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Abstract 

The straddle packer fracturing technique represents a core technology for reservoir stim-
ulation in horizontal wells targeting deep shale gas formations. However, the fracturing 
string constrained by dual packers is highly susceptible to severe vibrations induced by 
high-pressure pulsating fluid flow, which subsequently leads to collisions between the 
string and the casing. These collisions may compromise the sealing integrity of the packers 
or cause fatigue damage to the string. The existing design of packer spacing primarily 
relies on static mechanical experience and lacks the support of nonlinear dynamics theory. 
As a result, it is difficult to maximize operational efficiency while ensuring safety. There-
fore, this paper establishes a fluid–solid coupling fracturing string model that takes into 
account fluid pulsation, geometric nonlinearity and gap collision constraints. Using the 
Galerkin discretization and the fourth-order Runge–Kutta algorithm, the influence laws 
of packer spacing and flow rate on the system stability are systematically studied. Studies 
have shown that the spacing of packers non-monotonically controls the system stability. 
Both too short or too long packer spacings will induce chaotic instability. However, there 
exists a highly robust, stable contact window near the ratio. Within this interval, the frac-
turing string is locked onto a stable period-doubling orbit. Based on this proposed opti-
mization criterion, compared with the traditional conservative design, the spacing of the 
packers can be extended by approximately 90%. This not only avoids the risk of chaos but 
also significantly improves the efficiency of the fracturing operation. 

Keywords: fracturing string; nonlinear vibration; collision constraint; fluid–structure  
interaction; bifurcation 
 

1. Introduction 
Horizontal well staged fracturing is a crucial technological approach for the devel-

opment of deep unconventional oil and gas resources [1,2]. Within the existing technolog-
ical framework, the straddle packer hydraulic fracturing technology has been extensively 
applied in on-site operations due to its adaptability to complex well conditions and the 
ability to transform specific target intervals [3,4]. As shown in Figure 1, the system anchors 
the fracturing string to the inner wall of the casing through the upper packer and the 
lower packer, forming an elongated string structure [5]. However, under the high-volume 
liquid injection conditions in deep wells, the structural safety of this tool string system 
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faces severe challenges. On-site failure analysis confirms that, restricted by the narrow 
annular geometric boundary of the wellbore, the lateral flow-induced instability of the 
fracturing tool string will inevitably evolve into severe contact collisions with the inner 
wall of the casing [6]. This non-linear impact dynamic behavior has been identified as the 
primary cause of fatigue fracture in the main body of the fracturing string and the loss of 
sealing integrity of the packer due to severe vibration [7]. 

 

Figure 1. Schematic diagram of the working principle of the straddle packer hydraulic fracturing 
tool string system. 

The packer spacing, a crucial parameter influencing the slenderness ratio of the frac-
turing string system, directly governs the stiffness matrix and eigenvalue distribution of 
the fluid–structure interaction system [8]. From the perspective of continuum dynamics, 
increasing the fracturing interval length under high-rate injection significantly weakens 
the effective stiffness of the string due to internal flow effects. Consequently, the critical 
flow velocity for dynamic instability is reduced. During the underground construction 
process, changes in the spacing of the packers may trigger coupling between different 
vibration modes and even lead to frequency locking phenomena. When the packer spac-
ing is inappropriately selected, the linear instability of the tool string in the confined an-
nulus often rapidly evolves into strongly nonlinear string-casing contact and collision be-
haviors. The continuous high-frequency impacts ultimately lead to aggravated contact 
wear of the tool string and accelerate the accumulation of fatigue damage [9]. 

Due to its extensive engineering applications and complex dynamic behavior, the 
flow-conveying pipeline system has long been a central topic in fluid–structure interaction 
research. In the context of hydraulic fracturing, the tool string or tubing behaves as a slen-
der fluid-conveying structure, where internal high-pressure fluid induces significant vi-
brations and interacts with structural constraints. Understanding this fluid–structure cou-
pling is essential, as it directly affects the stability and operational safety of the fracturing 
string while influencing fracture propagation and reservoir stimulation efficiency. Early 
studies primarily focused on fracture initiation and propagation mechanisms, but recent 
research increasingly emphasizes the coupled dynamics of the fracturing string under 
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high-rate injection conditions. The development of its theory has undergone a deep pro-
cess from linear stability determination to the evolution of nonlinear complex dynamics. 
Hydraulic fracturing has been widely applied to enhance reservoir permeability and im-
prove hydrocarbon recovery, particularly in unconventional reservoirs. Early investiga-
tions mainly focused on fracture initiation and propagation mechanisms. Economides and 
Nolte [10] systematically summarized the theoretical foundation and engineering appli-
cations of reservoir stimulation, while Detournay [11] established a rigorous mechanical 
framework for hydraulic fracture growth and fluid-driven crack propagation. With the 
rapid development of high-rate and multi-stage fracturing technologies, attention has 
gradually shifted toward the mechanical behavior and dynamic safety of fracturing 
strings. As early as the 1950s, Païdoussis [12] established the linear motion equation for 
the pipeline flow. He successfully predicted the flutter instability phenomenon of the can-
tilever pipeline at the critical flow velocity and established the basic theoretical framework 
for this field. To account for the experimentally observed phenomenon of “supercritical” 
vibration amplitude limitation, Holmes et al. [13] introduced a nonlinear term and applied 
the center manifold theorem to demonstrate that the system undergoes a bifurcation into 
stable limit-cycle oscillations following instability. 

Semler et al. [14] conducted a comparative analysis of the governing equations de-
rived from Hamilton’s principle and Newton’s method, and refined the formulation of 
higher-order nonlinear terms, thereby establishing a more accurate mathematical model 
for the analysis of large-deformation dynamics. As research advances, scholars have in-
creasingly directed their attention toward the complex effects of boundary constraints on 
pipeline stability. Paidoussis, Li, and other scholars [15] conducted a systematic investi-
gation into the dynamics of pipes with loose supports and identified clearance-induced 
impacts as the primary factor responsible for strong nonlinear behaviors, such as chaotic 
responses, in the system. Wang et al. [16] further elaborated on the influence of support 
stiffness and gap size on bifurcation characteristics based on this foundation, and through 
numerical simulations, revealed the period doubling bifurcation route by which the sys-
tem transitions into chaos. 

From the perspective of structural dynamics, the fracturing string can be regarded as 
a slender fluid-conveying structure operating under multiple boundary constraints. The 
instability and vibration behaviors of the fracturing string, induced by the combined ef-
fects of internal flow excitation, axial loading, and lateral contact forces, are highly con-
sistent with those of classical fluid-conveying pipeline systems in terms of mechanical es-
sence [8]. However, in the relevant research within the field of petroleum engineering, 
existing literature predominantly emphasizes macroscopic engineering safety assess-
ments. To simplify the analytical process, flow-induced vibrations and the associated non-
linear dynamic effects are frequently neglected [17]. Early scholars, represented by Lubin-
ski [18], established the helical buckling theory of pipes, focusing on analyzing the effects 
of axial loads and fluid pressures on pipe configuration. However, this approach is re-
stricted to the static domain and cannot capture the progressive damage to pipes induced 
by flow-induced vibrations. On this basis, Mitchell [19] conducted a systematic investiga-
tion into the stress state and buckling safety of the tubing string under packer constraints. 
The analysis is primarily based on the theories of lateral and longitudinal bending, with a 
focus on static and quasi-static responses. Since the fluid inertial force under the action of 
internal flow is not explicitly accounted for, this model struggles to characterize the dy-
namic instability behavior dominated by the Coriolis force. To overcome the difficulties 
associated with analytical methods, a substantial number of scholars have turned to nu-
merical simulations. Song et al. [20] analyzed the lateral vibration stability of the tool 
string under fluid—conveying production conditions based on the finite element method 
and the fluid—structure interaction model. They investigated the influence of the internal 
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flow velocity, the annular liquid cushion, and the reservoir pressure on the vibration re-
sponse. Zhang et al. [21] established a fluid–structure interaction theoretical model to 
characterize the water hammer effect and the vibration behavior of the tool string. The 
influence of transient flow induced by rapid valve closure on the dynamic response of the 
tool string was verified through a similarity-based experimental study. Yin et al. [22] es-
tablished a double-nonlinear flow-induced vibration model that accounts for longitudi-
nal-transverse coupling and the contact interaction between the pipe string and the casing, 
based on the Hamiltonian principle and incorporating the energy method and finite ele-
ment discretization. Subsequently, the validity of the model was verified through similar-
ity experiments. Zhang et al. [23] developed a dynamic model for ultra-deep well tubing 
strings that incorporates the fluid–structure interaction effect. The influence of transient 
operating conditions, such as wellbore start-up and shut-down, on the vibration response 
and instability behavior of the tool strings was systematically investigated. In conclusion, 
although the fundamental theory of fluid transportation pipelines is relatively well-estab-
lished, research on the fracturing string system that accounts for the contact interaction 
between the string and the casing remains insufficient. The investigation into the influence 
mechanisms governing the nonlinear stability of the fracturing string is still incomplete, 
leading to a lack of precise theoretical guidance for current engineering designs. 

In view of this, the present study employs a semi-analytical method that integrates 
Galerkin discretization with fourth-order Runge–Kutta numerical integration. In response 
to the simplified treatment of contact boundaries in existing research, this paper develops 
a dynamic model that incorporates the fluid centrifugal effect and proposes an improved 
trilinear contact model. By integrating the analytical expression of the annular dead zone 
with the cubic contact hardening stiffness, the model effectively resolves the issues of stiff-
ness discontinuity and numerical oscillation at critical contact points in traditional non-
smooth models, thereby enabling a continuous representation of the complex interaction 
between the tool string and the casing. On this basis, this paper innovatively adopts 
packer spacing as the key bifurcation control parameter and systematically investigates 
the modulation mechanism of tool string length variation on nonlinear dynamic behavior. 
By identifying the evolution boundary of chaotic impacts, the safe fracturing spacing is 
determined to ensure the stable operation of the fracturing string system. This establishes 
a quantitative theoretical criterion for structural optimization and failure prevention in 
the straddle packer hydraulic fracturing process. 

2. Mathematical Model 
2.1. Physical Model 

As shown in Figure 2a, it presents a typical schematic of a downhole straddle-packer 
hydraulic fracturing tool string system in the staged fracturing process of deep shale gas 
horizontal wells. This system is primarily composed of an upper packer, a lower packer, 
tubing, and the external casing. During the fracturing operation, high-pressure fracturing 
fluid is injected into the formation through the fracturing tool string. 

As shown in Figure 2b, in order to facilitate the dynamic modeling and theoretical 
analysis, based on the actual structural characteristics and operating conditions of the sys-
tem, we simplify the straddle-packer hydraulic fracturing tool string system into a distrib-
uted collision constraint model with both ends being simply supported. The specific phys-
ical description and basic assumptions are as follows: 
(1) Given that the pressure fracturing tool has a relatively high slenderness ratio and 

primarily exhibits lateral vibration, the effects of shear deformation and rotational 
inertia are neglected, and the system is modeled as an Euler–Bernoulli beam. 
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(2) Assume that the fracturing string is a tool string with a uniform cross section, and 
ignore the possible cross—sectional dimension changes in actual engineering. 

(3) The tool string material is assumed to be an isotropic linear elastic material, and the 
Kelvin-Voigt viscoelastic internal damping is taken into account. 

(4) The internal fluid is assumed to follow a plug flow model, with the proppant-laden 
slurry treated as a homogeneous continuum. The plug flow assumption captures the 
dominant excitation under high-Reynolds-number conditions [24], while the effec-
tive density of the mixture accounts for the inertial contribution of the proppants in 
the mass parameter M. 

(5) The effect of gravity on the axial dynamic response of the string is neglected [25]. For 
horizontal well fracturing operations, the axial component of gravity is relatively 
small and can be ignored in comparison with the inertia effects induced by fluid pul-
sations. 

(6) Assume that the tool string undergoes planar vibration within the horizontal plane, 
and neglect the influence of the initial sag caused by gravity. 

As shown in Figure 2b,c, respectively, represent several possible contact forms that 
may occur between the fracturing string and the distributed constraints. Establish a Car-
tesian coordinate system O-XY, where the X-axis is along the axial direction of the tool 
string. The physical and geometric parameters are defined as follows: The distance be-
tween packers is denoted by L. The flexural stiffness of the fracturing string is represented 
as EI, and the material density is ρ. The cross-sectional area is A, and the mass per unit 
length of the string is denoted as mp. Structural damping during vibration is characterized 
by the Kelvin–Voigt viscoelastic coefficient. The fluid inside the string is an incompressi-
ble fracturing fluid with density. The mass per unit length of the internal fluid is denoted 
as mf  and the fluid flow velocity is denoted as U. 

 

Figure 2. (a) Schematic of downhole straddle-packer hydraulic fracturing tool string. (b,c) Schematic 
diagram of fracturing string collision under distributed collision constraints. Blue arrows denote the 
direction of internal fluid flow velocity U ; The pink structure represents the fracturing string, and 
the shaded regions represent the casing boundaries. 

Based on assumption (4) and considering the periodic displacement fluctuations in-
duced by the field-operated fracturing pump unit, the fluid velocity in the tool string is 
modeled as the superposition of the mean flow velocity and a simple harmonic pulsation 
component [26,27]. The corresponding mathematical expression is given as follows: 
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0( ) (1 sin )U t u tσ= + Ω  (1)

Among them, 0u   represents the average dimensionless velocity of the pulsating 

flow, σ  and Ω  represent the amplitude and excitation frequency of the pulsating flow, 
respectively. 

2.2. Equation Establishment 

Based on the boundary conditions constrained by two-end packers, the nonlinear 
governing equations proposed by Holmes [13] describe the large-deformation dynamics 
of the fracturing tool string. Based on the aforementioned research, this paper modifies 
the governing equations and introduces distributed collision constraints to investigate the 
nonlinear vibration response of the fracturing tool string. Thus, the motion equation of 
the simply supported ends of the fracturing tool string, considering collision constraints, 
is obtained as follows: 

( )

( ) ( )
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
(2)

In the formula, w  represents the lateral displacement of the fracturing string at time 

t, and ( )F w   represents the nonlinear collision constraint force distributed along the 
string axis acting on the string. A modified trilinear constraint model is adopted, which is 
closer to the experimental results. The calculation form of its collision force is as follows 
[28]: 

( ) ( )
3

0 0
1 | | | |
2

F w K w w w w w = − + − −  
 (3)

In the formula, 0w  represents the interval between the outer wall of the tool string 

and the edge of the collision constraint, and K denotes the stiffness coefficient for calculat-
ing the collision force in the modified trilinear constraint model. 

The following dimensionless parameters are introduced: 

2
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Substituting Equation (4) into Equation (2) and applying the aforementioned dimen-
sionless parameters, the dimensionless nonlinear governing equations for the fracturing 
string subject to distributed collision constraints can be expressed as follows: 

( )
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 (5)

Among them, the dimensionless collision constraint force ( )f η  is: 
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( ) ( )
31 | | | |

2tf d dη κ η η η = − + − −  
 (6)

Based on the principle of modal superposition, the Galerkin method is applied to 
discretize Equation (5). The transverse displacement of the fracturing string is expanded 
into a series of basis functions that satisfy the boundary conditions, namely: 

1
( , ) ( ) ( )

N

j j
j

qη ξ τ ϕ ξ τ
=

=  (7)

Among them, N represents the number of truncated modes used for the discrete ap-
proximation of the model. Substituting Equations (1), (6), and (7) into Equation (5), mul-
tiplying the entire equation by the basic function ( )jϕ ξ , and integrating the equation 

over the interval [0, 1], we obtain the following system of nonlinear differential equations 
in matrix form: 

( ) ( ) ( )1 2, ,Mq Cq Kq f q g q q g q q 0+ + + + + =     (8)

In the formula: 1 2[ ; ; ]Nq q q   ;q=   , 1 2 1 2[ ; ; ], [ ; ; ]N Nq q q   ;q q q q   ;q= =           represent 

the displacement, velocity, and acceleration of the fracturing string, respectively. 
1

0
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( ) 14
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In the equation, M denotes the mass matrix of the system, C represents the damping 
matrix, K stands for the stiffness matrix, ( )f q  is the nonlinear collision force vector, and 

1 2,g g  signifies the nonlinear vector resulting from axial deformation. 
To facilitate numerical computations, a state vector , [ ; ]p q z q p= =  is introduced 

to transform Equation (8) into a first-order ordinary differential equation form. 

( ) ( )z Az G z F z= + +  (14)

In the formula: 

1 2
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 (15)
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2.3. Numerical Calculation Methods and Parameter Settings 

In addressing the practical operational conditions of fracturing operations in which 
the tool string is anchored to the inner wall of the casing through a packer, this study 
adopts simplified boundary conditions modeled as simply supported constraints at both 
ends of the tool string. This simplification is justified on the basis that the packer primarily 
restricts radial displacement while providing limited resistance to rotational deformation. 
The corresponding dimensionless boundary conditions are thus formulated as follows: 

2 2

2 2
(0, ) (1, )(0, ) (1, ) 0, 0w ww w τ ττ τ
ξ ξ

∂ ∂= = = =
∂ ∂

 (16)

Considering the aforementioned boundary conditions, sinusoidal functions that sat-
isfy the orthogonality condition are chosen as the basis functions for the Galerkin discreti-
zation process. 

( ) 2 ( )i sin iϕ ξ πξ=  (17)

In the equation, i represents the modal order. This basis function formulation rigor-
ously satisfies both displacement and force boundary conditions of the system, rendering 
it suitable for the discretized solution of such fluid–structure interaction systems. 

In the process of reducing partial differential equations to ordinary differential equa-
tions using the Galerkin method, the choice of the modal truncation number N plays a 
critical role in determining the accuracy and convergence of the numerical computations. 
For the strongly nonlinear vibro-impact system with clearance investigated in this study, 
the vibrational energy is primarily concentrated in the lower-frequency modes. Conver-
gence analysis indicates that setting the truncation order to N = 4 results in a stabilized 
primary resonance interval, period-doubling bifurcation points, and topological structure 
of chaotic attractors. This configuration ensures accurate representation of complex dy-
namic phenomena, including period-doubling bifurcations and intermittent chaos arising 
from pulsating flow and clearance constraints. Therefore, comprehensively evaluating 
computational accuracy and temporal cost, this paper consistently adopts N = 4 in all sub-
sequent numerical simulations [29]. 

To accurately characterize the nonlinear fluid–structure interaction effects of packer 
spacing and high-velocity fluid excitation on string stability, and to establish a unified 
dynamic criterion applicable to various well conditions, a dimensionless length ratio γ  
is introduced as the key control parameter based on continuum dynamics theory and di-
mensional analysis, which is defined as: 

0

LU Mγ
u EI

=  (18)

The discretized governing equations are numerically integrated using a fourth-order 
Runge–Kutta method. To balance computational accuracy and efficiency, a fixed dimen-
sionless time step of 0.0005τΔ =   is selected. The initial conditions are specified as 

(1: ) 0.001z N =   and ( 1:2 ) 0z N N+ =  , and the following parameters for the fracturing 
string system are adopted in the calculation [30]: 

60.005, 0.64, 5000, 5.6 10 , 0.044, 0.4t dα β κ κ σ= = = = × = =  (19)

In the construction of bifurcation diagrams, a parameter continuation strategy is em-
ployed, in which the steady-state solution corresponding to the previous control parame-
ter value serves as the initial condition for the current computational step. This approach 
preserves the continuity of the dynamical solution and improves convergence efficiency. 
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By employing analytical methods such as Poincaré sections, phase plane trajectories, and 
power spectral density analysis, the nonlinear dynamic evolution characteristics of the 
fracturing string system are systematically investigated and comprehensively character-
ized from multiple perspectives. 

2.4. Model Validation 

To ensure the reliability of the proposed numerical framework, a comparative study 
was conducted between the current model and the established results reported in Refer-
ence [30]. The validation was performed using identical physical parameters: N = 2, α = 
0.005, β = 0.64, κ = 5000, u0 = 4.5, σ = 0.4. 

Figure 3 compares the bifurcation diagram of the dimensionless midpoint displace-
ment obtained in this study with established benchmarks in the literature [16,31]. The 
comparative analysis demonstrates that the present model accurately captures the essen-
tial nonlinear “fingerprints” of the pipe-conveying-fluid system under pulsating excita-
tion and motion constraints. Specifically, both models exhibit a highly consistent topolog-
ical evolution sequence as the excitation frequency increases: transitioning from an initial 
impact-induced chaotic region to a wide stable periodic window via inverse bifurcation, 
followed by the re-emergence of instability through a period-doubling cascade. This dy-
namic transition path aligns well with the bifurcation phenomena reported by Wang and 
Ni [16], confirming that the current model correctly reproduces the parametric resonance 
mechanisms induced by pulsating flow. 

 

Figure 3. Bifurcation diagram of the displacement of the fracturing tool string versus length ratio 
γ  for numerical validation. 

It should be noted that strong nonlinear systems of this nature are characterized by 
an extreme sensitivity to damping ratios, clearance thresholds, and numerical discretiza-
tion precision. Such sensitivity naturally leads to quantitative shifts in specific bifurcation 
points and peak amplitudes between the present study and the references [31]. However, 
the qualitative agreement in the dynamic transition paths and the overall structure of the 
stability windows is excellent. This topological consistency justifies the correctness of the 
Galerkin-based discretization, the mathematical treatment of the non-smooth impact 
forces, and the reliability of the Runge-Kutta integration scheme. Consequently, the 
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proposed numerical procedure is proven to be valid and robust for the subsequent para-
metric sensitivity analysis of the fracturing string. 

3. Results and Discussions 
3.1. The Influence of Excitation Frequency on Vibration 

As illustrated in Figure 4, when 0 2 2ω≤ ≤ , the fracturing string predominantly 
exhibits strongly nonlinear chaotic motion. At this stage, due to the elevated vibrational 
energy induced by fluid pulsation, the vibration amplitude of the string significantly ex-
ceeds the constraint clearance, leading to the formation of a pronounced nonlinear contact 
interaction between the string and the confinement boundary. The frequent and irregular 
impact collisions result in a system response that manifests as a strange attractor in phase 
space. With a further increase in the excitation frequency within the range 2 2 6 3ω< ≤ , 
the system transitions out of the chaotic regime and evolves into a stable period-doubling 
limit cycle motion through an inverse bifurcation. At this stage, the Poincaré section 
clearly appears as two distinct and smooth branches located above and below, indicating 
that although the tool string remains in contact with the boundary, its dynamic behavior 
has evolved into a highly regular periodic impact pattern. 

 

Figure 4. Bifurcation diagram of fracturing tool string displacement versus internal flow excitation 
frequency. 

When 63ω> , the tool string exhibits dynamic instability once again, where the orig-
inal period-doubling bifurcation point undergoes splitting, manifesting as a period-dou-
bling bifurcation. Specifically, the system’s motion transitions progressively from period-
2 to period-4 behavior. This phenomenon typically indicates that, with further increase in 
frequency, the fracturing string system will re-enter a high-frequency chaotic state via a 
period-doubling cascade pathway. At this flow velocity, the presence of a stable motion 
window in the intermediate frequency region compared to the chaotic response observed 
in the low-frequency range provides a theoretical foundation for mitigating severe colli-
sions in engineering practice by adjusting the pump injection frequency. 

The above instability characteristics further highlight that the system dynamic state 
is strongly governed by the coupling between excitation frequency and packer spacing. 
According to the definition of the dimensionless frequency, the relationship between the 
physical pulsation frequency Ω   and the packer spacing γ  follows the scaling law 
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· ²ω γ∝Ω . As indicated by the bifurcation results, stable system responses can be maintained 
only when ω  remains below a critical threshold. An increase in the pump pulsation fre-
quency Ω  directly elevates the dimensionless excitation frequency, thereby driving the 
system toward the high-frequency chaotic regime identified above. To offset this destabi-
lizing effect, the packer spacing γ must be reduced accordingly. Therefore, higher fluid 
pulsation frequencies require shorter packer spacing designs to maintain dynamic stabil-
ity and reduce the risk of severe vibration or collision. 

3.2. The Influence of Packer Spacing on Vibration 

The nonlinear dynamic behavior of the fracturing string system is not only directly 
influenced by the excitation frequency but also closely dependent on the spacing between 
packers. Variations in packer spacing induce shifts in the natural frequencies of the string 
through scaling laws, thereby driving transitions among different dynamic regimes, as 
identified in Section 3.1. To further investigate the nonlinear dynamic mechanisms within 
the different stability regions identified in the global bifurcation diagram, four representa-
tive length ratios 0.5,0.85,1.15,1.50γ =  are selected for detailed analysis. 

As illustrated in Figures 5–8, when 0.6γ < , the fracturing string operates within a lin-
ear micro-amplitude vibration regime, in which the dimensionless displacement remains 
close to zero. In this range, the bending stiffness of the string dominates the system re-
sponse, while the influence of internal fluid flow remains weak. The vibration exhibits a 
regular sinusoidal pattern with an amplitude well below the casing clearance, indicating 
free vibration without string-casing contact. The phase trajectory forms a smooth closed 
elliptical orbit, and the frequency response is characterized by a single dominant funda-
mental frequency without noticeable broadband components, confirming a stable linear 
single-period motion state. 

 
Figure 5. Bifurcation diagram of displacement of fracturing tool string versus length ratio γ . 
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Figure 6. Time histories of the displacement under different length ratios γ  at 0 4.5u = . 

 
Figure 7. Phase portraits of the displacement under different length ratios γ  at 0 4.5u = . 
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Figure 8. Power spectral densities of the displacement under different length ratios γ  at 0 4.5u = . 

As the packer spacing increases, the system undergoes an initial Hopf bifurcation. In 
the interval 0.6 0.95γ< ≤ , the system enters a chaotic vibration regime dominated by ir-
regular collision-induced dynamics. The vibration amplitude increases sharply and fre-
quently exceeds the annular clearance, leading to intense and intermittent impacts be-
tween the string and the casing wall. The time-domain response becomes strongly aperi-
odic, while the phase-space structure loses its closed-loop topology and evolves into a 
disordered strange attractor. Meanwhile, broadband noise emerges in the frequency spec-
trum, indicating that impact-induced nonlinearity disrupts the systemʹs periodicity and 
drives it into a chaotic state. 

When γ  further increases to the range 0.95 1.35γ< ≤ , the chaotic motion abruptly 
disappears, and the system transitions into a stable periodic response through an inverse 
bifurcation mechanism. Within this interval, the vibration amplitude remains relatively 
large and intermittent grazing contact persists; however, the system exhibits highly re-
peatable and deterministic motion. The time-domain response recovers a regular pattern, 
the phase trajectory re-forms a closed asymmetric limit cycle, and the frequency spectrum 
consists of discrete spectral lines. These features indicate that the casing effectively acts as 
a displacement limiter, suppressing flow-induced divergence and stabilizing the system. 
This interval therefore represents an optimal engineering window, with 1.15γ =  provid-
ing a balance between extended packer spacing and dynamic stability. 

As the length ratio further increases to 1.35 1.75γ< ≤ , the system becomes unstable 
again and enters a high-frequency chaotic regime. The increase in dimensionless flow ve-
locity intensifies fluid-induced centrifugal and Coriolis effects, leading to the re-emer-
gence of instability. The vibration response becomes highly irregular, the phase-space tra-
jectories expand significantly, and the frequency spectrum exhibits a wider energy distri-
bution and elevated noise floor. These features indicate the participation of higher-order 
modes and strong multimodal coupling, resulting in a more complex chaotic state than 
that observed in the earlier instability region. 
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As illustrated in Figure 9, when 0.5γ = , the mapping points on the Poincaré section 
are densely clustered near the coordinate origin, with both displacement and velocity ex-
hibiting extremely small magnitudes. This indicates that the tool string is minimally af-
fected by fluid-induced excitation, and the system remains in a stable static equilibrium 
state. When the length ratio is 0.85γ =  and 1.15γ = , the Poincaré section manifests as a 
complex lamellar structure composed of a series of discrete points. Instead of converging 
to a finite number of positions, these points exhibit a fractal structure characterized by 
self-similarity. This corresponds to a strange attractor in nonlinear dynamics, confirming 
that the system is in a state of chaotic motion. In stark contrast, when 1.50γ = , the previ-
ously complex attractor vanishes and a clearly delineated isolated fixed point emerges on 
the cross-section. This phenomenon indicates that the fracturing tool string system has 
transitioned from chaotic dynamics to stable single-cycle motion through its evolutionary 
process. 

 

Figure 9. Poincaré Mapping of Periodic and Chaotic Motions in Fracturing String Systems. 

In summary, the variation in packer spacing exerts a non-monotonic influence on the 
stability of the string. Bifurcation diagram analysis reveals that selecting parameter ranges 
near 1.15γ ≈  enables effective avoidance of the resonant chaotic region, thereby main-
taining the fracturing string system in a stable periodic motion state characterized by con-
trollable dynamic behavior. Overall, as the length ratio γ  increases, the system does not 
follow a monotonic trend toward instability; rather, stable periodic motions and chaotic 
motions alternately emerge across multiple parameter intervals. 

3.3. The Influence of Flow Velocity on the Stability Boundary 

During actual fracturing operations, pumping rates are frequently adjusted in real 
time to meet process requirements; hence, the design of packer spacing must exhibit ro-
bustness against flow-rate fluctuations. At a reduced average flow velocity of 0 3.0u = , 

the overall dynamic response of the fracturing string shows a clear tendency toward sim-
plified nonlinear behavior over the investigated length ratios, as illustrated by the global 
bifurcation diagram. To further examine the associated dynamic characteristics, four 
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representative cases are analyzed using time-domain responses, phase-space trajectories, 
and frequency spectra, as shown in Figures 10–13. 

 
Figure 10. Bifurcation diagram of the displacement under different length ratios γ  at 0 3.0u = . 

For the case with a small length ratio of 0.6γ = , the fluid-induced excitation remains 
weak, and the tool string response is confined to a linear vibration regime with extremely 
small amplitudes. The displacement response rapidly decays toward a near-zero steady 
state, while the corresponding phase trajectory converges to a fixed point at the origin, 
indicating stable equilibrium behavior. In addition, no pronounced peaks are observed in 
the power spectrum, suggesting that self-excited oscillations are not activated under this 
condition. 

 
Figure 11. Time histories of the displacement under different length ratios γ  at 0 3.0u = . 
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Figure 12. Phase portraits of the displacement under different length ratios γ  at 0 3.0u = . 

As the length ratio increases to 1.15γ = , the system departs from the equilibrium state 
and evolves into a periodic vibration regime. The time-domain response exhibits a regular 
oscillatory waveform with increased amplitude, and the phase portrait forms a closed el-
liptical loop, which is characteristic of a stable limit cycle. In the frequency domain, the 
spectral energy is primarily concentrated at the fundamental frequency and its harmonics, 
indicating that the system response remains well organized despite the emergence of non-
linear effects. This response suggests that, although contact interactions may begin to oc-
cur, the vibration is still effectively regulated by the combined effects of structural stiffness 
and damping. 

 
Figure 13. Power spectral densities of the displacement under different length ratios γ  at 0 3.0u = . 
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Further increasing the length ratio to 1.45γ =  does not result in a transition to cha-
otic motion, unlike the behavior observed at higher flow velocities. Instead, the system 
exhibits a more complex yet bounded oscillatory response. The time-domain signal shows 
clear amplitude modulation, while the phase trajectories consist of multiple nested closed 
loops or torus-like structures, which are typical features of multi-periodic or quasi-peri-
odic motion. Although the dynamic patterns become more intricate, no irregular diver-
gence associated with chaotic attractors is observed. 

A similar dynamic response is observed at the largest investigated length ratio of 
1.8γ = . The corresponding power spectrum remains dominated by discrete spectral lines, 

with a clear separation between the fundamental frequency and subharmonic compo-
nents and without the appearance of a broadband continuous spectrum. This indicates 

that, at 0 3.0u =  , the fluid-induced centrifugal and Coriolis effects remain relatively 
weak and do not govern the system dynamics. Consequently, even at large length ratios, 
the fracturing string tends to evolve toward stable multi-frequency oscillatory states ra-
ther than developing strongly irregular or chaotic vibrations. 

At a flow velocity of 0 6.0u = , the global bifurcation behavior of the system is sum-
marized in Figure 10. Compared with lower flow velocity conditions, the stability bound-
ary becomes narrower, and irregular responses extend toward intermediate values of the 
length ratio. This change is associated with the enhanced flow-induced negative stiffness 
effect, which scales with the square of the flow velocity. As a result, nonperiodic motion 
may occur even at relatively small length ratios. 

As illustrated in Figures 14–17, when 0.6γ = , the static equilibrium state is no longer 
maintained. The phase plane trajectory forms a banded annular structure rather than a 
closed curve, and multiple low-frequency components appear in the spectrum, indicating 
a transition to quasi-periodic or weakly irregular motion. 

 

Figure 14. Bifurcation diagram of the displacement under different length ratios γ  at 0 6.0u = . 

When the length ratio increases to 0.85γ = , the response becomes fully chaotic. The 
displacement signal shows abrupt amplitude variations, implying frequent interactions 
between the tool string and the casing. In phase space, the trajectory evolves into a 
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complex attractor with folded structures, while the frequency spectrum develops a broad-
band distribution without dominant discrete peaks. 

 
Figure 15. Time histories of the displacement under different length ratios γ  at 0 6.0u = . 

 

Figure 16. Phase portraits of the displacement under different length ratios γ  at 0 6.0u = . 

Within the interval 0.9 1.3γ< < , a limited region of regular motion is observed. At 
1.15γ = , the system response reorganizes into a single-period oscillation. The phase tra-

jectory returns to a smooth closed loop, and the spectral energy is concentrated mainly at 
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the fundamental frequency, indicating a bounded and repeatable dynamic state under 
this spacing. 

 

Figure 17. Power spectral densities of the displacement under different length ratios γ  at 0 6.0u = . 

When the length ratio further increases beyond 1.35γ > , the regular motion regime 

disappears. For 1.60γ = , the response is characterized by rapid fluctuations and a broad 
occupation of the phase space. The frequency spectrum becomes widely distributed, with 
enhanced high-frequency components. Under combined conditions of long string length 
and high flow velocity, higher-order modal responses are increasingly involved, leading 
to a more complex vibration pattern. 

3.4. Discussion 

The reliability of the proposed model is validated by its adherence to universal non-
smooth dynamical principles. The simulated bifurcation sequence, which transitions from 
impact-induced chaos back to stable windows, aligns with the theoretical frameworks of 
Païdoussis [15] and Modarres-Sadeghi et al. [32]. Their research on constrained pipe flows 
confirms that while motion constraints can trigger chaos, specific parametric combina-
tions allow the impact forces to achieve phase synchronization with fluid excitation, 
thereby restoring the system to stable periodic orbits. 

While the proposed packer spacing optimization and dynamic analysis are primarily 
demonstrated for shale gas reservoirs, the underlying framework and dimensionless de-
sign criterion γ are in principle applicable to multistage hydraulic fracturing in conven-
tional reservoirs. Appropriate adjustments of operational parameters, such as wellbore 
inclination, fluid properties, and packer configuration, are required to account for differ-
ences in reservoir and completion conditions [33]. The methodology can be extended to 
other reservoir types with proper parameter adaptation. 

Furthermore, the identification of the stable-contact window at 1.15γ =   is sup-
ported by the fundamental theory of impact oscillators established by Shaw and Holmes 
[34] and Wagg [35]. They rigorously proved that in non-smooth systems, the addition of 
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constraints does not inevitably lead to disorder; instead, at specific structural ratios, the 
nonlinear stiffness generated by impacts can effectively “capture” otherwise unstable tra-
jectories, transforming them into deterministic limit cycles. This “attractor self-organiza-
tion” provides a robust theoretical basis for the rhythmic, predictable contact behavior 

observed at 1.15γ = . By capturing these universal “nonlinear fingerprints,” the present 
results are cross-validated against established literature, confirming the model’s accuracy 
in predicting the stability of fracturing strings under complex boundary constraints. 

A comprehensive comparison of the bifurcation diagrams under the three flow rates 
shows that increasing flow velocity generally compresses the stable regions and promotes 
earlier transition to irregular motion. However, at 1.15γ ≈ , the system repeatedly exhib-
its stable periodic responses across all flow conditions, indicating that this spacing corre-
sponds to a locally optimal dynamic configuration. Mechanistically, this behavior sug-
gests a balance between fluid-induced negative stiffness and the geometric constraint in-
troduced by casing contact, where the interaction limits further vibration growth instead 
of triggering instability [30]. As a result, the system dynamics reorganize into a bounded 
periodic state, characterized by closed phase trajectories or only weak period-doubling. 
This finding implies that system stability is governed by the combined effects of flow in-
tensity and spacing configuration, and that properly selected packer spacing can maintain 
predictable motion even under elevated flow rates. 

4. Conclusions 
This study establishes a fluid–structure interaction dynamic model for fracturing tool 

string operations, and numerically simulates the influence of packer spacing and flow rate 
on the vibrational characteristics of the string. The principal conclusions are as follows: 

Revealed the evolution laws of the fracturing string’s vibration states under varying 
packer spacing. 

(1) The computational results reveal that the tool string exhibits distinctly different 
vibration modes as packer spacing varies. At a length ratio of 0.85γ = , the tool string 
undergoes severe chaotic collisions due to resonance. When 1.35γ > , the string re-enters 
an intensive vibrational state as a result of excessive flow velocity effects. This indicates 
that the design of packer spacing must avoid these two critical regions, which lead to sys-
tem instability. 

(2) Elucidated the impact of flow velocity variations on the distribution and width of 
the stability windows. 

A comparative analysis of bifurcation diagrams under varying flow rates reveals that 
increased flow velocity significantly reduces the length range within which the string 
structure maintains stability. At a low flow rate of 0 3.0u =  , the string remains stable 
across a broad range of lengths. In contrast, at a high flow rate of 0 6.0u = , the length 

interval capable of sustaining stable vibrations is markedly narrowed. This indicates that 
in high-displacement fracturing operations, the permissible range for packer spacing be-
comes constrained, necessitating more precise design considerations. 

(3) Proposed an optimization criterion for packer spacing based on the maintenance 
of stable periodic motion. 

Based on the dynamic analysis results, the dimensionless string length ratio 1.15γ ≈  
has been identified as the optimal design parameter. At this spacing configuration, the 
tool string maintains regular and stable motion with periodic contact against the casing, 
while avoiding destructive chaotic impacts. In comparison with the linear instability 

threshold length ratio of 0.6γ <   predicted by the model, this optimized solution 
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increases the packer spacing by approximately 90%, significantly enhancing the efficiency 
of fracturing operations while ensuring operational safety. 

Author Contributions: Conceptualization, Y.L.; methodology, Y.L. and Y.S.; software, Y.S.; valida-
tion, Y.S. and Y.L.; formal analysis, Y.S.; investigation, Y.L.; resources, Y.S.; writing—original draft 
preparation, Y.S.; writing—review and editing, Y.L.; funding acquisition, Y.L. All authors have read 
and agreed to the published version of the manuscript. 

Funding: The authors gratefully acknowledge the financial support from the Natural Science Foun-
dation of China (No. 42272362) and the Fundamental Research Funds for the Central Universities, 
China (No. 379202408). We also thank the reviewers of the original manuscript, whose comments 
and suggestions helped to improve this paper. 

Institutional Review Board Statement: Not applicable. 

Informed Consent Statement: Not applicable. 

Data Availability Statement: The data that support the findings of this study are available from the 
corresponding author upon reasonable request. 

Conflicts of Interest: The authors declare no conflicts of interest. 

References 
1. Leontiev, D.; Shamsutdinov, N.; Vaganov, Y.; Shalyapina, A.; Shalyapin, D.; Zhigalkovskaya, M. Multi-stage hydraulic fractur-

ing technology in a well with horizontal working face. Bol. Cienc. Tierra 2022, 52, 9-17. 
2. Xue, J.; Sun, Q.; Wei, R.; Li, W.; Yu, L.; Wang, W.; Liu, Y. Research on Structural Design and Plugging Laws of Knot Temporary 

Plugging Agent. Symmetry 2026, 18, 211. 
3. Alali, E.A.; Bataweel, M.A.; Arias Urbina, R.E.; Bulekbay, A. Critical review of multistage fracturing completions and stimula-

tion methods. In Proceedings of the Abu Dhabi International Petroleum Exhibition and Conference, 2020; SPE: Richardson, TX, USA, 
2020; p. D041S110R002. 

4. Li, W.; Liu, Y.; Meng, Q.; Xue, J.; Sun, Q. Study on migration and plugging mechanism of knot temporary plugging agent in 
hydraulic fracturing. Phys. Fluids 2025, 37, 063349. 

5. Shah, M.S.; Shah, S.N. Comparative assessment of mechanical and chemical fluid diversion techniques during hydraulic frac-
turing in horizontal wells. Pet. Sci. 2023, 20, 3582–3597. 

6. Wu, L.; Zhang, J.; Jia, D.; Wang, S.; Yan, Y. Performance evaluation of multistage fractured horizontal wells in tight gas reser-
voirs at Block M, Ordos Basin. Energies 2022, 15, 613. 

7. Carpenter, C. Multistage Acid Stimulation Uses Straddle Packer, Real-Time Telemetry. J. Pet. Technol. 2023, 75, 63–65. 
8. Paidoussis, M.P. Fluid-Structure Interactions, Slender Structures and Axial Flow; Elsevier: Amsterdam, The Netherlands, 2003; Vol-

ume 2. 
9. Guo, X.; Li, X.; Liu, J.; Dai, L.; Huang, L.; Wei, A.; Zhang, X. Fatigue failure mechanism of 3D tubing strings used in high-

pressure, high-temperature and high-yield curved gas wells. Eng. Fail. Anal. 2021, 128, 105536. 
10. Michael, J.; Economides, K.G.N. Reservoir Stimulation; Wiley: Chichester, UK; New York, NY, USA, 2000. 
11. Wu, B.; Yang, D. Mechanics of Hydraulic Fracturing; Wiley: Hoboken, NJ, USA, 2022. 
12. Gregory, R.W.; Paidoussis, M.P. Unstable oscillation of tubular cantilevers conveying fluid II. Experiments. Proc. R. Soc. Lond. 

Ser. A Math. Phys. Sci. 1966, 293, 528–542. 
13. Holmes, P.J. Bifurcations to divergence and flutter in flow-induced oscillations: A finite dimensional analysis. J. Sound Vib. 1977, 

53, 471–503. 
14. Semler, C.; Li, G.X.; Paıdoussis, M.P. The non-linear equations of motion of pipes conveying fluid. J. Sound Vib. 1994, 169, 577–

599. 
15. Paıdoussis, M.P.; Li, G.X. Pipes conveying fluid: A model dynamical problem. J. Fluids Struct. 1993, 7, 137–204. 
16. Wang, L. A further study on the non-linear dynamics of simply supported pipes conveying pulsating fluid. Int. J. Non-Linear 

Mech. 2009, 44, 115–121. 
17. Mitchell, R.F.; Weltzin, T. Lateral buckling–the key to lockup. In Proceedings of the SPE/IADC Drilling Conference and Exhibition, 

2011; SPE: Richardson, TX, USA, 2011; p. SPE-139824-MS. 



Appl. Sci. 2026, 16, 2370 22 of 22 
 

https://doi.org/10.3390/app16052370 

18. Lubinski, A.; Althouse, W.S. Helical buckling of tubing sealed in packers. J. Pet. Technol. 1962, 14, 655–670. 
19. Mitchell, R.F. Buckling behavior of well tubing: The packer effect. Soc. Pet. Eng. J. 1982, 22, 616–624. 
20. Tang, S.; Liang, Z.; Zhao, G.H. Dynamic stability of lateral vibration of a tubing string in flowing production. J. Vibroeng. 2018, 

20, 2540–2549. 
21. Zhang, Q.; Liao, T.; Ding, L.; Wang, K.; Yang, H.; Lian, Z. Study on water hammer effect and tubing string vibration in high-

pressure high-production gas wells. Geoenergy Sci. Eng. 2023, 229, 212147. 
22. Liu, J.; Guo, X.; Wang, G.; Liu, Q.; Fang, D.; Huang, L.; Mao, L. Bi-nonlinear vibration model of tubing string in oil & gas well 

and its experimental verification. Appl. Math. Model. 2020, 81, 50–69. 
23. Zhang, Z.; Yang, K.; Zheng, Y.; Ding, J.; Huo, H.; Xu, J.; Zhang, X.; Xie, T. Response analysis and safety control of tubing vibra-

tion in HPHT and ultra-deep gas wells. J. Pet. Sci. Eng. 2022, 219, 111118. 
24. Lian, Z.; Zhang, Y.; Zhao, X.; Ding, S.; Lin, T. Mechanical and mathematical models of multi-stage horizontal fracturing strings 

and their application. Nat. Gas Ind. B 2015, 2, 185–191. 
25. Zhu, B.; Guo, Y.; Wang, Y.Q., Non-smooth dynamics of impacting viscoelastic pipes conveying pulsatile fluid. Commun Non-

linear Sci 2024, 135, 108040. 
26. Köroğlu, E.; van Horssen, W.T. On internal resonances in pipes conveying pulsating fluid for beam, stretched-beam, and string 

models. Nonlinear Dyn. 2025, 113, 30731–30768. 
27. Ni, Q.; Wang, Y.; Tang, M.; Luo, Y.; Yan, H.; Wang, L. Nonlinear impacting oscillations of a fluid-conveying pipe subjected to 

distributed motion constraints. Nonlinear Dyn. 2015, 81, 893–906. 
28. Païdoussis, M.P.; Semler, C. Nonlinear and chaotic oscillations of a constrained cantilevered pipe conveying fluid: A full non-

linear analysis. Nonlinear Dyn. 1993, 4, 655–670. 
29. Ding, H. Convergence of the Galerkin method for nonlinear dynamics of the continuous structure. J. Adv. Appl. Comput. Math. 

2014, 1, 43–53. 
30. Wang, L.; Ni, Q.; Huang, Y.Y. Stability and Chaotic Vibrations of a Fluid-Conveying Pipe with Additional Combined Con-

straints. J. Mech. 2009, 25, 85–93. 
31. Kheiri, M.A.M.K. Nonlinear dynamics of imperfectly-supported pipes conveying fluid. J. Fluids Struct. 2020, 93, 102850. 
32. Wadham-Gagnon, M.; Paı, M.P.; Semler, C. Dynamics of cantilevered pipes conveying fluid. Part 1: Nonlinear equations of 

three-dimensional motion. J. Fluids Struct. 2007, 23, 545–567. 
33. Dumitrache, L.; Roy, A.; Bird, A.; Goktas, B.; Sorgi, C.; Stanley, R.; De Gennaro, V.; Eswein, E.; Abbott, J. A multidisciplinary 

approach to production optimization through hydraulic fracturing stimulation and geomechanical modelling in Clair Field. In 
Proceedings of the International Petroleum Technology Conference, 2022; SPE: Richardson, TX, USA, 2022; p. D032S160R002. 

34. Shaw, S.W.; Holmes, P.J. A periodically forced piecewise linear oscillator. J. Sound Vib. 1983, 90, 129–155. 
35. Wagg, D.J.; Bishop, S.R. Dynamics of a two degree of freedom vibro-impact system with multiple motion limiting constraints. 

Int. J. Bifurc. Chaos 2004, 14, 119–140. 

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-
thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to 
people or property resulting from any ideas, methods, instructions or products referred to in the content. 


