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Featured Application

This work introduces a modified time-reversal (MTR) wavemaking method based on dy-
namic transfer functions, allowing accurate laboratory reproduction of high-order Pere-
grine rogue waves. It can generate controlled, highly nonlinear extreme waves for testing
physical models and assessing extreme loads on offshore and coastal structures.

Abstract

Rogue waves are sudden, extreme events that pose a threat to offshore structures’ safety.
Accurately replicating nonlinear rogue waves in laboratory settings is challenging but cru-
cial for evaluating extreme loads. Recently, the time-reversal (TR) method based on the
time-reversal feature of nonlinear water wave equations, such as the cubic Schrédinger
equation, has shown breakthroughs in experimental rogue wave generation. However,
when generating rogue waves of large steepness and strong nonlinearity (especially high-
order rogue waves), this method encounters issues such as significantly insufficient wave
height and weakened nonlinear characteristics. In this article, a modified time-reversal
(MTR) method is proposed based on the dynamic transfer function between the rogue
wave surface history and the motion of the wave-generator paddle. MTR adopts a two-
round (just like TR) but seven-step procedure for high-order rogue wave generation. Us-
ing MTR, high-order rogue waves with respect to 1st-5th-order Peregrine breathers are
successfully generated in a physical wave flume. Analysis of shape indices and the energy
spectrum shows that MTR greatly improves the quality of high-order rogue wave gener-
ation over the TR method. It does this by increasing the focused wave height, improving
wave profile accuracy, and better preserving the highly nonlinear features of rogue waves.
Academic Editors: Celine Laroche Using the proposed MTR method, a fifth-order rogue wave was generated with a maxi-
and Marco Lemos mum steepness of 0.03. This exceeds previous studies, where the maximum wave steep-
Received: 22 January 2026 ness was typically around 0.01. Consequently, this work nearly triples the wave steepness
Revised: 23 February 2026 compared to earlier results, yielding the steepest fifth-order rogue wave observed in wa-
Accepted: 26 February 2026 ter wave research.
Published: 28 February 2026

. Keywords: rogue wave; Peregrine breather; modified time-reversal wave-generation
Copyright: © 2026 by the authors.

Licensee MDPY, Basel, Switzerland. method; dynamic transfer function; energy spectrum

This article is an open access article

distributed under the terms and
conditions of the Creative Commons

Attribution (CC BY) license.

Appl. Sci. 2026, 16, 2353 https://doi.org/10.3390/app16052353



Appl. Sci. 2026, 16, 2353

2 of 26

1. Introduction

Rogue waves, also called freak or giant waves, are rare but extreme phenomena
marked by exceptionally high waves and significant destructive power [1]. Since the first
recorded observation of the Draupner platform in the North Sea in 1995, many studies
have shown that these events are common in the ocean and pose serious risks to large
ships, offshore platforms, and wind energy installations [2,3]. Due to their strong nonlin-
earity [4], it is essential to accurately reproduce rogue waves in laboratory settings to bet-
ter understand how they cause damage and to evaluate the extreme forces on marine
structures.

In laboratory settings, early investigations of freak wave generation mainly use the
linear superposition technique. This method, based on linear theories, creates freak waves
by combining linear wave trains with different frequencies, phases, or amplitudes [5-7].
Klein and Clauss successfully applied this method to reproduce the famous “New Year
Wave” in a wave basin, demonstrating its effectiveness in generating moderate-to-steep
freak waves [8]. However, the approach has inherent limitations because relying solely on
linear theory makes it challenging to precisely match target wave surface profiles. There-
fore, correction techniques such as wave celerity adjustment, phase iteration, and a com-
bined amplitude—phase iteration are often used to improve the match between measured
and desired waveforms [9-13]. Nonetheless, within linear or weakly nonlinear frame-
works, these methods still fall short when trying to generate highly nonlinear freak waves
with large steepness. This is because the formation and stability of such waves depend
heavily on nonlinear dynamic processes, which often require nonlinear mechanisms. Yet,
linear models largely ignore important nonlinear effects involved in the spatiotemporal
evolution of wave fields [14-16].

In recent years, the time-reversal (TR) technique has been employed to generate freak
waves in laboratory experiments. It allows precise creation of targeted waves at any point
within a wave flume, regardless of how waves typically form [17]. This approach exploits
the time-reversibility of primary wave equations within a non-dissipative setting. By re-
versing a recorded target signal and feeding it into a wavemaker, the waves naturally
travel backwards to focus at a specific time and point. While linear wave theory relates
rogue wave formation to the linear superposition of random wave components, explain-
ing some aspects [3], it does not entirely account for their complex behavior. Nonlinear
theories are now widely regarded as more effective at describing these key features [18,19].
In this context, Chabchoub first utilized the TR method to experimentally observe Pere-
grine breather-type freak waves in a wave flume [20]. Building on this foundation, Chab-
choub subsequently enhanced the technique to generate higher-order breather waves [21],
while Ducrozet and Ma broadened the method to include the reconstruction of ocean-
measured waves [17,22]. Ducrozet and Ma compared nonlinear Schrodinger theory with
wave-flume experiments, identifying systematic discrepancies in envelope modulation
and peak amplification for steep wave trains over long distances. Furthermore, Ducrozet
combined higher-order spectral (HOS) models with the TR method to study the genera-
tion and focusing of extreme waves in complex sea states [23,24]. Additionally, Zhang
introduced a low-error wave-generation method to produce Peregrine breather waves
with different heights and wavelengths, analyzing the wave energy distribution and fo-
cusing duration using wavelet analysis [25]. Section 2 will outline the theoretical back-
ground and detailed implementation procedures of the TR method.

However, existing TR-based wave-generation methods still face significant chal-
lenges when applied to high-order rogue waves, large wave heights, and long-distance
propagation [17,23,26]. In long flumes and under conditions of high-order rogue waves,
boundary friction, viscous effects, and near-breaking behavior often lead to a systematic
underestimation of wave height in the reconstruction. This weakens the self-focusing
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process and can even lead to premature breaking [27,28]. More critically, the maximum
focused wave height in TR experiments is limited by wavemaker stroke constraints and
breaking thresholds, which restrict the achievable extreme amplitude and present a major
barrier for experiments involving higher-order or larger-amplitude rogue waves [5,29].

To address these issues, this study proposes an MTR wave-generation method based
on a dynamic transfer function within the TR framework and conducts systematic exper-
iments and along-flume evolution analyses of 1st-5th-order Peregrine-type rogue waves.
In the same wave flume, both the TR and MTR methods are used to generate 1st-5th-order
rogue waves; their performance is assessed through a comprehensive comparison of time-
domain profiles, nondimensional nonlinear indices, spectral characteristics at the focusing
location, and along-flume spectral evolution, with an emphasis on generation accuracy
and the ability to reproduce the nonlinear frequency structure of higher-order rogue
waves. The remainder of this paper is organized as follows: Section 2 introduces the the-
oretical framework for rogue waves, the TR method, and the MTR method; Section 3 de-
scribes the experimental setup and test conditions; Section 4 compares the generation per-
formance of the two methods and discusses the advantages of the proposed approach;
and Section 5 summarizes the main conclusions.

2. High-Order Rogue Wave Theory and Wave-Generation Methods
2.1. High-Order Rogue Wave Theory

Within the narrow-banded, weakly nonlinear approximation, a deep-water gravity
wave train characterized by a carrier wavenumber ko and angular frequency # canbe

described using a complex envelope Alx.1) , which obeys the nonlinear Schrodinger
equation [29]:
04 04 @, 0’4 ks

e, D T2 DR P g=0 1
o T 8k o’ 2 41 (0

In Equation (1), ¥ and ! denote the spatial and temporal coordinates, respectively;

wy =4/ gk,

the dispersion relation is , and the group velocity is ¢ = @ /2ky . The free-

A(x.t)

surface elevation 70x0) can be reconstructed from the complex envelope
Based on the narrow-banded assumption, the surface elevation to the first-order ac-
curacy is given by the following [29]:

n(x,t)= Re{A(x, t)ei(kOX_“’“’)} ()
Equation (2) represents the first-order approximation of the free surface, describing

the linear carrier wave modulated by the complex envelope. To facilitate the presentation
of exact breather solutions, Equation (1) is reformulated into the standard NLS form.

. 2
iy + W 2w w=0 3)
with the dimensionless variables and envelope transformation given by

T=-2X =(x=cf) k= hox =2ty =2k 4 ()

The standard NLS admits rational breather solutions. The J -th-order solution can

be expressed as
. G, +iH
v, (X.1) =y, {(—l)f e

J

}eXP(2i|l//o|2 T) 5)
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andG H;

where ¥ is the background amplitude, , and Di are real polynomials in

(X,T) [30].
To provide a concrete example of these rational solutions in the physical domain, the

classical first-order (4 ~ ! ) Peregrine breather can be considered. By transforming the di-
mensionless solution back to the physical space and time variables, the exact complex en-

velope A1) is explicitly given by Onorato et al. [31] as follows:

. 4o(1-i2 3 Ast)
A(x,t) = A, exp(—i S ALt -1
(6.0) = 4y exp(=i 4 ){am(m%t)z”ﬁ - ©)
where &= ® / 8k:) and p=ak /2 represent the dispersion and nonlinearity coeffi-

cients in deep-water gravity waves.
Because Equation (5) generates a hierarchy of rogue wave solutions whose crest

height increases rapidly with the order J, the resulting extreme events can reach very

2j+1

large amplitudes; in particular, the maximum amplitude can be times the carrier

amplitude A These higher-peaking rational breather solutions are therefore commonly
referred to as high-order rogue waves [32,33]. Figure 1 shows the modulus of the complex

envelope | 4G D)] , depicting the spatiotemporal amplitude profile for the first- to fifth-
order Peregrine breather solutions, and Figure 2 shows the associated free-surface eleva-
tions for the 1st-5th-order Peregrine-type rogue waves.
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Figure 1. The modulus of the complex envelope of the 1st-5th-order Peregrine breather solutions.
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Figure 2. Theoretical water surface elevations for the 1st-5th-order Peregrine-type rogue waves,
with 4 =1 and @) j=16=0.09,0,=9.4 , (b) Jj=2,6=0.06,0, = 7.7’ (©) j=3,6=0.05a,=7.0 ,
(d) j:4,€020.04,[00:6.2 (e) j:5,€0:0.03,[00:5.3'

2.2. Time-Reversal (TR) Wave-Generation Method
For wave equations that are linear or only weakly nonlinear, neglecting dissipation
makes their dynamics reversible within the temporal and spatial space [5,29]: if D) g

the solution of Equation (2), then 76 =) is also true. This property enables the use of
“time reversal” in laboratory flumes to reverse wave propagation and refocus wave fields
[34].

Time-reversal (TR) wave generation generally involves two experimental runs (see

o _
Figure 3) [5,17,35,36]. During the forward run, a wave train 1 (X0, 0) = i (X,1) is created

near the wavemaker at %, where o (%0 s the target waveform, which is defined by
Equation (2) in the present work. The wave then travels along the flume, and the free-

0
surface time series (x2,1) is recorded at the distant end *2. In the backward run, a
@ — (@ _
wave train 7 10 =717 00,70 g generated at ™. According to the time-reversal prin-

ciple, this wave field refocuses at *?, ideally reconstructing the target waveform as
n? (x2,1) = iy (x,1) [22].

Wave paddle Wave absorber

*

X X

H, 7 (1) _H 7" (x,,1)
) forward propagat10n> t

/

0000000000000

signal reversal

H ‘%) =17 (x2,—1) H 7% (1)
| Y M ﬁ tbackward propagatiogl ‘

Figure 3. Schematic of the time-reversal method principle. The arrow indicates the direction of wave

propagation, and the small circles represent the porous structure of the wave absorber.
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During experimental wave generation, a specific mathematical relationship exists be-
S(0) Nt

generate the desired waves in the flume. In the traditional time-reversal (TR) method, un-

tween the wavemaker paddle stroke and the target surface elevation
der the condition of small wave steepness, this relationship is considered linear and can
be expressed by the following equation:

S(r)=’7‘%’) %

where B denotes the transfer function of the wavemaker, which is defined as follows
[37]:

4sinh’ (kh)

~ sinh(2kh) + 2kh ®

where ' denotes the water depth.
The core innovation of the TR method is in reframing the goal of generating a specific

M
wave train 7 (%:0) at the distant point *2 as an equivalent task performed near the

wave sourceat ™. This shift greatly simplifies wave generation and achieves good results
under conditions of small wave steepness (weakly nonlinear). For example, Chabchoub
generated rogue waves of first through fifth order with relatively low wave heights, with
the fifth-order amplitude reaching 8.4 times that of the carrier wave [26]. Liao created a
first-order rogue wave with a carrier wave steepness of 0.09, whose amplitude was 3.5
times the carrier wave’s amplitude [38]. Fedele produced first-order rogue waves with
maximum steepness values ranging from 0.067 to 0.08 [39]. In addition, Ducrozet and Ma
extended this method to reconstruct ocean waves measured in the field, successfully rep-
licating an ocean rogue wave event and five sets of in situ wave data [17,22]. These ad-
vancements significantly improve the practical applicability of the technique.

When creating higher-order large-amplitude rogue waves, the traditional TR method
exhibits notable limitations. During the forward run, generating a large-amplitude rogue

SM ()

M
wave T (0 g X requires a relatively large paddle stroke , which often

causes premature breaking and severe waveform distortion (see Figure 4). This results in
a significant discrepancy between the actual free-surface elevation at ¥ and the expected

7" (xi.1) . Since the forward run fails to produce the targeted rogue wave, in the backward
run, the resulting wave field also differs considerably from the intended pattern. As a
matter of fact, under such conditions, the wave-generation process becomes highly non-
linear, invalidating the time-reversal invariance that supports TR within the framework
of weak nonlinearity. As a result, even if a steep rogue wave could be generated in the

forward run, it would not be accurately reproduced at *? in the backward run.
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Figure 4. Wave breaking near the wavemaker during the forward run.

2.3. Modified Time-Reversal (MTR) Method

To address the limitations of the conventional TR method —especially its difficulty in
accurately reconstructing high-steepness rogue waves due to the failure of time-reversal
invariance under intense nonlinear conditions —this paper proposes a modified TR (MTR)

approach. Its main innovation is a dynamic transfer function B that replaces the static
linear link between the paddle stroke displacement 50 and the near-field free-surface

elevation M50 with an adaptive one that changes according to the amplitude of the
surface elevation. This adaptive regulation allows real-time adjustment of the paddle
stroke during the wave train, effectively countering nonlinear efficiency losses and pre-
venting early wave breaking. Consequently, even in strongly nonlinear conditions, the
wave-generation process can maintain the essential time-reversal symmetry, significantly
improving the accuracy of rogue wave reconstruction.

To improve understanding of the modified time-reversal method, this section first
explains two key concepts—characteristic fluctuation values and signal segmentation—
before detailing its specific steps.

Figure 5 illustrates a schematic diagram that defines the characteristic fluctuation val-
ues and wave segmentation of the target wave signal. As shown, the rogue wave based
on the Peregrine breather (PB) solution features a prominent large wave at the center,
flanked by nearly regular carrier waves. The overall evolution of this wave profile can be
quantitatively described by characteristic fluctuation values marked by four red dots in

the figure: carrier amplitude A , second-largest crest amplitude A , deepest trough am-
A

plitude “, and maximum crest amplitude 4, Additionally, signal segmentation aims
to discretize the continuous surface elevation along the time axis, dividing it into N in-

dependent time intervals. For example, the 7 -th segment corresponds to the time inter-
val %, with the surface elevation segment within this interval denoted as & (repre-

sented by the orange curve in the figure). For each segment " the extreme value of the
crest or trough (shown as black dots) is extracted and defined as the characteristic ampli-
4

tude “ for that segment.
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Figure 5. Schematic diagram of characteristic fluctuation value definition and signal segmentation
for the target wave. The red dots mark the four characteristic fluctuation values, the black dots de-
note the extreme points for each segment, the dashed lines show the zero-crossing segments, and

the orange curve indicates the surface elevation within a specific time interval.

Figure 6 shows the experimental workflow for both the traditional TR method and
the dynamic transfer function-based MTR approach. The left panel (light blue) illustrates
the conventional TR workflow (as previously described), while the right panel (light red)
displays the MTR workflow. The MTR process includes seven steps spanning both for-
ward and backward wave-generation rounds, with the red bold frames highlighting the
key innovative steps introduced in this study. The detailed implementation steps of the
MTR method are outlined below.

Step 1: Construction of Target Rogue Wave
Using the analytical solution of the Peregrine breather (Equation (2)), the physical

parameters of the target wave, like wave steepness €0, are specified to build the theoret-

ical free-surface elevation of the target rogue wave train Tar (551).
Step 2: Construction of Dynamic Transfer Function

First, based on the definition of the characteristic fluctuation values shown in Figure

5, four key fluctuation values are identified from the target rogue wave signal Tar (1),

A

the carrier amplitude AO, the second-largest crest “*c, the deepest trough 4 , and the

maximum crest . Next, these four fluctuation values are used as wave amplitude pa-

rameters, with the carrier period Ty

set as the wave-generation period, to conduct four
sets of regular wave experiments in the wave flume. Once the waves are successfully gen-
erated, the paddle stroke amplitudes are recorded. Finally, each fluctuation value is di-
vided by its corresponding paddle stroke amplitude to derive four transfer coefficients.

Bﬂ

These four data points form the dynamic transfer function for this specific rogue

wave.

Step 3: Time-segmented synthesis of forward paddle stroke

Figure 7 shows that after dividing the target wave signal into N time segments, the

characteristic amplitude 4 of each local surface elevation is extracted. Then, using 4,

B,

as a reference, the dynamic transfer coefficient for each segment is found by

https://doi.org/10.3390/app16052353
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interpolating the dynamic transfer function from Step 2. With this transfer coefficient, the
M
s, (1)

lowing equation. Finally, all N paddle stroke segments are smoothly concatenated in

paddle stroke segment within each time interval can be calculated using the fol-

(]
chronological order to form the paddle stroke 570 for the forward wave-generation

phase.

TR Method

Generation of target surface
elevation ;¢ (%, 1)

v

Construction of Linear
Transfer Function

77'1

)] _
s, (t)y=—", neN
® B,

MTR Method

Generation of target surface
elevation ¢y (X, t)
v
Construction of Dynamic
Transfer Function

J

Time-segmented synthesis of
forward paddle stroke

[

Forward Signal Generation
via Global Linear Mapping

—— o o ——

Time Reversal Operation

¥ “| Backward

-
Backward Signal Generation

run

via Global Linear Mapping

v

- o = =

Backward Run & Refocusing

Rogue wave generated

Wave Breaking
Check?

[ Time reversal of the
wave signal )
* N
Time-segmented synthesis of
backward paddle stroke

v

Acquisition of surface

PR o S e e e e g

elevation at the focal position )

O S R g e e

[ Rogue wave generated

Figure 6. Experimental workflows for the traditional TR method (left) and the proposed MTR
method (right). The light blue and light red regions illustrate the workflows of the traditional TR
method and the proposed MTR method, respectively. Dashed line boxes show the forward and
backward runs, while the red solid boxes emphasize the key innovative steps introduced in this

study.
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Figure 7. Schematic diagram of the forward wave-generation signal synthesis. The dashed vertical
lines mark the zero-crossing segmentation boundaries. Red dots show the characteristic ampli-
tudes from each segment, while the colored curves represent the individual surface elevation seg-

ments and the resulting paddle stroke segments.

Step 4: Forward Run and Breaking Check

The paddle stroke sV @) generated in Step 3 is imported into the wavemaker con-
trol system to conduct the forward wave-generation experiment. During this process, the
flow field conditions in the near-field of the wave paddle (at x=3m) are visually ob-
served. If wave crest curling or significant air entrainment is detected in this region, it is
determined that wave breaking has occurred. This indicates an excessive paddle stroke of
the wavemaker. In such cases, the dynamic transfer function must be appropriately mod-
ified, and the procedure loops back to Step 3 to regenerate the drive signal. Conversely, if
the wave surface remains smooth without the aforementioned breaking characteristics,
the experiment is considered valid. A wave gauge is then used to record the time history

. 7" (x,,1) o X
of the surface elevation, denoted as 2>/, at the target focal position 2.

Step 5: Time-Reversal Operation

As depicted in Figure 8, the measured free-surface history, 7" (1) , includes a still-
water segment, a ramp-up/down portion, a carrier wave segment, and the main rogue
wave segment. To enhance inversion efficiency, the initial still-water segment is omitted,
and time reversal is only applied to the ramp, carrier, and main rogue wave segments.
Afterwards, following Xu [40], a tapered smoothing process is applied to both ends of the
reversed signal, and a still-water segment is appended to the end, yielding the time-re-

®
versed signal o0
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Figure 8. Schematic of the time-reversal signal processing procedure.

Step 6: Time-segmented synthesis of backward paddle stroke

The segmentation process from Step 3 is applied again, this time to the time-reversed

@ (x, B

signal d ) . Using the dynamic transfer function “» created in Step 2, the transfer

@
coefficient for each segment of 7 (x.0) is identified. These coefficients are then used to

@
compute and produce the paddle stroke §7@) for generating the backward wave phase.

Step 7: Backward Run and Refocusing
N . SP0) . ,
The backward paddle motion time series is used in the control system for
the backward wave-generation experiment. During this experiment, the generated waves

focus at the specified position *2, recreating the target rogue wave. The free-surface his-
@
tory 7020 4t the focus point is recorded with a wave gauge and compared with the

target waveform Tar(%:0) 44 assess the MTR method’s effectiveness.

3. Experimental Setup and Conditions
3.1. Experimental Setup

The experiments are conducted in the wave-flume laboratory at Jimei University. The
flume measures 30 m in length, 1.55 m in width, and 1.2 m in depth, with a fixed still-
water depth of 0.7 m for all tests. A motor-driven paddle-type wavemaker is installed at
one end to generate waves, while a beach at the opposite end minimizes wave reflections.
The experimental setup is shown in Figure 9, with the layout in Figure 10. Six capacitive
wave gauges are positioned along the wave propagation path to measure the free-surface

https://doi.org/10.3390/app16052353
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elevation. In all experiments, the rogue wave’s target focus point is 10 m from the wave-
maker. The gauges have an accuracy of 0.1 mm, and the sampling frequency is 100 Hz.

Figure 9. Wave-flume facilities: (a) wavemaker; (b) wave-absorbing beach; (c) wave gauge.

3m 7m 9m 10m 149m 17m

Wave paddle Wave absorber
O prct:
' i
Wave gauges e
z |
30m
Figure 10. Schematic of experimental layout and wave gauge positions. The arrow indicates the
wave propagation direction, and the small circles represent the porous wave absorber.
3.2. Case Design
Based on the Peregrine breather theory introduced in Section 2, a total of 26 test cases
were designed and generated, as summarized in Table 1, comprising 11 cases using the
MTR method and 15 using the TR method.
Table 1. Rogue wave data.

Case Method J & A4 (mm) A4 (mm) |At| (mm) H,,, (mm)
N1 6 15.93 12.69 28.62
N2 7 24.81 15.24 40.05
N3 Ist 0.09 8 25.81 21.44 47.25
N4 10 31.71 23.79 55.5
N5 . . .

MTR 6 32.27 22.01 54.28

N6 2nd 0.06 8 38.06 26.98 68.04

N7 9 47.74 32.92 80.66

N8 3rd 0.05 8 55.58 33.49 89.07

N9 7 62.23 39.62 101.85
4th 0.04

N10 8 69.44 39.99 109.43

https://doi.org/10.3390/app16052353



Appl. Sci. 2026, 16, 2353 13 of 26
N11 5th 0.03 8 85.38 43.43 128.81
01 6 15.13 11.93 27.06
02 7 22.77 14.47 37.24
(0] st 0.09 8 23.32 17.6 40.92
04 9 26.67 20.66 47.33
05 6 30.74 22.63 53.37
06 7 32.07 24.58 56.65
o7 2nd 0.06 8 38.94 28.86 67.79
08 TR 9 43.73 32.19 75.92
09 0.05 8 61.34 34 95.34
010 6 39.85 30.42 70.27
o11 3rd 0.04 7 48.78 31.03 79.81
012 8 55.44 33.26 88.7
013 9 60.78 34.58 95.36
014 4th 0.04 8 50.47 37.82 88.29
015 5th 0.03 8 59 43.6 102.6

H, :AL‘+‘AI ‘)

Note: Hi : maximum wave height (

4. Results and Discussion
4.1. Comparison of Wavemaker Paddle Strokes

Figure 11 compares the target wave heights of freak waves at different orders, as well
as the maximum paddle displacements required by the TR and MTR methods during the
forward wave-generation stage. The results show that under low-order conditions, the
maximum paddle displacements for the two methods are comparable; however, under
high-order conditions, the MTR method can significantly reduce the required maximum
paddle displacement while generating the same target wave, thereby helping to avoid
wave breaking caused by excessive stroke.

Figure 12 further compares the paddle displacement time series during the forward
run between the two methods under first- and fifth-order freak wave conditions. Under
first-order conditions, the temporal variations in paddle displacement for both methods
are essentially consistent. In contrast, under fifth-order conditions, the discrepancy be-
tween the two becomes significantly more pronounced during the time interval corre-
sponding to the freak wave: the TR method exhibits a sharp “large-stroke” peak in this
wave packet, whereas the MTR method shows smoother displacement variation with a
substantially reduced peak. Overall, the differences between the MTR and TR methods
are primarily manifested in the high-order freak wave packets; under high-order condi-
tions, the MTR method can effectively suppress the rapid increase in paddle displacement
while achieving higher target wave heights.

https://doi.org/10.3390/app16052353
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Figure 12. Comparison of forward-stage paddle displacement time series between TR and MTR

methods: (a) 1st-order freak wave, (b) 5th-order freak wave.

4.2. Time-Domain Evolution Along the Flume

As shown in Figure 13, the free-surface time series at various measurement points
along the wave-propagation direction for the 1st-5th-order rogue waves generated by the
MTR method are presented. In addition to the six measurement points, the wave sequence

@
obtained by time-reversing the forward-run signal, i.e., (%, 1) , is also included (or-
ange curve). Overall, all test cases exhibit similar evolution patterns: the wave train near
the wavemaker is close to the carrier wave, with only weak envelope fluctuations; as the
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wave propagates downstream, the envelope gradually rises and contracts, and energy be-
gins to concentrate on a few wave peaks; at the focusing location, a distinct localized wave
packet forms with significantly amplified amplitude; and as the wave continues to prop-
agate, the packet spreads and the peak value decreases, representing the typical “focus-
ing-re-expansion” process. This behavior is consistent with the self-focusing phenomenon
reported by Chabchoub, Shemer, and Alperovich in their experiments on Peregrine
breathers and Benjamin-Feir modulational instability, indicating that the present experi-
ment successfully reproduced the typical time-domain behavior of breather-type rogue
waves [3,41,42].
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Figure 13. Time-domain evolution of rogue waves of different orders along the flume (for clarity we

t=0s

illustrate the focusing process achieved by defining as the time of the maximum crest at the

=10m

focusing point * , with the time series at other locations shifted accordingly).

To compare the rogue wave-generation performance of the MTR method with results

reported in the literature [22,26,28,43-51], we define the parameter Ky (the ratio of the
rogue wave height to the carrier wave height) to quantify the prominence of a rogue wave
relative to the background condition. In Figure 14, the abscissa is the target Kq (denoted
K;® ). The line

represents the ideal case where the generated value exactly matches the target, and

th
Kq ) and the ordinate is the experimentally generated K, (denoted
y=x
the distance of each data point from this line provides a direct indication of generation

accuracy. As can be seen, most published data are clustered in a relatively small K

range. In contrast, the MTR method not only covers a wider K, range, but also remains

closer to the target values (i.e., closer to the y=x line). With increasing Ky (and thus
increasing generation difficulty), the literature data progressively deviate from the ideal
line, while the MTR results stay much closer to it. This clearly demonstrates that, under
strongly nonlinear conditions, the MTR method can produce larger extreme wave heights
while maintaining superior generation accuracy.

12 T
10k O Literature data
O MTR
A s @
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Figure 14. Distribution of rogue wave cases reported in the literature.

Figure 15 compares the 1st-5th-order Peregrine-type rogue waves generated by the
MTR and TR methods (at the focusing location) with the analytical solution. During the
carrier wave stage away from the main peak, both methods reproduce the crest/trough
amplitudes and their occurrence times in close agreement with the analytical prediction.
In contrast, pronounced discrepancies emerge near the focusing instant: the TR method
systematically underestimates the main crest, yielding a maximum wave height below the
theoretical value, whereas the MTR method better captures both the height and the shape
of the main peak, with only a small deviation at the trough. This improvement is particu-
larly evident for the fourth- and fifth-order cases, where the MTR method markedly in-
creases the rogue wave amplitude, bringing the maximum wave height of higher-order
events much closer to the analytical solution.

4.3. Shape Index Analysis

The following indices are used to quantify the rogue wave profile [42]: R, , the ratio
of the rogue wave crest elevation to the carrier wave amplitude; R , the ratio of the max-

imum rogue wave height to the height of the preceding adjacent wave; and R , the ratio
of the maximum rogue wave height to the height of the following adjacent wave. A com-

bined index is further defined as Qup =R +R+ R —3 .

Table 2 shows a comparison of R , RZ, and Ry obtained through the MTR and TR

methods, alongside their theoretical counterparts R , Rz, and %5 The results indicate
that the indices from the MTR method vary more smoothly with increasing order and
align more closely with the theoretical values. This suggests that the local geometric de-
formation and nonlinear features of rogue waves are well preserved at higher orders.
Conversely, the TR method performs adequately at low orders; however, at higher orders,
the indices tend to decrease and exhibit less growth. Its lower performance at high orders
highlights a limited ability to maintain the nonlinear characteristics of high-order rogue
waves.

Table 2. Comparison of rogue wave shape indices generated by the MTR and TR methods.

Case Method J £ R R, R R, R, R,
N1 2.84 141 2.45
N2 3.25 1.47 2.96

Ist 0.09 3.00 141 2.66
N3 3.06 1.38 2.37
N4 3.11 1.44 2.33
N5 4.90 1.53 2.19
N6 MTR 2nd 0.06 5.00 1.59 3.78 5.11 1.35 2.57
N7 5.28 1.42 2.70
N8 3rd 0.05 7.00 1.77 3.90 6.92 1.77 3.90
N9 4th 0.04 9.00 1.84 5.27 891 157 3.16

N10 9.19 1.49 3.69

N11 5th 0.03 11.00 1.67 4.22 11.10 1.71 5.30
o1 3.36 1.62 2.13
8§ TR Ist 0.09 3.00 141 2.66 2;; 1?2 iig
04 3.14 1.56 1.95
O5 2nd 0.06 5.00 1.59 3.78 4.83 1.22 2.35

https://doi.org/10.3390/app16052353



Appl. Sci. 2026, 16, 2353 18 of 26
06 5.16 1.20 3.24
o7 5.28 1.49 3.63
o8 4.64 1.24 3.25
09 0.05 7.00 1.77 3.90 6.82 1.97 3.81
010 7.60 1.62 3.58
o11 3rd 6.54 1.75 3.51
o12 0.04 7.00 1.52 3.36 6.93 140 364
013 6.95 1.67 3.52
014 4th 0.04 9.00 1.84 5.27 6.54 1.34 3.65
015 5th 0.03 11.00 1.67 4.22 7.63 1.22 2.74

Figure 16 compares the combined index Pir obtained using the MTR and TR meth-
ods. For the 1st-3rd-order cases, the two methods yield similar D@p values, whereas for

the fourth- and fifth-order cases, the Dir produced by the MTR method is markedly
higher than that of the TR method and closer to the analytical prediction.

4.4. Analysis of Spectral Characteristics

Figure 17 shows the single-sided FFT amplitude spectra of the rogue wave records at
the focusing point. The horizontal axis represents the normalized frequency (f =111 ,

where /¢ is the carrier peak frequency). The analytical solution exhibits a single, sharp,
dominant peak at the carrier frequency, with almost no pronounced secondary peaks, re-
flecting its typical narrowband nature [26]. This difference between theory and experi-
ment arises from the inherent limitations of the NLS-based analytical solution, which is a
weakly nonlinear, narrowband model that neglects bound higher harmonics. Conversely,
the MTR-generated waves are fully nonlinear physical waves that naturally include these
higher-frequency components because of their steep wave profiles. By contrast, both ex-
perimental spectra display secondary components with smaller amplitudes. In the 1st—
3rd-order cases, these secondary peaks are primarily located near integer multiples of the

carrier frequency (e.g., /= 2,3...)

, indicating the emergence of higher harmonics due to
nonlinear effects. When the order increases to the fourth and higher, the secondary peaks
progressively cluster around the carrier frequency; they no longer lie at exact integer mul-
tiples, and the boundaries between adjacent peaks become less distinct (i.e., the second-
ary-peak bandwidth increases), implying the involvement of more complex nonlinear
modulation effects during the focusing of the fourth- and fifth-order rogue waves [6]. A
comparison between the two wave-generation methods shows that the MTR method pro-
duces clearer, higher-amplitude secondary peaks, whereas those by the TR method are
relatively weak, with some approaching the noise floor. These differences indicate that the
MTR approach better reproduces the key nonlinear frequency components of higher-or-
der rogue waves, thereby improving wave-generation quality and enabling a more faith-
ful representation of the rogue wave evolution process.
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Figure 15. Comparison of free-surface time series at the target location for rogue waves of different
orders generated by the MTR method, the TR method, and the analytical solution.
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Figure 16. Combined indices of rogue waves generated by the analytical solution, TR, and MTR

methods (for ease of comparison, only data of cases where the carrier amplitude is 8 mm are in-

volved in the figure).
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Figure 17. Normalized single-sided amplitude spectra of 1st-5th-order rogue waves: (a) first-order
Case N3, O6; (b) second-order Case N6, O7; (c) third-order Case N8, O9; (d) fourth-order Case N10,
014; (e) fifth-order Case N11, O15. The dashed boxes indicate the enlargement of the local frequency

spectrum.

4.5. Spatial Evolution of the Sideband Energy Ratio Along the Flume

Section 4.4 illustrates that as the rogue wave’s order rises, the secondary spectral
peaks increasingly cluster around the carrier frequency. To measure how spectral energy
shifts from the carrier to these secondary components, we define the Relative Modulation

Index (RM’ ), also known as the sideband energy ratio, as the ratio of sideband energy

(Eyfd@ ) to main-peak energy (Em”"" ):

Eri e
Ry =—= (10)

main

Here, Eiiae represents the energy of wave components with frequencies ! , where

[/ =/ 02/ The main peak energy, Enain , is the energy within the carrier frequency

E

band, calculated as “main = Fotal =Byt A higher Rwi value indicates more substantial

energy redistribution resulting from nonlinear modulation.
Figure 18 shows how Rvi varies with propagation distance * across different

rogue wave orders. For lower orders (first and second), the Rur vemains relatively low

throughout. In contrast, higher orders (3rd-5th) exhibit a pronounced rise in the Ry

near the focusing point, forming a prominent peak. The peak’s magnitude increases with
rogue wave order (e.g., fifth), and the amplitude variation becomes more pronounced.
This pattern indicates stronger energy transfer from the main frequency to secondary

components as the wave focuses. After reaching the focus, the Rua gradually declines as
the wave propagates downstream. This suggests that higher-order rogue waves have a
more concentrated energy distribution during propagation, and that intense nonlinear in-
teractions produce more significant spectral changes near the focusing point [8].

The appearance of secondary spectral components, which cause the peak of Ry ,
reveals the inherent limitations of the idealized NLS analytical solution. While NLS theory
assumes a weakly nonlinear, narrowband spectrum with a smooth profile, the waves in
our experiment are strongly nonlinear. Near the focus, spectral evolution is driven by two
main mechanisms: modulation instability (MI), which generates sidebands around the
carrier frequency, and Stokes-type nonlinearity, which produces phase-locked higher har-

monics at integer multiples of the carrier, such as 2fe and 3. These components are
crucial for maintaining the sharp crest shape of high-order breathers. The MTR method’s

ability to more accurately capture the spatial variation in the Rwi than the TR method
highlights its superiority in modeling the full nonlinear energy exchange.
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Figure 18. Along-flume evolution of Ryt for rogue waves of various orders. (For ease of compari-

son, only cases with a carrier wave amplitude of 8 mm are included).

5. Conclusions

To address the insufficient focused wave height and nonlinearity of the TR method

while generating high-order rogue waves, an MTR method featuring a two-run seven-

step procedure is proposed by introducing a dynamic transfer function. Comparative ex-

periments for 1st-5th-order rogue waves are conducted in a wave flume. The main con-

clusions are summarized as follows.

M

2

)

The dynamic transfer function-based MTR method greatly enhances the focusing and
reconstruction of higher-order rogue waves. Experimental results show that for the
third- to fifth-order cases, the wave profiles align very well with the analytical solu-
tions. Notably, the maximum wave height at focus is much closer to the theoretical
prediction, and the central peak (main crest) is accurately reproduced with high fi-
delity, preserving its sharp and full structure. Compared to the TR method, MTR
needs a smaller maximum paddle stroke to produce the same wave target, and its
prescribed motion transitions more smoothly across the rogue wave segment, effec-
tively preventing wave breaking caused by excessive stroke demands.

Spectral analysis shows that the MTR method effectively generates clear peaks at the
carrier frequency’s integer multiples. This demonstrates its enhanced capacity to re-
produce the bound higher harmonics associated with Stokes-like nonlinearity, which
is essential for analyzing high-steepness waves. By accurately maintaining these
phase-locked harmonics, the MTR method enables precise reconstruction of sharp
crest shapes.

Compared to earlier fifth-order rogue waves with a wave steepness of around 0.01,
this study successfully produces a fifth-order rogue wave with a steepness of 0.03
using the modified TR method under similar water depth and focusing conditions.
This marks nearly a threefold increase in steepness. Furthermore, the ratio of the
rogue wave amplitude to the carrier wave’s amplitude increased from 8.4 to 10.6,
making it the fifth-order rogue wave with the highest wave steepness and focusing
amplification reported to date.
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Nomenclature

A(x,t) Complex envelope of the wave field

Ay The carrier amplitude

A The second-largest crest

A, The minimum trough

A The largest crest

t Time variable

T Dimensionless time

X Spatial coordinate

X Dimensionless spatial coordinate

1 Imaginary unit

) Carrier angular frequency

ko Carrier wavenumber

Cq Group velocity

4 Dimensionless rogue wave solution

Yo Dimensionless background

J Order of rogue waves

G, Real part of numerator

K; Imaginary part of numerator

D; Denominator polynomial

Ty Carrier period

g Acceleration due to gravity

h Water depth

H, .. Maximum wave height

n(x,t) The surface elevation

n" (x,t) The surface elevation during the forward propagation phase
n? (x,1) The surface elevation during the backward propagation phase
S() The wavemaker paddle stroke

SV(1) The paddle stroke for the forward wave-generation phase.
S (1) The paddle stroke for the backward wave-generation phase.
& Carrier wave steepness

N Total number of segments into which the wave signal is divided
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Index of the segment (n =1,2,...,N)

T, Time interval of the 7 -th segment

S, Segmented wavemaker paddle stroke for the 7 -th interval

. Target free-surface elevation within the # -th interval

A, Characteristic wave amplitude extracted from the # -th interval

B Transfer function

B, Value of the dynamic transfer function corresponding to the # -th interval

K, The ratio of the rogue wave height to the carrier wave height

K7 The experimental value of K,

K7 The theoretical value of K

R, The ratio of the rogue wave crest elevation to the carrier wave amplitude

R, The ratio of the maximum rogue wave height to the height of the preceding adja-
cent wave

R, The ratio of the maximum rogue wave height to the height of the following adja-
cent wave

R, The theoretical value of R,

R, The theoretical value of R,

R, The theoretical value of R;

(O A combined index is further definedas ®,; =R +R, + R, —3

f Wave frequency

I Carrier peak frequency

f Normalized frequency

M Spectral amplitude

Ry Relative modulation index

E . Sideband energy

E, .. Main-peak energy

E Total spectral energy

N (X,1) Target surface elevation
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