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Abstract

Zernike polynomials constitute an essential mathematical basis for representing functions
defined over the unit disk. They are widely used in a diverse range of scientific and engi-
neering disciplines, including adaptive optics for characterizing atmospheric distortions,
ophthalmology for quantifying ocular aberrations, microscopy for instrument characteri-
zation and aberration correction, and optical metrology for surface profiling. This paper
introduces ZernikeViewer, a software framework developed for the rapid calculation and vi-
sualization of fringe, phase, and point spread function (PSF) maps from Zernike coefficients.
The framework leverages CPU multicore and multithreading capabilities through the NET
Task Parallel Library (TPL), augmented by codebase optimizations and the preloading of
precomputed Zernike polynomial matrices. These optimizations reduce computation time
by a factor of 7 to 10 compared to a conventional approach; for instance, from 1 ms to 0.1 ms
for a radial order of n = 10 and from 700 ms to 80 ms for n = 100. Numerical error analysis
confirms the accuracy of the computation, with an average root-mean-square (RMS) error
of 0.11 ms observed in the timing measurements. Furthermore, it is demonstrated that
implementing Jacobi recursion relations could potentially reduce the numerical calculation
error by up to 5 orders of magnitude.

Keywords: Zernike polynomials; CPU computing; parallel computing; wavefront
reconstruction; phase map; spatial light modulator

1. Introduction
1.1. Background

In computational science and engineering, orthogonal polynomials constitute a foun-
dational tool for enabling efficient numerical simulations and data analysis. Among these,
Zernike polynomials have attracted considerable interest due to their unique mathematical
properties and broad applicability [1,2]. Their widespread adoption came from several
key properties: foremost, their orthogonality over the unit circle facilitates the indepen-
dent decomposition and analysis of complex wavefields or surface profiles. Furthermore,
their completeness allows for the precise description of arbitrary wavefront shapes. This
combination of mathematical elegance and physical relevance led to their widespread use
across a diverse range of scientific and engineering disciplines, including adaptive optics
for characterizing atmospheric distortion [3], ophthalmology for quantifying ocular aberra-
tions in refractive surgery [4], microscopy for instrument characterization and aberration
correction [5], astronomy for telescope mirror design [6], and general optical metrology for
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surface profiling and quality assessment [7]. First introduced by Frits Zernike [8,9], Zernike
polynomials form a complete orthogonal set over the unit disc. Their extensive adoption in
optical and ophthalmological contexts, both clinical and academic, is largely attributable
to their direct correspondence with classical Seidel aberrations [8], making them a natural
basis for wavefront reconstruction and analysis. Unlike Bessel functions, which can exhibit
singularities at the origin, Zernike polynomials are finite and smooth across the entire
disc, including the center (r = 0), thereby ensuring continuous differentiability along the
optical axis.

The utility of Zernike polynomials is particularly pronounced in several key areas.
Crucially, the low-order Zernike modes directly correspond to classical optical aberrations
such as tilt, defocus, and astigmatism, providing an intuitive and physically meaningful
representation of optical system performance. They are extensively employed to charac-
terize wavefronts and quantify aberrations in lenses, mirrors, and the human eye [10-20].
This facilitates the design and optimization of high-precision optical instruments. Their
benefits in optics translate directly to astrophysical applications, where they are used to
model surface irregularities in telescope mirrors, simulate optical system performance, and
mitigate the impact of aberrations on image quality [21-26]. In simulations of magnetically
confined plasmas, Zernike polynomials serve as a spectral basis to represent the complex
toroidal cross-sections of stellarators and tokamaks, thereby facilitating the numerical solu-
tion of the underlying partial differential equations [27-29]. The orthogonality of Zernike
polynomials makes them well-suited as basis functions in spectral methods for solving
partial differential equations defined on disc-like domains [30]. The applicability of Zernike
polynomials extends far beyond the few examples cited here, spanning a wide spectrum of
scientific and engineering fields [10].

While Zernike polynomials form a mathematically complete orthogonal basis on the
unit disk, this ideal property is often compromised in practical applications. Experimental
wavefront data are typically acquired at discrete sampling points rather than as a continu-
ous function. Furthermore, real-world optical apertures frequently deviate from a circular
geometry, instead taking the form of polygons, ellipses, annuli, or sectors due to anatom-
ical constraints or specific instrument designs. On such non-standard domains, Zernike
polynomials lose their orthogonality and may no longer provide an efficient representation
of classical optical aberrations.

Under these conditions, alternative functional bases—not necessarily orthogonal—can
become competitive [31-34]. When preserving orthogonality is essential, several strategies
have been pursued. These include applying the Gram—Schmidt orthogonalization process
to generate a custom orthogonal set for the specific domain [35-37] and employing diffeo-
morphisms to map basis functions from the unit disk onto the non-standard domain [38,39].
For rectangular domains, an analogue to Zernike polynomials (known in the literature as
Furter polynomials) has been proposed [40,41]. Beyond the selection of an appropriate
basis, the accuracy of wavefront reconstruction is critically dependent on the fitting proce-
dure used to approximate a continuous function from a finite set of discrete measurements.
This process can yield either an interpolating function or a discrete best-fit approximation.
An important factor influencing the stability and accuracy of the reconstruction is the
spatial distribution of the sampling nodes [42—46]. A notable contribution is the Optimal
Concentric Sampling (OCS) scheme [44], which utilizes a set of concentric circles with
optimally determined radii. This approach guarantees significantly enhances numerical
stability. This problem is fully analyzed in the research conducted by Diaz-Elbal et al. [47].

In our research, we will concentrate on the conventional circular mask geometry that
is most widely used in a vast majority of applications.
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The computational evaluation of Zernike polynomials has a rich history, marked by
continuous refinement to improve efficiency and numerical stability. Early methods relied
on direct evaluation, which, while conceptually straightforward, proved computationally
expensive and prone to instability for higher-order polynomials.

Subsequently, more sophisticated algorithms based on recurrence relations were de-
veloped [48-54]. These methods effectively mitigated instability issues for high radial
and azimuthal orders and provided faster evaluation schemes. Real-time processing with
Zernike polynomials becomes a must-have for the super-resolution structured illumination
microscopy [55] and real-time holographic cameras [56]. However, many recurrence rela-
tions require supplementary formulas for edge cases, introducing minor coding complexity.
This is particularly detrimental to performance on Graphics Processing Units (GPUs), which
are inefficient at handling conditional execution branches.

The advent of parallel computing has motivated further algorithmic innovations. For
instance, Qin et al. [57] leveraged the relationship between Zernike and Jacobi polynomials,
combined with the Jacobi recursion relation, to decouple the radial polynomial calculations
and vectorize operations. This approach demonstrated superior performance compared to
earlier recursive methods, though its implementation was confined to Central Processing
Units (CPUs). Alternative strategies include reformulating Zernike polynomials in terms of
the discrete Fourier transform (DFT) [58], an approach later adapted for GPU computation
by Al-Rawi [59]. This method can be used to generate accurate moments up to high orders
and can compute Zernike moments of 4K resolution images in real-time. The proposed
computation of Zernike moments using fast Fourier transform is more accurate than the
g-recursive method. Furthermore, the method is resilient and numerically stable up to
extremely high orders. Numerical accuracies of Zernike moments computed with the pro-
posed FFT approach have been analyzed by the authors using the orthogonality property,
and the results showed that they beat other methods in numerical stability. The proposed
method is simple and fast and can make use of the huge GPU-FFT libraries that are available
in several programming frameworks. Zhang et al. [60] developed an algorithm utilizing a
balanced binary scheme to reduce memory usage and increase computational speed.

Despite these significant advances in enhancing the accuracy, speed, and stability of
Zernike polynomial computations, a notable gap remains in the availability of comprehen-
sive, open-source software packages that implement these state-of-the-art methods.

1.2. Motivation

The extensive application of Zernike polynomials in the diverse scientific fields,
namely adaptive optics for atmospheric and quantum applications [61,62], ophthalmology
for quantifying ocular aberrations in refractive surgery, microscopy for instrument charac-
terization and aberration correction, astronomy for telescope mirror design, and general
optical metrology for surface profiling and quality assessment, highlights a critical demand
for computationally robust and efficient algorithms. Such tools are essential to handle
the demanding numerical computations, including high-order evaluations and large-scale
spectral simulations, that these applications entail.

Several publicly available web-based resources, often termed “Zernike calculators,”
have been developed. For instance, Elmacioglu et al. [63] described a Python-based calcula-
tor named Zernipax, while Kim et al. [64] presented a calculator utilizing a deep learning
approach. Furthermore, various online calculators offer differing levels of detail in their
input parameters and output results [65-68]. A common characteristic of most tools is their
reliance on web frameworks and execution via interpreted, rather than compiled, source
code. While this approach offers convenience, it introduces two significant limitations: first,
inherently low computational speed, and second, a mandatory requirement for persistent
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internet access. Although internet connectivity is widespread, some research laboratories
often operate without access to the internet. Moreover, a conventional desktop applica-
tion with a user-friendly graphical interface (GUI) and robust data export functionality is
generally more practical and convenient for both novice and advanced users.

In this paper, we introduce ZernikeViewer v3.0—a software framework designed for
the rapid, accurate calculation, visualization, and analysis of wavefronts. The framework
directly utilizes Zernike polynomial coefficients to generate fringe patterns, phase maps,
and Point Spread Function (PSF) maps.

The principal innovative features of ZernikeViewer are as follows:

e  High-Performance Computation. The framework leverages CPU multicore and mul-
tithreading capabilities through the .NET Task Parallel Library (TPL) [69], comple-
mented by low-level codebase optimizations to maximize computational efficiency.

e  Precomputation and Caching. A preloading feature for a matrix of precalculated Zernike
polynomial values further accelerates computation speed for repetitive analyses.

e  Real-Time Wavefront Manipulation. The capability to reproduce and manipulate
preloaded Zernike coefficients in real time enables precise analysis and post-processing
of experimentally recorded wavefronts. This also provides a valuable tool for re-
searchers requiring controllable, artificially generated turbulence in laboratory settings.
Further details are provided in subsequent sections.

e  Spatial Light Modulator (SLM) Integration. The tool can construct specialized phase
maps with a more than 27t range (SLM-phase map) and project them onto a secondary
display, making it a convenient and universal interface for applications involving
Spatial Light Modulators [70].

e A Conventional Desktop Application Design. The tool has a user-friendly graphical
interface (GUI) and robust data export functionality that is generally more practical
and convenient for both novice and advanced users. An ability to operate in offline
mode makes this tool even more robust.

The principal distinctions of the developed ZernikeViewer framework extend beyond
the accelerated computation of Zernike polynomials. The system achieves significant
performance gains across the entire visualization pipeline, including the calculation of
phase, fringe, SLM-phase, and PSF maps. Furthermore, it enables real-time reproduction
of map sequences and provides direct functionality for projecting the SLM-phase onto a
secondary display, facilitating integration with optical hardware.

As outlined earlier, the software tool was developed in the .NET framework with a
deliberate focus on leveraging the Task Parallel Library (TPL) to address the computational
bottleneck inherent in high-order Zernike polynomial calculations. The core algorithm was
structured into fine-grained, independent tasks—primarily the concurrent evaluation of
individual polynomials across a grid of spatial coordinates. This parallelization strategy
directly targets the O(Nm?) scaling of traditional sequential methods, where N is the number
of modes and *m* the grid resolution. The choice of TPL, with its efficient work-stealing
scheduler and low-overhead task management, ensures that the theoretical parallelism
is effectively mapped onto modern multi-core processors. This architectural decision is
quantified by the observed performance metrics: a near-linear speedup with core count
and a linear memory complexity of O(N), achieved by storing double-precision polynomial
values in optimized concurrent structures. These metrics are not merely benchmarks but are
critical for enabling the application scenarios discussed below, as they transform previously
intractable calculations into interactive or batch-processable tasks.

The performance characteristics of the tool are designed to bridge the gap between
theoretical analysis and practical optical engineering. In applications such as wavefront
sensing and adaptive optics correction, system latency is paramount; the achieved compu-
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tational speed allows for the real-time reconstruction of high-order wavefront aberrations
from sensor data. Similarly, in optical design and tolerance analysis, where thousands of
Monte Carlo simulations are required to assess system performance against manufacturing
errors, the tool’s efficiency enables comprehensive statistical studies that were previously
too time-consuming. Furthermore, the accurate and rapid generation of Zernike surfaces
is fundamental in computational microscopy for point-spread function engineering and
in ophthalmology for the precise modeling of corneal aberrations. Therefore, the imple-
mentation choices—parallel computation for speed and double-precision arithmetic for
numerical fidelity—are directly motivated by and validated against these demanding scien-
tific and industrial use cases, ensuring the tool is not just computationally efficient but also
scientifically relevant and practically viable. The developed tool’s source code is available
in a GitHub repository.

The remainder of this paper is structured as follows. Section 2 reviews the mathemati-
cal foundation of Zernike polynomials. Section 3 describes the experimental setup used
to acquire the raw data (comprising an extensive set of phase maps) and elaborates on
the framework’s methodology, the core mathematical apparatus, the user interface, and
the specific software libraries employed. Section 4 presents a comprehensive performance
benchmark and error analysis of the developed framework.

2. Theory: Zernike Circle Polynomials
Zernike polynomials might be defined in the following way (Equation (1)):

R} (p)-cos(m@) form >0

RI™(p)-sin(|m|0) form <0 @

Zy'(p,0) = {

where p € [0,1], 6 € [0,27], R}}! is the radial part of Zernike polynomial that can be defined
as follows (Equation (2)):

(n=lm])/2 (=1)%(n —s)!
O SN GV TY CET

The radial part can be simplified to the following form (Equation (3)):

(n—|ml)/2 _ _
Ri'() = Y <—1>S-<” )(mf)pz 3)

s=0 s 2

RLm\ (P) _ pn—Zs‘ 2)

The radial order n and the azimuthal order m are integers that index the Zernike
polynomials and are constrained by specific mathematical relations. These indices must
satisfy the conditions n > 0, |m| < n, and the parity condition that n — |m| is an even
number. This parity condition directly dictates the permissible sequence of azimuthal
orders for a given radial order n, which is givenby n € {(—n, (-n+2), ..., (n —2), n}.

A notable property arising from these definitions is that the binomial coefficients ap-
pearing in previous equation are always integers. Consequently, the expansion coefficients
of the Zernike polynomials themselves are also integers.

The value of a Zernike polynomial at the center of the unit disc p = 0 can be derived
analytically from its radial component. At this singular point, all terms in the polynomial
expansion containing a power of p vanish. The only non-vanishing term corresponds to the
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instance where the exponent n — 2s is zero. This condition is met when s = 11/2. Substituting
this value results in Equation (4):

(-2

The factorial terms within the polynomial definition necessitate that their arguments

Ry (p=0) = @)

be non-negative integers. This constraint, when applied at the coordinate origin p =0,
restricts the permissible value of the azimuthal order to m = 0. Consequently, the angular
dependence on 6 is eliminated at the disc center. This behavior is not merely a mathematical
artifact but is a fundamental requirement for the Fourier expansion of analytic functions
on a polar plane, as established in [71]. The intrinsic properties of Zernike polynomials,
including this specific behavior at the origin, ensure they automatically satisfy these analyt-
icity conditions. This makes them a rigorously sound and particularly robust choice for a
basis set in numerical simulations conducted in polar coordinate systems.

The mathematical expressions defined in this section are entirely adequate for de-
termining the values of Zernike polynomials across the unit disk. From a computational
perspective, however, a straightforward translation of these expressions into code results
in nested loop architectures, which are notoriously inefficient and form the principal
bottleneck for accelerating computations. The remainder of this paper addresses this
specific challenge by introducing a novel implementation strategy designed to enhance
computational frequency.

3. Materials and Methods
3.1. Experimental Setup

An optical scheme for laser beam wavefront measurements [72] that might be used in
order to obtain a set of wavefronts is illustrated in Figure 1.

LD SMF L1 NDF WEFS

K
16| |1]3]2]1]3]|1]|4
20|24/ 2/4/4/3]|s
113352 2|6

Figure 1. Optical configuration of a scheme for wavefront measurements. The result of measurements
is a set of Zernike coefficient values.

A laser diode (LD) at a wavelength A = 0.65 pum, coupled to a single-mode fiber (SMF)
of numerical aperture NA = 0.14 and mode field diameter MFD = 10.4 um is collimated
with an achromatic lens (L1) with focal length f = 400 mm into a beam with a diameter of
45 mm. The beam is propagated along the optical bench for a distance of about 0.5 m, passes
through a set of neutral density filters and falls on the aperture of the Shack-Hartmann
wavefront sensor [73,74]. Its output is linked to the control personal computer (PC) using
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a USB 3.0 connection. The signal received is processed with our proprietary WaveTuner
software v1.1 that calculates the wavefront and returns a set of Zernike coefficients values.
In principle, any dedicated wavefront processing software can be employed for data
acquisition, though researchers commonly utilize the proprietary software bundled with
their wavefront sensor hardware. Such software typically enables real-time measurement
and the storage of wavefront data batches, which can be formatted as a phase matrix
or a set of coefficients from a polynomial expansion (e.g., Seidel [75], Zernike [76,77], B-
Spline [78]). This data can subsequently be imported into the ZernikeViewer framework for
reproduction and advanced analysis. Representative use cases for this workflow include:

1. Characterization of distorted wavefronts. Measuring wavefronts aberrated by natural
or artificially generated turbulence [79] is critical for testing turbulence generation
methods or wavefront correction algorithms. In this context, ZernikeViewer functions
as an analysis tool: a recorded set of wavefronts is imported, the framework performs
decomposition and real-time reproduction, simultaneously calculating and displaying
the corresponding Zernike coefficients, phase map, fringe pattern, and PSF map
for precise quantitative assessment. Furthermore, this generated sequence of phase
screens can be inverted and projected onto a secondary monitor connected to an SLM.
In a controlled laboratory setting, this allows for the theoretical compensation of
wavefront distortions within an optical path, providing a valuable method for system
testing, simulation, and dynamic correction.

2. Post-processing of historical data. The framework facilitates the detailed reconstruc-
tion and characterization of wavefronts from previously recorded measurements,
enabling retrospective analysis.

The following section describes the fundamental mathematical principles underlying
the ZernikeViewer framework.

3.2. Methodology

The phase map (the wavefront surface) is calculated using Equation (5):

Wxy) = YN o Zilxy) =Y Y aunZh(0,9), 5)

where a;,, is the Zernike coefficient that represents the aberration value, N is a number of
the Zernike polynomials used, | = n — 2m.
This equation can be written in the matrix form as follows (Equation (6)):

W(x1,y1) Zi(x1,11) Za(x1,41) oo Zn(x1,11) aq
W(x2,y2) B Z1(x2,y2) Za(x2,y2) o ZN(x2,12) a ©)
W(xn,yN) Z1(xn,yN)  Zo(xN,yN) oo Zm(XN,YN) am

In this equation, W(x,y) represents the matrix of phase values, Z;(xn,yn) is the
Zernike i-th polynomial value at the point (xy, yn), and ay; is the Zernike coefficient value.
In order to calculate the fringe map out of the phase map, the following equation is used

(Equation (7)):
1

Fringe(x,y) = E-(l + cos(W(x,y) x k)), (7)

where Fringe(x,y) is a fringe matrix, W(x, y) is a phase matrix, and k is a wave number.
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When using SLM to reproduce the phase maps with amplitudes more than 2, it is
necessary to use a special equation for recalculation of phase map values (Equation (8)):

Wsim(x,y) = Remainder(W) 255, (8)

where Wsy p1(x, i) is a phase matrix for spatial light modulator, Remainder is an operator that
takes the remainder of the operation, W(x, y) is a phase matrix, and A is a wavelength used.

Finally, in order to estimate what impact the aberrations have on the far field focal
spot, the PSF can be used. Actually, it demonstrates the intensity distribution of the focal
spot in the far field and can be calculated as follows (Equation (9)):

2

PSF(u,v) = ‘Fourier{A(x,y)-ei'w(x'y)} , 9)

where PSF(u,v) is intensity matrix in the image plane coordinates (u,v), Fourier is a two-
dimensional Fourier transform operator, A(x,y) is a matrix of intensity values (might be a
unity matrix in the simplest case), and W(x, y) is matrix of phase values calculated at the
previous step.

An example of all 4 maps described above and calculated by the developed tool is
presented in Figure 2, particularly the phase map, the fringes map, the calculated PSF map
and the special phase map that is used to project to the SLM. The maps were generated
in ZernikeViewer for the following Zernike coefficients: Defocus—1 pum, Astigmatism

I

Y—0.3 um, Coma X—0.5 pm.

(d)

Figure 2. (a) Fringes map, (b) calculated PSF map, (c) phase map, (d) phase map for a spatial
light modulator.
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3.3. Process Flowchart

The overall workflow of the developed framework is presented in the flowchart in
Figure 3.

Zernike polynomial coefficient sets are stored and exported in Comma-Separated Value
(CSV) format. While CSV is not an optimized format for large-scale data storage due to its
verbosity and lack of inherent data typing, it was selected for its universal interoperability.
This format does not require specialized software for access and facilitates straightforward
manual data inspection and manipulation. The framework supports exporting results in
three primary formats: CSV files containing the raw numerical data (e.g., coefficient values,
phase matrix), TXT files for Matlab (R2023b) integration, and Portable Network Graphics
(PNG) files for visual representations, including phase, fringe, and PSF maps, as well as
rendered tables of Zernike coefficients.

Load preferences and settings on
the startup

¥

Load saved Zernike matrices for
difference dimensions

Load multiple sets of Zernike

coefficients

/
)
N
Initialize Ul, preset the latest saved
Zernike values
= S
¥
Ry - N p- Ry

Load a single set of Zernike
coefficients

Manually input Zernike coefficient
values

e

Run real-time reconstruction ‘ Calculate phase, fringe, PSF maps
of loaded phase/fringe maps

) Export/Save data ‘
and cross-sections

¥

Update Ul, display data

Figure 3. Flowchart of a framework workflow.

3.4. ZernikeViewer Framework Ul and Scripts

The graphical user interface (GUI) of the developed tool is presented in Figure 4.

The GUI is logically partitioned into three main functional areas.

Toolbar. This component provides centralized control via buttons for core operations,
including loading/saving Zernike coefficient sets, initiating/pausing/terminating the real-
time reconstruction process, triggering recalculation, capturing screenshots of various Ul
elements, and accessing application settings.

Visualization Canvas (Main Area). This section is dedicated to the primary graphical
output, displaying the calculated phase or fringe map alongside the corresponding PSF
map. Both visualizations are supplemented with horizontal and vertical cross-sectional
profiles for quantitative analysis.

Control and Monitoring Panel (Right/Bottom Area). The right-side panel hosts a table
of the active Zernike coefficients, which are presented within editable fields to allow for
interactive wavefront manipulation. The bottom-left area contains a running chart that
visualizes a sequence of preloaded Zernike coefficient sets. User interaction, specifically a
mouse click on a data point within this chart, automatically triggers the calculation and
display of the phase and PSF maps corresponding to the selected coefficient set.
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Zernike Viewer
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Figure 4. GUI of the ZernikeViewer.

The foundational element of the application’s computational engine is the phase
calculation algorithm. This algorithm is responsible for generating the phase matrix from
the Zernike coefficients. To address performance bottlenecks, the implementation leverages
the INET TPL to parallelize computationally intensive loops.

The choice of the .NET platform can be justified as follows: (1) For CPU-bound
numerical computation, .NET typically delivers significantly higher performance than
many other frameworks and languages. (2) It provides comprehensive, integrated desktop
development tooling. There is no need to select a separate GUI framework or manage
the integration of front-end and back-end components, as the platform offers a complete,
ready-to-use solution. (3) .NET features robust, built-in support for multithreading, par-
allel processing, and asynchronous operations, which is essential for efficient scientific
computing. (4) The platform is under active and rapid development, supported by a
large and enthusiastic community dedicated to advancing its capabilities and maximizing
its performance. A key design goal was to avoid dependency on a dedicated Graphics
Processing Unit (GPU), as not all laboratory workstations include discrete GPU hardware.
The objective was to create a universal tool that is both computationally robust and highly
performant across diverse hardware configurations.

As detailed in Algorithm 1, this parallelization strategy distributes the workload
across available CPU cores, resulting in an empirically measured performance increase of
approximately eight times compared to a sequential implementation. The pseudo-code in
Algorithm 1 outlines the core logic for phase matrix computation and the integration of
TPL for concurrent execution.
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Algorithm 1. Phase calculation algorithm using TPL.

Input parameters:

N—phase map resolution (per one dimension);

hN—center coordinate of a phase map;

C—a vector of Zernike coefficients;

Z(x,y, p)—a matrix of Zernike polynomials values in discrete points;
(x, y)—point in Descartes coordinates;

A—wavelength;

k—wavenumber.

Output parameters:

W (x, y)—the matrix of phase values;

WM (%, y)—the matrix of phase values for the spatial light modulators;
F(x,y)—the matrix of fringe values.

Algorithm pseudocode:

#1. Populate Zernike values matrix Z(x,y);

#2. Calculate a wavenumber k =271/A;

#3. Calculate hN = (N —1)/2.0;

#4. Reset matrix W(x,y);

#5. Reset matrix Wgpym(x,v);

#6. PARALLEL.FOR from int i=0 to i < N;

#7. PARALLEL.FOR from int i=0 to i < N;

#8. Define coordinate variable X = (i — hN)/hN;
#9. FOR from int j=0 to j < N;

#10. Define coordinate variable Y = (i —hN)/hN
#11. IF (X,Y) € UNIT_CIRCLE

#12. FOR from int p =0 to i < ZernikeCount

#13. W(x,y)+ = C(p)-Z(x,y,p);

#14. W(x,y)+ = C(0);

#15. Ws p(x,y) = REMINDER(®4)). 055,

#16. F(x,y) _ 1+cos(V2\/(x,y)*k.;

#17. Calculate MIN and MAX values of W(x,y);
#18. Calculate MIN and MAX values of Wspp(x,y);
#19. Calculate MIN and MAX values of F(x,y);
#20. ELSE

#21. W(x,y) =0.0;

#22. Wsppm(x,y) = 0.0;

#23. F(x,y) =0.0;

4. Results and Discussion
4.1. Performance Analysis

This section presents an extensive performance analysis of the developed framework,
evaluating both the computational efficiency of phase map generation and a comparative
assessment of Zernike polynomial calculation against existing solutions. While prior
research and available tools typically benchmark the computational efficiency of Zernike
polynomial evaluation in isolation, the primary practical objective for an end-user is the
rapid generation of derived optical maps. Therefore, the following analysis focuses on
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comparing the efficiency of phase, fringe, and PSF map computation under varying input
parameters and across different personal computer configurations, characterized by their
respective CPU performance capabilities.

The accompanying chart in Figure 5 illustrates the dependence of the computation
time for phase, fringe, and SLM-phase maps on the number of Zernike modes, tested on
different CPUs with and without the implemented optimizations. Zernike modes were
selected in the range of 3 to 100.

Phase, SLM-phase, and fringe maps computation time
25
—=—i9-13900H
-a=-i9-13900H-TPL
20 L =—=—i5-10400
g --- i5-10400-TPL
< ——i5-4590
E 15 -=- i5-4590-TPL
g ——i7-5500U
= -== i7-5500U-TPL
510 ¢
o
E
o
o
5 -
L AL i I LI et
O f::::;_---.---.‘::-::::::"-—---.--‘—
3 8 16 24 36 48 62 84 100
Zernike mode

Figure 5. Dependence of a computation time of fringe, phase, and SLM-phase maps on Zernike
mode number for various CPU without optimization (solid curves) and with developed optimization
(dashed curves).

The computational performance of the framework was evaluated across four
CPUs with varying architectures and capabilities. The Intel Core i9-13900H (8 cores,
16 threads) demonstrated the highest computational efficiency. The Intel Core i5-10400
(6 cores, 12 threads) exhibited significantly lower single-threaded performance yet achieved
parallelized computation speeds comparable to the i9-13900H. The older-generation
processors—specifically, the Intel Core i5-4590 and the Intel Core i7-5500U, both with
4 cores and 4 threads and lacking Hyper-Threading technology—delivered the lowest
performance. Notably, the i7-5500U underperformed relative to the i5-4590, a result that is
counterintuitive given its higher product tier designation. This discrepancy is attributable
to the “U” suffix, which denotes an ultra-low-power mobile processor variant optimized
for energy efficiency rather than peak performance in laptop systems. This highlights
the critical importance of considering specific CPU microarchitecture and power design,
not just core count or product family, when performance is a primary metric. What is
even more interesting is that the single-core computation on modern i9-13900H CPU is
approaching the parallelized computation on an old i7-5500U CPU.

Figure 6 demonstrates the CPU cores load for both calculation methods—conventional
and developed (leveraging parallelism).

Figure 6 demonstrates the efficacy of the optimized algorithms in leveraging the paral-
lel architecture of modern multicore, multithreaded CPUs during phase map calculation.
The data clearly indicate a substantial reduction in computation times achieved by the
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optimized algorithm. Furthermore, since the underlying TPL is optimized at the hardware
level, the performance is designed to scale favorably with the capabilities of the host CPU.

CPU  intel(®) Core(T) i5-10400 CPU @ 2.90GHz CPU  intel(R) Core(TM) i5-10400 CPU @ 2.90GHz
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Figure 6. CPU cores load (a) for conventional computation algorithm and (b) for developed computa-
tion algorithm that leverages the parallel architecture. Red vertical dashed lines shows the start and
the end of computation process.

Although the majority of scientific publications on Zernike polynomials focus on
methodological descriptions, a limited number of open-source projects provide the source
code used to obtain their results, such as ZERNIPAX [63], ZERNPY [80], ZERNIKE [81],
ZERN [82], or FFT/GPU based technique [59]. The availability of these resources enables a
direct comparison of computational efficiency.

A comprehensive comparison of the computational efficiency of the aforementioned
tools is provided in [63]. We have replicated a similar benchmarking procedure and
incorporated the results from our developed tool. The benchmark consisted of calculating
the radial part of Zernike polynomials across a unit disk discretized into a 100 x 100-point
grid. The radial order n was varied from 10 to 100. Figure 7a presents the dependence
of computational time (in milliseconds) on the number of Zernike modes (up to 30) on a
linear scale, while Figure 7b displays the same relationship for modes from 10 to 100 on a
logarithmic scale.

The comparison of results of various packages is presented in Table 1.

Table 1. Comparison of computation efficiency (in ms) of various packages.

Comp. Time, ms Zernike Mode Number
Package 10 12 14 16 18 20 24 26 28
ZERNIPAX 0.11 0.13 0.15 0.17 0.19 0.21 0.25 0.29 0.35
ZERNIKE-VIEWER 0.20 0.24 0.31 0.45 0.67 0.88 1.38 1.67 2.02
ZERN-100 1.01 1.42 1.82 2.51 3.54 4.42 6.81 8.52 11.01

ZERNIKE-100

1.22 1.64 221 3.02 4.56 6.04 9.02 11.5 13.8

A comparative analysis of computational methods reveals that the ZERNIKE package
and the developed ZernikeViewer framework both employ a direct polynomial evaluation
strategy, whereas ZERN and ZERNIPAX utilize the Jacobi recursion relation. Despite this
methodological difference, the benchmarking results demonstrate that the algorithmic and
parallelization optimizations implemented in ZernikeViewer yield a substantial perfor-
mance enhancement—reducing computation time by a factor of 7 to 10—even when using
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the conventional direct evaluation method. The implementation of the Jacobi recursion
relation is anticipated to further decrease computation time and represents a primary
objective for the subsequent phase of this ongoing research.

Zernike polynomials computation time
16
r  —e—ZERNIKE-100
14 T %ZERN-100
2 12 . ——ZERNIKE-VIEWER-100
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e 10
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£ L
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Figure 7. The dependence of the computational time in ms on the number of Zernike modes (a) up to
30 in linear scale, and (b) from 10 to 100 in logarithmic scale. The calculations were done using the
PC with the Intel Core i5-10400 CPU (2.8 GHz, 6 cores, 12 threads).

We have also analyzed the memory usage of the developed tool. Since the tool employs
double-precision variables to store Zernike polynomial values, the memory complexity
scales linearly and can be characterized as O(N), where N is the number of Zernike modes.
For example, in tests performed on a workstation with 16 GB of RAM, increasing the
number of modes to 50 raised memory usage by approximately 100 MB, corresponding to
an increase of about 1%.

4.2. Error Analysis

To quantify the numerical error associated with the direct polynomial evaluation
method, a comparative analysis was conducted using the mpmath library [83], which
facilitates arbitrary-precision arithmetic. The accuracy of the direct calculation for Zernike
polynomials of varying radial orders is presented in Figure 8. The reported error is defined
as the absolute difference between the polynomial values computed by ZernikeViewer and
those obtained using mpmath. The results indicate that the numerical error increases pro-
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gressively with the radial order 7, a characteristic behavior of direct evaluation algorithms
for high-order polynomials. Similar calculation was performed by the authors of [63].

50 .
C (4]
45 F 10
40 ; 103
35 ;
030 1078
'8 c
225 ¢
€,0 F 101
15
: 10714
10 F
5 *é 10716
0
0

Figure 8. Error analysis of direct Zernike polynomial calculations.

For the error, MAX,|Z(x) — Z(x)
calculation at 256 linearly spaced radial points for each (n, m) mode where n € [0, 50] and

, we have evaluated direct Zernike polynomial

m € [0, 50]. After that, we took the maximum absolute value difference with the exact
calculation using mpmath 100 significant digit precision—Z(x), for the error of that mode.
As stated in the manuscript, the evaluation was performed using the Intel Core i5-4590.

Regarding the acceptability of the error levels for typical applications of Zernike
polynomials, in adaptive optics and astronomy, where wavefront characterization typically
relies on low-order Zernike modes, the achieved error levels on the order of 1012 to 1014
are entirely acceptable.

The influence of increasing errors at higher radial orders of Zernike polynomials
on point spread function (PSF) maps will be proportional to their influence on phase
maps. This relationship arises from the numerical method used to compute PSF maps from
intensity and phase distributions. Initially, phase values are converted into sine and cosine
components; because a uniform intensity distribution is assumed, the resulting amplitude
error is constrained to a range of £1. These values are subsequently processed by a fast
Fourier transform (FFT) algorithm. As illustrated in Figure 8, even for the maximum
mode values (n = 50, m = 50), the peak error in Zernike polynomial calculation remains
approximately 1, which is negligible for PSF map computation.

We also estimated the phase computation standard deviation for several discrete
resolutions, polynomial numbers and CPUs. We used the following test configuration:
number of Zernike polynomials—100, number of calculation repetitions—50, phase map
resolution—256 x 256. The results are presented in Figure 9.

It can be seen from the figure above that the RMS of the classical algorithm is almost
3 times smaller compared to the developed parallel algorithm. This is due to the fact that
when only one core of a CPU is dedicated to the computation process, it is distracted to a
smaller degree to perform other tasks in the operating system. On the contrary, when each
core and each thread are used in computation process (refer to Figure 6 for details), most of
them might be (and actually will be) distracted.
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Figure 9. Standard deviation estimation of the classical and developed (parallel) computational
algorithms.

4.3. Limitations and Future Work

The developed tool in its current form might be helpful in applications such as wave-
front sensing and adaptive optics correction, in optical design and tolerance analysis, in
computational microscopy for point-spread function engineering and in ophthalmology
for the precise modeling of corneal aberrations.

Future work will address several current limitations of this research. The immediate
next step is to implement a fast calculation algorithm based on Jacobi recursion relations to
achieve further improvements in computational speed. Subsequently, we plan to integrate
wavefront reconstruction from a matrix of wavefront slopes, such as the data produced by
a Shack-Hartmann wavefront sensor, as the current inability to directly calculate phase
from slopes limits the sensor’s processing speed in this workflow. Another significant
limitation of the present tool is its restriction to circular apertures; it cannot yet process
wavefronts with square, annular, or arbitrary shapes, which is an important capability
for many practical applications, especially in adaptive optics for lasers and astronomy
applications. As a longer-term objective, we are considering the development of a mobile
version of ZernikeViewer to enhance its accessibility and utility in field settings.

5. Conclusions

In this work, we have presented ZernikeViewer, a software framework designed
for the rapid and accurate calculation and visualization of fringe/phase and PSF maps
from Zernike coefficients. The framework’s computational core is optimized through the
strategic use of the .NET Task Parallel Library to leverage multicore and multithreading
CPU architectures, complemented by low-level code optimizations. A comprehensive
performance analysis confirmed that these parallelization strategies reduce computation
time by a factor of 7 to 10, exemplified by a reduction from 1 ms to 0.1 ms for a radial order
n =10, and from 700 ms to 80 ms for n = 100.

The architecture incorporates a preloading feature for matrices of precomputed
Zernike polynomial values, which accelerates repetitive analyses. The capability for real-
time manipulation and reproduction of Zernike coefficients enables precise post-processing
of experimentally recorded wavefronts and provides a valuable tool for generating control-
lable, artificial turbulence in laboratory settings. Furthermore, the software can generate
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specialized phase maps with a dynamic range exceeding 27t and project them onto a sec-
ondary display, establishing it as a versatile interface for applications involving SLMs. To
promote reproducibility and community development, ZernikeViewer has been released as
an open-source project, with its source code hosted in a public GitHub repository.
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