i1 D yyn oo Do Aukfl]tewfl
Aug = Au Aty o+ Dl Auk+h—1r€§ﬁh

AP e §}zeh><n+l
Bp e §Rh><n—1
Bf € §Rh><h

At this stage, the remaining control coefficients can be obtained using any state-
feedback control design methodology. In this work, an LQR-based formulation is adopted
in order to achieve a balanced trade-off between dynamic performance and control effort.
It should be noted, however, that the combination of the DEMM structure with an LQR
formulation does not, by itself, guarantee closed-loop stability in a strict theoretical sense.
While alternative approaches such as pole placement can enforce specific closed-loop
dynamics, they may lead to excessive control actions and actuator saturation, which
can significantly degrade performance and potentially destabilize the system in practical
implementations.

The LQR approach provides a systematic way to balance tracking performance and
control effort through the selection of the weighting matrices Q and R, allowing the designer
to shape the closed-loop dynamics while maintaining admissible control amplitudes. This
results in a practical compromise between stability margins, transient response speed, and
control energy. Consequently, stability and performance must be evaluated a posteriori
through analysis and simulation, rather than being assumed a priori from the control
structure itself. This design philosophy prioritizes implementability and robustness in
realistic operating conditions over purely theoretical guarantees.

The controller minimizes the following optimization function:

= (r—yf)TQ(r—yf> + DufRAug (20)

Let r be the reference vector over the prediction horizon, Q the output weighting
matrix, and R the control increment weighting matrix. The optimization variable is Auy
(future incremental inputs). The free response y denotes the predicted output when
Auy = 0. Here, Q penalizes deviations from the reference trajectory, while R weights the
control effort. Both Q and R are selected as positive definite matrices, as recommended
in [22]. The analytic minimizer is obtained by solving the quadratic program; when no
constraints are imposed on Equation (19), the analytical solution is given by:

-1
Aug = (BfQBy+R)  BfQ(r — Ayp — ByAuy) 1)
Furthermore, if the system exhibits a pure time delay of 4 units, then:
Ye+ @Y1+ -+ anYkn = bo + bapatig—g_1 + - + bty (22)

This formulation closely resembles the LQR, with the key difference being that the
output error is minimized instead of the state error. Additionally, because the controller
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computes incremental input values, it inherently provides integral action, ensuring zero
steady-state error.
The resulting control law can be expressed as:

-1
Aug = (B}QBf + R) BfQe = Me (23)

where
E=Tr—UY

Here, y; represents the free response of the system, i.e., the predicted output when
Auf = 0. Thus, we have:
Y1 = Apyp + BpAuy (24)

This prediction can be corrected to account for potential model mismatch by adding a

correction vector consisting of / identical elements of the form vy .- where

measured ykcalculme

Yieteutarea 18 Obtained from Equation (17):

yNI = yl + [ykmeasured B ykcalculated] (25)

The resulting corrected control action becomes:

-1
= (B}QBf + R) BLQ(r — i) (26)
By extending Equation (19) to multivariable systems with i outputs and p inputs,
we obtain:
Vif = Aipyp + BﬂpAulp + -+ B,-ppAupp + BilfAulf + -+ BipfAupf (27)

In this case, the general form of the DEMM algorithm for multivariable systems becomes:

iy A 0 .00 Yip
Var | | 0 Ay -0 Y2p
Yqf 0 0 ... Agp/) \Yap
Bnp BlZp Blsp Aulp Bllf B12f Blsf Au1f
. A - A
N B2'1p Byp - Bz_sp "2 B%lf Bpp B%Sf 2 o)
Byip Bgpp ... Bgsp) \Dlsp Bif Bps ... Bgyp) \Asy

which has the same structure as the monovariable case.

4. Fuzzy Difference Equation Matrix Model Algorithm

To extend the DEMM framework to nonlinear systems, it is necessary to modify the
T-S model in order to generate a set of fuzzy models of the dynamic system, expressed
in matrix form. Each IF-THEN rule $(0-#), corresponding to the predicted plant model
given by Equation (19), takes the form

Slio-in) i f y s Méﬂ and ye_ is Mil and...ye_, is Mir
o-.. o 0. (29)
then yf = A;lo“‘l")yp + B;(jlo"'l”)Aup + B}lo..‘ln)Auf
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) T,
Lig—1- " Lip—1

In=

w(il...in)(yp) |:A§7101n)yp + Br(?io-..in)Aup + B]((io...in)Auf]
Yoot -+ g wlio=in) (y)

Yr=

w(io"'i")(yp) = moip (Vi) H1iy Wi—1) - - - iy (Yk—n)

where Hii; (Yx—;) is the MF associated with the fuzzy set M;] .
The procedure for computing the control action using the proposed FDEMM algorithm
is as follows:

1.  Compute the set of matrices:
(igewsin) o(igein) 1(igewin)
{ago o o

2. Select the weighting matrices Q and R.
3. Compute matrix M for each T-S fuzzy rule:

o . . -1 . .
M(IOmln) — (B}ZO---ln)TQB}IO---Zn) —|—R) B'(fl()---ln)TQ

Then, compute mglo'“z”) as:

mglol”) = M(l[)ln)(l, :)

4.  Measure the actual output y Kineasured"
5' Compute ykculculuted
Equation (15).

6. Compute the system’s free response using the fuzzy model:

by defuzzifying the consequent parts of all fuzzy rules using

Stio-in) sif yyis Mg and ye_ is MY and ...y, is My; (30)

then y, = A,(fo“'i”)yp + Bgo'“i”)AuP

217'321 . 21(221 olitwin) (yp) [A]E;lomln)]/p + BI(JIO'“Z”)AMP}

Loy - iy wlio=in) (y)

Y1 =

yl = yl + [ykmmsured B ykculculated}

7.  Calculate the correction term:
e=r—1m

8.  Compute the control input uy. First, calculate m;:

Clio--in) if yy is Mf)o and yy_1 is M? and . .. yg_, is Min
then mgloln) — M(loln)(l’ :)

2:8:1 . 2;2:1 w(i0~~-in) (]/P) |:M(i0~-~in) (1, )i|
my = - —
! Ei8:1 s 2;311 w!io---in) (]/P)

Aup = mqe

Uy = Ug_1 + Aug
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Steps 1, 2, and 3 can be performed offline, while steps 4 through 8 must be executed at
each sampling instant during real-time operation.

Computational Complexity of FDEMM

A key advantage of the proposed FDEMM architecture is its computational efficiency.
As established in [24], the underlying DEMM formulation is computationally lighter than
traditional DMC. Unlike standard Nonlinear MPC (NMPC) strategies, which often rely on
computationally expensive iterative optimization solvers online, FDEMM computes the
control law analytically (Equation (26)). The integration of the T-S fuzzy model adds only
the calculation of membership weights and a linear combination of local models, operations
with low computational cost. Consequently, FDEMM retains the real-time feasibility of
linear MPC while providing the capability to control nonlinear dynamics.
5. Case Studies

Two case studies were selected to evaluate distinct aspects of the controller. The
distillation column serves as a benchmark for high-nonlinearity and coupled multivariable
dynamics, whereas the thermal mixing tank is employed specifically to test the controller’s
efficacy in handling significant transport delays.

5.1. Modelling and Control of a Distillation Column Using FDEMM

A two-product distillation column is chosen as a case study;, as illustrated in Figure 2.
Acceptable operation of a binary distillation column typically requires controlling both the
distillate composition and the bottom product composition.

Condenser

2

€ >
LT D, X4
F X:
—_— Column
VB

B, X,

Figure 2. Binary distillation column.

We assume a binary mixture with constant relative volatility throughout the column
and ideal (100% efficient) trays; that is, the vapor leaving a tray is in equilibrium with the
liquid on the tray. This assumption allows the use of a simplified vapor-liquid equilib-
rium relationship:

D(,‘]‘Xi

L T ey

where x; is the liquid-phase mole fraction of the more volatile component on the i'" tray,

y; is the vapor-phase composition of the same component on the same tray, and a;; is the
relative volatility of component i with respect to component j.
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The overhead vapor is condensed in a condenser and collected in the reflux drum,
which has a total holdup Mp. The contents of the drum are assumed to be perfectly mixed,
with a composition x,;. The distillate is withdrawn at a rate D.

At the base of the column, the bottom product is withdrawn at a rate B, with a
composition x;. The vapor boil-up is generated by a thermosiphon reboiler at a rate V. It is
assumed that the liquid in the reboiler and the column base are perfectly mixed and have
the same composition x;,, with a total holdup Mp.

Each stage of the column is modeled with a total mass balance and a component mass
balance. Each stage includes two parts: a tray where vapor-liquid contact occurs, and a
downcomer, through which liquid flows to the next tray.

a  Mass Balance: Feed Stage
At the feed stage, the equilibrium and overflow assumptions remain valid. The total
mass and component mass balances are:
Total mass balance:

aM
dt”’ =Ly1+ V1 —Ly—Vy+F 32)
Component mass balance:
dMrnx
% = Lyt1xp41+ Vio1yn—1 — Luxy — Vyyu + Fxr (33)

where Mry is the holdup on each tray, L, is the liquid flow rate between trays, V;, is
the vapor flow rate, and x;,, y,, are liquid and vapor compositions, respectively. xr is
the feed composition.

b Mass Balance: Reboiler

Total mass balance: M
TtB =L,—V,—B (34)

where V and B are the vapor and liquid flows at the bottom.
Component mass balance:

dMBx1
dt

= Lyxy + Viy1 — Bxg (35)

c Mass Balance: Condenser and Reflux Drum

Total mass balance:
dMp

dt
where Vy7_1 is the vapor flow entering the condenser, and D is the distillate flow rate.
Component mass balance:

=Vnr1—LT—D (36)

dMDxd
dt

= VNT-1YNT-1 — LTXNT — D2ty (37)
Here, x; (distillate composition) and x; (bottom composition) are the controlled

outputs; LT (reflux flow rate) and V B (boil-up flow rate) are the manipulated variables;
and F is the feed rate, considered as a disturbance.
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To select the time delays for the fuzzy model, we analyze the influence of delayed
inputs on each output using the least squares method. The influence of the following
input-output combinations is considered:

{Lkalr LTk*Z/ LTk*?}l LTk74/ LTk*S/ LTk*é/ LTk77} in Xh
{LTy_1, LTy_p, LTy—3, LTj—4, LTj_5, LTy—¢, LTy _7} in X4

(38)
{Vkall VBk*Z/ VBk*S/ VBk74r VBk*S/ VBk76/ VBk77} in Xb
{VBi_1, VBi_a, VBy_3, VBx_4, VBx_s5, VBy_s, VBr_7} in Xy
The most significant delays for each case are selected as:
LTy_1 and LTy_» for X;
LTy_q1 and LTy, for X
k-1 k-2 for X (39)
VBy_1 and VBy_, for X,
VBy_o and VBy_3 for X,
Thus, the objective is to obtain a model of the form:
Xg, +anXa, | +aaXy, , = bao + by LTi—1 +bin LTy 2 +ca1VBr2 + ca2VBi 3 (40)

Xy, +ap1 Xp, , +apXp, , = bpo + bp1 LT + bpo LT + cpn VBr_1 + e VBi 2

The system is identified using the generalized T-S model with parameter tuning. The
initial estimation is obtained by linearizing the system around an operating point and
applying the classical least squares method to calculate the parameters Py (see Section 2). To
ensure an informative identification, the system is excited using random Gaussian inputs.
This leads to the following linear model:

Xg, — 1.730X,, | +0.7436X,,
= 0.0125 + 0.0033LT_; — 0.0001LTj_5 — 0.0024VB,_, — 0.0003V B;_3
Xp, — 1.1654X;, | +0.3161X;,
= 0.0948 + 0.0236LT;_; — 0.0072LTj_5 — 0.0128VB,_; — 0.0144VB;_,

(41)

Next, the nonlinear fuzzy T-S model is obtained. The MFs for X; and X}, are shown
in Figure 3a and 3b, respectively. The resulting fuzzy model is:

If X4, is My,

Then Xy, +ay Xy, | +apXa, , = by + by LTe—1 + bipLTi—o + ¢y VBi_a + ¢l VB3
If X4, is M3,

Then Xy, + a3 Xy, | + a5 Xa, , = b3 + b3, LTi—1 + b3 LTi_o + ¢ VBi_a + ¢, VB3
If Xg, is M3,

Then Xg, + ag Xa,_, +apXa,_, = U3o + 31 LTk 1 + b3 LT 2+ ¢y VBi o + €3, VB3
If Xy, is My,

Then Xy, + ay; Xy, + @ Xy, _, = byo + by LTe 1 + b LTy o + ¢4y VB 1 + ¢y VBy 2
If Xy, is My,

Then Xy, + a3y Xp, | + a5 Xp, , = by + b3y LTi—1 + b3 LT + 1 VBi_1 + ¢jy VBi_»
If Xy, is My,

Then Xy, + aj Xy, | +ap Xy, , = by + b3y LTeo1 + b LT o + ¢y VBr1 + ¢y VBi2

(42)
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(a) (b)
Mao MG, Mg Mzo M, Mg
| | | |
| | | |
| | | |
| | | |
1 1 Xdk 1 1 ka
0.8336 09149  0.9961 0.1475  0.2932  0.4390

Figure 3. MFs: (a) Xy, and (b) Xp,.
Using the estimation method described earlier, the final fuzzy model becomes:

If X4, is My, Then X, — 1.7230X,, , +0.7399X,,

= 0.0147 + 0.0125LTj_5 — 0.0043LTj_3 — 0.0055V By_5 + OV By_
If Xy, is M%) Then Xy, —1.7199X,, | +0.7282X,, ,

= 0.0057 + 0.0057LTj_5 + 0.002LTj_3 — 0.0037V By_5 — 0.0004V By_
If Xg, is My Then Xy, — 1.7351X,,_, +0.737X,, ,

= 0.0028 + 0.0004LTj_5 — 0.0004LTj_3 — 0.0003V By_50.0007V By _g
If Xy, is My Then X;, — 1.1653X,, | +0.3288X,, ,

= 0.0594 + 0.0202LTj_5 + 0.0101LT;_3 — 0.0128VB;_; + OV By_,
If X, is My Then X, — 1.1029X,, | +0.2787X;, ,

= 0.1087 + 0.02868LTj_5 — 0.0061LT;_3 — 0.0111VBy_1 — 0.0222V By,
If Xy, is My Then Xy, — 1.2104X,,  +0.2661X,, ,

= 0.0574 + 0.0152LTj_p — 0.0115LT}_3 — 0.0181V By_; + 0.0018V B;_

(43)

Figure 4 presents the block diagram of the proposed FDEMM controller applied to the
distillation column.

F Xe
xd set point LT set point xd
_ FDEMM _ Distillation
xb set point VB set pomt> Column xb >

11

Figure 4. Control loop of the distillation column applying the proposed FDEMM.

In this case, the system has been modeled to operate with a prediction horizon of
20 samples (h = 20) and the weighting matrices Q and R have been chosen to be Q.; = I,
Qyp = 1001, and R = I. The choice has been done utilizing a commonly adopted strategy
in the literature, that involves choosing Q as a diagonal matrix with relatively large values
on the diagonal to emphasize state penalties and R set as the identity matrix to impose a
standard control effort penalty (in our case the diagonal of the matrix Q is divided between
the two outputs, Q,, for the reflux drum distilled and Q; for the bottom distilled, and we
are imposing a stronger penalization for the bottom distilled in comparison to the top drum
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one). Figure 5a—d shows the transient response using FDEMM when reference setpoints
for x; and x;, are changed when the system stabilizes, first at t = 100 min and later at
t = 200 min, respectively for x; and x;. The feed rate F and xr are kept constant.

(a) (b)

0.5
1 0.48
0.99 0.46
0.44
0.98 A
° ~ e 0.42 A
0.97 )
= = 04 ~
0.96 0.38
) 0.36
0.95 0.34
0.94 0.32
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time, min Time, min
(c) (d)
0.03
0.03
0.025
0.025
» 0.02 o 00 J’
e Ele
~ i
F“O'OISM m 0.015
= 0.01 ” 001
0.005 0.005
0 0
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time, min Time, min

Figure 5. Transient response with a reference change in x; and x;. F and xf are constants: (a) x4,
(b) xp, (¢) LT and (d) VB.

To test disturbance rejection, a step disturbance of F = 10% and xr = 10% is intro-
duced at t = 100 and ¢ = 200 min, respectively, while keeping the reference inputs constant.
The system’s response, including outputs and control actions, is shown in Figure 6a—f.

Additionally, noise robustness is evaluated by introducing Gaussian noise with a
standard deviation of o = 5% to the average of F and xf, with constant reference inputs.
The resulting output and control responses are shown in Figure 7a—f.
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Figure 6. Transient response under step disturbance of F = 10% and xr = 10%: (a) F, (b) xf, (¢) x4,

(d) xp, (e) LT and (f) VB.
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Figure 7. Transient response subjected to noise effect of ¢ = 5% in the average of F and xF with
constant reference inputs: (a) F, (b) xf, (¢) x4, (d) xp, (e) LT and (f) VB.

5.2. Modelling and Control of MIMO Thermal Mixing Process Using FDEMM

The problem of dosing hot and cold fluids to produce a mixture with a desired tem-
perature and flow rate is widely recognized, even outside the field of control engineering.
Beyond the common example of a household shower, this problem is frequently encoun-
tered in industrial processes as can be seen in [25,26].

https:/ /doi.org/10.3390/app16042068


https://doi.org/10.3390/app16042068

Appl. Sci. 2026, 16, 2068

18 of 25

Consider the MIMO thermal mixing process illustrated in Figure 8. The setup consists
of a mixing chamber, hot and cold fluid inlet valves, and an outlet valve. The main control
objective is to maintain both the output flow rate Q;, and the outlet temperature T at their
desired reference values. The system assumes a hot water inlet at temperature T; and a cold
water inlet at temperature T, both considered constant. The two inlet flow rates Q1 and Q>
serve as manipulated variables, controlled by motorized valves with simplified dynamics:

Qi(s) = rfrze "Ui(s) (44)
Q(s) = e 2 Ua(s) (45)

Uy )
)| (

QT Q%
hT

le T

Figure 8. MIMO thermal mixing process.

The system includes two measurements, the outlet temperature T, which is assumed
to be measured without delay, and the output flow rate, whose measurement Q,, is delayed
due to flowmeter placement and sensing technology:

Qm(t) = Qs(t — 15) (46)

Thermal losses are also considered, modeled as being proportional to the temperature
difference between the tank and the environment. These act as disturbances, yielding the
full model:

Qt+Q-Qs = AT )

dTh
T1Q1 +12Q —TQs +Ky(T —Te) = AW (48)
Qs = avh (49)

Figure 9 presents the block diagram of the proposed FDEMM controller applied to the

thermal mixing tank.
lTl sz

Q,set point u, set point Qnm >
) ) Thermal
T set point] FDEMM Uz set point || Mixing Tank T

A
T Delay

Figure 9. Control loop of the thermal mixing tank applying the proposed FDEMM.

Assume the following process parameters:
e A=1m%
. a=1;
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e Ty =90°C;
e T,=10°C;
e K=01;

. 71=1s;
. T =05s;
b Tg =1s.
The central operating point is:

3
1y, = 2.0044, 15, = 19956, T,, = 15°C, Qs, = 4%, Ty = 50 °C

A sampling time of 0.5 s is used.
Next, a linear model is identified around this operating point (parameters of Py) as

described in [23]:
Qm(k+1) =0.0010 + 1.8590Q, (k) — 0.8651Qy, (k — 1) 4 0.0038u7 (k — 4) (50)
+ 0.0018u1 (k — 5) 4+ 0.0047u5 (k — 3) + 0.0012u; (k — 4)
T(k+1) =0.2984 + 2.4049T (k) — 1.9350T (k — 1) + 0.5243T (k — 2) 51)

+0.1238u7 (k — 2) — 0.0061411 (k — 3) — 0.169611 (k — 1) + 0.1030u5 (k — 2)

From the identified model, the following input—output delays are observed:

e Input u; — measured flow rate Q;,: 5 sampling units;
* Input up — measured flow rate Q;,: 3 sampling units;
¢ Input u; — outlet temperature T: 3 units;
¢ Input u; — outlet temperature T: 2 units.

With this information, a T-5 model is identified using input-output test data. Three
triangular MFs are defined over the range [1, 7] for flow rate and [20, 80] for tempera-
ture; that makes 2 inputs with 3 MFs each resulting in a fuzzy model with 3> = 9 rules
(Sll 512 513 521 522 SZ3 531 531 533):

S if Qu(k) is Mi & T(k) is M} then
Qum(k+1) = 0.0023 + 1.8567Q,, (k) — 0.8670Q,, (k — 1)

+0.0061u1 (k — 4) 4+ 0.0029u1 (k — 5) + 0.0079u5 (k — 3) + 0.0022u5 (k — 4)
T(k+1) = 0.2984 + 2.4035T (k) — 1.9350T (k — 1) + 0.5254T (k — 2)

4 0.1225u7 (k — 2) — 0.0622u7 (k — 3) — 0.1693u5 (k — 1) + 0.1030uy (k — 2)

S33 1 if Qu(k) is M3 & T(k) is M3 then
Qu(k +1) = 0.0011 + 1.8600Q,, (k) — 0.8640Qy (k — 1)
+0.0062u (k — 4) +0.0010u1 (k — 5) + 0.0034u5 (k — 3) + 0.0008u, (k — 4)
T(k+1) = 0.2984 + 2.4048T (k) — 1.9349T (k — 1) + 0.5244T (k — 2)
+0.1225u1 (k — 2) — 0.0622u1 (k — 3) — 0.1693uy (k — 1) 4 0.1030u, (k — 2)

where S refers to the rule pertaining to the x’s MF of the first input (flow rate) and the y’s
MF of the second one (temperature).
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The identification procedure follows the methodology described in Section 2, and the
FDEMM controller is applied according to the approach outlined in Section 4. The tuning
parameters are:

0 03I 0 10001

h_zo,Q_FOI 0], _[10001 0

Figure 10 shows the transient response of the system to step changes in the flow and
temperature reference signals, using a constant reference vector y(k + 1).

(b)

65

0 50 100 150 200 250 0 50 100 150 200 250
Time, s Time, s

Figure 10. Transient response of the thermal mixing process when it is subjected to: (a) changes in
the flow rate reference signal and (b) changes in the temperature reference signal.

Figure 11 presents the system response to the same reference changes, assuming
the reference vector includes future values over a prediction horizon k. The predictive
capability of the controller allows the system response to lead the reference signal, improv-
ing performance.

65

) 50 100 150 200 250 0 50 100 150 200 250
Time, s Time, s

Figure 11. Transient response when the reference vector has future references with prediction horizon
h: (a) changes in the flow rate reference signal and (b) changes in the temperature reference signal.

Figure 12 shows the transient response of the system when subjected to successive
ramp signals in both the flow and temperature references.
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(b)

0 50 100 150 200 250 0 50 100 150 200 250
Time, s Time, s

Figure 12. Transient response when the system is subjected to to successive ramp signals in the
(a) flowrate reference signal and (b) temperature reference signal.

Finally, Figure 13 illustrates the influence of the prediction horizon. In this case, the
horizon is reduced to k = 10, and the resulting degradation in control performance is
clearly observed.

(@) (b)
5.5
5
4.5
g
£ 4
(o4
3.5
3
0 50 100 150 200 250 0 50 100 150 200 250
Time, s Time, s

Figure 13. Transient response when the system is subjected to changes in prediction horizon in the (a)
flowrate reference signal and (b) temperature reference signal.

5.3. Discussion

The simulation results presented in Sections 5.1 and 5.2 highlight the main characteris-
tics and practical implications of the proposed FDEMM control strategy when applied to
nonlinear multivariable systems subject to delays, disturbances, and measurement noise.
The selected experiments were designed to progressively stress the controller through step
disturbances, stochastic noise, and demanding reference variations, providing a compre-
hensive assessment of its closed-loop performance.

For the distillation column case study, the results demonstrate that FDEMM achieves
accurate reference tracking for both top and bottom compositions while maintaining smooth
and bounded control actions. The controller effectively handles the strong input-output
interactions and inherent time delays characteristic of distillation processes. Robustness is
explicitly evaluated through step disturbances in feed flow rate and feed composition, as
well as through the injection of measurement noise. In all cases, the closed-loop system
remains stable and returns to the desired operating point without retuning the controller
parameters. The limited performance degradation observed under these perturbations
confirms the ability of the fuzzy modeling layer to capture nonlinear behavior across a
wide operating range, while the DEMM-based predictive control law ensures consistent
dynamic performance.
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In the thermal mixing tank case study, the effectiveness of FDEMM becomes particu-
larly evident under rapidly varying reference signals. The controller successfully tracks
both step and ramp changes in flow rate and temperature, even in the presence of signif-
icant transport delays and nonlinear process dynamics. Ramp inputs represent a more
demanding scenario than step changes, as they continuously excite the system dynam-
ics; nevertheless, FDEMM maintains stable operation and acceptable tracking accuracy.
When future reference information is included within the prediction horizon, the controller
exhibits anticipative behavior, leading to reduced tracking error and improved transient
response. The degradation observed when shortening the prediction horizon confirms
the expected trade-off between control performance and computational effort, further
validating the predictive nature of the proposed approach.

Compared to its structural prototype DEMM [22], FDEMM significantly broadens
the applicability of the matrix-based predictive control framework to nonlinear operating
regions without sacrificing the computational efficiency that makes DEMM attractive
for real-time use. Unlike many T-S-based MPC strategies that rely on solving complex
optimization problems or Linear Matrix Inequalities (LMIs) online, FDEMM employs a
generalized fuzzy model with overlapping membership functions and offline-computed
control gains. As a result, the online implementation is limited to weight evaluation and
linear combinations, yielding an interpretable and computationally efficient control strategy
suitable for real-time applications.

Despite these advantages, some limitations should be acknowledged. The perfor-
mance of FDEMM depends on the selection of MFs, the accuracy of the initial T-S model
identification, the prediction horizon, and the weighting matrices, which currently require
engineering judgment or empirical tuning. Moreover, although the number of fuzzy rules
was kept moderate in the presented case studies, extending the approach to very large-
scale systems may require careful rule-based design to balance modeling accuracy and
computational effort. Addressing these aspects through automated tuning or adaptive
fuzzy partitioning constitutes an interesting direction for future work.

Overall, the presented results confirm that FDEMM provides a robust and effective
predictive control solution, capable of handling disturbances, measurement noise, and
demanding reference trajectories, while maintaining a favorable compromise between mod-
eling accuracy, control performance, and computational efficiency. This makes FDEMM a
promising candidate for nonlinear multivariable control problems where real-time imple-
mentation is required.

6. Conclusions

This work presented an FDEMM predictive control framework that combines the
computational efficiency of DEMM with the modeling flexibility of T-S fuzzy systems. By
embedding a generalized T-S fuzzy model into the DEMM structure and employing an LQR-
based predictive control law, the proposed approach extends linear DEMM to nonlinear
multivariable systems without significantly increasing online computational complexity.

The main contribution of FDEMM lies in its ability to handle nonlinear dynamics
through a convex combination of local linear models while preserving the lightweight
structure of DEMM. Compared with classical DMC, FDEMM avoids step response
modeling and large online matrix operations, and compared with standard DEMM,
it enables accurate prediction and control over a wider operating range. In contrast
to many existing T-S-based MPC schemes, the proposed framework relies on offline
computation of control gains and simple online weighting, making it particularly well
suited for real-time implementation.
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References

The effectiveness and robustness of FDEMM were demonstrated through two rep-
resentative nonlinear case studies designed to evaluate performance under disturbances,
measurement noise, and demanding reference trajectories. In the distillation column exam-
ple, the controller achieved stable and accurate regulation of top and bottom compositions
under input flux disturbances, feed composition step changes, and injected measurement
noise, while maintaining smooth and bounded control actions. In the thermal mixing tank
system, FDEMM successfully tracked both step and ramp reference changes in flow rate
and temperature, even in the presence of significant time delays and nonlinear process
dynamics. Ramp inputs, which continuously excite the system dynamics, were handled
without loss of stability, confirming the controller’s robustness under challenging operating
conditions. Moreover, the inclusion of future reference information within the prediction
horizon resulted in improved transient response and reduced tracking error, highlighting
the anticipative nature of the proposed predictive strategy.

From a practical perspective, FDEMM is particularly suitable for industrial processes
characterized by nonlinear behavior, time delays, and multivariable interactions, such as
chemical and petrochemical processes, thermal systems, energy systems, and fluid transport
applications, where robustness to disturbances and real-time feasibility are essential.

Despite these advantages, some limitations should be noted. Control performance
depends on the selection of fuzzy MFs, the prediction horizon, and weighting matrices,
which currently rely on engineering judgment or empirical tuning. In addition, although
the number of fuzzy rules was kept moderate in the presented applications, extending
the approach to very large-scale systems may require careful rule-based design to balance
modeling accuracy and computational effort.

Future research will focus on automated and adaptive tuning of membership functions
and weighting parameters, systematic robustness analysis under broader disturbance
scenarios, and experimental validation on real-time industrial platforms. Extensions of the
proposed framework to adaptive and learning-based fuzzy predictive control structures
also represent promising directions for further investigation.
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