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Abstract

Lyapunov-exponent-based diagnostics are widely used to quantify deterministic chaos in
optically injected semiconductor lasers (OISLs). In most numerical implementations, the
optical field is represented either in phasor coordinates (A, i, N) or in Cartesian quadrature
coordinates (X, Y, N). Although these representations are mathematically related through
a smooth coordinate transformation away from vanishing field amplitude, their numerical
realizations can exhibit markedly different robustness in variational calculations, directly
impacting the reliability of Lyapunov exponent estimation and chaoticity maps. In this
work, we present a systematic assessment of the numerical reliability of Lyapunov-based
chaos analysis in master-slave optically injected semiconductor lasers using both phasor
and quadrature formulations. The full Lyapunov spectrum was computed via a noise-free
variational method that integrates the nonlinear dynamics together with the corresponding
Jacobian equations using a fourth-order Runge-Kutta scheme combined with periodic QR
orthonormalization. High-resolution Lyapunov maps were constructed in the injection
strength-frequency detuning parameter space, and the consistency between both formula-
tions was quantitatively evaluated. While both approaches reproduce the overall structure
of chaotic and non-chaotic regions, the phasor formulation may generate spurious positive
Lyapunov exponents in regimes where the optical field amplitude approaches low values.
These discrepancies originate from singular terms proportional to 1/ A and 1/ A? in the
variational Jacobian of the phasor model, which can lead to numerical amplification and
artificial chaotic signatures. The quadrature formulation avoids these singularities and
provides numerically stable and physically consistent Lyapunov spectra across the explored
parameter space. The results establish practical guidelines for robust chaos quantification
in optically injected semiconductor lasers and highlight the importance of representation
choice in variational Lyapunov analysis of nonlinear photonic systems.
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1. Introduction

Chaotic systems are defined by deterministic nonlinear equations that exhibit sensitive
dependence on initial conditions, broadband spectral signatures, and a coexistence of
order and unpredictability. Their simplicity at the equation level belies the richness of the
resulting trajectories, enabling a wide range of applications that exploit chaos as a functional
resource. Chaos-based encryption, for example, leverages the inherent unpredictability
and sensitivity of chaotic signals to construct cryptographic schemes that are resistant to
brute-force and differential attacks while remaining computationally efficient.

Recent years have seen rapid advances in the design and application of high-
dimensional and hyperchaotic systems for secure information processing and hardware-
oriented implementations. Fractional-order and state-dependent hyperchaotic systems
have been proposed for high-performance image encryption and secure data transmission,
demonstrating enhanced sensitivity to initial conditions and large key spaces suitable for
modern security requirements. Parallel developments in memristive and neural network-
based chaotic systems further illustrate the breadth of current research. Memristive neural
networks have demonstrated complex chaos-driven behaviors with implications for secure
computing [1,2], while fractional-order Hopfield networks and modular logistic-map-based
systems have been explored for efficient and robust chaotic image protection [3,4]. In addi-
tion, multiscroll and memristor-based neural architectures have enabled compact hardware
realizations of complex chaotic dynamics, including FPGA implementations capable of
real-time operation and synchronization.

These developments collectively underscore the growing demand for physically real-
izable chaotic sources that combine broadband dynamics, robustness, and controllability.
Within this broader context, optically injected semiconductor lasers provide a particu-
larly attractive platform due to their intrinsic high-speed carrier-photon dynamics and
compatibility with integrated photonic technologies, enabling deterministic generation of
high-bandwidth chaos suitable for next-generation secure communication and photonic
information-processing systems. As integrated photonics evolves, chip-scale implemen-
tations of chaotic semiconductor lasers continue to improve in performance and practi-
cality [5], enabling compact and energy-efficient secure communication systems [6] and
contributing to the advancement of Al and quantum photonic technologies [7].

The field of chaos-based optical communication has likewise advanced significantly,
transitioning from isolated demonstrations to practical, high-capacity transmission systems.
Spitz et al. demonstrated private communication using quantum-cascade-laser chaos [8];
Xie et al. realized 100 Gb /s chaotic coherent communication over 800 km [9]; and Wang et al.
demonstrated high-speed secure transmission over 130 km multi-core fibers using mutually
injected semiconductor lasers [10]. Subsequent breakthroughs include 256 Gb/s chaotic
communication over 1600 km [11], 100 Gb/s secure communication over 100 km using
wideband chaotic lasers [12], and chaos synchronization over 8190 km [13], underscoring
the growing maturity of chaos-enabled photonic networks. Chaotic signal generation in
optically injected semiconductor lasers (OISLs) has become a central topic in nonlinear pho-
tonics, providing compact and high-speed platforms for the exploration and exploitation
of complex dynamical behavior [7].

In the standard master-slave configuration, the dynamical response of the slave laser
depends primarily on the injection strength and frequency detuning, leading to stable
injection locking, periodic oscillations, quasi-periodicity, and deterministic chaos [14].
The nonlinear dynamics of such systems have been extensively characterized through
bifurcation analysis and stability studies in recent decades.

While bifurcation-based approaches provide a comprehensive qualitative descrip-
tion of OISL dynamics [15], quantitative characterization of chaos based on Lyapunov
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exponents has become increasingly important for both fundamental studies and tech-
nological applications. In particular, Lyapunov exponents provide a rigorous metric
for distinguishing chaotic, periodic, and quasi-periodic regimes and are widely used
in applications such as secure optical communications [16,17], random number genera-
tion [18-20], microwave photonics [21], and neuromorphic or reservoir computing plat-
forms [22]. The reliability and reproducibility of Lyapunov-based chaos diagnostics are
therefore of fundamental importance.

Recent progress in chaos-enabled photonic systems has emphasized the importance of
controlled and broadband chaotic emission in optically injected semiconductor lasers. For
instance, Huang et al. demonstrated a parallel wideband chaos generation system based
on an integrated array of distributed feedback lasers with intensity-modulated optical
injection, achieving multi-channel chaotic signals with bandwidths exceeding 30 GHz and
enabling high-throughput photonic information processing and random bit generation [23].
In related work, Huang et al. reported wideband chaos generation using a VCSEL with
intensity-modulated optical injection for high-rate physical random number generation,
highlighting the role of injection parameters and dynamical stability in determining chaos
quality and bandwidth [24]. Efforts to stabilize chaos and mitigate intermittency have also
been reported [25], further cementing the role of chaotic semiconductor lasers in secure pho-
tonic information processing. These recent studies illustrate the growing technological rele-
vance of optically injected laser chaos and reinforce the need for formulation-independent
and numerically reliable methods for quantifying deterministic chaotic dynamics. The
present work addresses this need by providing a systematic and reproducible Lyapunov-
based analysis framework and by demonstrating the numerical equivalence and reliability
of phasor and quadrature formulations for chaos characterization.

In most Lyapunov-based studies of optically injected semiconductor lasers, the optical
field is represented using a phasor formulation in terms of amplitude and phase variables
(A, 9, N). An alternative representation employs Cartesian quadrature variables (X, Y, N),
where the optical field is decomposed into its real and imaginary components. Although
these two formulations are mathematically equivalent and related by a smooth coordinate
transformation away from vanishing field amplitude, their numerical implementations can
exhibit markedly different robustness when used for variational Lyapunov analysis.

In particular, the phasor formulation introduces terms proportional to 1/ A and 1/ A?
in the variational Jacobian. When the system trajectory evolves through low-amplitude
regions of phase space, a situation that frequently arises in chaotic regimes, these terms
may lead to numerical amplification and affect the stability of Lyapunov exponent esti-
mation. Despite the extensive literature on OISL dynamics, the numerical reliability of
Lyapunov-based chaos quantification for different coordinate representations has not been
systematically examined.

To ensure internal consistency of the rate-equation normalization used in this work,
particular attention was given to the equilibrium field amplitude of the solitary slave
laser. A previously overlooked factor of two in the steady-state field normalization can
lead to a systematic discrepancy in the analytical estimation of the relaxation-oscillation
frequency. By correcting this normalization and computing the relaxation frequency directly
from the eigenvalues of the Jacobian evaluated at the free-running equilibrium, we obtain
a self-consistent reference frequency derived from the same dynamical system used in
the Lyapunov analysis. For the parameter set considered here, this procedure yields a
relaxation frequency of approximately 7.58 GHz. Although this correction does not alter
the qualitative structure of the chaos maps, it ensures physical transparency and parameter
consistency throughout the analysis.
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While periodic, quasi-periodic, and chaotic regimes in standard OILs are well
known [14,26-28], the numerical reliability of chaos quantification for different coordi-
nate representations has not been systematically assessed. The primary objective of this
work is to provide a systematic and reproducible assessment of the numerical reliability of
Lyapunov-exponent-based chaos analysis in optically injected semiconductor lasers. To this
end, we develop a comparative framework in which the full Lyapunov spectrum was com-
puted independently using both phasor (A, ¥, N) and quadrature (X, Y, N) formulations.
The variational equations are integrated using a deterministic fourth-order Runge-Kutta
scheme combined with periodic QR orthonormalization, ensuring consistent and noise-free
computation of Lyapunov exponents.

High-resolution Lyapunov maps were constructed in the injection strength-frequency
detuning parameter space, and the consistency between both formulations was quantita-
tively evaluated. While both representations reproduce the overall structure of chaotic and
non-chaotic regions, we show that the phasor formulation may generate spurious chaotic
signatures in regimes where the optical field amplitude approaches low values. These
discrepancies are traced to numerical amplification associated with singular terms in the
phasor variational Jacobian, rather than to intrinsic system dynamics. The quadrature for-
mulation, by contrast, avoids such singularities and provides numerically stable Lyapunov
spectra across the explored parameter space.

Beyond the specific case of optically injected semiconductor lasers, this study high-
lights the importance of coordinate representation in variational Lyapunov analysis of
nonlinear dynamical systems. The methodology and diagnostic criteria presented here
provide practical guidelines for robust chaos quantification in photonic systems and
other nonlinear platforms where amplitude-phase representations may introduce nu-
merical sensitivities.

Figure 1 illustrates a representative experimental configuration for optical injection in
semiconductor lasers [14]. The master laser (ML) output passes through an optical isolator
and a variable attenuator before being injected into the slave laser (SL). The resulting
emission from the slave laser is monitored using a high-speed photodetector (PD), enabling

experimental observation of injection locking and chaotic dynamics.

isolator circulator

real-time
oscilloscope

v
computer

Figure 1. Experimental configuration for optically injected semiconductor lasers: ML: master laser,
Att.: optical attenuator, SL: slave laser, and PD: photodetector [14].

https:/ /doi.org/10.3390/app16062835


https://doi.org/10.3390/app16062835

Appl. Sci. 2026, 16, 2835

50f 25

A central objective of this work is to assess the numerical reliability of Lyapunov-
exponent-based chaos characterization in optically injected semiconductor lasers for differ-
ent coordinate representations. Particular attention is devoted to identifying and quanti-
fying numerical artifacts that may arise in variational calculations when the optical field
amplitude approaches low values.

The main contributions of this paper are:

* A systematic numerical reliability assessment of Lyapunov-based chaos analysis in
optically injected semiconductor lasers using both phasor (A, , N) and quadrature
(X, Y, N) representations.

* A direct comparison of high-resolution Lyapunov maps computed in both coordinate
systems, demonstrating that while the overall dynamical structure is preserved, the
phasor formulation may introduce spurious chaotic regions due to singular terms
proportional to 1/A and 1/ A? in the variational Jacobian.

¢ Identification and quantitative characterization of the principal numerical pitfalls
affecting Lyapunov exponent estimation, including low-amplitude singularities,
phase-handling inconsistencies, and sensitivity of the variational dynamics to coor-
dinate representation.

¢  Demonstration that the quadrature formulation provides numerically stable and
physically consistent Lyapunov spectra across the explored parameter space, estab-
lishing it as a robust framework for large-scale chaos mapping in optically injected
semiconductor lasers.

*  Practical implementation guidelines and a reproducible Lyapunov-based classification
strategy for automated detection of chaotic regimes in extensive parameter scans.

By shifting the emphasis from the discovery of new chaotic regimes to the numerical
reliability and reproducibility of chaos quantification itself, this work provides a rigorous
methodological framework for Lyapunov-based analysis in optically injected semiconduc-
tor lasers and related nonlinear photonic systems.

The remainder of the paper is organized as follows. Section 2 presents the theoretical
model and numerical methodology used for Lyapunov exponent computation in both pha-
sor and quadrature formulations. Section 3 presents high-resolution Lyapunov maps and a
detailed comparison between formulations. Section 4 discusses numerical reliability and
practical implementation guidelines for chaos diagnostics. Finally, Section 5 summarizes
the main conclusions and outlines possible extensions of this framework to other nonlinear
photonic systems.

2. Method

This section presents the numerical methodology used to compute Lyapunov spectra
and chaoticity maps in optically injected semiconductor lasers. We consider two equiv-
alent representations of the optical field: (i) the phasor (polar) formulation in terms of
amplitude and relative phase, x,(t) = (A(t), (t), N(t)), and (ii) the Cartesian quadrature
formulation, x4(t) = (X(t),Y(t), N(t)), where E(t) = X(t) +iY(t). Although both descrip-
tions are related by a smooth change of coordinates away from A = 0, their variational
implementations differ in numerical robustness because the phasor Jacobian contains terms
proportional to 1/ A and 1/ A%. We therefore implement the same deterministic variational
RK4-QR scheme in both coordinate systems and compare the resulting Lyapunov spec-
tra and parameter-space maps, explicitly identifying conditions under which numerical
artifacts may lead to spurious chaos diagnostics.

To rigorously characterize deterministic chaos in OILs, spontaneous emission and
Langevin noise must be removed as they can obscure intrinsic nonlinear dynamics and
mimic chaotic behavior [29,30]. These stochastic perturbations distort phase-space struc-
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tures, compromise reproducibility, and affect key chaos indicators such as Lyapunov
exponents and correlation measures [31,32]. By suppressing noise, the observed complex-
ity can be attributed unambiguously to deterministic mechanisms governed by injection
parameters and carrier-photon interactions.

2.1. Phasor Rate Equations with Known Delayed Injection

Let the injected amplitude and phase be known functions of time:

Ainj(t — T) = UA(), (Pinj(t — T) = win]'(i’ — T), (1)

where A is the nominal amplitude of the master laser, 7 € (0,1] models attenuation in
the fiber, and wyy; is the angular frequency of the injected field. To eliminate explicit time
dependence in the injection terms, define the relative phase

P(t) := ¢(t) — winjt. ()

It is important to distinguish between the two phase variables. The quantity ¢(t)
denotes the instantaneous optical phase of the slave laser field, whereas ¢i,;(t — T) repre-
sents the optical phase of the injected (master) field after propagation through the fiber
with delay 7. The relative phase {(t) = ¢(t) — winjt therefore measures the offset between
the slave’s phase and that of the injected reference oscillating at frequency wjy;. Then the
trigonometric arguments simplify as

P(t) — winj(t — 7) = P(t) + win T, (©)

which is independent of ¢. The normalized system is therefore

A(t) = 38(N(t) — N) A(t) + kinj Ag cos (Y (t) + winjT),
P(t) = 5¢(N(t) — Ny) — i;il(?t) u sin (i (t) + winT) + Aw, (4)

N(t) = ] = yN() = (vp +2(N(t) — No) ) A1)

Here, g is the linear gain coefficient, « is the linewidth enhancement factor, | is the carrier

injection rate, yp is the photon decay rate, and -yy is the carrier recombination rate. The
detuning frequency is defined as

Aw = Wgjaye — Winj, ()

so that positive detuning corresponds to a blue-shifted slave frequency. The coupling
coefficient kinj accounts for the injection strength and depends on the mirror reflectivity r,
the injection efficiency rinj, and the round-trip time Ty, given by

(1 - 72>rinj

kinj =
Tnt

(6)

In this normalized form the system is autonomous. The delay appears only as a constant
phase offset wiyT inside the trigonometric functions, which greatly simplifies both nu-
merical integration and the application of the variational method for Lyapunov spectrum
computation. Numerical simulations of the OIL system were performed using the parame-
ter set of Table 1 based on representative semiconductor laser characteristics reported in
the literature [14,33] and covering the injection-strength and detuning ranges explored in
the chaos maps.
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Table 1. Simulation parameters of the OIL system, including control parameter ranges, based

on [14,33].
Laser Parameter Symbol  Value/Range Unit
Nominal wavelength A 1550 nm
Linear gain coefficient g 5.666 x 10° 1/s
Transparency carrier number N 1.626 x 108 -
Carrier number threshold N 2.214 x 108 -
Linewidth enhancement factor o 3 -
Electron flux ] 10 X Ji 1/s
Electron flux threshold Jin 6.2414 x 10 1/s
Carrier recombination rate YN 10° 1/s
Photon decay rate P 3.333 x 101! 1/s
Mirror reflectivity r 0.548 -
Coupling coefficient Kinj 1.824 x 101 1/s
Round-trip time Tin 7 x 10712 S
Simulation time step At 1 ps
Frequency detuning (control parameter) AWip Oto6 GHz
Injection strength (control parameter) Ainj 0to —40 dB
Fiber delay T 3.95,5, 6.58 ns

2.2. Jacobian Matrix of the Phasor Variational Analysis

The full Lyapunov spectrum of the normalized OIL system is obtained using the
variational method, which integrates the nonlinear trajectory together with the tangent-
space dynamics [34,35]. The state vector is

x(t) = [¢(t) |, ?)

and the governing equations are given in Equations (1)—(3). Let 6 := ¢ + wiyT (a constant
phase offset inside the trigonometric terms). The Jacobian with respect to x is

%kg (I\i; Nth) *]’:inmﬁo sin 6 %gA
J(x) = ijZ 0 sing — % cos %g . (8)
—2A(yp +8(N — Ny,)) 0 — N — gA?

Note that Aw is constant, so its derivatives vanish. The Jacobian is evaluated at every
integration step and governs the tangent-space evolution Q = J(x)Q. Its explicit analytical
form enables direct and accurate RK4 integration of the variational dynamics together
with periodic QR orthonormalization, eliminating the need for numerical differentiation of
partial derivatives.

2.3. Fourth-Order RK Integration of the Phasor Dynamics

Both the base system x(f) and the variational dynamics Q(f) are integrated using
the classical fourth-order Runge-Kutta (RK4) scheme. This approach ensures numerical
consistency and stability across both trajectories.

https:/ /doi.org/10.3390/app16062835
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2.3.1. Phasor System RK4 Integration
Let x,; denote the system state at time f, and dt the time step. The standard RK4

update is
ki = f(tn/xn)
f(t xi’l+ dth),
f(t z,xn+%k§),
= f(ty +dt, x, +dt - k3).

2.3.2. Phasor Tangent-Space RK4 Integration

Let Q, be the tangent-space matrix at step n. Using the Jacobian | evaluated at the
RK4 substeps of x;, we integrate the variational equation:

I = J(tn,xn), k9 = 1Qu
2= ](tn + dzt/ Xn + %ki‘), kQ = ( n+ %k1Q>
(10)
Jo = (ta+ %0 + %k"), - Is(Q +449)
Ja = J(tn +dt, xy +dt - K5), (Qn+dt-k§)
dt
Xp+1 = Xn + g(k’{ + 2k3 4+ 2k3 + ky), (11)
Qi1 = Qu + (kQ +2k9 +2k9 + kQ) (12)

To guarantee numerical consistency in the variational Lyapunov analysis, particular
care must be taken when evaluating the Jacobian of the phasor-based OIL model. In the
master-slave configuration, several terms in the phase dynamics and in the linearized
system contain divisions by the field amplitude, specifically factors proportional to 1/ A(t)
and 1/ A(t)2. When the amplitude approaches zero, these terms become singular and the
Jacobian may become ill-conditioned. Such near-zero amplitude events can arise during
transient dynamics even when the laser remains physically active. In this situation the
tangent-space evolution may exhibit artificially large stretching factors, which can lead to
spurious positive Lyapunov exponents unrelated to the underlying deterministic dynamics.
A common numerical remedy consists in introducing an effective amplitude floor,

Aeff(t) = Sign(A(t)) max(|A(t)|rAﬂoor)/ (13)

and replacing A(t) by Ag(t) in the terms involving 1/ A and 1/ A2. While this regular-
ization prevents numerical blow-up of the Jacobian, it also alters the original dynamical
system and may therefore modify the computed Lyapunov spectrum.

For this reason, the phasor equations are left unmodified in the present work. Instead,
parameter points for which the trajectory approaches the zero-amplitude manifold are
treated as numerically unreliable in the variational computation. This choice allows a direct
comparison between the phasor formulation and the quadrature representation, where
the dynamical equations do not contain divisions by the field amplitude. As shown in the
results section, the quadrature-based computation yields consistent chaos maps, whereas
the phasor formulation becomes unreliable whenever the trajectory approaches A(t) ~ 0.

A fixed integration step of 1 ps was used for the fourth-order Runge-Kutta scheme in
both the trajectory and variational equations. This step size provides sufficient temporal
resolution to accurately capture the fastest intrinsic oscillations of the system, including
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relaxation-oscillation dynamics in the GHz range and higher-frequency modulations ob-
served in strongly chaotic regimes. Additional convergence tests with smaller time steps
were performed over representative regions of the parameter space and showed no observ-
able changes in the Lyapunov spectra or in the global structure of the chaos maps within
numerical precision. The selected step therefore ensures accurate and stable integration
while maintaining computational feasibility for the high-resolution parameter sweeps
presented in this work.

2.4. Real-Quadrature Formulation of the OIL Rate Equations

We represent the slave electric field in real quadratures,
E(t) = X(t)+iY(t),  [E(H)]P = X(t)*+Y(t)? (14)

where X(t) and Y(t) are the in-phase and quadrature components, respectively. The
injected (master) field is assumed to have known amplitude and phase after propagation
through a fiber of delay 7:

Apj(t — T) = 1Ay, Pinj(t — T) = winj(t — 1), (15)

where Ay is the nominal master amplitude, # € (0,1] accounts for attenuation in the
fiber, and wyy; is the angular frequency of the injected field. In a feedforward master-
delay-slave configuration (no optical feedback), the delay enters the slave dynamics only
through the phase of the injected field, i.e., as a constant phase shift —wji,;7 multiplying the
injected complex amplitude. Accordingly, the injected term can be written as the constant
complex phasor

Einj(t — T) = Agem(t=7) = y Agelinit ¢~ T, (16)

Working in the rotating frame at wj,; eliminates the explicit time dependence and yields a
constant injection phasor
Einj = UAoeilwi“jT. (17)

Let Aw := Wglave — Winj denote the detuning frequency. Using the standard complex
field equation for an optically injected semiconductor laser in amplitude form, the noise-free
normalized dynamics in the rotating frame can be expressed as

E(t) = %(1 + i) g(N(t) — Nyn) E(t) + iAw E(t) + kinj Einj, (18)
together with the carrier equation
N(t) = ] = ynN() = (7p + g(N(t) = No) ) [E(t) 2 (19)

Separating real and imaginary parts yields an equivalent autonomous three-dimensional
real system:

X(£) = 9(N() — Niw) X(0) (8w -+ Sg(N(1) ~ New) ) Y(8) + iy 174g cos (wny),
Y(t) = %g(N(t) — Nth) Y(t) + (A(U + %g(N(f) — Nth)) X(t) — kinj 17A0 Sin(w]'an), (20)

N(t) = J = wN(t) = (70 +g(N(t) = Ni) ) (X(1)2 + Y(1)?).

Here, g is the linear gain coefficient, « is the linewidth enhancement factor, | is the carrier
injection rate, yp is the photon decay rate, and -yy is the carrier recombination rate. The

https:/ /doi.org/10.3390/app16062835


https://doi.org/10.3390/app16062835

Appl. Sci. 2026, 16, 2835

10 of 25

coupling coefficient ki,; accounts for the injection strength and depends on the mirror
reflectivity 7, the injection efficiency 7y, and the round-trip time 7,

(1-— rz)rinj

21
- (21)

kinj =
In this quadrature formulation the dynamics are autonomous and the delay appears only
through the constant phase shift wiyT in the injected phasor. Importantly, the system (20)
contains no divisions by the field amplitude, avoiding the coordinate singularity present in
polar (A, p) representations when A(t) — 0.

2.5. Jacobian Matrix of the Quadrature OIL System

We compute the full Lyapunov spectrum of the normalized OIL system by the vari-
ational method, integrating both the nonlinear trajectory and the tangent-space dynam-
ics [34,35]. The state vector is
(t)

(t) |, (22)
(t)

and the governing equations are given by (20). Define

x(t) =

Z =X

Gi=g(N—Ng), Qi=Aw+ %G. (23)

Then the Jacobian with respect to x is
3G -0 §X - %y
J(x) = 9] iG FX+3Y : (24)
—2X(7p+G) —2Y(yp+G) —N—g(X*+Y?)

Note that the constant injection terms do not contribute to the Jacobian. This Jacobian is
evaluated at each integration step and is used to integrate the tangent dynamics Q = J(x) Q.

2.6. Fourth-Order Runge—Kutta Integration of the Quadrature Dynamics

Both the base system x(t) and the variational dynamics Q(t) are integrated using the
classical fourth-order Runge-Kutta (RK4) scheme. Let

where X(t) and Y/(t) are the real and imaginary quadratures of the electric field and N ()
is the carrier density. The system dynamics are written compactly as

i(t) = fit, x(1)),
with f given by the right-hand side of (20). The tangent-space dynamics satisfy
Q(t) = Jit, x(1))Q(1),
where | is the Jacobian matrix in (24).

Let x, =~ x(t,) and Q, ~ Q(t,), with time step dt = t,1 — t,. The RK4 update for
the nonlinear system is
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ki = f(tn, xn),
K= f(tn Ay, 4+ L),
(25)
kg - f(ti’l + %/xn + %kg)/
ki = f(ty +dt, x, +dtk3),

dt
Xpi1 = Xp + E(k’l‘ + 2k3 + 2k3 + k3). (26)

In parallel, the RK4 integration of the tangent-space dynamics is performed using the
Jacobian evaluated at the same intermediate states:

Ji = J(tu, ), K2 = J1Qu,
tn“"%/xn"'% J1()/ szZIZ(Qn“‘%le)/

E (27)

tn+%/xn+% J2()/ k3Q:]3<Qn+%k2Q>I

Jo=Jtn +dt,x, +dtky), k= ]4(Qn +dtk§).

The tangent matrix is then updated as

dt
Quir=Qu+ 7 (le +2k9 +2k9 + k4Q). (28)

Because the quadrature formulation (20) contains no divisions by the field amplitude,
the nonlinear system and its Jacobian are free of singular terms proportional to 1/ A or 1/ A2.
Consequently, no amplitude-floor regularization is required in either the base dynamics or
the variational equations. This guarantees that the tangent-space evolution remains well
conditioned and that all positive Lyapunov exponents arise from genuine deterministic
instability rather than numerical artifacts.

The computation of the Lyapunov spectrum is carried out independently for both
coordinate representations described above, namely, the phasor formulation (A, ¥, N) and
the Cartesian quadrature formulation (X, Y, N). In each case, the nonlinear system and its
corresponding Jacobian are integrated simultaneously using the fourth-order Runge-Kutta
scheme and identical numerical parameters.

The subsequent extraction of Lyapunov exponents follows an identical procedure for
both models. In particular, the tangent-space dynamics are periodically orthonormalized
using a QR decomposition, and the Lyapunov exponents are obtained from the logarithmic
growth rates of the diagonal elements of the resulting upper triangular matrices. This
unified post-processing ensures that any differences observed between the two formulations
arise solely from their coordinate representations and numerical properties, rather than
from inconsistencies in the Lyapunov computation itself.

2.7. QR Decomposition and Lyapunov Exponents

To prevent numerical divergence and maintain orthonormality of tangent vectors, the
variational equations are integrated alongside the nonlinear system and orthonormalized
at each time step using a QR decomposition,

Qui1 = Q,(E_)an/ (Q,(Er)l, Rn) = qr(QnJrl)r (29)
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where QES—)l has orthonormal columns and R, is an upper triangular matrix whose diagonal
elements capture the local stretching rates of nearby trajectories.

The Lyapunov exponents are obtained from the long-time averages of the logarithmic
growth rates of the diagonal elements of R,

1 N .
/\i = lim T Z loglRii(tn)‘r 1= 1,...,7’}’1, (30)

T—o0

where m = 3 for the state vector x(t) = [X(t), Y(t), N(t)]" and T ~ N At is the total
integration time in the case of quadrature formulation.

In practice, the instantaneous values of log|Ry1(t)| often exhibit strong temporal
oscillations and may not converge pointwise. Direct averaging over a single arbitrary
window can therefore introduce bias in the estimated Lyapunov spectrum. To reduce this
sensitivity, we adopt a window-based averaging strategy designed to assess the temporal
persistence of exponential divergence.

Specifically, we identify two sets of time indices where the dominant stretching rate
satisfies |log Rq1(t)| < €, with a small threshold €. One set is selected from an early post-
transient interval (e.g., t € [20,30] ns), while the second is taken from the final portion of
the simulation (e.g., t € [190,200] ns). For each admissible pair of start and end indices
(ns,n.) with t,,, > t,_, the Lyapunov spectrum was computed as

(k) 1 % ‘
MY = ) logRii(t)],  i=1,2,3, (31)

1 _
tne t”s n=ns

where k indexes the (15, n,) window combination. This procedure yields an ensemble of

)

Rather than relying solely on the mean value of the dominant exponent, we quantify

local estimates {/\fk ]I(\I:cl from which the mean Lyapunov spectrum A; is obtained.
the robustness of chaos by evaluating the fraction of window combinations for which the
largest Lyapunov exponent is positive:

I O )
Ppos = E};H(Al >o), (32)

where I(-) is the indicator function. The quantity ppos measures the temporal persistence
of exponential divergence in the dynamics.

A dynamical regime is classified as chaotic only if the mean largest Lyapunov exponent
satisfies A; > 0 and if Ppos exceeds a prescribed threshold. In this work, three robustness
levels are defined: ppos > 0.50 indicates intermittent chaos, ppos > 0.75 corresponds
to robust chaos, and ppos > 0.90 defines strongly robust chaos. This percentage-based
criterion ensures that chaos is not inferred from isolated temporal windows or numerical
fluctuations but from a persistent exponential separation of nearby trajectories over a
significant portion of the simulated dynamics.

2.8. Relaxation Oscillation Frequency

To verify the internal consistency of the rate-equation normalization and the associated
time scales, we compute the small-signal relaxation oscillation frequency of the solitary
slave laser (no optical injection) directly from the eigenvalues of the Jacobian evaluated at
the free-running steady state.
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Linearization of the quadrature system around the equilibrium (X*, Y*, N*) yields
one neutral eigenvalue associated with phase invariance and one complex-conjugate pair

}lz,g, = *O'il.QR,

where jip3 are the complex-conjugate eigenvalues of the Jacobian J(x*) at the steady
state x* = (X*,Y*,N *)T, o > 0 is the damping rate (real part), and Qg is the angu-
lar relaxation-oscillation frequency (rad/s), defined as Qg = Im(uy3). The relaxation
oscillation frequency in hertz is therefore

_ Op
fr= 750

Using the parameter set of Table 1, the eigenvalue analysis yields
po3 = —3.92 x 107 +i4.76 x 10,
corresponding to a relaxation oscillation frequency
fr = 7.58 GHz.

Because this value is obtained directly from the Jacobian of the governing rate equa-
tions, it provides a self-consistent reference frequency for the characteristic time scales of the
system and for the Lyapunov-based dynamical analysis presented in the following sections.

2.9. Advantages of the Variational Method

The variational method provides a fully deterministic and high-resolution estimation
of the Lyapunov spectrum by directly integrating the governing equations together with
their Jacobian. Because the procedure operates on the exact dynamical model rather than
on reconstructed trajectories, it is unaffected by measurement noise, finite data length, or
embedding ambiguities that typically affect time-series-based estimators.

Historically, chaos in optically injected semiconductor lasers has often been identified
using time-series indicators such as Rosenstein or Wolf Lyapunov estimators. While appro-
priate for experimental data, these methods depend on embedding and filtering choices and
may introduce variability in purely numerical studies. In deterministic simulations where
the full state equations and Jacobian are available, such approximations are unnecessary.
Consistency between the exact variational Lyapunov computation and Rosenstein [36]-type
estimators was verified in our earlier work [28], where both yielded closely matching
largest Lyapunov exponents; therefore, only the variational results are reported here.

In contrast, the variational approach yields the complete Lyapunov spectrum through
the evolution of tangent vectors governed by the exact Jacobian of the system. This
ensures coordinate-invariant and reproducible results, enabling precise identification of
stability transitions between injection locking, quasi-periodicity, and deterministic chaos.
Moreover, the method is particularly well suited for large parameter scans as it provides
consistent estimates across the entire parameter space without requiring heuristic tuning of
reconstruction parameters.

For optically injected laser models, where small numerical inconsistencies can lead to
spurious positive exponents, the variational formulation offers a rigorous and transparent
framework for chaos detection. Its deterministic nature allows direct comparison between
alternative coordinate representations, such as phasor and quadrature formulations, ensur-
ing that any observed differences in Lyapunov spectra originate from model formulation
or numerical conditioning rather than from limitations of the chaos estimator itself.
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2.10. Kaplan-Yorke Dimension

The Kaplan-Yorke (KY) dimension, also referred to as the Lyapunov dimension, pro-
vides an estimate of the fractal dimension of an attractor based on the ordered Lyapunov
spectrum [37]. Given the exponents A1 > Ay > -+ > Ay, the KY dimension is defined as

]
Liz M

Dgy =j+ ,
|Aj 1]

(33)

where j is the largest integer such that 25:1 A > 0.

For the present three-dimensional master-delay-slave configuration, the Kaplan-Yorke
dimension is expected to remain below 2 since the system possesses at most one effective
expanding direction in phase space and does not exhibit hyperchaotic behavior. In this
context, values of Dgy close to 2 correspond to strongly developed chaos with a fully
unfolded strange attractor, whereas values in the interval 1 < Dgy < 2 indicate weaker
low-dimensional chaos. Periodic oscillations typically yield Dxy ~ 1, while stable fixed
points correspond to Dky ~ 0.

Values approaching 3 would require the activation of an additional independent ex-
panding direction and are therefore associated with higher-dimensional or feedback-based
laser configurations rather than the feedforward master-delay-slave system considered
here. Consequently, in the present analysis the observed Dgy values close to 2 represent the
maximum attainable chaotic dimensionality for this class of optically injected laser systems.

Mapping Dgy over injection strength and frequency detuning therefore provides a
compact scalar measure of the effective number of active dynamical degrees of freedom in
each regime and serves as a complementary diagnostic to the individual Lyapunov expo-
nents. In this work, the Kaplan-Yorke dimension is used to distinguish weak chaos, strongly
developed chaos, and low-dimensional regular dynamics within the same parameter space.

2.11. Dissipativity and Phase-Space Volume Contraction

The sum of the Lyapunov exponents quantifies the average rate of phase-space volume
contraction and provides a global measure of dissipativity:

s

I
—

Ai = (V- f(x)) = (Tr(J(x))), (34)

where f denotes the vector field and ] its Jacobian. For a three-dimensional system (m = 3),
a negative sum indicates a dissipative flow in which phase-space volumes contract on
average, confining trajectories to lower-dimensional invariant sets such as fixed points,
limit cycles, or strange attractors.

Strongly negative values of A1 + A, + A3 correspond to rapid volume contraction and
are typically associated with stable or weakly oscillatory regimes. Conversely, values closer
to zero indicate weaker dissipation, allowing stretching and folding mechanisms to persist
and enabling the development of complex or chaotic dynamics. In this study, the total
Lyapunov sum was computed throughout the parameter space to generate dissipativity
maps that complement the Lyapunov and Kaplan-Yorke analyses, highlighting regions
where chaos is sustained under moderate dissipation conditions and in regions where it is
suppressed by strong phase-space contraction.

3. Results

We computed the largest Lyapunov exponent and the complete Lyapunov spectrum
using the exact variational method, which integrates the nonlinear rate equations together
with their Jacobian dynamics and applies QR orthonormalization at each time step. All re-
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sults presented below correspond to systematic sweeps of the relevant parameter space and
include outcomes obtained from both the phasor and Cartesian quadrature formulations.

Each chaos map was constructed from a two-dimensional sweep over injection
strength and frequency detuning, where every pixel represents the evaluation of a chaos
indicator at a specific parameter pair. Smooth color gradients indicate gradual dynamical
variation, whereas sharp contrasts mark transitions between periodic, quasi-periodic, and
chaotic regimes. The apparent pixelation of the maps is therefore a direct consequence of
the parameter grid resolution and the intrinsic nonlinear structure of the system rather
than a graphical artifact.

All simulations were performed in MATLAB 2025 using double-precision arithmetic
and custom deterministic RK4 variational solvers for Lyapunov spectrum computation. The
parameter sweeps required approximately 72,000 independent simulations, each involving
simultaneous integration of the nonlinear rate equations and their associated variational
Jacobian system. Computations were executed on workstation-class desktop computers
equipped with multi-core x86-64 processors (AMD Ryzen-class CPUs) and 32-64 GB of
RAM in a Linux/Windows environment. Parallel execution was implemented using MAT-
LAB’s parfor functionality to distribute independent parameter points across available
CPU cores. All simulations employed CPU-based numerical integration with fixed-step
RK4 updates and deterministic QR orthonormalization, ensuring full reproducibility across
equivalent hardware platforms.

The analyzed OIL model is a three-dimensional dynamical system composed of the
optical field (expressed either in phasor or Cartesian quadrature form) and the carrier
density N(t). The chaos maps were constructed by sweeping the injection strength Ay,; (dB)
and frequency detuning Awjyj (GHz). In Figure 2, the horizontal axis represents detuning,
the vertical axis represents injection strength, and the color scale encodes the computed
chaos indicators (largest Lyapunov exponent, Kaplan-Yorke dimension, and dissipativity).
The maps use a grid of 180 detuning points (~33 MHz resolution) and 400 injection points
(0.1 dB resolution), totaling 72,000 simulations, with each pixel corresponding to a complete
numerical integration at a specific (Awinj, Ainj) pair.

Figure 2 presents a side-by-side comparison of the dynamical maps obtained using
the phasor formulation (left column) and the quadrature formulation (right column) for
a representative delay of T = 5 ns and robustness threshold ppos > 0.90. The largest Lya-
punov exponent maps reveal a structured organization of chaotic and non-chaotic domains,
including well-defined tongues and curved boundaries that follow the underlying injection-
locking and resonance conditions of the master-slave system. Warm colors correspond to
positive Lyapunov exponents and deterministic chaos, green regions indicate near-zero
exponents associated with quasi-periodic dynamics, and cold colors denote periodic or
stable operation.

The close agreement between the two columns confirms that the global organization
of chaotic and periodic regimes is preserved with coordinate transformation when the
governing equations and their Jacobians are implemented consistently. At the same time,
localized discrepancies appear in specific regions of the phasor maps, particularly near
low-amplitude states where the presence of 1/A and 1/ A? terms increases numerical
sensitivity. The quadrature formulation, which avoids divisions by the field amplitude,
produces smoother and more spatially consistent maps while preserving the same global
bifurcation structure.
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Figure 2. Side-by-side comparison of Lyapunov-based dynamical maps for the optically injected laser
with fiber delay T = 5 ns and robustness threshold ppos > 0.90. Left column: phasor formulation.
Right column: Cartesian quadrature formulation. The horizontal axis denotes frequency detuning
Awin; (GHz), and the vertical axis denotes injection strength (dB). Top row: largest Lyapunov exponent
(LLE) maps. Positive values indicate chaotic dynamics, values near zero correspond to quasi-periodic
behavior, and negative values represent periodic or stable regimes. Middle row: Kaplan-Yorke
dimension maps (Dgy), encoding the effective fractal dimension of the attractor and the number
of active dynamical degrees of freedom. Bottom row: dissipativity maps computed from the sum
of Lyapunov exponents, indicating the phase-space volume contraction rate. The close agreement
between both columns confirms that the Lyapunov spectrum and derived measures are invariant
with coordinate transformation when the variational equations are implemented consistently. Local
discrepancies observed in the phasor formulation near low-amplitude regions are attributable to
numerical sensitivity associated with 1/ A and 1/ A? terms.
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The Kaplan-Yorke dimension maps quantify the effective fractal dimension of the at-
tractor and therefore the dynamical complexity of the laser output. High values correspond
to higher-dimensional chaotic attractors with multiple active unstable directions, whereas
low values indicate periodic or weakly unstable dynamics. The similarity between the
phasor and quadrature maps confirms that the fractal dimension of the attractor and its
spatial distribution in parameter space are intrinsic properties of the underlying dynamical
system rather than artifacts of the coordinate representation.

The dissipativity maps, obtained from the sum A; + A, + A3, provide a global mea-
sure of phase-space volume contraction. Strongly negative values correspond to highly
dissipative regimes dominated by injection locking and rapid stabilization, while values
closer to zero indicate weaker contraction and allow sustained stretching-folding dynamics
that support chaos. These maps complement the Lyapunov and Kaplan-Yorke results
by identifying parameter regions where chaotic motion is supported by a near balance
between expansion and contraction.

Taken together, the three sets of maps demonstrate that the dominant dynamical
organization of the optically injected semiconductor laser is governed primarily by injection
strength and frequency detuning. The quadrature formulation confirms the physical
robustness of the observed chaotic structures and reveals that discrepancies previously
observed in certain phasor-based maps originate from numerical sensitivity rather than
from genuine dynamical differences between formulations.

Figure 3 present a close-up comparison of the chaotic regions of the largest Lyapunov
exponent (LLE) maps obtained using both the phasor and quadrature formulations for
three propagation delays: T = 3.95ns, T = 5ns, and T = 6.58 ns. At a global scale, the
overall structure of the chaotic domains remains remarkably similar across all delay values
and across both mathematical formulations, indicating that the dominant dynamical orga-
nization of the master-slave optically injected laser is largely preserved within this range
of 7. The close agreement between the phasor and quadrature representations confirms
that the global Lyapunov structure is invariant under smooth coordinate transformation
conditions when the governing equations and their Jacobians are implemented consistently.

When examined at high resolution, however, subtle localized variations become
visible. Small clusters of pixels shift color and the boundaries of chaotic regions exhibit
slight displacements as 7 varies. These modifications appear in both formulations but
are more pronounced in the phasor representation near low-amplitude states, where the
presence of 1/ A and 1/ A? terms introduces increased numerical sensitivity. The quadrature
formulation, which avoids divisions by the field amplitude, produces smoother and more
spatially consistent maps while preserving the same global organization of periodic, quasi-
periodic, and chaotic regimes. These observations confirm that the differences between the
two approaches are primarily numerical rather than physical.

The limited influence of the propagation delay on the global topology of the maps can
be understood from the structure of the master-delay-slave configuration. In the present
system, the delay appears only in the phase of the injected field and therefore enters the rate
equations as a constant phase offset after transformation to the rotating frame. Specifically,
the delayed term contributes through win T, which multiplies the injected field amplitude
but does not introduce additional dynamical variables or memory terms. As a consequence,
the system remains a three-dimensional autonomous dynamical system whose global
bifurcation structure is governed primarily by injection strength and frequency detuning.
The delay acts only as a phase bias that slightly shifts local stability boundaries without
modifying the dimensionality or topology of the phase space.
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Figure 3. Side-by-side comparison of largest Lyapunov exponent (LLE) maps obtained using the
phasor formulation (left column) and the Cartesian quadrature formulation (right column) for
three fiber delays: T = 3.95 ns, 5 ns, and 6.58 ns. The global structure of the chaotic regions is
preserved across both formulations, consistent with invariance of Lyapunov spectra under smooth
coordinate transformation conditions when the variational equations are implemented consistently.

Minor localized discrepancies highlight the numerical sensitivity of the phasor formulation near
low-amplitude states.

This behavior differs fundamentally from external-cavity or feedback laser configura-
tions, where the delayed field re-enters the cavity and generates a genuine time-delayed
dynamical system with effectively infinite-dimensional phase space. In such feedback
systems, the delay becomes a true control parameter capable of inducing new attractors,
multistability, and large-scale topological reorganizations of chaotic regions. In contrast,
within the delay range explored here, the feedforward nature of the delayed injection
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produces only localized adjustments of the Lyapunov landscape. The propagation delay
therefore acts as a secondary tuning parameter that refines the distribution and intensity of
chaos without inducing global restructuring of the dynamical regimes.

Figure 4 presents representative chaotic attractors of the master-delay-slave OIL system
obtained using both the phasor and Cartesian quadrature formulations, shown side-by-side
for direct comparison. All attractors are plotted in the three-dimensional phase space
(A(t),¢(t),N(t)) at a frequency detuning of 0.2 GHz. The upper row corresponds to an
injection strength of —14 dB, while the lower row corresponds to —20 dB. For each operating
condition, the left side shows the attractor computed with the phasor formulation, and the
right side shows the corresponding attractor obtained using the quadrature formulation.

Chaotic OIL Attractor Chaotic OIL Attractor
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Figure 4. Side-by-side comparison of chaotic attractors of the OIL system obtained using the phasor
formulation (left column) and the Cartesian quadrature formulation (right column) plotted in three-
dimensional phase space using the variables A(t) (optical field amplitude), ¢(t) (optical phase), and
N(t) (carrier density). The trajectories exhibits bounded, aperiodic motion with intricate folding and
stretching, characteristic of deterministic chaos. The attractors at the top were generated using an
injection strength of —14 dB and a frequency detuning of 0.2 GHz, and attractors at the bottom were
generated using —20 dB and a frequency detuning of 0.2 GHz, conditions under which the system
displays a positive LLE.

In the Cartesian quadrature formulation the complex slave field is represented as
E(t) = X(t) +iY(t), from which the physically meaningful amplitude and phase can be
recovered uniquely (up to the usual 277 periodicity) by the standard polar mapping

A(t) = |E(t)| = /X(1)2+Y(1)?,  ¢(t) = arg(E(t)) = atan2(Y (), X(t)). (35)

when a continuous (unwrapped) phase trajectory is required for attractor visualization or
phase-space analysis, we compute ¢(t) by unwrapping the wrapped phase atan2(Y, X)
in time, i.e., ¢(t) = unwrap(atan2(Y(t), X(t))), which removes the artificial £ disconti-
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nuities while preserving the correct instantaneous rotation direction. This reconstruction
provides a consistent bridge between the quadrature and phasor representations, enabling
direct comparison of trajectories and attractors in (A, ¢, N) coordinates while retaining the
numerical robustness of the (X, Y, N) dynamics.

In all cases, the trajectories remain bounded while densely filling a finite region of
phase space with a thick, cloud-like structure generated by repeated stretching and folding,
consistent with a strange attractor and exponential sensitivity to initial conditions. The
carrier density N(t) remains confined to a relatively narrow interval, reflecting the slow-
fast nature of class-B semiconductor lasers, whereas the field variables explore broader
ranges, revealing strong nonlinear phase-amplitude coupling and energy exchange under
optical injection conditions. The attractors obtained using the quadrature formulation
exhibit the same global geometry and qualitative features as those obtained using the
phasor formulation, confirming that both coordinate representations produce dynamically
equivalent chaotic solutions when implemented consistently.

Minor differences in local density and trajectory smoothness can be observed be-
tween the two formulations, particularly near low-amplitude regions where the phasor
representation is more sensitive to numerical effects associated with 1/ A and 1/ A? terms.
Nevertheless, the overall phase-space structure, boundedness, and aperiodic filling re-
main indistinguishable, in full agreement with the positive dominant Lyapunov exponent
obtained from the variational QR analysis. This consistency provides a direct visual confir-
mation that the chaotic dynamics identified in the Lyapunov maps correspond to genuine
deterministic strange attractors and are not artifacts of a particular coordinate represen-
tation. It should be noted that negative values of the field amplitude A(t) in the phasor
formulation do not represent negative optical intensity; rather, they are mathematically
equivalent to a 7t phase shift of the complex optical field and therefore leave all physical
observables unchanged.

4. Discussion and Future Research

The present study deliberately removes spontaneous emission and Langevin noise
in order to isolate the intrinsic deterministic dynamics of the optically injected laser and
to obtain reproducible Lyapunov spectra and chaos maps. This deterministic formulation
allows the boundaries between stable, quasi-periodic, and chaotic regimes to be identified
unambiguously and ensures that positive Lyapunov exponents originate from genuine
nonlinear instabilities of the governing rate equations rather than from stochastic fluctua-
tions. The resulting maps should therefore be interpreted as baseline stability diagrams of
the underlying dynamical system.

In realistic experimental implementations, stochastic perturbations are always present
and may blur fine stability boundaries or broaden spectral features. Nevertheless, previous
experimental and numerical studies of optically injected semiconductor lasers have shown
that strongly developed chaotic regimes typically persist at moderate noise levels, whereas
only marginal regions near stability transitions are significantly affected. Consequently, the
robust chaotic domains identified here-characterized by consistently positive dominant
Lyapunov exponents and high values of ppos are expected to maintain their qualitative in-
tegrity in practical systems. A detailed stochastic analysis, including spontaneous emission
noise and technical fluctuations, lies beyond the scope of this work but represents a natural
extension for future comparison with experimental realizations.

The comparison between the largest Lyapunov exponent, Kaplan-Yorke dimension,
and dissipativity maps becomes fully consistent once both coordinate formulations are
considered simultaneously. When computed using the Cartesian quadrature formulation,
the three indicators reveal a coherent and physically consistent organization of the chaotic
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regions across the injection-detuning parameter space. In particular, the quadrature-based
maps confirm that the dominant chaotic structures are governed primarily by injection
strength and frequency detuning, while the fiber delay produces only localized modifica-
tions through its role as a phase offset in the injected field.

A key outcome of the present comparative analysis is that the quadrature formulation
eliminates the appearance of spurious chaotic regions that arise in the phasor representation.
In the phasor formulation, the presence of terms proportional to 1/ A and 1/ A? introduces
numerical sensitivity when the field amplitude approaches small values. These divisions
can artificially amplify numerical noise in the variational equations and generate isolated
“chaotic tongues” that are not reproduced in the quadrature formulation. Because the Carte-
sian system (X, Y, N) avoids any division by the optical amplitude, its Jacobian remains
well behaved over the entire trajectory, including low-amplitude excursions. As a result,
the quadrature-based Lyapunov maps provide a more reliable and numerically robust
representation of the true deterministic dynamics of the optically injected laser system.

Once the spurious numerical structures associated with the phasor formulation are
removed through the Cartesian quadrature implementation, the remaining chaotic regions
display a clear and physically interpretable organization. In the injection-strength interval
between approximately —13 and —16 dB and frequency detuning between 0 and 0.5 GHz,
the largest Lyapunov exponent maps obtained with the quadrature formulation exhibit
small but consistently positive values, indicating the presence of weak deterministic chaos.
In this region the Kaplan-Yorke dimension remains relatively low and the dissipativity
approaches zero, revealing a nearly balanced regime in which phase-space expansion along
the unstable direction is almost compensated by contraction along the stable ones. The
resulting attractor is thin and dynamically organized, corresponding to weak yet persistent
chaotic oscillations governed primarily by the intrinsic carrier-photon interaction rather
than by numerical artifacts.

A different dynamical balance emerges in the region between approximately —17 and
—24 dB and frequency detuning between 0 and 1.7 GHz. In this interval the dominant
Lyapunov exponent remains clearly positive in the quadrature maps, confirming the persis-
tence of deterministic chaos, while the Kaplan-Yorke dimension reaches its largest values,
indicating the highest effective attractor dimensionality. Simultaneously, the dissipativity
map becomes strongly negative,

A+ A+ A3 <0,

signaling a strongly dissipative regime in which global contraction dominates even though
local stretching persists. Physically, this corresponds to a thicker and more dissipative
chaotic attractor embedded within a rapidly contracting phase-space volume. The coex-
istence of a positive dominant exponent with strong global contraction produces chaotic
motion that is dynamically rich yet strongly damped, in contrast to the balanced weakly
chaotic regime observed at higher injection levels. The quadrature formulation therefore
reveals a consistent and artifact-free organization of chaotic domains, confirming that the
previously observed irregular structures were numerical in origin rather than intrinsic to
the laser dynamics.

The quadrature formulation confirms that both chaotic regimes are intrinsic features
of the laser dynamics rather than numerical artifacts. By providing a formulation free of
amplitude singularities, the quadrature-based analysis establishes a numerically reliable
reference against which the phasor representation can be assessed. The close agreement
between both formulations in the main chaotic domains, together with the disappearance
of isolated chaotic tongues in the quadrature maps, demonstrates that those previously
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observed discrepancies originate from numerical sensitivity rather than from genuine
physical mechanisms.

Further work should also explore the relationship between Lyapunov-based chaos
indicators and practical performance metrics in photonic applications, including chaos
bandwidth, entropy rate, and randomness quality for optical random number generation.
Establishing quantitative links between balanced or strongly dissipative chaotic regimes
and measurable performance metrics would provide a direct bridge between nonlinear
dynamical analysis and device-level optimization.

Future research should focus on extending this deterministic framework toward ex-
perimentally realistic conditions. In particular, evaluating the robustness of the quadrature-
based chaotic regions under spontaneous emission noise and Langevin perturbation con-
ditions will be essential for assessing their persistence in physical devices. Because the
present results isolate the intrinsic nonlinear dynamics of the system, they provide a base-
line against which noise-induced broadening or suppression of chaotic regions can be
systematically quantified.

Another important direction involves extending the present comparison to systems
with genuine delayed feedback, such as external-cavity semiconductor lasers, where the
delay introduces additional dynamical degrees of freedom and can lead to hyperchaos
and high-dimensional attractors. Such systems would provide a natural testbed for assess-
ing the numerical robustness of different coordinate formulations in higher-dimensional
dynamical settings.

Finally, experimental validation of the Lyapunov-based maps, Kaplan-Yorke dimen-
sions, and dissipativity landscapes remains a crucial step. The quadrature-based formu-
lation presented here offers a reliable computational framework that can be directly com-
pared with experimentally reconstructed phase trajectories and time-series measurements,
thereby strengthening the role of optically injected semiconductor lasers as controllable
and reproducible sources of deterministic chaos for advanced photonic technologies.

5. Conclusions

The dynamical behavior of optically injected semiconductor lasers spans a wide range
of regimes, including stable, periodic, quasi-periodic, and chaotic states, arising from the
nonlinear interaction between the injected optical field and the intrinsic carrier-photon
dynamics of the slave laser. By systematically varying injection strength and frequency
detuning, these regimes can be accessed and controlled, enabling a detailed exploration of
the bifurcation structure governing the system.

The primary motivation of this work has been to establish a physically consistent
and numerically reproducible framework for Lyapunov-based chaos analysis in optically
injected semiconductor lasers and, in particular, to provide a direct comparison between
phasor and Cartesian quadrature formulations of the governing rate equations. Using
a refined noise-free deterministic model, the largest Lyapunov exponent and the com-
plete Lyapunov spectrum were computed through variational integration of the nonlinear
equations together with their Jacobian, combined with QR-based orthonormalization.
This approach avoids phase-space embedding and provides high numerical accuracy for
continuous-time laser models.

The comparative analysis demonstrates that both phasor and quadrature representa-
tions yield consistent Lyapunov spectra and global chaos maps when implemented with
algebraic and numerical consistency. However, the quadrature formulation eliminates
amplitude singularities and resolves localized numerical artifacts observed in the phasor
representation, thereby improving the robustness of chaos detection in low-amplitude
regions of parameter space. The resulting Lyapunov, Kaplan-Yorke, and dissipativity maps
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provide a geometrically consistent description of the attractor landscape and clearly de-
lineate transitions between stable, weakly unstable, and fully chaotic regimes as control
parameters are varied. Across the explored parameter ranges, injection strength and de-
tuning are confirmed as the dominant factors shaping the global organization of chaotic
domains, while fiber forward delay primarily induces localized modulations without
altering the overall topology.

The deterministic formulation adopted here isolates the intrinsic nonlinear mech-
anisms responsible for chaos formation and provides a strictly reproducible reference
framework. Nevertheless, real semiconductor lasers are subject to spontaneous emis-
sion and other stochastic perturbations that may blur fine-scale structures near stability
boundaries. While strongly chaotic regions are expected to remain structurally stable under
moderate noise conditions, future work should incorporate stochastic terms and experimen-
tal validation to assess the persistence of the identified regimes under realistic operating
conditions. Additional directions include quantitative evaluation of chaos bandwidth and
entropy rate for photonic random-number generation, exploration of larger delay ranges
and multi-laser configurations, and extension of the comparative framework to integrated
photonic implementations.

Overall, the methodology developed in this study establishes a rigorous and transpar-
ent reference for Lyapunov-based characterization of chaos in optically injected semicon-
ductor lasers. By clarifying the numerical consistency between coordinate representations
and providing high-resolution dynamical maps, the present work contributes a reliable
foundation for future investigations on photonic entropy generation, chaos-based secure
optical communication, and the controlled exploitation of nonlinear laser dynamics in
advanced photonic systems.
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