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Abstract

The FIFA World Cup 2026 will be accompanied by the largest official sticker album released
so far. Due to the expansion of the tournament from 32 to 48 national teams, the album size
has increased to 980 stickers, while the number of stickers per pack has increased from 5 to 7.
Such an expansion is expected to increase the total completion cost. However, this increase
is not linear, because the collection process becomes dominated by duplicate accumulation
in its final stage. The aim of this paper is to estimate, a priori, the expected number of packs,
total number of stickers, and financial cost required to complete the album under a uniform
random-acquisition baseline. The process is modeled using an exact finite-state recursive
formulation for multi-item sampling, while Monte Carlo simulations based on 10,000 in-
dependent trials are used to characterize the distribution and variability of completion
outcomes. Under the uniform random-acquisition baseline, the exact recursive expectation
is about 1042 packs, while the Monte Carlo mean is about 1044 packs. This corresponds to
approximately 7311 purchased stickers in the Monte Carlo estimate, of which only about
13% contribute directly to completion, while 87% are duplicates. The engineering relevance
of the acquisition structure is examined through a real LoRaWAN dataset case study, where
address-level first coverage, repeated device observations, and packet de-duplication show
analogous long-tail acquisition behavior in an IoT data-acquisition system.

Keywords: cost analysis; Coupon collector’s problem; data acquisition; Monte Carlo
simulation; random sampling; stochastic processes

1. Introduction

Official sticker albums accompanying the FIFA World Cup have been published since
the FIFA World Cup 1970, when the final tournament involved 16 national teams and the
corresponding album contained 288 stickers [1]. Since then, the number of participating
teams has increased gradually: first from 16 to 24 in 1982, then from 24 to 32 in 1998, and
now from 32 to 48 in the FIFA World Cup 2026 [2,3]. Expectedly, the corresponding sticker
album also became larger over time. In the editions associated with the FIFA World Cup
2018 and the FIFA World Cup 2022, the number of stickers reached 670 [1]. In the FIFA
World Cup 2026 edition, it has increased further to 980 [4].

The number of stickers per pack has also changed, from 5 to 7. At first sight, this may
suggest that the album has simply grown and that the completion cost should increase
accordingly. However, the main problem is not the album size itself. The main problem is
the stochastic nature of the acquisition process. As the collection progresses, the probability
of obtaining a previously unseen sticker decreases, whereas the number of duplicates
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increases. Because of that, the total cost of completing the album grows much faster than a
simple linear estimate would suggest.

This phenomenon can be described using the coupon collector’s problem [5], a classical
probabilistic model that describes how many random samples are required in order to
obtain all elements from a finite set. The problem has been discussed before in the context of
sticker collections, including analytical and heuristic considerations of cost and strategy [6].
The present work does not aim to introduce a new class of stochastic processes. Instead,
its contribution is to provide a reproducible baseline analysis of a large multi-item sticker
collection system by combining an exact finite-state expectation, Monte Carlo distributional
results, sensitivity testing, and practical cost interpretation in a single consistent framework.

In the present work, the classical coupon collector’s problem is used only as a reference
case and as a starting point for interpretation. The actual acquisition process considered
here is different from the classical single-item formulation, because one purchase step yields
several mutually distinct stickers. For that reason, the theoretical treatment is based on a
finite-state stochastic formulation of the multi-item acquisition process, while the classical
result is retained only as a useful benchmark.

A preliminary quantitative analysis of the coupon collector’s problem applied to the
FIFA World Cup 2022 sticker album was previously reported by the authors in [7]. That
study considered a smaller system with 670 stickers and 5 stickers per pack. The present
paper extends that approach in two main directions. First, it considers a substantially
larger system corresponding to the FIFA World Cup 2026 album. Second, and more
importantly, it provides a more explicit and consistent mathematical treatment of the multi-
item acquisition process, together with a detailed interpretation of its impact on the total
completion cost and its variability.

The aim of this paper is to estimate, a priori, the number of packs required to complete
the FIFA World Cup 2026 sticker album if the collector relies only on random pack purchases.
To that end, the collection process is modeled as a coupon collector system with multi-
item sampling. Based on the developed model, the expected number of required packs is
estimated analytically and then verified by Monte Carlo simulations. In addition to the
average value, the spread of the completion process is also analyzed in order to estimate
realistic favorable and unfavorable completion scenarios.

This uniform random-acquisition scenario is intentionally treated as a baseline ref-
erence case, not as a description of an optimal or typical real-world collecting strategy.
It should also not be interpreted as a strict upper bound, because non-uniform sticker
availability could increase the completion time, while exchange, targeted purchase, and
secondary-market acquisition could reduce the actual cost incurred by collectors. Practical
strategies involving such mechanisms are discussed separately in the cost analysis section.

In order to address the engineering relevance of the same acquisition structure, the
paper also analyzes an existing real-world LoRaWAN dataset. The LoRaWAN at the Edge
Dataset (LoED) contains gateway-level LoORaWAN packet traces collected in an urban
deployment and has been used in previous work for LoRaWAN traffic analysis, including
the study of packet de-duplication [8,9]. In the present paper, this dataset is not used
to validate the sticker-album model as a LoRaWAN performance model. Instead, it is
used as a realistic engineering case study in which first coverage, repeated observations,
non-uniform acquisition, and redundancy can be measured from real data.

Accordingly, the novelty of the paper is primarily application-oriented and interpreta-
tive, rather than methodological in the sense of introducing a new probability model. The
main contributions of this paper are as follows:
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1.  An application of a finite-state stochastic formulation to the FIFA World Cup 2026
sticker collection process with multi-item sampling without replacement within
each pack,

2. A comparison between the classical coupon collector benchmark, the mean-field
approximation, the exact recursive expectation, and Monte Carlo simulation results,

3. A detailed numerical characterization of the completion process, including the ex-
pected number of packs, the derived duplicate fraction, empirical percentiles, and
variability across simulations,

4. Abaseline cost estimate for the purely random pack-purchase scenario, together with
an explicit discussion of its limitations with respect to trading, targeted purchase, and
other practical collecting strategies,

5. Areal LoRaWAN dataset case study based on the LoED packet traces, used to examine
address-level first coverage, repeated observations, and redundancy in an engineering
data-acquisition context.

Thus, the main goal of this paper is not only to estimate the expected completion cost of
the FIFA World Cup 2026 sticker album but also to explain why that cost becomes so high.

2. Theoretical Model

The process of completing a sticker album can be modeled as a stochastic acquisition
process in which a finite set of n distinct items is collected through repeated random
sampling [10]. In the considered case, the total number of distinct stickers is n = 980, and
each sampling step corresponds to the purchase of one pack containing k = 7 stickers.

The following assumptions are adopted:

e All stickers are equally likely to appear;
e  Stickers are sampled independently across different packs;
*  No duplicate sticker appears within a single pack.

Under these assumptions, the considered process can be viewed as an extension [5]
of the classical coupon collector’s problem [10,11], in which multiple distinct items are
obtained in one trial.

The following subsection first recalls the classical coupon collector result in order
to define the reference case. After that, the model is extended to the actual pack-based
acquisition process by using transition probabilities between collection states. In this way,
the multi-item case is not treated only as a direct division of the classical result by the pack
size but as a separate finite-state stochastic process.

2.1. Classical Coupon Collector’s Problem

In the classical formulation, each trial yields exactly one randomly selected item
from a set of n possible items. Hence, only one element is acquired per acquisition step,
independently and uniformly at random.

The expected number of trials required to collect all n distinct items is given by

~nlnn+ yn, (@)

where T; denotes the number of trials required to collect all n distinct items in the case
k =1[10,12]. The quantity H, is the n-th harmonic number, defined as

)
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The harmonic number reflects the cumulative difficulty of obtaining new items during
the collection process. At the beginning of the process, the probability of obtaining a
previously unseen item is high. Later, as the number of already collected items increases,
the probability of obtaining one of the remaining missing items decreases. Since H;, grows
logarithmically [12], it can be approximated as

Hy, ~Inn+7, 3)

where v ~ 0.5772 is the Euler-Mascheroni constant, which arises in the asymptotic relation
between the harmonic series and the natural logarithm.

This result shows that the expected number of required samples does not grow lin-
early with the collection size. The reason is the increasing difficulty of obtaining the last
few missing items. This is the well-known “long tail” effect of the coupon collector’s
problem [11].

2.2. Exact Finite-State Formulation for Multi-Item Sampling

In the considered album, each acquisition step yields k = 7 distinct stickers sampled
without replacement from the set of n = 980 possible stickers. Therefore, the process is
not identical to the classical coupon collector’s problem with k independent single-sticker
trials. The stickers inside one pack are mutually distinct, which changes the transition
probabilities between collection states.

Let m denote the number of distinct stickers already collected. The number of missing
stickers is then n — m. If a new pack contains exactly j previously unseen stickers, then the
collection state changes from m to m 4+ j. Under the assumptions of uniform sampling and
no duplicate stickers within a pack, the probability of obtaining exactly j new stickers in
one pack is given by the hypergeometric probability

M)

Puj=—"7n—" 4)
! (x)
where
max(0,k —m) < j < min(k,n —m). (5)

For values of j outside this range, the corresponding transition probability is inter-
preted as zero. This formulation explicitly accounts for the fact that the k stickers in one
pack are sampled without replacement. The term (";m) counts the possible choices of new
stickers, while (" j) counts the possible choices of already collected stickers that appear as
duplicates with respect to the current collection.

Let E;; denote the expected number of additional packs required to complete the
album when m distinct stickers have already been collected. Clearly,

E, =0. (6)
For m < n, the expectation satisfies the recursive relation
min(k,n—m)
En=14 Y.  PuEuij 7)

j=0

When j = 0, the new pack contains no previously unseen stickers, and the process
remains in the same state m. Therefore, Equation (7) can be rearranged as
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- 1 +Emin(k,n—m) Pm,jEm+j

i=1
En = h . ®)

Equation (8) gives an exact finite-state recursive formulation of the expected comple-
tion time under the assumptions used in this paper. It was evaluated backwards from
m =ntom = 0. For n = 980 and k = 7, this gives

Eop = 1042.36 packs. )

This value represents the exact expected number of packs for the simplified random
acquisition model with uniform sticker probabilities, independent packs, and no duplicate
stickers within a single pack.

2.3. Mean-Field Approximation

For comparison, it is still useful to consider a simpler mean-field approximation. At a
stage characterized by m already collected stickers, the expected number of newly obtained

stickers in one pack is
n—m
n

E[Am] = k- (10)

This expected increment is exact as an expectation, although it does not describe
the full transition distribution. If the reciprocal of this expected increment is used as an
approximate estimate of the number of packs required to increase the collection from m to
m+ 1, then

n—1 1 n
E(To)mr =~ Y PR EHn 11)
m=0 n
Using the asymptotic approximation H, ~ Inn + v, this gives
n
E(Tiwr =  (Inn+ ). 12)
For n = 980 and k = 7, the mean-field approximation gives
980
E(Ty)Mmr =~ 7(1r1(980) +0.5772) ~ 1045.07 packs. (13)

Compared with the exact recursive value Ey = 1042.36 packs, the relative difference
is approximately 0.26%. Therefore, the mean-field expression provides a close numerical
approximation for the considered parameter values, but it is not treated here as an exact
analytical result. In the revised manuscript, the exact recursive formulation is used as the
primary theoretical result, while the mean-field expression is retained only as a simple
benchmark and interpretation tool.

The mean-field approximation is used only for the expected value. Favorable and
unfavorable completion scenarios are not derived from this approximation. Instead, they
are reported from the empirical distribution obtained by Monte Carlo simulation. This
keeps the interpretation of the completion range directly connected to the simulated pack-
based acquisition process.

3. Simulation Methodology

In order to complement the theoretical analysis and to assess the variability of the
considered acquisition process, Monte Carlo simulations were performed [13,14]. The
simulations follow directly from the stochastic model introduced in Section 2. The applied
implementation builds upon previously developed numerical treatments of the coupon

https:/ /doi.org/10.3390/app16157414


https://doi.org/10.3390/app16157414

Appl. Sci. 2026, 16, 7414

6 of 20

collector process in practical collection systems [7], but is extended here to a larger collection
size, multi-item sampling, and a broader statistical analysis.

In each simulation run, an initially empty collection of n = 980 distinct stickers is
considered. At every acquisition step, one pack containing k = 7 stickers is generated by
uniform random sampling from the complete set of stickers, without replacement within
the pack itself. The process is repeated until all n distinct stickers have been collected.

During each simulation run, the following quantities are recorded:

¢ The total number of packs required to complete the album;

¢  The total number of purchased stickers;

¢  The number of duplicate stickers derived from the total number of purchased stickers
after completion.

A total of 10,000 independent simulation runs were performed in order to ensure
statistical reliability of the obtained results [14].

3.1. Simulation Procedure

The simulation procedure can be summarized as follows:

1. Initialize an empty set representing the currently collected stickers,
Repeat the acquisition process until all n stickers have been collected:

*  Generate one pack of k distinct stickers sampled uniformly at random,
*  Add all newly obtained stickers to the collection,
. Increment the pack counter,

3. Record the total number of required packs and derive the corresponding number of
duplicate stickers.

3.2. Averaging and Statistical Analysis

Besides the total number of packs required for album completion, the evolution of the
acquisition process was also analyzed by observing the average number of distinct stickers
collected as a function of the number of purchased packs.

More precisely, for each pack index, ¢, the average number of collected stickers was
computed over all simulation runs [14]. In that way, an average acquisition curve was
obtained, which describes the typical progress of the collection process.

As a reference, an idealized linear scenario was also considered. In that hypothet-
ical case, every newly purchased sticker is assumed to be different from all previously
purchased ones, so the number of collected stickers grows simply as k - t. This reference
curve serves only as a lower-bound benchmark because, in any realistic random acquisition
process, duplicates inevitably appear.

3.3. Output Metrics
The simulation results are evaluated using the following quantities:

1.  The expected number of packs required for completion;
The distribution of the required number of packs;

3. The median, standard deviation, standard error, confidence interval, and empirical
percentiles of the required number of packs;

4. The convergence of the estimated mean value as the number of Monte Carlo trials
increases;

5. The minimum and maximum observed completion values;

.0\

The derived number and fraction of duplicate stickers;
7. The average evolution of the number of collected stickers.

https:/ /doi.org/10.3390/app16157414
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These quantities provide insight not only into the expected behavior of the considered
system but also into its variability.

3.4. Implementation Details

The simulations were implemented in Python 3.13.5 using standard scientific libraries,
including NumPy 2.3.5 for numerical processing and Matplotlib 3.10.8 for visualization.
The implementation follows directly from the introduced stochastic model and allows the
efficient execution of a large number of independent trials. In order to make the numerical
results exactly reproducible, the pseudo-random number generator was initialized using
a fixed seed equal to 2026. The main 10,000-run baseline simulation used seed 2026,
whereas the independent-batch verification described in the Results section used 10 separate
10,000-run batches initialized with different random seeds.

For reproducibility reasons, the implementation is publicly available through an
open-source GitHub repository [15].

4. Results and Discussion

The results obtained by Monte Carlo simulations [14] provide quantitative insight into
both the expected behavior of the sticker collection process and its stochastic variability.

4.1. Average Collection Dynamics

The average progress of the collection process is shown in Figure 1, where the number
of collected stickers is plotted as a function of the number of purchased packs. The
displayed curve represents the average over 10,000 independent simulation runs, while the
linear reference corresponds to the idealized duplicate-free case.

Average number of stickers collected

B per trial (n=980, pack size=7)
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Figure 1. Average number of collected stickers as a function of the number of purchased packs,
compared to the idealized linear case without duplicates.

At the beginning of the process, the average acquisition curve follows the linear refer-
ence relatively closely. This means that, in the early stage of the collection, the probability
of obtaining new stickers is high, and the acquisition process is efficient. As the number of
already collected stickers increases, the curve departs gradually from the linear reference.
This departure becomes especially pronounced near the completion of the album, where
the probability of obtaining previously unseen stickers drops significantly.

Such behavior is fully consistent with the theoretical model presented in Section 2.
More importantly, it confirms that the main inefficiency of the considered acquisition
process is concentrated in its final stage, i.e., in the long-tail region of the coupon collector’s
problem [11].
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4.2. Distribution of Required Packs

The distribution of the total number of packs required to complete the album is shown
in Figure 2. This figure represents the Monte Carlo distribution of completion outcomes.
The Monte Carlo mean is about 1044 packs, which is close to the exact recursive expectation
of about 1042 packs for the same baseline model.

Distribution
H 1

! ---- Avg: 1044.39
—-—- Min: 629
........ Max: 2469

of packs needed to collect 980 stickers
1600 :

1400

1200

1000

800

600

400

Number of completed albums

i
i
i
i
i
i
i
i
i
i
i
i
i
200 :

750 1000 1250 1500 1750 2000 2250 2500
Packs needed to complete the album

Figure 2. Distribution of the total number of packs required to complete the album over 10,000 Monte
Carlo simulations.

The histogram is right-skewed, which is typical for coupon-collector-type comple-
tion processes. Although many realizations are concentrated around the mean, the right
tail shows that substantially less favorable outcomes are still possible. Therefore, the
empirical percentiles reported below are used to describe favorable and unfavorable
completion scenarios.

4.3. Statistical Summary and Convergence of Simulations

Before discussing the simulation distribution in detail, Table 1 summarizes the three
numerical quantities used in the manuscript. The exact recursive expectation is the the-
oretical expected value of the baseline finite-state model. The Monte Carlo mean is a
finite-sample estimate obtained from 10,000 simulated realizations of the same process. The
mean-field approximation is retained only as a simple benchmark approximation.

Table 1. Separation of the exact recursive result, Monte Carlo estimate, and mean-field approximation
for the uniform random-acquisition baseline.

Quantity

Value Interpretation

Exact recursive expectation
Monte Carlo mean
Mean-field approximation

1042.36 packs Theoretical expectation of the finite-state baseline model
1044.39 packs Finite-sample estimate from 10,000 simulation runs
1045.07 packs ~ Simple benchmark approximation

In order to describe the Monte Carlo results more completely, the simulated distribu-
tion of the required number of packs was evaluated using standard descriptive statistics.
These values refer only to the Monte Carlo sample and are summarized in Table 2.

The mean value is close to the exact recursive expectation derived in Section 2. The
median is lower than the mean, which is consistent with the right-skewed shape of the
distribution. The empirical 5th and 95th percentiles are used to describe favorable and
unfavorable completion scenarios. Therefore, these scenarios are obtained directly from the
Monte Carlo distribution, rather than from an additional analytical approximation.

The convergence of the Monte Carlo estimate was evaluated by computing the running
mean after different numbers of independent simulation runs. The corresponding values
are shown in Table 3.

https://doi.org/10.3390/app16157414
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Table 2. Summary statistics of the Monte Carlo simulation results for the purely random acquisition

scenario.
Quantity Value
Number of simulation runs 10,000
Mean number of packs 1044.39
Median number of packs 1014
Standard deviation 181.02
Standard error of the mean 1.81
95% confidence interval of the mean [1040.85, 1047.94]
5th percentile 811
95th percentile 1387
Minimum observed value 629
Maximum observed value 2469

Table 3. Convergence of the estimated mean number of required packs with respect to the number of
Monte Carlo simulation runs.

Number of Runs Estimated Mean 95% Confidence Interval
100 1030.47 [995.06, 1065.88]
500 1032.67 [1016.58, 1048.76]
1000 1035.67 [1024.66, 1046.67]
2500 1047.65 [1040.28, 1055.02]
5000 1043.93 [1038.87, 1049.00]
7500 1044.72 [1040.59, 1048.84]
10,000 1044.39 [1040.85, 1047.94]

As expected, the confidence interval becomes narrower as the number of simulation
runs increases. This indicates that the Monte Carlo estimate stabilizes as the number of
trials increases.

In addition to the running-mean convergence check, an independent-batch verification
was also performed. The baseline simulation was repeated using 10 independent batches,
each consisting of 10,000 simulation runs and initialized with a different random seed.
This provides an additional check that the estimated mean is not dependent on a single
simulation sequence. The obtained batch-level results are summarized in Table 4.

Table 4. Independent-batch verification of the Monte Carlo estimate for the uniform random-
acquisition baseline.

Quantity Value
Number of independent batches 10

Runs per batch 10,000
Mean of batch means 1043.48 packs
Standard deviation of batch means 1.64 packs
Minimum batch mean 1041.18 packs
Maximum batch mean 1046.19 packs

The mean of the independent batch means is close to both the exact recursive expecta-
tion of 1042.36 packs and the main Monte Carlo mean of 1044.39 packs. The small spread
between batch means indicates that the reported baseline estimate is stable with respect to
different random seeds.

https:/ /doi.org/10.3390/app16157414
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4.4. Duplicate Stickers as a Derived Quantity

Duplicate stickers are treated as a derived quantity rather than as an independent
stochastic output, because their number follows directly from the number of purchased
packs. If P denotes the number of purchased packs, then the total number of purchased
stickers is kP, and the number of duplicate stickers after completion is

D=kP—n. (14)

Therefore, the distribution of duplicate stickers contains the same information as the
distribution of required packs shown in Figure 2. The duplicate count is consequently
reported through the derived relation above and the corresponding average values.

Using the Monte Carlo mean of 1044.39 packs, the average total number of purchased
stickers is 7 - 1044.39 =~ 7311, and the corresponding number of duplicate stickers is about
7311 — 980 = 6331. Therefore, only about 980/7311 ~ 13% of all purchased stickers
contribute directly to album completion, while about 87% are duplicates.

4.5. Comparison Between Exact Recursion, Monte Carlo Simulation, and
Mean-Field Approximation

The exact recursive expectation, the Monte Carlo estimate, and the mean-field approxi-
mation have different roles in the analysis and should not be interpreted as interchangeable
quantities. The exact recursive value Ey = 1042.36 packs is the theoretical expected com-
pletion time of the finite-state model under the stated baseline assumptions. The Monte
Carlo mean of 1044.39 packs is a numerical estimate obtained from 10,000 independent
realizations of the same stochastic process. Its small difference from the exact recursive
value is consistent with finite-sample simulation variability.

The mean-field approximation gives 1045.07 packs and is used only as a benchmark. It
provides a close numerical approximation for the considered parameter values, but it does
not replace the exact recursive formulation because it does not describe the full transition
distribution between collection states.

The empirical spread of completion outcomes is interpreted only through the Monte
Carlo distribution. Therefore, the favorable and unfavorable completion scenarios re-
ported in this paper are simulation-based percentiles, not exact recursive results and not
mean-field estimates.

4.6. Sensitivity to Model Assumptions

The baseline model is based on three simplifying assumptions: uniform sticker proba-
bilities, independence between packs, and no duplicate stickers within a single pack. These
assumptions make the model analytically tractable and define a clear reference scenario.
However, real sticker distributions may deviate from this idealized setting. Therefore, the
obtained results should be interpreted together with a sensitivity analysis.

The most important possible deviation is non-uniform sticker availability. If some
stickers are effectively rarer than others, the final stage of the collection process becomes
more difficult, because the expected completion time is then dominated by the least fre-
quently observed stickers. To examine this effect more systematically, additional sensitivity
simulations were performed using a two-parameter grid. The first parameter was the
fraction of stickers treated as rare, set to 5%, 10%, and 20%. The second parameter was the
relative sampling weight of those rare stickers, set to 0.75, 0.50, and 0.25. All remaining
stickers retained unit weight. These non-uniform cases are illustrative stress tests and are
not intended to represent a measured Panini production distribution. Each sensitivity sce-
nario was evaluated using 10,000 independent simulation runs. The results are summarized
in Table 5.
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Table 5. Sensitivity of the mean completion time to systematic deviations from the uniform sampling

assumption.
Rare Sticker Fraction Rare Sticker Weight Mean Packs
5% 0.75 1071.47
5% 0.50 1284.17
5% 0.25 2417.71
10% 0.75 1091.01
10% 0.50 1398.15
10% 0.25 2684.52
20% 0.75 1115.70
20% 0.50 1478.83
20% 0.25 2785.72

The same sensitivity results are visualized in Figure 3. The results show that the
expected completion time increases systematically as the rare-sticker fraction increases
and as the relative sampling weight of rare stickers decreases. For mild non-uniformity,
where 5% of stickers have a relative weight of 0.75, the mean completion time increases
only moderately, to about 1071 packs. In contrast, stronger non-uniformity produces a
much larger effect. For example, when 10% of stickers have a relative weight of 0.25, the
mean completion time increases to about 2685 packs. When 20% of stickers have the same
relative weight, the mean completion time is about 2786 packs.

Sensitivity of mean completion time

2600
5% 2418
2400

2200
~

8
2000 §

10% 2685

©
1800 §
1600

20% 2786 1400

Fraction of rare stickers

1200

0.75 0.50 0.25

Relative weight of rare stickers

Figure 3. Sensitivity of the mean completion time to non-uniform sticker availability. The figure
shows the mean number of required packs as a function of the rare-sticker fraction and the relative

sampling weight of rare stickers.

This confirms that the completion process is highly sensitive to the lower tail of the
sticker-probability distribution. Even a relatively small group of less frequently sampled
stickers can dominate the final stage of the acquisition process. Therefore, if real sticker
production or distribution were significantly non-uniform, the purely random completion
cost could be substantially higher than the value predicted by the uniform baseline model.

This sensitivity analysis does not attempt to infer the true production probabilities
of individual stickers because such data are not publicly available. Instead, it shows how
the model behaves under controlled deviations from the main assumptions. The baseline
result should therefore be interpreted as the expected completion cost under an idealized
uniform random acquisition process, while non-uniformity represents a potential source of
additional completion cost. For this reason, the uniform random-acquisition result is used
as a reference baseline rather than as a mathematical upper bound.
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4.7. Practical Implications

From a practical point of view, the obtained results show that the completion of the
FIFA World Cup 2026 sticker album requires substantially more packs than one would
expect from a simple linear estimate. Although the ideal lower bound is only 140 packs,
the expected number exceeds 1000 packs.

This difference is caused by the long-tail stage of the acquisition process. Near com-
pletion, most purchased packs contain only stickers that are already present in the album,
so the marginal benefit of additional random purchases becomes low. Therefore, random
pack purchasing is most efficient in the early and intermediate stages, whereas duplicate
exchange and targeted acquisition become increasingly important near completion.

4.8. Cost Analysis and Practical Completion Strategies

For a more practical interpretation of the obtained results, the required number of
packs can be translated into an approximate monetary cost in different markets. Based
on official retail prices available at the time of writing, a sticker pack costs approximately
1.50 EUR in Europe [16], 1.25 GBP in the United Kingdom [17], and 2.00 USD in the United
States [18]. Since retail prices may vary slightly across countries, retailers, and promotional
campaigns, the following values should be interpreted as representative market estimates.

Using the exact recursive baseline expectation rounded to approximately 1042 packs
for practical cost interpretation, the expected completion cost becomes

e Europe: 1042 packs x 1.50 EUR ~ 1563 EUR;
*  United Kingdom: 1042 packs x 1.25 GBP ~ 1303 GBP;
e United States: 1042 packs x 2.00 USD ~ 2084 USD.

These values are based on the exact recursive baseline expectation rounded to a whole
number of packs for practical interpretation, whereas the favorable and unfavorable cost
scenarios below are based on empirical Monte Carlo percentiles.

Similarly, the favorable scenario of approximately 811 packs corresponds to about
1217 EUR, 1014 GBP, and 1622 USD, respectively, whereas the unfavorable scenario of approx-
imately 1387 packs corresponds to approximately 2081 EUR, 1734 GBP, and 2774 USD.

These values illustrate that completing the album exclusively through random pack
purchases may require a substantial financial investment. At the same time, they also
explain why purely random completion is rarely the strategy used in practice.

One widely used mechanism for cost reduction is duplicate exchange. Since approxi-
mately 87% of all purchased stickers are duplicates, the collector accumulates a large pool
of tradable items during the process. By exchanging duplicates with other collectors, the
effective number of required purchases can be reduced substantially, particularly near the
end of the collection process.

Another common mechanism is the direct purchase of missing stickers. In previous
editions, collectors were allowed to order a limited number of specific missing stickers,
typically at a unit price higher than the average sticker price obtained through random
packs. From the viewpoint of the coupon collector model, such a strategy effectively
truncates the most inefficient part of the acquisition process, namely the long-tail phase
associated with the final missing stickers.

These realistic collecting behaviors can be represented by a simple hybrid completion
strategy. Let r denote the number of stickers that are still missing when the collector
stops relying exclusively on random pack purchases. The remaining stickers can then be
obtained through duplicate exchange, direct purchase of missing stickers, or secondary-

)

market acquisition. Let E(gr denote the expected number of random packs required to

reach a state with n — r collected stickers. The value E(()r) can be computed using the same
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finite-state recursion as in Section 2, but with the stopping condition changed from full
completion to the state in which r stickers remain missing. The expected cost of such a
hybrid strategy can be written as

Chyb(r) = ppackE(()r) =+ "Ptarget, (15)

where Ppack is the price of one pack, and prarget is the effective average cost of obtaining one
remaining missing sticker by a non-random mechanism. This effective cost may represent
direct purchase, secondary-market purchase, or the indirect cost of exchange. In the limiting
case of successful duplicate exchange without additional payment, the effective value of
Prarget can be close to zero for the exchanged stickers.

The optimal switching point can be determined by minimizing the expected hybrid
cost over all possible values of r. Thus,

r* = arg Orgnrlgn Chyb (7)- (16)

This optimization was evaluated for the European pack price ppacx = 1.50 EUR and
for several illustrative values of the effective targeted-acquisition cost prarget. The values of
Ptarget are not intended to represent fixed market prices but, rather, to show how the optimal
strategy changes when the effective cost of obtaining a specific missing sticker changes. The
obtained optimal switching points and minimum expected costs are summarized in Table 6,
where E(()r*) denotes the expected number of random packs purchased before switching,
and Cpyp, (r*) denotes the corresponding minimum expected hybrid cost.

Table 6. Optimal switching point and minimum expected cost of the hybrid completion strategy for
different assumed effective targeted-acquisition costs.

Ptarget r* E(()r*) Chyb (r*)

1EUR 209 about 216 packs about 533 EUR
2 EUR 104 about 313 packs about 677 EUR
4 EUR 52 about 409 packs about 821 EUR
8 EUR 26 about 504 packs about 965 EUR

The corresponding hybrid cost curves are shown in Figure 4. The pure random-
acquisition baseline cost obtained from the exact recursive expectation is approximately
1564 EUR in the European market. Therefore, all four illustrative hybrid strategies reduce
the expected completion cost substantially. The optimal switching point moves closer to
album completion as prarget increases. In other words, if targeted acquisition is relatively
cheap, it is optimal to stop random pack purchases earlier. If targeted acquisition is
expensive, random pack purchases remain useful for a longer part of the collection process.

The economic reason for using such hybrid strategies becomes clear when the local
marginal cost of random acquisition is considered. If r stickers are still missing, the expected
number of newly useful stickers obtained from one additional random pack is

E[Am | 7] = k%. 17)

Therefore, the approximate random-pack cost per newly useful sticker at that stage is

Ppack _ Ppack’
Crand(r) = k}l:’)jcn = P]a; . (18)

For the European pack price ppacx = 1.50 EUR, n = 980, and k = 7, the corresponding
marginal random-acquisition costs are shown in Table 7.
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Hybrid completion cost by switching point

22501 —— p_target = 1.00 EUR
p_target = 2.00 EUR
—— p_target = 4.00 EUR
1750{ —— p_target = 8.00 EUR
---- Pure random baseline

2000

Expected total cost (EUR)

0 50 160 150 200 250
Missing stickers at switching point r
Figure 4. Expected hybrid completion cost as a function of the switching point for different assumed

effective targeted-acquisition costs. The minima of the curves correspond to the optimal switching
points reported in Table 6.

Table 7. Approximate marginal cost of obtaining one newly useful sticker by additional random pack
purchases in the final stage of the collection process.

Missing Stickers r Expected New Stickers per Pack Cost per Newly Useful Sticker
100 0.714 2.10 EUR
50 0.357 420 EUR
25 0.179 8.40 EUR
10 0.071 21.00 EUR

Table 7 shows why purely random acquisition becomes economically inefficient near
completion. Even if a targeted missing sticker is more expensive than the average sticker
obtained from a random pack, it can still be cheaper than continuing with random pack
purchases in the final stage. Duplicate exchange has a similar effect, because it reduces the
number of stickers that have to be obtained through further random purchases.

Therefore, from an optimization point of view, the completion process can be divided
into three practical stages. In the initial stage, random acquisition is efficient and should be
preferred. In the intermediate stage, duplicate exchange becomes increasingly valuable. In
the final stage, targeted acquisition of the remaining stickers becomes the most efficient
approach, because it prevents the collector from entering the most expensive part of the
purely random process.

In practical terms, this suggests that random pack purchasing is most efficient dur-
ing the early and intermediate stages of the collection process. As the completion ratio
approaches unity, the marginal benefit of purchasing additional random packs decreases
rapidly, making alternative strategies considerably more cost-effective.

Thus, the theoretical and simulation-based results presented in this paper should
be interpreted as a conditional baseline cost estimate under uniform random acquisi-
tion. They should not be interpreted as a strict upper bound on the completion cost. If
sticker availability is non-uniform, the completion time and cost may be higher than in
the uniform baseline case. Conversely, in real collecting practice, the final cost can be
reduced substantially through duplicate exchange, targeted acquisition strategies, and
secondary-market transactions.

5. Engineering Case Study: LoED LoRaWAN Dataset

To address the engineering relevance of the considered acquisition structure, this
section analyzes an existing real-world LoRaWAN dataset. The aim is not to validate
the sticker-album model as a LoRaWAN performance model but to examine whether
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analogous first-coverage and redundancy effects can be observed in a real engineering
data-acquisition system.

The considered case study is based on the LoRaWAN at the Edge Dataset (LoED),
a real-world dataset containing gateway-level LoRaWAN packet traces collected in an
urban deployment [9]. LoRaWAN networks are widely used in low-power IoT applications
because they support long-range communication with low energy consumption and low
device complexity, which is consistent with the broader role of wireless sensor networks,
IoT systems, smart-city testbeds, network-discovery problems, and information-freshness-
oriented data acquisition in distributed sensing contexts [19-24]. In multi-gateway Lo-
RaWAN deployments, the same uplink transmission can be received by more than one
gateway, so the Network Server has to perform packet de-duplication before forwarding
the information to the application layer [8]. This makes LoRaWAN data collection a realistic
engineering context in which repeated acquisition and redundancy are practically relevant.

For the purpose of the present analysis, the LoED packet traces were processed as
an address-level first-coverage problem. Only valid uplink packets were considered. In
particular, packets were retained if they had a valid timestamp, a valid device address, a
valid physical payload, a positive CRC status, and an uplink message type. Gateway-level
duplicate receptions were then removed by grouping repeated physical payloads occurring
within a 200 ms de-duplication window. This de-duplication step follows the practical
LoRaWAN interpretation that multiple gateway receptions of the same physical uplink
should be treated as one transmitted packet rather than as independent observations.

After this filtering and de-duplication step, the full LoED dataset contained
5,413,946 de-duplicated uplink packets and 8503 observed distinct device addresses. The
first-coverage process was then evaluated by scanning the de-duplicated packets in chrono-
logical order and counting how many distinct device addresses had been observed after
each packet. A newly observed device address was treated as a useful first-coverage event,
while any later packet from an already observed address was treated as a repeated ob-
servation with respect to first coverage. The obtained summary statistics are shown in
Table 8.

Table 8. Summary of the LoED address-level first-coverage analysis.

Quantity Value
Raw gateway-level rows 11,263,001
Valid uplink rows after filtering 8,055,807
De-duplicated uplink packets 5,413,946
Gateway duplicate rows removed 2,641,861
Observed distinct device addresses 8503
Useful first-coverage fraction 0.157%
Redundant-observation fraction 99.843%
Top 10 device-address packet share 74.29%
Top 100 device-address packet share 96.09%
Packets needed for 95% of observed addresses 5,161,176
Packets needed for 99% of observed addresses 5,375,132

The measured first-coverage curve is shown in Figure 5. The curve exhibits the same
qualitative long-tail behavior as the sticker-album completion process. At the beginning,
new device addresses are observed relatively quickly. Later, the process becomes increas-
ingly dominated by repeated observations of addresses that have already been seen. In
the full dataset, 90% of the observed device addresses are reached only after 4,956,599 de-
duplicated uplink packets, while 99% are reached only after 5,375,132 de-duplicated uplink
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packets. Therefore, the final part of address-level first coverage is strongly dominated by
the least frequently observed addresses.

LoED address-level first coverage

@
o
o
o

[e2)
o
o
L= ]

N
o
o
o

—— Measured LoED first coverage
Uniform coupon-collector baseline
I B Empirical-probability baseline

o

Observed distinct device addresses
5
8

3 4 5
Number of de-duplicated uplink packets le6
Figure 5. Measured LoED address-level first-coverage curve compared with uniform and empirical-

probability coupon-collector baselines. The measured curve shows rapid initial acquisition followed
by a long-tail region dominated by repeated observations of already observed device addresses.

For comparison, Figure 5 also shows two coupon-collector-type baselines. The first
is a uniform baseline in which all observed device addresses are assumed to be equally
likely. The second is an empirical-probability baseline in which the probability of observing
a device address is estimated from its relative frequency in the de-duplicated LoED packet
trace. If p; denotes the empirical probability of observing address i, the expected number
of distinct observed addresses after N de-duplicated packets is

15

EC@)] = 1 (1= =p)"). (19)
i=

Here, ns denotes the number of observed distinct device addresses in the analyzed
LoED trace. This empirical-probability model is not synthetic because the probabilities p;
are estimated directly from the real de-duplicated packet trace. It is also more appropriate
for the LoED case than a uniform model because real IoT traffic is strongly non-uniform.
Some devices transmit much more frequently than others, while some addresses appear
only rarely.

The non-uniformity of the LoED trace is shown directly in Figure 6, where device
addresses are ranked according to their number of de-duplicated uplink packets. The
distribution is highly concentrated: the 10 most frequently observed device addresses
account for 74.29% of all de-duplicated uplink packets, while the 100 most frequently
observed addresses account for 96.09% of them. This explains why the measured first-
coverage curve differs strongly from the uniform baseline. The engineering process is not
dominated by an average device but by the lower tail of rarely observed addresses.

These results provide a real engineering example of the same qualitative acquisition
phenomenon that appears in the sticker-album model. In the sticker case, repeated stickers
are duplicates with respect to album completion. In the LoED case, repeated packets
from already observed device addresses are redundant with respect to address-level first
coverage. In both cases, the acquisition process initially progresses quickly, but the final
stage is dominated by rarely acquired entities.

At the same time, the analogy has important limitations. The LoED analysis is based
on device addresses, not on independently verified permanent physical device identities.
In LoRaWAN systems, a device address is a practical network-level identifier, but it is not
always identical to a globally stable physical device identity. In addition, real LoRaWAN
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systems include non-uniform device traffic, gateway placement effects, channel-dependent
reception, duty-cycle restrictions, retransmissions, adaptive data rate mechanisms, and
backend de-duplication rules. Therefore, the sticker-album model should not be interpreted
as a validated LoRaWAN performance model.

The value of the case study is instead more specific. It shows, using a real LoORaWAN
dataset, that first coverage in engineering data acquisition can exhibit the same qualitative
long-tail structure as the sticker-album completion problem. It also supports the sensitivity
analysis presented earlier in the paper: non-uniform acquisition probabilities are not
merely an artificial modeling assumption but a dominant feature of real IoT packet traces.
From an engineering point of view, this motivates practical mechanisms such as packet
de-duplication, scheduled reporting, adaptive polling, retransmission control, and the
prioritization of devices or addresses that have not yet been observed.

LoED device-address activity distribution

=
o
4

10° 10T 102 103 104
Device-address rank

Jary
o
©

De-duplicated uplink packet count

Figure 6. Rank-frequency distribution of de-duplicated uplink packets per observed LoED device
address. The strong concentration of packets among a small number of addresses explains the
non-uniform first-coverage behavior.

6. Conclusions

In this paper, the completion of the FIFA World Cup 2026 sticker album was analyzed
as a multi-item coupon-collector-type acquisition problem. The aim was to estimate, a
priori, the expected number of required packs, the total number of purchased stickers, and
the corresponding financial cost under a uniform random-acquisition baseline.

The exact finite-state recursive model gives a theoretical baseline expectation of
1042.36 packs under the adopted assumptions. The Monte Carlo simulation gives a finite-
sample mean of 1044.39 packs based on 10,000 independent trials and is used to characterize
the distribution and variability of completion outcomes. The mean-field approximation
gives a similar benchmark value of 1045.07 packs, but it is not treated as the primary
theoretical result.

Besides the average value, the obtained results show that the completion process
exhibits substantial variability. Based on the empirical Monte Carlo distribution, realistic
completion scenarios range from 811 packs in a more favorable case to 1387 packs in a less
favorable case. Therefore, the expected value alone is not sufficient for a complete practical
interpretation of the problem.

The results also quantify the inefficiency caused by duplicate accumulation. Under
the baseline Monte Carlo estimate, approximately 7311 stickers are purchased on average,
of which 980 contribute directly to album completion. This corresponds to a useful fraction
of about 13%, while the remaining 87% are duplicates. Since the duplicate count follows
directly from the number of purchased packs, it was treated as a derived quantity rather
than as an independent stochastic output.
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When translated into monetary terms, the uniform random-acquisition baseline in-
dicates an expected cost of more than 1500 EUR in a representative European market.
However, this value should not be interpreted as a prediction of the actual cost incurred
by individual collectors or as a strict upper bound. Non-uniform sticker availability could
increase the completion time relative to the uniform baseline, whereas duplicate exchange,
the direct purchase of missing stickers, and secondary-market acquisition can reduce the
final cost by avoiding the most inefficient long-tail phase of random acquisition.

The sensitivity analysis confirms that the results depend strongly on the assumption of
uniform sticker availability. In the considered non-uniform stress tests, the mean completion
time increased substantially when a fraction of stickers was assigned a lower relative
sampling weight. This shows that the lower tail of the sticker-probability distribution can
dominate the completion process if real sticker availability is not uniform.

The hybrid-strategy analysis further shows that purely random acquisition is generally
not cost-optimal near completion. For the illustrative targeted-acquisition costs considered
in the paper, the optimal strategy is to switch from random packs to targeted acquisition
before the album is fully completed. The exact switching point depends on the effective
cost of obtaining a specific missing sticker.

The main limitation of the analysis is that empirical data on actual sticker frequencies,
real collector exchange behavior, the availability of direct missing-sticker purchase, and
secondary-market prices are not available at the time of writing. For this reason, the
reported monetary values should be interpreted as conditional baseline estimates under
explicitly stated assumptions, not as forecasts of the expenditure of a specific collector.
Future work could refine the model by incorporating empirical sticker-frequency data,
observed trading behavior, and market-price information once such data become available.

The LoED case study further shows that analogous long-tail acquisition behavior can
also be observed in a real engineering data-acquisition system. In the analyzed LoRaWAN
packet trace, address-level first coverage is strongly affected by repeated observations and
highly non-uniform device-address activity. However, the sticker-album model should not
be interpreted as a validated LoRaWAN performance model because the LoED analysis is
based on address-level packet traces and not on a complete physical-device model.

Overall, the presented results provide a quantitative baseline for understanding the
completion process of a large sticker album under random acquisition. More generally,
they illustrate how duplicate accumulation, diminishing returns, and long-tail completion
effects can strongly influence the cost and efficiency of practical acquisition processes.
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