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Abstract 

Permanent magnet synchronous motors (PMSMs) are widely used in various fields due 
to their advantages. However, mechanical position sensor failures will cause various 
serious safety issues. High-frequency square-wave injection (HF-SWI) enables sensorless 
control of PMSMs at low speeds; yet, the fixed-frequency nature of conventional methods 
results in narrow current power spectral density (PSD), causing harsh noise and limiting 
the widespread application of sensorless control, especially in household appliances. To 
address this, this paper proposes a pseudo-random coding (PRC) injection strategy. First, 
a 23 PRC-injection method (23 PRC-IN) is introduced, which disrupts the signal periodicity 
by varying the injection frequency and amplitude, thereby significantly expanding the 
current PSD. To further suppress residual peaks in the 23 PRC-IN, an improved 2(3&1) PRC-
IN method is developed. By optimizing the code transition logic, this approach can 
completely eliminate the sharp noise. Experiments on a 5.5 kW PMSM platform validate 
that the proposed methods effectively broaden the current PSD and reduce the noise 
without compromising position observation accuracy. 

Keywords: high-frequency injection; permanent magnet synchronous motor (PMSM); 
power spectra density (PSD); pseudo-random code (PRC); sensorless control 
 

1. Introduction 
Permanent magnet synchronous motors (PMSMs) are extensively employed in high-

end manufacturing, electric vehicles, and aerospace systems due to their superior power 
density, high efficiency, and compact structure. Precise rotor position information, 
typically acquired via mechanical encoders, is crucial for achieving high-performance 
vector control. However, these sensors not only increase system cost and volume but also 
suffer from reliability issues under harsh conditions involving high temperatures, 
vibrations, and electromagnetic interference, leading to potential safety hazards. 
Sensorless control is a key technology to address this safety hazard [1–8]. Sensorless 
control technology, estimating rotor position from electrical signals, is indispensable for 
enhancing system robustness and reducing costs. 

Among various sensorless schemes, low-speed operation remains a significant 
challenge due to the hard-to-measure back-electromotive force (EMF). To overcome this, 
high-frequency signal injection methods are widely adopted as they exploit the machine’s 
magnetic saliency rather than relying on back-EMF. While surface-mounted PMSMs 
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(SPMSMs) inherently lack structural saliency, artificial saturation effects are utilized to 
create differential inductances between the d- and q-axes, enabling position observability 
[4,7]. Compared to sinusoidal injection, square-wave injection (SWI) offers higher 
dynamics and simpler signal extraction under limited switching frequencies [9,10], 
making it a preferred choice for low-speed SPMSM drives. 

Nevertheless, the conventional fixed-frequency SWI (FF-SWI) method suffers from a 
critical drawback: the periodic injection generates concentrated harmonic power at 
discrete frequencies. This results in high power spectral density (PSD) peaks within the 
audible range (20 Hz–20 kHz), producing intense narrow-band acoustic noise and severe 
electromagnetic interference (EMI). To alleviate this noise, several strategies have been 
explored. Amplitude minimization via neural networks reduces noise but degrades the 
signal-to-noise ratio (SNR) and estimation robustness [11]. Low-frequency injection shifts 
noise out of the audible range but compromises dynamic performance under rapid load 
changes [12]. While sensorless schemes without extra injection can eliminate injection 
noise, they demand high-precision current sensors, increasing hardware costs [13,14]. 

Recently, spread-spectrum techniques using pseudo-random coding have emerged 
as a promising alternative [15–17]. Inspired by random PWM, these methods disrupt 
signal periodicity by randomly varying injection parameters. Dual-frequency hopping 
schemes have shown improvements over fixed-frequency injection (FF-IN) by flattening 
specific spectral lines [16,18]. Reference [17] adjusts the switching frequency randomly, so 
that the frequency of injecting high-frequency voltage can be adjusted randomly with the 
switching frequency, which can effectively reduce the audible noise caused by high-
frequency current. However, frequent adjustment of switch frequency can result in 
additional switch losses, and irregular frequencies can generate unpredictable 
electromagnetic interference (EMI) and noise. Based on the reverse thinking, random 
triangular-wave current signals that should be HF responses of random phase-switching 
fixed frequency voltage injection are selected as the injected HF signals in [19]. The audible 
noise is reduced and the amplitude of HF responses is controllable. However, the injected 
frequency is limited by the bandwidth of current loop. A sinusoidal pulsating voltage 
with changeable frequency was used as injected voltage in [15,20]. However, since the 
injection frequency is much lower than the switching frequency, the band width of filters 
is restricted, leading to a decrease in the transient performance. Reference [21] considers 
the frequency and amplitude of the injected signal as a whole, and achieves pseudo-
random signal injection by randomly adjusting the phase, which can ensure the required 
signal-to-noise ratio level for random signal injection while reducing the audible noise 
caused by high-frequency injected signals. However, frequent adjustment of the injection 
signal phase increases the computational burden of the control system. In [22], an adaptive 
PR signal injection scheme was presented to suppress the HF losses and acoustic noise 
through adaptively regulating the amplitude of the induced HF current. However, the 
corresponding signal selection was not presented, and there is still room for further 
improvement to reduce the acoustic noise to a larger degree. This coarse randomization 
fails to fully disperse the harmonic energy, leaving behind residual spectral peaks that 
still induce noticeable acoustic discomfort. Furthermore, the theoretical link between 
coding depth and spectral continuity remains underexplored [16]. 

To address these problems, this paper proposes a multi-level pseudo-random coding 
(PRC) injection strategy aimed at completely eradicating noise, which can effectively 
expand the current PSD, reduce and ultimately eliminate the harsh noise caused by high-
frequency square-wave injection. The proposed strategy can broaden the wide application 
of sensorless control strategies based on high-frequency square-wave injection, especially 
in household appliances. The specific contributions are: 
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(1) A 23-level pseudo-random coding injection (23 PRC-IN) method is proposed. By 
increasing the number of randomized states (frequency and amplitude), the 
harmonic energy is dispersed across a much wider band, significantly suppressing 
dominant peaks and expanding the current PSD compared to conventional high-
frequency square-wave injection approaches. 

(2) An Improved 2(3&1) PRC-IN method is developed. By optimize the coding sequence, 
the inherent periodicity of the 23 PRC-IN is further disrupted, eliminating residual 
peaks and achieving a continuous, flat PSD profile. The proposed method effectively 
widens the current PSD and eliminates noise without affecting the accuracy of 
position observation, and can be widely applied in speed sensorless control of 
household appliances. 

The remainder of this paper is organized as follows: Section 2 analyzes the 
mathematical model of SPMSM under saturation and reveals the mechanism of sharp 
noise generation in the FF-IN method. Section 3 details the 23 PRC-IN implementation and 
introduces the improved 2(3&1) PRC-IN method and its spectral optimization mechanism. 
Section 4 presents comparative experimental results, followed by the conclusion in Section 
5. 

2. Modeling and Introduction of Conventional FF-IN Method 
2.1. Mathematical Model of PMSM 

The mathematical model of the PMSM in the dq-axis coordinate is given as 
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(1) 

where ud, uq, id, iq are the d-q axis stator voltage and current, respectively. Rs, Ld and Lq 
respectively represent stator resistance and d-q axis stator inductance. ψf is permanent 
magnet flux linkage and ωr is the rotor electric angular speed. 

2.2. Control Principle of Conventional FF-IN Method 

The FF-IN method generates saturated saliency by injecting a signal into the dr axis 
of a pre-set drqr axis system. At this time, the motor produces a corresponding high-
frequency response current, which contains rotor angle information. By processing the 
response current, rotor position and angle information can be extracted and obtained. 
Since the frequency of the injected high-frequency voltage signal is several times the 
fundamental frequency of the motor, and the equivalent reactance and equivalent 
resistance of the motor under high-frequency conditions are very small, the equivalent 
resistance and reactance Rs, ωhfLdhf and ωhfLqhf at high-frequency can be neglected [16,17]. 
Therefore, (1) can be expressed as 
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 (2) 

where udhf and uqhf represent the dq-axis voltage components at high-frequency; Ldhf and 
Lqhf are the dq-axis inductances at high-frequency; idhf and iqhf are the high-frequency 
current responses. 

Let θ be the angle between the dq-axis and αβ-axis, and let the drqr-axis be the 
estimated dq-axis, with angle θr between the drqr-axis and the αβ-axis. The high-frequency 
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signal will be injected into the control system through this virtual axis. The angle between 
the drqr-axis and the dq-axis is θe, and θe = θ − θr. Figure 1 is the system control block 
diagram based on the FF-IN method. 
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Figure 1. Block diagram based on the FF-IN method. 

The FF-IN method does not have a coupling effect on the estimated q-axis torque, so 
the electromagnetic torque ripple is not significant during actual operation. Inject a high-
frequency square-wave signal on the estimated d-axis, with its amplitude set to V. Figure 
2 shows a schematic diagram of the FF-SWI signal. Select the high-frequency injection 
signal frequency as fh. 

The expression for the injected high-frequency voltage signal is represented in (3). n 
represents the sampling sequence number. 
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Figure 2. Schematic diagram of injected FF square-wave signal. 
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Simplify the high-frequency mathematical model, 
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where Ldqhf is a matrix composed of Ldhf and Lqhf, 
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where Δθ = θ − θr; L0 and L1 represent the mean inductance and the difference inductance, 
respectively. Substituting (3) into (4), 
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Perform an iPark transformation on (5) in the two-phase stationary coordinate. The 
ultimate goal of angle estimation is to track the actual angle in real-time; therefore, Δθ is 
sufficiently small, approximately equal to 0, then 
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When injecting a high-frequency square-wave signal, the motor can be regarded as 
an equivalent inductance, and the current remains unchanged for the same period of time. 
It can be assumed that within the calculation period of PI control, the fundamental current 
remains almost unchanged, with only the high-frequency current changing [16,17,21]. 
Therefore, the response of the high-frequency current can be achieved simply by 
subtracting the current in the two sampling periods. The high-frequency response signal 
at this time is given by (7). 
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 (7) 

where Th represents the period of the injected high-frequency square-wave signal. 
As can be seen from (7), the response of high-frequency current is influenced by the 

amplitude and period of the injected voltage. Therefore, normalization is necessary to 
ensure that changes in motor parameters and the amplitude of the high-frequency voltage 
signal injected into the system do not alter the parameters of the observer, allowing the 
observer to be applied widely. By tracking and processing this signal through a phase-
locked loop (PLL), the estimated rotor position angle can be obtained, and the system’s 
speed value can be obtained through an integration process. Figure 3 is a block diagram 
of the position observer and PLL. As can be seen from Figure 3, when the motor runs 
stably, there is θr − θ ≈ 0. Therefore, there is 
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Figure 3. Block diagram of position observer and PLL. 

2.3. PSD Analysis of FF-IN Method 

The PSD is a spectral analysis of the energy contained in a random signal per unit 
time and frequency band, serving as an effective tool for analyzing random signals. The 
injection frequency of the conventional fixed-frequency square-wave injection method 
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remains unchanged during the control process. Figure 4 illustrates the high frequency 
voltage and current waveforms in fixed-frequency voltage injection. 

−1

1

0 t

vdhf

−1

1

0 t

idhf

T0/2 T0/2 T0/2 T0/2 T0/2 T0/2  

Figure 4. Injected voltage and induced current in fixed-frequency voltage injection. 

To simplify the analysis, and since the objective of sensorless control is to make the 
estimated d-axis coincide with the actual d-axis, it is assumed that a fixed-frequency 
square-wave voltage is injected into the actual d-axis, and the induced current can be 
expressed as 
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r
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This article discusses unit amplitude current. The PSD of a fixed-frequency current 
can be calculated as 
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where n = 0, 1, 2, 3, ... is an integer, and ID1,D2(f) represents the Fourier transform of the 
current within one cycle. 
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As can be seen from (10), it only contains discrete harmonic components. Usually, in 
fixed-frequency voltage injection, D1 = D2 = T0/2, and (10) can be transformed into 
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By substituting f = N/T0 into (12), 
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From (13), it can be deduced that the frequency of the high-frequency current 
induced by the fixed-frequency injection signal is fixed. The current PSD contains discrete 
harmonics, which are concentrated on the injection signal and its odd multiples. 
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3. Sensorless Control Based on 2n PRC-IN Methods 
3.1. 2n Sequence Pseudo-Random Signal Coding Principles 

In the generation principle of 2n pseudo-random signal coding [23,24], it is first 
necessary to define a self-enclosing addition in a set of three elements: −1, 0, and 1. 

Definition: there is a set, Z|z|＜2 (where Z is an integer set), which is composed of 
integers with absolute value less than 2. There are three elements in Z|z|＜2: −1, 0 and 1. It 
is stipulated that the following addition operation is true in Z|z|＜2. 

1 0=0 1=1
1 ( 1) 0

0 ( 1) 1 0 1

 + +
 + − =
 + − = − + = −

 (14) 

The sum of finite 1 equals 1, 

1 1 1 1 1 1 1 1 1+ = + + = + +…+ =  (15) 

The sum of finite −1 is equal to −1, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1 1 1 1− + − = − + − + − = − + − + … + − = −  (16) 

The sum of a finite 0 equals 0, 

0 0 0 0 0 0 0 0 0+ = + + = + +…+ =  (17) 

The essence of this provision is: the sum of any two elements in Z|z|＜2 and the sum of 
any one element itself followed by a finite number are still included in Z|z|＜2. 

The addition also has the following properties. 
1. The single operation of addition between 1, 0, −1 satisfies the commutative law and 

associative law of addition. 
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2. In a formula, if 1 or −1 is added twice or more, it must be added in order, and 
neither the commutative law nor the associative law holds. 

( ) ( )
( ) ( )

1 1 0 1 0 1 1 1 0 1

1 1 1 0 1 1 1 1
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

+ + − = ≠ + + − =  
 (19) 

3. The 0 in the set Z|z|＜2 is not allowed to be split into the sum of the other two 
elements for further operation. For example, in 1 + 0 = 1, 0 cannot be split into 1 + (−1). 

In order to distinguish it from ordinary arithmetic addition and modulo-2 addition, 
the sign “∪∩” is used to represent the closed addition rules in 3-element (−1, 0, 1) set. This 
method can be used to obtain 2n sequence pseudo-random coding. 

Function 

-1

-1

1,2 <2 +2
( )

1,2 +2 <2 ( 1)

i i i

i i i i

k t k
f t

k t k

 ≤= 
− ≤ +

 (20) 

where i= 1, 2, ..., n; k = 0, ±1, ±2, ±3… 
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When i = 1, (20) is obtained. 

1

1,2 <2 +1
( )

1,2 +1 <2( 1)
k t k

f t
k t k

 ≤
= − ≤ +

 (21) 

Obviously, this is a square-wave with amplitude A = 1 and period T2n = 21. It can be 
represented by encoding with two elements 1 and −1. Thus, the coding of function f1(t) can 
be recorded as {1, −1} (because the function fi(t) has periodicity, only one cycle code of 
function f1(t) is written out.). 

When i = 2, 

2 2

2 2 2

1,2 <2 +2
( )

1,2 +2 <2 ( 1)
k t k

f t
k t k

 ≤= 
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The square-wave with amplitude A = 1 and period T2n = 22 is obtained. The coding 
can be recorded as {1, 1, −1, −1}. 

Both element 1 and −1 belong to the set Z|z|＜2. The functions f1(t) and f2(t) are coded 
with one cycle of length f2(t) (that is, two cycles of f1(t)). Add them in the three-element set 
Z|z|＜2, and can be recorded as 

2

2 1
= ( )ii

F f t
=

∪ ∩  (23) 

where fi(t) is (20). Continue with this addition and get 

1
( )= ( )

n

n ii
F t f t

=
∪ ∩  (24) 

It is represented using a three-element encoding. When n = 3, the encoding is {1, 1, 1, 
−1, 1, −1, −1, −1}. The waveform of the 23 pseudo-random coding waveform is shown in 
Figure 5. 

3t1 2t1 3t1 3t1 2t1 3t1

t
−1

1

0

 

Figure 5. 23 PRC signal waveform. 

3.2. Sensorless Control with 23 PRC-IN Method 

As shown in Figure 6, the 23 PRC-IN method is selected from two types of square-
wave voltage signals with fixed frequency and fixed amplitude. Then, the 23 PRC square-
wave voltage signal is injected into the estimated d-axis. The signal consists of a 
combination of two square waves with different frequencies. T1 and T2 represent the 
periods of the injected signal, with corresponding frequencies f1 and f2, respectively. The 
amplitudes of the square waves with the two frequencies should ensure that the 
amplitude of the generated response current is the same. The current is the integral of the 
injected voltage, thus achieving volt-second balance. 
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Figure 6. Injection voltage and induced current of 23 PRC-IN method. 

The unit area square-wave function is defined as 

1 2

1 1 2 1

1 2

1 1 2 1
, 2 1 2

2 1

1 1, 0 ; ,
2 2 2 2

1 1( ) , ; ,
2 2 2 2

0 , else

T T

T T T T
t t T

T T
T T T T

v t t T t T T
T T


< ≤ + < ≤ +


= − < ≤ + − + < ≤ +





 (25) 

The unit amplitude sawtooth wave function is 
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In the 23 PRC-IN method, the injected voltage can be represented as 

1 2dhf h , k
1

( ) ( )T T
k

u t V v t t
∞

=

= −  (27) 

where tk represents the k-th cycle of the injected voltage, and Vh is the magnitude of the 
injected voltage. By injecting the voltage signal into the estimated d-axis, the induced 
current in the q-axis can be expressed as 

1 2

qhf dhf
qhf h , k

1qhf dhf

( ) sin 2 ( )
4 T T

k

L L
i t V i t t

L L
θ

∞

=

−
= Δ −  (28) 

The signal iqhf(t) fluctuates around zero, and its amplitude varies with the position 
error Δθ. When Δθ approaches zero, iqhf(t) is proportional to Δθ. Therefore, it contains 
equivalent position error information. By multiplying iqhf(t) with the demodulated signal 
φP, we can obtain the equivalent position error signal z. 

The demodulated signal φP and the equivalent position error signal z can be 
expressed as 
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1 2P , k qhf P
1

sign ( ) ( )T T
k

i t t z i tϕ ϕ
∞

=

 
= − = ⋅ 

 
 ；  (29) 

The equivalent position error can be derived through irqhf and the demodulated signal 
φP. Subsequently, the PLL is also employed to control the error z to zero, thereby 
estimating the rotor position. Figure 7 shows the block diagram of 23 PRC- IN method. 
The high-frequency current generated by the 23 PRC- IN method contains rotor position 
information, which is extracted by a high-pass filter and then used for position estimation. 
By using a PLL to control the position error to zero, the rotor position can be obtained. 
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Figure 7. Block diagram of 23 PRC-IN method. 

3.3. PSD Analysis of 23 PRC-IN Method 

Figure 6 shows the voltage and induced current in the 23 PRC square-wave voltage 
injection method. 

The induced current can be expressed as 

1 2dhf ,
1

( ) ( )T T k
k

i t i t T
∞

=

= −  (30) 

In (31), IT1,T2(f) represents the Fourier transform of the current within one cycle, 
consisting of IT1/2,T2/2(f) and IT2/2,T1/2(f). T1/T2 = 3:1. 
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The current PSD result S(f) of (30) can be calculated as follows. 
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1. When E[ej2πfT]≠1： 
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, 2π
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 (32) 

2. when E[ej2πfT] = 1： 

{ } { }1 2

2

,2

1( ) E[ ( ) ]
E[ ]

T TS f I f
T

=  (33) 

where E[] denotes the mathematical expectation operator. The expression of PSD consists 
of two parts: the continuous spectrum (32) and the discrete spectrum (33). The spectral 
peaks caused by discrete harmonics indicate terrible noise. Therefore, the key issue in 
noise reduction is to eliminate the discrete part. 

The current iT1,T2(t) is selected from two modes. For the 23 PRC-IN method, according 
to (33), discrete harmonics may exist at frequencies f that satisfy the following conditions. 

1 2 T
rand

2 22 [ ] 1
g gg f T f Tj f T j jE e P e eπ ππ  = ⋅ = 

 (34) 

where Prand = [p1 p2] represents the probability matrix, where p1 and p2 are the probability 
parameters of injection frequency. Let fgdenote the root of (34). 

When 

1
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1

1

g
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j f T

j f T

e

e

 ≤


≤
,  

if (34) holds, then 

1 22π 2π 1
g gj f T j f Te e= =  (35) 

is satisfied, and both fgT1 and fgT2 are integers, and fg is a common multiple of fg1 and fg2. 
The relationship between fg1 and fg2 is 

g1

g2

f x
yf

=  (36) 

where x and y are the numerator and denominator of an irreducible fraction, respectively. 
The least common multiple (LCM) of fg1 and fg2 can be expressed as fg1y = fg2x = fg12. 
Therefore, (34) holds when f is an integer multiple of fg12, that is, f = Nfg12. Here, N is an 
integer. When N is even or odd, the result will be different. The roots of (34) should be 
found so that (37) is an integer. 

1 2 ( ) ( )
2 2 2

g
g

g g

f
f

f
T T NyNx N x y

f
+

= + = +  (37) 

In the 23 PRC-IN method, f1/f2 = 1/3, that is, x = 1 and y = 3, so x + y = 4 is an even 
number. According to (37), as long as N is an integer, N(x + y)/2 is an integer, and (34) 
holds. At this time, the root of (34) is f = Nfg12(N = 1, 2, 3, ....). By substituting the root into 
(30), 

1 2 2 1

g g
1 2

, , 2 22 2 2 2
1 2
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T T T T
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T TI f I f
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

 (38) 
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Therefore, in the 23 PRC-IN method, discrete harmonics will only appear at odd 
multiples of the least common multiple of two frequencies. Compared to conventional 
fixed-frequency square waves, it can suppress some discrete harmonics and reduce noise. 
However, there are still discrete harmonics at odd multiples of the least common multiple 
of two frequencies, so further improvement and optimization of the 23 PRC-IN method 
are needed. 

3.4. Sensorless Control with 2(3&1) PRC-IN Method and PSD Analysis 

The 23 PRC is {1, 1, 1, −1, 1, −1, −1, −1}, which is equivalent to a combination of a 
square-wave with amplitude of 1 and frequency of f and a square-wave with amplitude 
of 3 and frequency of 3f. Since both x and y are odd, there will be discrete harmonics of 
odd multiples of the least common multiple of the two frequencies. 

Therefore, the 23 pseudo-random code is improved by extending it at each amplitude 
change, changing the pseudo-random code to {1, 1, 1, 1, −1, −1, 1, 1, −1, −1, −1, −1}, denoted 
as 2(3&1) pseudo-random code. The waveform of the 2(3&1) pseudo-random coding 
waveform is shown in Figure 8. 
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Figure 8. 2(3&1) PRC signal waveform. 

Figure 9 shows the voltage and induced current in the 2(3&1) pseudo-random high-
frequency square-wave voltage injection method. 

IT3,T4(f) is the Fourier transform of the response current over one period, consisting of 
IT3/2,T4/2(f)and IT4/2,T3/2(f). T3/T4 = 2:1。IT3,T4(f) has the same form as IT1,T2(f). 
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From Figure 9, it can be concluded that the 2(3&1) pseudo-random coding square-wave 
is equivalent to a combination of a square-wave with an amplitude of 1 and a frequency 
of f, and a square-wave with an amplitude of 2 and a frequency of 2f. That is, x = 1 and y 
= 2, so x + y = 3 is an odd. 

According to (37), only when N is even, N(x + y)/2 is an integer, and (41) holds. At 
this time, f = Nfg12 (N = 2, 4, 6, ...) is the root of (34). 

According to (38), if N is even, we can obtain both 

1 2 2 1/2, / 2 /2, / 2( ) ( ) 0g g
T T T TI f I f= =  (41) 

In addition, E[|I(Nfg12)|] = 0 can be obtained according to (39). Therefore, in this case, 
discrete harmonics do not occur, and spectral peaks do not appear either, allowing for 
complete suppression of discrete harmonic peaks. 
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Figure 9. Injection voltage and response current in 2(3&1) PRC-IN method. 

4. Experimental 
4.1. Experimental Platform 

In this section, the proposed control algorithm and the conventional algorithm are 
compared experimentally. The experimental platform is illustrated in Figure 10, 
consisting of the HSPMSM and load. A floating-point TMS320F28346 DSP and XC3S400 
FPGA are employed as the digital controller, and the sampling period of the control 
system is set as 50 µs (20 kHz). The key control parameters and specifications of the 
experimental are shown in Appendix A Table A1. Table 1 shows the parameters of PMSM. 
The torque waveforms in this paper are calculated in real-time by sampling the stator 
current of HSPMSM. To verify accuracy of the 23 pseudo-random coding square-wave 
injection method for estimating rotor position, the experimental motor was equipped with 
a resolver. The rotor position obtained by the resolver are only used to compare with the 
estimated rotor position. 

Table 1. PMSM parameters. 

Parameters Symbol Value 
Rated power PN 5.5 kW 
Rated speed nN 20,000 rpm 
Rated torque TN 2.6 N·m 
Rated current IN 8.4 A 
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Pole pairs p 3 
Stator resistance R 0.2 Ω 
d-axis inductance Ld 0.264 mH 
q-axis inductance Lq 0.264 mH 

Permanent magnet flux ψf 0.05 Wb 

PMSM Load

Control 
board

Inverter

 

Figure 10. Photos of the experimental platform. 

4.2. Experimental Results 

In the experimental section, three sensorless control operation tests were compared 
under a rated load of 300 r/min, including one test using fixed-frequency square-wave 
signal injection and two tests using pseudo-random square-wave signal injection. The 
experimental results demonstrate that rotor position information can be extracted not only 
using fixed-frequency current but also using the random current generated by pseudo-
random square-wave signal injection. 

Figure 11 shows the waveform diagram under sensorless control using the 
conventional FF-IN method. The amplitude and frequency of the injected fixed frequency 
voltage are 40 V/5 kHz. As can be seen from Figure 11, the estimated rotor angle can track 
the actual rotor position, achieving sensorless speed control. At this time, the stator 
current will superimpose the high-frequency current harmonics generated by the injected 
high-frequency square-wave. As shown in Figure 11a, the difference between the 
estimated rotor angle and the actual rotor angle fluctuates significantly, with the 
maximum difference reaching 0.05π rad. As shown in Figure 11b, the estimated rotor 
angle can track the actual rotor angle, but it is far from being smooth and linearly 
increasing like the actual value, resulting in large errors and severe fluctuations between 
the estimated and actual values. Figure 11c shows the stator current and its local detailed 
waveform. It can be seen that the FF-IN method introduces a fixed frequency triangular 
waveform current in the stator current sine wave, thus generating high-frequency noise, 
which affects the widespread application of sensorless technology. Figure 11d shows the 
waveforms of stator current, speed, and torque under the load increases from 1 N*m to 2 
N*m in FF-IN method, indicating that the motor speed is less affected by load changes. 
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Figure 11. Waveforms under FF-IN method. (a) Actual angle, estimated angle and error; (b) 
enlarged angle and error; (c) stator current; (d) current, speed, and torque under load variation. 

The probability parameters in 23 PRC-IN method and 2(3&1) PRC-IN method are set as 
Prand = [0.5 0.5]. Figure 12 depicts the waveform diagram under sensorless control using 
the 23 PRC-IN method. The amplitude and frequency of the injected pseudo-random 
coding square-wave voltage are equivalent to (40/3 V, 10/3 kHz) and (40 V, 10 kHz), 
respectively. As can be seen from Figure 12, the estimated rotor angle can also track the 
actual rotor position, achieving sensorless speed control. At this time, the stator current 
will superimpose the high-frequency current harmonics generated by the injected pseudo-
random coding square-wave. 
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Figure 12. Waveforms under 23 PRC-IN method. (a) Actual angle, estimated angle and error; (b) 
enlarged angle and error; (c) stator current; (d) current, speed, and torque under load variation. 

As shown in Figure 12a, compared to the FF-IN method, the difference between the 
estimated rotor angle and the actual rotor angle using the 23 PRC-IN method is 
significantly reduced, with significantly reduced fluctuations. The maximum difference 
only reaches 0.03π rad, making it a better alternative to the actual rotor angle and 
improving the reliability of sensorless speed control. As shown in Figure 12b, compared 
to the FF-IN method, the estimated value using the 23 PRC-IN method can better track the 
actual value, increase more smoothly and linearly, and be closer to the linear increase 
process of the actual value. At the same time, the error fluctuation between the estimated 
value and the actual value is also significantly reduced. Figure 12c shows the stator 
current and its local detailed waveform. It can be seen that the 23 PRC-IN method 
introduces a triangular waveform current with a 23 PRC frequency into the stator current 
sine wave, which can eliminate some high-frequency noise and reduce noise pollution. 
Figure 12d shows the waveforms of stator current, speed, and torque under the load 
increases from 1 N*m to 2 N*m in 23 PRC-IN method, indicating that the motor speed is 
less affected by load changes. Although the torque fluctuation has increased compared to 
the conventional FF-IN method, it is still within an acceptable range. 

Figure 13 depicts the waveform diagrams under sensorless control using the 2(3&1) 
PRC-IN method. The amplitude and frequency of the injected pseudo-randomly coded 
square-wave voltage are equivalent to (20 V, 2.5 kHz) and (40 V, 5 kHz), respectively. As 
can be seen from Figure 13, the estimated rotor angle can also track the actual rotor 
position, achieving sensorless speed control. At this time, the stator current will 
superimpose the high-frequency current harmonics generated by the injected 2(3&1) PRC 
square-wave. 

As shown in Figure 13a, compared to the FF-IN method and the 23 PRC-IN method, 
the difference between the estimated rotor angle and the actual rotor angle using the 2(3&1) 
PRC-IN method is significantly reduced, and the fluctuation is significantly reduced. The 
maximum difference using the 2(3&1) PRC-IN method is only 0.02π rad, which can better 
replace the actual rotor angle and improve the reliability of sensorless speed control. As 
shown in Figure 13b, compared to the FF-IN method, the estimated value using the 2(3&1) 
PRC-IN method can also better track the actual value, and it can increase more smoothly 
and linearly, closer to the linear increase in the actual value. At the same time, the error 
fluctuation between the estimated value and the actual value is also significantly reduced. 
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Figure 13c shows the stator current and its local detailed waveform. It can be seen that the 
2(3&1) PRC-IN method introduces a triangular waveform current with a 2(3&1) PRC 
frequency into the stator current sine wave, which can completely eliminate high-
frequency noise and expand the application scope of sensorless speed control. Figure 13d 
shows the waveforms of stator current, speed, and torque under the load increases from 
1 N*m to 2 N*m in 2(3&1) PRC-IN method, indicating that the motor speed is less affected 
by load changes. Although the torque fluctuation has increased compared to the 
conventional FF-IN method, it is still within an acceptable range. 

t (s)
0 1.2 2.4 3.6 4.8 6 7.2 8.4 9.6 10.8 12

0

Estimated  position and actual position (rad)

Error (0.2π rad/div)

4
2
0

6

t (ms)
0 120 240 360 480 600 720 840 960 1080 1200

Estimated  position

0
Error (0.2π rad/div)

4
2
0

6

(r
ad

)

 Actual position 

 
(a) (b) 

5

0

−5

10

−10

ia (A)

0.1 0.2 0.3 0.4
t (s)

0 0.60.5

Zoomed phase 
current (200mA/div)

0.2 0.4 0.6 0.8
t (ms)

0
 

2

1

0

Te
 (N

*m
)

10

0

−10

ia 
(A

)

0.1 0.2 0.3 0.4
t (s)

0 0.60.5 0.7 0.8 0.9 1

0

300

n 
(r

/m
in

)

305

300

295

n (r/m
in)△n=1.5 r/min

(c) (d) 

Figure 13. Waveforms under 2(3&1) PRC-IN method. (a) Actual angle, estimated angle and error; (b) 
enlarged angle and error; (c) stator current; (d) current, speed, and torque under load variation. 

From Figure 11d, Figure 12d, and Figure 13d, it can be seen that under the condition 
of load changes, both the conventional FF-IN method, the 23 PRC-IN method and 2(3&1) 
PRC-IN method can quickly follow the given speed, but there will be a sudden drop in 
speed. When using the FF-IN method, the speed drops the most, reaching around 5 r/min, 
while the proposed 2(3&1) PRC-IN method has the smallest speed drop, around 1.5 r/min. 
The speed decrease in the proposed 23 PRC-IN method is slightly alleviated compared to 
FF-IN, at 2.5 r/min, but still greater than the speed decrease value of the 2(3&1) PRC-IN 
method. It can be seen that the proposed 2(3&1) PRC-IN method is minimally affected by 
load changes and has the strongest robustness. In addition, the steady-state errors of the 
three methods did not deteriorate under heavy load conditions. Therefore, it can be 
concluded that the 23 PRC-IN and 2(3&1) PRC-IN methods proposed in this paper can have 
better angle tracking capability while maintaining good robustness. 
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Table 2 shows the maximum error and RMS of angle estimation error for three HF-
SWI methods under steady-state. From Table 2, it can be seen that the steady-state 
maximum error and RMS of the conventional FF-IN method are, respectively, 0.05π rad 
and 0.11 rad, which are greater than the 0.03π rad and 0.06 rad of the 23 PRC-IN method 
and the 0.02π rad and 0.04 rad of the 2(3&1) PRC-IN method, respectively. The steady-state 
maximum error and RMS of the 2(3&1) PRC-IN method are the smallest among the three 
methods. Therefore, it can be concluded that the 2(3&1) PRC-IN method can completely 
eliminate high-frequency noise while ensuring the accuracy of speed estimation and angle 
estimation. 

Table 2. Maximum error and RMS of angle estimation error under steady-state. 

Square-Wave Injection 
Method Maximum Errors 

RMS Values 
(Angle Estimation Error) 

FF-IN Method 0.05π rad 0.11 rad 
23 PRC-IN 0.03π rad 0.06 rad 

2(3&1) PRC-IN 0.02π rad 0.04 rad 

Table 3 shows the PSD peak values of stator current under four control modes: sensor 
control, FF-IN method, 23 PRC-IN method, and 2(3&1) PRC-IN method. From Table 3, it can 
be seen that the discrete spectrum of stator current under sensor control is concentrated 
at integer multiples of the switching frequency, which means that the discrete spectrum 
at switching frequency has nothing to do with the injection signals. Under the 
conventional FF-IN method, the discrete spectrum is not only concentrated at the 
switching frequency and its integer multiples, but also appears at the injection frequency 
and its odd multiples. Under the 23 PRC-IN method, the discrete spectrum is not only 
concentrated at the switching frequency and its integer multiples, but also appears at the 
least common multiple of the two injection frequencies and odd multiples of that 
frequency. The discrete spectrum under the 2(3&1) PRC-IN method is only concentrated at 
the switching frequency and its integer multiples, and discrete harmonics at other 
frequencies do not appear. Therefore, it can be concluded that the 2(3&1) PRC-IN method 
can completely eliminate high-frequency noise. 

Table 3. Comparison of current PSD. 

Control Methods Peaks 
(5 kHz) 

Peaks 
(10 kHz) 

Peaks 
(15 kHz) 

Peaks 
(20 kHz) 
(PWM) 

Peaks 
(25 kHz) 

Peaks 
(30 kHz) 

Sensor control none none none −16 dB none none 
FF-IN −5 dB none −28 dB −16 dB −40 dB none 

23 PRC-IN none −8 dB none −12 dB none −28 dB 
2(3&1) PRC-IN none none none −16 dB none none 

Figure 14a–d present the PSD analysis results of stator current for four strategies, 
including mechanical position sensor control, FF-IN method, 23 PRC-IN method, and 2(3&1) 
PRC-IN method, with a switching frequency of 20 kHz for all four strategies. In Figure 
14a–d, the left side shows the theoretical analysis results, while the right side shows the 
experimental results. 

Figure 14a show PSD result with fixed 20 kHz switching frequency. As seen in Figure 
14a, the discrete spectrums are concentrated at the integer multiples of the switching 
frequency, and it means that this discrete spectrum has nothing to do with the injection 
signals. Figure 14b shows the PSD results obtained using the conventional FF-IN method 
with a fixed injection frequency of 5 kHz. It can be observed that the discrete spectrum is 
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not only concentrated at the switching frequency and its integer multiples, but also 
appears at the injection frequency and its odd multiples. This can lead to severe high-
frequency noise, which affects the widespread application of sensorless control methods. 
Figure 14c shows the PSD results of the 23 PRC-IN method under joint injection at 
frequencies of 10/3 kHz and 10 kHz. It can be observed that in addition to being 
concentrated at the switching frequency and its integer multiples, the discrete spectrum 
also appears at the least common multiple of the two injection frequencies, which is 10 
kHz, and at odd multiples of this frequency. Compared to the conventional FF-IN method, 
it is evident that this approach can eliminate some high-frequency noise and reduce the 
noise pollution caused by sensorless control methods. Figure 14d shows the PSD results 
of the 2(3&1) PRC-IN method under joint injection at frequencies of 2.5 kHz and 5 kHz. It 
can be observed that, compared to the conventional FF-IN method and the 23 PRC-IN 
method, the discrete spectrum in the 2(3&1) PRC-IN method is concentrated only at the 
switching frequency and its integer multiples, with no discrete harmonics at other 
frequencies. This indicates that high-frequency harmonics have been completely 
eliminated, significantly expanding the application scope of sensorless control. 
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Figure 14. PSD analysis results of stator current. (a) Sensor control; (b) FF-IN method; (c) 23 PRC-IN 
method; (d) 2(3&1) PRC-IN method. 

5. Conclusions 
PMSMs are widely used in various fields due to their advantages such as high power 

density, high efficiency, and high power factor. However, mechanical position sensor 
failures can cause various serious safety issues. To address the problem of harsh noise 
caused by conventional fixed-frequency square-wave injection in sensorless control at 
low-speed ranges, this paper introduces the principle of conventional fixed-frequency 
square-wave injection for sensorless control. Based on this, it analyzes the reasons for the 
generation of sharp noise caused by the conventional fixed-frequency square-wave signal 
injection method. Based on this analysis, a square-wave injection method based on 23 
pseudo-random coding is proposed. By changing the frequency and amplitude of the 
injection signal, the current power spectral density is expanded, effectively reducing the 
sharp noise caused by high-frequency square-wave injection. To further eliminate the 
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high-frequency sharp noise completely, an improved 2(3&1) pseudo-random coding square-
wave injection method is proposed based on the 23 pseudo-random coding square-wave 
injection method. This method can further expand the current power spectral density and 
completely eliminate the sharp noise caused by high-frequency square-wave injection. 

Furthermore, IPMSM has a salient pole effect, so the method proposed in this paper 
can also be applied to sensorless control of IPMSM. In addition, it can be expected that the 
2n (n = 5, 7, 9, ...) PRC high-frequency square-wave injection method also has the ability to 
eliminate the sharp noise caused by the conventional fixed-frequency square-wave 
injection method. However, with the superposition and mutual influence of multiple 
square-waves with different frequencies and amplitudes (three or more), the difficulty of 
implementing square wave injection and demodulating current signals also increases. 
Therefore, further research is needed to address the corresponding issues. 
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Appendix A 
Table A1 summarizes the key parameters and specifications. 

Table A1. Setup parameters. 

Square-Wave Injection 
Method Maximum Errors RMS Values 

(Angle Estimation Error) 

PLL of FF-IN kp 
ki 

80 
0.5 

PLL of 23 PRC-IN and 2(3&1) 
PRC-IN 

kp 
ki 

200 
1 

Low-pass filter Cutoff Frequency 200π rad/s 
High-pass filter Cutoff Frequency 1000π rad/s 

Sampling frequency fs 20 kHz 
Current sensor LA55-P 50 mA 
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