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Abstract: In order to improve the inversion accuracy of stellar occultation data and to provide
a reference for the selection of inversion methods with higher accuracy in the future, this study
compared and analyzed the inversion effects of two different methods on the same set of data,
which are the effective cross-section method and the onion-peeling method, respectively. Firstly, the
inversion principle of the effective cross-section method is introduced in detail. The regularisation
parameters and screening conditions for the observation data in the inversion process were clarified
based on the ozone observation characteristics. Second, the algorithm was applied to invert the
GOMOS observational data from 1 December 2002. The atmospheric radiative transmittance obtained
from the observations was filtered, and the inversion results were compared with those obtained
using the onion-peeling method. Third, the errors in the height distribution obtained by both methods
were calculated using the GOMOS secondary results from 1 December 2002 as the reference value.
Finally, the inversion errors of other trace components were computed to further validate the accuracy
of the two methods. The results demonstrate that the effective cross-sectional method is more accurate
for the inversion of ozone, particularly in low-altitude regions affected by refraction. The method
achieved a maximum error of 1.2%, with an apparent magnitude of 2, an effective temperature greater
than 10,000 K, and a regularisation parameter of 1015. Furthermore, when applying the same method
to the inversion of nitrogen trioxide and calculating the error, it was observed that the results of
both methods were comparable at altitude of 30–60 km, with an error value ranging from 0 to 2%.
However, at approximately 25 km, the inversion accuracy of the onion-peeling method surpassed that
of the effective cross-sectional method. This research provides a theoretical foundation for further
investigation of the stellar occultation inversion method and enhancing the accuracy of inversions.

Keywords: stellar occultation; effective cross-section; tikhonov regularization; onion-peeling

1. Introduction

The stellar occultation technique is crucial for studying the atmospheres of planets
such as Earth [1,2], Mars [3–5], and Venus [6]. This technique indirectly measures the stellar
spectra to obtain a global distribution of planetary atmospheric trace components. The
inversion results were then used to analyse the composition of planetary atmospheres,
track evolutionary trends, and develop atmospheric models. Therefore, it is important to
accurately invert the vertical profiles of the trace components from the measured spectra to
ensure inversion quality. Currently, the quality of starlight occultation inversion is affected
by the occultation mode, stellar brightness, stellar temperature, and occultation inclination.
These factors are also significant for screening the inversion data.

According to the research, five main inversion methods for stellar occultation data
have been identified [7]. These methods are as follows: the onion-peeling method, Tikhonov
regularization method, Tikhonov-type regularization, maximum a posteriori (MAP) es-
timation, and the classical MAP method. Methods that rely on a priori information are
limited, because such information is not available at high altitudes [8]. The Tikhonov
regularisation method has a predetermined vertical resolution, whereas the resolution
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of the MAP method depends on the noise level. The MAP method is suitable when the
data are heavily contaminated by noise. However, it cannot currently be used because
of the ozone variability, unless the satellite observatory site coincides with the ozone
observatory. Methods 2 and 3 offer grid-independent forms that are crucial for highly
inhomogeneous measurements.

This section focuses on the two methods used in this study.

1. Onion-peeling method: This method does not require any prior information and
provides good vertical resolution. However, it is observed that the inversion of faint
star data is noisy at low altitudes due to the strong influence of the observed star
source, such as the apparent star. Therefore, it is preferable to use the observed data
of bright stars for the inversion.

2. Tikhonov-type regularization: Regularization, in linear algebra theory, refers to the
fact that an ill-posed problem is usually defined by a set of linear algebraic equations,
and that this set of equations usually stems from an ill-posed inverse problem with
a large condition number. A large condition number means that rounding or other
errors can seriously affect the outcome of the problem. As stellar occultation data in-
version causes ill-posed problems, Tikhonov proposed using the ‖Ax− b‖2 + ‖Γx‖2A,
Γ method, called the Tikhonov matrix (Tikhonov matrix) [8]. Its advantage is its
simplicity, but its disadvantage is that resolution is not taken into account and the
optimal inversion wavelength depends on the spectral signal, as well as the tilt of
the occultation.

In our previous research, we utilised the onion-peeling method, a single inversion
method, to accurately invert the oxygen components [9–11]. This study investigates a new
inversion algorithm, the effective cross-sectional method, to achieve the high-precision
inversion of components in near-space. The structure of this paper is as follows: Section 2
introduces the principle of the effective cross-sectional method; Section 3 presents a com-
parison of inversion results and errors between the effective cross-sectional method and
onion-peeling method; and Section 4 provides the conclusions and outlook.

2. Inversion Methodology

This section explores the principles of the effective cross-sectional method. It is
employed to determine the atmospheric component density through a two-step process.
The first involves using the observed transmittance to derive the line density along the
line-of-sight direction, known as spectral inversion. The second step utilises the line density
to obtain the number density profile, which is referred to as vertical inversion. These two
steps effectively connect spectral inversion and vertical inversion by utilising the physical
quantity of the effective cross-section. Consequently, this method is referred to as the
effective cross-sectional method.

According to Beer’s law, Equation (1) [12] defines T as the atmospheric radiant trans-
mittance, which is determined by wavelength and height. τ is optical depth, ρj is density
of atmospheric composition, σj is absorption cross-section, s is the light transmission path

during an occultation event, σ
e f f
j is effective absorption cross-section, and Nj is column

density along the line of sight. By utilizing Equation (1) and T, the τ for different heights
can be calculated. Consequently, with a known effective cross-section σ

e f f
j , the column

density Nj can be calculated. The absorption cross-section at the tangent point can be
read from the observation data. The above implements the first step of the algorithm.
Assuming that the Earth has local spherical symmetry, Equation (2) [12] can be used to in-
versely obtain the vertical density profile of component j. This completes the second step of
the algorithm.

T = e−τ , τ(λ, l) = ∑
j

∫
ρj(s)σj(λ, T(s))ds = ∑

j
σ

e f f
j (λ, l)Nj (1)
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Nj =
∫

l
ρj(z(s))ds (2)

σ
e f f
j (λ, l) =

∫
l σj(λ, T(s))ρj(s)ds

Nj
(3)

In order to avoid the error caused by the observed absorption cross-sections, we
use the Nj and ρj, obtained from Equations (1) and (2), respectively, and bring them
into Equation (3) [12] to calculate the effective absorption cross-sections corresponding to
different heights of the tangent points. Finally, the obtained effective absorption cross-
sections are brought into Equation (1) to obtain the new Nj. Based on the density results
obtained with different numbers of cycles, we obtain the following conclusions, and repeat
steps (1) and (2) at least once, and, at most, two times; at this point, the error is minimized.

Here are the specific calculations for this two-step process.
The line density at tangent height z of an occultation event can be obtained using

Formula (4) [12]:

N(zt) =
∫

ρ(z(s))ds (4)

Assuming that the vertical density is a function of successive heights (used as an
alternative to onion peeling) [12]:

ρ(z) =
(zj−1 − z)ρ(zj) + (z− zj)ρj−1

zj−1 − zj
(5)

Combining Equations (4) and (5) allows for N(zt) and ρ(z) to be written in matrix
form [12]:

Kρ = N (6)

where K denotes the kernel matrix. Therefore, the core of the solution lies in the solution
of the kernel matrix and line density matrix. The starlight occultation schematic is shown
in Figure 1, AB is the integral effective path, Z is the height of the tangent point of the
occultation event, and 0, n, and j are the occultation event stratifications.
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The problem of inversion falls into the category of undesirable problems, because
the measurements themselves cannot be uniquely determined. This leads to unphysical
oscillations in the inversion results [13–15]. Moreover, the signal-to-noise ratio of the
occultation measurements is strongly dependent on the apparent magnitude and effective
temperature of the star, which also affect the inversion error of the vertical profile. For
stars with apparent magnitudes greater than 2.5, the inversion results exhibit significant
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unphysical oscillations below 18 km and above 80 km. Therefore, a form of constraint must
be applied to address this issue. Several solutions are currently available.

The atmosphere was divided into layers based on the measurement structure, with
certain assumptions made for each layer to convert uncertainty into certainty. This dis-
cretisation process helps avoid noise or noise amplification. In this study, we assumed a
linear vertical inversion in which the atmosphere was discretised into layers based on the
number of measurements. The number density was then set as a function of the successive
heights. This approach is similar to the onion-peeling method [9] and will not be further
discussed here.

In addition, we introduce a special constraint that involves smoothing the results
using a Tikhonov-type regularisation method. By utilising a priori information about the
atmosphere and assuming a Gaussian noise distribution, this method provides a solution
with minimal variance. Consequently, Equation (6) can be transformed into [12]:

ρ =
(

KTK + αHTH
)−1

KTN (7)

where H denotes the height of each tangent point in Equation (8) [12].

H = diag[
1

h2
i
]


0 0 0 · · · 0
1 −2 1 · · · 0
· · · · · · · · · · · · · · ·
0 · · · 1 −2 1
0 0 · · · 0 0

 (8)

where [ 1
h2

i
] is a shorthand for all matrix elements divided by the square of the local altitude

difference, hj = z(j − 1) − z(j). Diag[ 1
h2

i
] is the diagonal matrix, and the covariance matrix

is generated.α is related to the vertical resolution and is a regularisation parameter with a
value of 1015 [16,17]. At this point, the apparent magnitude of the corresponding target star
is two (other conditions are described in Section 3).

Matrices K and N are solved as follows and, from Equation (6), the density can be
written as a function of the height. The derivation is as follows:

ρ(z) = a + bz (9)

where a and b are constants related to the tangent height. This can be substituted into
Equation (2) as follows:

N =
∫ j

j−1
ρ(z(s))ds =

∫ j

j−1
ρ(z)dz(

ds
dz

)
j−1, j

=
(

az + 0.5bz2
)
|jj−1

(
ds
dz

)
j−1, j

= cj−1ρj−1 + dj−1ρj (10)

cj−1 =
1
2
(zj − zj−1)·A, dj−1 = −1

2
(zj + zj−1) (11)

ds
dz

= sec2α = 1 + cos2α = 1 + (
S

Z + R
)

2
(12)

A = (
ds
dz

)
j−1, j

= (
S

Z + R
)

2

j−1
− (

S
Z + R

)
2

j
(13)

where A is the relationship between the occultation path and tangent point; S is the
effective path length of the occultation, which can be calculated based on the location of
the tangent point and the coordinates of the receiving satellite position in the dataset. Z
represents the height of the tangential point. For heights greater than 20 km, the light path
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deviation caused by refractive bending can be disregarded. This process is substituted into
Equation (10) as follows:

N(zt) = 2
∫ n

0
ρ(z(s))ds = 2


c0 d0 0 0 · · · 0
0 c1 d1 0 · · · 0
0 0 c2 d2 · · · 0
... · · · · · · · · · . . .

...
0 0 0 0 · · · dn−1


ρ0

. . .
ρn

 (14)

Using Equation (6), matrix K can be obtained. After the number density was obtained,
the result was substituted into Equation (3) to obtain a new effective cross-section. The
effective cross-section obtained from the calculation was substituted to obtain the vertical
density profile, and the cycle was repeated once to obtain the desired result.

The onion-peeling method utilises atmospheric transmittance to directly obtain the
vertical profile of a component without solving the line density. The inversion principle
and an accuracy analysis of this method can be found in other articles published by the
author [9] and will not be presented in detail here.

3. Analysis of Results
3.1. Observation Data Sets

Global Ozone Monitoring by Occultation of Stars (GOMOS) is a medium-resolution
spectrometer onboard the ESA satellite ENVISAT, launched on 1 March 2002. This in-
strument is dedicated to exploring the Earth’s atmosphere using the stellar occultation
technique. GOMOS has accumulated observational data for over 10 years. The monitoring
bands of the instrument include the following: 250–675 nm, 756–773 nm, and 926–952 nm.
It measures various components, such as ozone, H2O, NO3, NO2, O2, and aerosols [18–22].
The main objective of GOMOS is to study global stratospheric ozone evolution trends and
develop prediction models. The monitoring error of ozone is estimated to be 1–5% in the
stratosphere at night, 10% at 20 km, and approximately 8% at 100 km [23].

In this paper, the secondary product set of GOMOS is utilized for inversion and error
calculation, and the main utilized datasets are GOM_EXT_2P and GOM_NL_2P. The main
contents of the two datasets are as follows.

The GOM_EXT_2P dataset includes the wave assignment, transmission corrected for
scintillation and dilution, and an attachment flag. In this study, we used the transmission
as the input and performed inversion using different methods.

The GOM_NL_2P dataset includes the local density of species, tangent line density,
aerosols, high-resolution temperature, and geolocation. In this study, we mainly utilised
the local density of species to analyse errors in the inversion results.

3.2. Observation Data Processing

First, the dataset was screened according to the conditions affecting the quality of the
occultation inversion and regularisation parameters. The dataset screening conditions were
as follows [24,25]:

(1) The apparent magnitude of the observed source was mag = 2.
(2) Latitude selection was in the mid-latitude range of 30~60.
(3) Occultation observation conditions: darklimb.
(4) Temperature of the observed star source: greater than or equal to 10,000 K.

The observed transmittance was obtained directly from the dataset. Prior to inversion,
the data were processed as follows: a cubic spline function was used to fit the data and
determine the main trend, and the residual data were then Fourier-filtered. Finally, the
filtered residual data were combined with a fitted function to obtain the final transmittance
curve for data processing. Figures 2–6 illustrate the original transmittance at 290.182 nm
within the ozone absorption band of 250–300 nm, the transmittance after removing outliers
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and performing linear interpolation, the fitted transmittance, the extraction and filtering of
noise, and the fitting of the observed values.
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The following Figures 7–11 show the original transmittance, transmittance after
removing the wild values and linear interpolation, fitted transmittance, noise extrac-
tion and filtering, and observation fitting for the ozone 550–600 nm absorption band at
600.124 nm, respectively.
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Figure 10. Noise value extraction and processing values of 600.124 nm.
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Figure 11. Noise-treated transmittance vs. original value of 600.124 nm.

The noise value determines the quality of the inversion data and, through a noise-
filtering process, we controlled the noise value between 0 and 0.01. Therefore, according to
the noise value and the results of multi-data processing, we used 50 km as the dividing line,
and a short wavelength was used to invert the ozone in the altitude range of 50–130 km.
A long wavelength was used to invert the ozone in the altitude range of 15–50 km.
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3.3. Comparison of the Results of the Two Inversion Methods

The inversion accuracy for each wavelength varied at different heights. Therefore, it is
necessary to select appropriate inversion wavelengths. Ozone exhibits strong absorption
bands at 250–300 nm and 550–600 nm. Specifically, there were 162 wavelengths between 250
and 300 nm and 151 wavelengths between 550 and 600 nm. Based on the aforementioned
analysis, wavelengths of 290.182 nm, 290.496 nm, and 290.810 nm were chosen to invert
the ozone number density at altitudes between 50 and 130 km, while wavelengths of
600.124 nm, 600.436 nm, and 600.747 nm were selected for inversion below 50 km. To
accomplish this, a generalised adaptive wild-value rejection algorithm was employed that
utilises three times the standard deviation of five consecutive measured data points as the
threshold value. This algorithm determined whether the next data point was an outlier or
not, and ultimately performed real-time wild-value rejection throughout the process.

The validity of the inversion method was demonstrated using error estimates. Effective
cross-sectional and onion-peeling methods were used to invert the same data and calculate
the inversion error. The error analysis method involved calculating the single-wavelength
inversion results and mean profile relative errors using the GOMOS secondary dataset
GOM_NL_2P as the true value.

Comparisons of the inversion results and relative error values for the effective cross-
sectional and onion-peeling methods are shown in Figures 12 and 13, respectively.
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Upon analysing the results presented in the above figures, it is evident that the
outcomes obtained from both inversion methods are in strong agreement above an altitude
of 30 km. However, at lower altitudes, the deviations between the two methods became
more pronounced. Figures 14 and 15 illustrate the error distribution at various altitudes.
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Figure 14. Error distribution of the two inversion methods at heights above 50 km. The figure shows
that the errors of both inversion methods are around 1%, with the maximum not exceeding 1.2%, and
there is no question of which inversion method is more accurate.
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Figure 15. Error distribution of the two inversion methods for heights below 50 km. It can be seen
that there is a difference in the accuracy of the two inversion methods, especially around 20–45 km,
where the error obtained by utilizing the effective cross-sectional area method is smaller, with an
overall error of around 1%.

At heights greater than 50 km, the errors of the two inversions were approximately
1%, with a maximum of no more than 1.2%. In general, the errors of the inversions using
the effective cross-sectional method were smaller at that height; however, the difference
was not significant. Below 50 km, the errors were approximately 1%. In terms of averages,
the results of the methodological inversions utilising the effective cross-sectional method
were much more accurate, especially at 20–45 km.

3.4. Inversion Results for Other Components

The previous section presented the results of the inversion accuracy. However, further
validation is required to compare the results of these two algorithms. NO2 and NO3
are primarily involved in the catalytic cycling process of O3. The former is primarily
distributed in the stratosphere and has a broad absorption spectrum in the visible region.
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In contrast, the latter exhibited rapid photodissociation, which occurred only at night, and
showed strong absorption peaks at 617 and 655 nm. Therefore, it was unaffected by other
components during the inversion process. To illustrate the main idea of this study, we
performed the inversion using the same method and observation data from the same time
period, and analysed the results. The absorption spectral lines near this peak were observed
at 617.0306, 617.3420, and 617.6535 nm. In this study, the error distributions obtained from
the two inversion methods were directly compared with the true values. The results are
shown in Figure 16.
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Figure 16. Error distribution of two inversion methods for nitrogen trioxide. It can be seen that
the inversion error obtained using the effective cross-sectional area method reaches 8%, while the
inversion error obtained using the peeled onion method is better, with a maximum of 5%.

The results provided the inversion results at the three wavelengths and the error
distribution of the mean values. At 30–60 km altitude, the results of the two inversion
methods are comparable, with error values between 0 and 2%. However, at approximately
25 km, the inversion accuracy of the onion-peeling method was significantly higher than
that of the regularised method, with the former having an error of less than 5% and the
latter having an error of up to 8%.

4. Conclusions

Based on the analysis, it can be concluded that:

1. The inversion results obtained through the effective cross-sectional method exhibited
higher accuracy than the onion-peeling method when the inversion component was
ozone, the observed source had an apparent magnitude of 2, the effective temper-
ature exceeded 10,000 K, and the regularisation parameter was set to 1015. This is
particularly evident in cases of low-altitude ozone inversion, for which an effective
cross-sectional method is recommended. It is crucial to enhance the accuracy of the
inversion within an altitude range of 20–45 km, which represents low-altitude regions
in the adjacent space.

2. Under the same observational conditions used for the inversion of other components,
such as nitric oxide, the precision obtained by the onion-peeling method at 25 km was
approximately 4% higher than that obtained by the effective cross-sectional method.
However, there was little difference between the two methods at other altitudes. This
suggests that the parameters and conditions of the effective cross-sectional method are
only suitable for ozone inversion, whereas the onion-peeling method is more versatile
and applicable to a wider range of components.

Based on these conclusions, we suggest that an effective cross-sectional method is
preferred for inverting ozone only if the conditions outlined in this study are satisfied. When
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inverting other components, it is necessary to modify the regularisation parameter, which
depends on the vertical resolution of the different components. However, determining
which method exhibits a higher inversion accuracy under different apparent magnitudes
and effective temperature conditions requires further investigation. Furthermore, the
determination of the regularisation parameter warrants further study to invert the other
components using an effective cross-sectional method.
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