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Abstract

To address the poor computational efficiency of traditional fixed-stratification methods
in very low frequency (VLF) ionospheric propagation modeling, this paper proposes a
dynamic stratification algorithm. First, filtering optimization is applied to the electron
density, and dynamic adaptive stratification is implemented in the vertical direction. By
establishing a nonlinear mapping relationship between the electron density gradient and
the stratification thickness, the algorithm integrates dynamic ionospheric stratification
with a hybrid regularization algorithm for the transmission matrix. Specifically, Singular
Value Decomposition (SVD) and dynamic truncation techniques are employed to process
the transmission matrix, effectively resolving the numerical ill-posedness in regions with
abrupt ionospheric changes. This enables high-precision calculation of reflection coefficients
in the 3–30 kHz frequency band. By tuning parameters such as the reference stratification
thickness and adjustment factors, an optimized stratification model and an algorithm qual-
ity evaluation coefficient are obtained. The simulation results demonstrate that, compared
with fixed stratification, the proposed algorithm achieves an average relative error of 4.7%
for the reflection coefficient in the VLF range while improving computational efficiency
by more than 50%. This provides a promising approach for efficient and high-precision
prediction of VLF wave propagation.

Keywords: VLF; dynamic stratification; transfer matrix; reflection coefficient

1. Introduction
Very low frequency (VLF, 3–30 kHz) electromagnetic waves exhibit unique propaga-

tion characteristics—enabling long-distance transmission over thousands of kilometers
via the ionosphere-surface waveguides. They have long played an irreplaceable role in
submarine communications, geological exploration, and space weather monitoring [1–3].
The interaction mechanism between VLF waves and the ionosphere is complex, where
propagation characteristics significantly influenced by vertical gradient variations in the
ionospheric electron density profile.

Since 1950, the layered ionospheric transmission matrix algorithm has undergone
sustained development, becoming the core analytical method for addressing magnetoionic
anisotropic propagation problems. In the 1920s, British physicist Oliver Heaviside and
American scientist Arthur Kennelly first proposed the existence of the ionosphere, ex-
plaining long-distance radio propagation phenomena [4]. During the 1950s–1960s, Wait
systematized VLF wave propagation theory by introducing waveguide mode theory, which
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treats the Earth’s surface and the ionosphere as waveguide boundaries within which VLF
waves propagate via multiple modes, laying the theoretical groundwork for subsequent
transmission matrix methods [5–8]. Early ionospheric models represented the ionosphere
as a single or double layer (D region, E region), ignoring gradient variations, with VLF
reflection dominated primarily by the low-altitude D region (60–90 km). Later, in the
1960s–1980s, Budden and Barron proposed treating the ionosphere as a layered medium
and solving the boundary-matching problem of Maxwell’s equations in each layer using
matrix methods [9]; Wait and Spies further developed a segmented homogeneous layered
model of the ionospheric vertical profile, linking layer solutions through propagation
matrices (or chain matrices) [10,11]. In 1971, Pappert et al. pioneered the use of matrix
methods to compute VLF waveguide modes, improving computational efficiency and
marking the shift from theoretical research to engineering applications [12]. Entering the
1980s–2000s, with advances in ionospheric sounding and the adoption of high-performance
computing, researchers developed more refined ionospheric profile models and enhanced
the computational efficiency and stability of numerical algorithms such as transmission
matrices. Key developments included the introduction of the International Reference
Ionosphere (IRI) [13–15], numerical optimizations of transmission matrix algorithms (e.g.,
impedance matrix method, adaptive layering) [16–18], hybrid algorithms combining trans-
mission matrix with waveguide mode theory and parallel computing techniques [19,20],
as well as satellite data assimilation and experimental validation [21,22]. These advances
significantly improved the accuracy of VLF propagation prediction and provided reliable
theoretical tools for fields such as space weather and lightning detection. From the 2000s to
the present, as application scenarios have grown more complex, traditional models face
limitations—such as neglecting abrupt terrain variations, equatorial anomaly gradient
effects, and transient disturbances—making it difficult to handle rapidly evolving events
like solar flares and geomagnetic storms [23,24]. Current VLF research is moving toward
multi-physics coupling and real-time prediction, including integrating high-performance
computing and artificial intelligence algorithms into transmission matrix modeling [25],
refining the understanding of dynamic ionospheric disturbance mechanisms [26,27], and
expanding into emerging application areas [28,29].

In summary, despite the progress made in the aforementioned studies, several unre-
solved issues remain in the VLF transmission matrix algorithms for ionospheric stratifica-
tion. Current VLF transmission matrix algorithms predominantly employ fixed ionospheric
stratification models for computation [30,31]; although existing studies have focused on
enhancing computational efficiency and robustness [16,17,32], the coupling mechanism
between dynamic ionospheric stratification strategies and transmission matrix algorithms
remains unexplored. Moreover, no explicit correlation model has been established between
the physical characteristics of ionospheric profiles and stratification thickness—for instance,
the horizontal stratification thickness is typically fixed at 0.1–1 km without in-depth dy-
namic adjustment based on parameters such as electron density [30,33]. In addition, existing
transmission matrix algorithms exhibit high computational complexity; they tend to dis-
play ill-posed characteristics in regions of sudden ionospheric parameter changes, leading
to unstable numerical solutions [9,34], and the absence of certain predefined constraints
results in slow iterative convergence.

To address these challenges, this paper proposes an optimized transmission matrix
algorithm under dynamic stratification that incorporates ionospheric dynamic layering
strategies into the VLF transmission matrix algorithms. By constructing a nonlinear map-
ping function between electron density gradients and stratification thickness, it achieves
adaptive vertical stratification (dynamic densification or sparsification) and establishes
a parametric correlation model linking electron density and stratification thickness. Sub-
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sequently, an SVD-regularized transmission matrix synthesis methodis designed to re-
solve the ill-posed numerical instability problem in the E–F region valley (approximately
120–150 km altitude), which is characterized by a local minimum in electron density and
steep vertical gradients that pose numerical challenges for transmission matrix methods.
Optimal parameter presets are determined through parameter sensitivity analysis (e.g.,
reference thickness, adjustment factors), balancing computational efficiency and accu-
racy to provide high-precision predictions of VLF propagation characteristics in complex
ionospheric environments.

2. Theoretical Analysis
2.1. Dynamic Stratification Transmission Matrix Algorithm

First, electron density gradient analysis is performed. The ionosphere is vertically strat-
ified with fixed layers, where the center height of the i-th layer is denoted as hi (i = 1, 2, 3)
and the corresponding electron density at that height is Ne(i), as shown in Figure 1.

Figure 1. Schematic diagram of ionospheric layering.

The Savitzky–Golay filter [35] is employed to optimize the electron density data.
Common methods for processing electron density data include statistical and moving
average methods, digital filters, curve fitting, and functional modeling. Here, the Savitzky–
Golay filtering method (hereinafter referred to as the S–G filtering method) is adopted
to perform filtering and fitting on the electron density data sequence. The principle of
the S–G filtering method involves performing polynomial least squares fitting within a
sliding window. Its main advantage lies in effectively smoothing noise while preserving
the local shape and peaks of the signal to the greatest extent possible. Moreover, it is
relatively simple and computationally efficient, making it particularly suitable for data
such as electron density profiles that contain both smoothly varying backgrounds and
sharp peaks [36,37]. The fundamental formulation is as follows:

N̂e(i) =
m

∑
k=−m

ck · Ne(i + k) (1)

where N̂e(i) is the filtered electron density value at height of hi, ck represents the filtering
coefficients, determined by least squares fitting, which reflect the contribution weights of
neighboring points to the current point, m is the half-window size (total number of points
in the window = 2m + 1).

Subsequently, the central difference method is employed to obtain the electron density
gradient as follows:

∇Ne(i) =
N̂e(i + 1)− N̂e(i − 1)

hi+1 − hi−1
(2)
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Then, physical constraints are imposed on the layer thickness. To ensure the physical
plausibility of the numerical model, a constraint is applied to the minimum layer thickness.
According to the plasma quasi-neutrality condition, the characteristic scale of the system
should be much larger than the Debye length to maintain the quasi-neutrality assump-
tion [38–40]. When the ionospheric stratification model is regarded as a continuum model,
each layer should be treated as a fluid element satisfying the quasi-neutrality condition,
and thus the layer thickness must be much greater than the Debye length. The Debye
length is given by the following formula:

λD =

√
ε0kBTe

Nee2 (3)

where ε0 is the vacuum permittivity, kB is the Boltzmann constant, Te is the electron
temperature, Ne is the electron density, e is the electron charge. When the layer thickness is
three times to the Debye length, the electrostatic potential of Debye shielding is given by:

ϕ(3λD) ∝
1

3λD
e−3 ≈ 1

3λD
× 0.0498 (4)

This means that the perturbation potential has attenuated by approximately 95% at
3λD, indicating that the shielding effect is relatively complete from a physical perspective
and the electrostatic influence can be neglected. Therefore, the minimum layer thickness is
set to 3λD, we have:

dmin = 3λD = 3

√
ε0kBTe

Nee2 (5)

In grid-based numerical methods such as the Finite-Difference Time-Domain (FDTD)
method, it is necessary to reduce the artificial error introduced by numerical discretization—
namely, numerical dispersion. It is generally required that the grid cell size of ∆ is much
smaller than the minimum wavelength of λmin [41]. Based on the relationship between
wavelength, frequency, and relative permittivity, we have:

∆ ≪ λmin =
c

fmax
√

εr
(6)

where c is the speed of light in vacuum, f max is the maximum frequency, εr is the relative
permittivity of the ionosphere.

According to the commonly adopted empirical rule [41–43], at least 10 sampling points
per wavelength are ensured. Therefore, the maximum allowable thickness in this model is
set to λmin, yielding:

dmax =
λmin

10
=

c
10 fmax

√
εr

(7)

In summary, the physical constraint range for the layer thickness is:

dmin ≤ di ≤ dmax (8)

Next, the layer thickness is calculated. Traditional uniform layering presents inher-
ent trade-offs between computational efficiency and accuracy, whereas adaptive mesh
refinement (AMR) is a standard method to address such issues, whose core principle
is to dynamically adjust the grid resolution according to the intensity of field quantity
variations [44,45]. Following this general principle, this paper designs a gradient-driven
adaptive layering strategy for the ionospheric electron density profile. This strategy is
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implemented through an exponential function to ensure that the layer thickness varies
smoothly with the electron density gradient. The layer thickness follows the formula below:

di = d0 · exp(−α · |∇Ne(i)|) (9)

where d0 is the reference thickness and α is the adjustment factor that controls the sensitivity
to the gradient; both parameters can be determined through numerical experiments com-
bined with traditional empirical knowledge. This formula ensures that in critical regions
with large electron density gradients (such as the F-region peak), thin layers (high reso-
lution) are automatically adopted, while thick layers (low resolution) are used in regions
with small gradients. This is consistent with the practice of using non-uniform grids in
ionospheric modeling to capture rapid variations. This approach can be regarded as an
application of physics-based mesh generation techniques to one-dimensional problems,
achieving a smooth and continuous variation of grid size with the gradient through an
exponential function.

2.2. Hybrid Regularization of Transmission Matrix

First, the single-layer transmission matrix is analyzed. Assume the ionospheric trans-
mission matrix for the i-th is Ti (a 4 × 4 matrix). Tikhonov regularization [46,47] preprocess-
ing is applied to Ti. In the modeling of electromagnetic wave propagation in the ionosphere
based on the transmission matrix method, the stability of numerical computation and the
physical plausibility of the solution are critical to ensuring model accuracy. In this pa-
per, Tikhonov regularization preprocessing is introduced for the single-layer transmission
matrix of Ti, primarily to address ill-posedness and ensure numerical stability.

The behavior of the ionospheric transmission matrix of Ti strongly depends on the local
plasma parameters and the wave propagation characteristics. Under specific frequency
and incidence angle conditions, the matrix of Ti

HTi (where Ti
H denotes the conjugate

transpose) may become ill-conditioned or even singular, characterized by an excessively
high condition number or the presence of zero singular values. Directing to inverse of
Ti

HTi would render the numerical solution highly sensitive to small perturbations in the
matrix elements and input parameters, thereby introducing significant numerical errors
and potentially causing divergence in the computation process. To mitigate this issue, this
study employs Tikhonov regularization to construct the preconditioning matrix Ti

pre:

Tpre
i =

(
TH

i Ti + γI
)−1

TH
i (10)

where γ is the regularization strength parameter and I is the identity matrix. The introduc-
tion of the regularization term of γI is equivalent to applying a positive shift to the singular
value spectrum of Ti

HTi. This significantly improves the condition number of the matrix,
ensuring the numerical stability of its inversion, and enables the algorithm to maintain
robustness even under complex ionospheric conditions.

To optimize the regularization effect, the regularization strength parameter γ is de-
signed in conjunction with the physical characteristics of the model, adopting the following
adaptive strategy:

γ =
10−3
√

di
(11)

where di is the thickness of the i-th layer. This design enables the regularization strength
to be dynamically adjusted according to the layer thickness: for thin layers (di is small),
where the transmission matrix contributes relatively weakly to the overall solution, a
smaller regularization strength is adopted to ensure solution accuracy; for thick layers (di

is large), a stronger regularization constraint is applied to prioritize numerical stability.
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The coefficient 10−3 is determined by sensitivity analysis of the matrix condition number.
When the regularization coefficient γ ranges from 10−4 to 10−2, the condition number of
the transmission matrix decreases from 106 to 102, and the error in the reflection coefficient
becomes stable. The value of 10−3 achieves an optimal balance between numerical stability
and physical fidelity, and this parameter is universally applicable in the 3–30 kHz VLF band.

Then, SVD and dynamic truncation are performed. To further address the ill-
conditioned behavior of the ionospheric transmission matrix preconditioning matrix of
Ti

pre in transition layers such as the E–F region, and to ensure numerical stability, this paper
further applies SVD and truncation to Ti

pre. The first step is to perform SVD decomposition
on Ti

pre:
Tpre

i = Ui ∑i VH
i , ∑i = diag(σ1, σ2, σ3, σ4) (12)

where Ui, Vi are the unitary matrix which satisfy to Ui*Ui
H = I and Vi*Vi

H = I; and ∑i is a
diagonal matrix containing the singular values of ϭk (arranged in descending order).

A dynamic truncation threshold of ϭk(di) is set based on the layer thickness.

σth(di) = max
(

10−4σmax,
d0

di
· 10−5σmax

)
(13)

where σmax is the maximum singular value obtained from the decomposition of the trans-
mission matrix for the i-th layer, d0 is the thickness of reference and di is the actual thickness
of the i-th layer. This threshold design achieves a balance between stability and physical
fidelity through two constraints, with parameter values validated by numerical sensitivity
experiments. Specifically, the fixed base term 10−4σmax provides a uniform lower bound for
truncation across all layer thicknesses. A comparison of three truncation levels (10−3σmax,
10−4σmax, and 10−5σmax) shows that 10−4σmax effectively filters numerical noise, prevent-
ing matrix condition number deterioration caused by retaining excessively small singular
values, while avoiding over-truncation of valid modes, thus ensuring the basic numerical
stability and physical fidelity of the algorithm in thick layers. The dynamic adjustment term
did0·10−5σmax introduces an inverse proportional relationship with layer thickness. When
the ionospheric gradient changes sharply and the layer is automatically refined (di ≪ d0),
this term increases significantly, automatically raising the truncation threshold as the layer
thickness decreases to adopt a more aggressive truncation strategy for thin layers. This
design specifically targets numerically ill-conditioned thin layers such as the ionospheric
E–F transition region, significantly improving the algorithm’s robustness in critical regions
by actively filtering unstable high-frequency mode components. Taking the maximum of
the two terms ensures that the truncation threshold is neither too low to be affected by
noise nor too high to lose physical information, achieving adaptive regularization across
the entire ionospheric altitude range.

Finally, all singular values smaller than the threshold σth(di) are set to zero to obtain
the corrected singular value matrix ∑

reg
i , and the final regularized transmission matrix is

reconstructed as:
Treg

i = Ui ∑reg
i VH

i (14)

The total transmission matrix of Ttotal is obtained by multiplying all regularized
transmission matrices in sequence, from which the ionospheric reflection and transmission
characteristics can be calculated.

Ttotal =
N

∏
i=1

Treg
i (15)

Here, N denotes the total number of vertical stratifications in the ionosphere.
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2.3. Algorithm Quality Evaluation Function

In traditional transmission matrix algorithms for very low frequency (VLF) iono-
spheric propagation modeling, performance is often prioritized along a single dimension.
For example, fixed stratification is adopted to simplify calculations and ensure engineering
efficiency, at the expense of accuracy in regions with sharp electron density variations [48];
alternatively, overly fine stratification is used to enhance physical fidelity and reduce re-
flection coefficient calculation errors [49], while neglecting the impact of a sharp increase
in computational load on real-time engineering applications (such as submarine commu-
nication link planning and space weather warnings). In essence, such approaches lack a
synergistic consideration of the dual requirements of accuracy and efficiency.

To balance the relationship between physical accuracy and engineering efficiency in
very low frequency (VLF) ionospheric propagation modeling, this paper defines an algo-
rithm quality evaluation coefficient of Q to achieve a normalized quantitative evaluation
of “accuracy–efficiency”. On one hand, this coefficient takes the average relative error of
the reflection coefficient as the accuracy core, ensuring that the evaluation captures the
essential physics of propagation; on the other hand, it incorporates the efficiency dimension
by introducing the ratio of computation time and an efficiency weight coefficient, thereby
avoiding a sharp drop in efficiency caused by excessive layer refinement in pursuit of higher
accuracy. To objectively evaluate the quality coefficient of each algorithm, the computation
time for fixed stratification with a uniform layer thickness of 1 km is taken as the time
efficiency benchmark Tbase. The calculation results from extremely fine fixed stratification
with a uniform layer thickness of 0.1 km are defined as the reference true value Rref of the
reflection coefficient. For the algorithm to be evaluated, the quality evaluation coefficient Q
is defined as:

Q = 1 −
(

η · T
Tbase

+ (1 − η) · ε

)
(16)

where T is the total computation time of the algorithm to be evaluated, η is the efficiency
weight coefficient ranging from 0 to 1, which can be adjusted according to the preference
between computational efficiency and accuracy in practical application scenarios. A larger
η lays more stress on efficiency, whereas a smaller one attaches greater importance to
accuracy. Specifically, η = 0.2 applies to engineering scenarios prioritizing accuracy with
due consideration of efficiency, such as submarine communication and space weather early
warning, and η = 0.8 is suitable for rapid prediction scenarios that prioritize efficiency and
permit moderate errors.

To verify the robustness of the evaluation metric, this paper further performs sensitivity
analysis. The results are shown in Table 1. When η = 1, the Q values of both algorithms are
0, because the evaluation completely ignores accuracy and only considers efficiency, while
both algorithms have the same number of layers and computational efficiency, resulting in
no difference. Under the remaining η values (η = 0, 0.2, 0.5, 0.8), the Q value of the dynamic
layering algorithm is consistently higher than that of the fixed layering algorithm. The
results demonstrate that the proposed algorithm achieves steady superiority under various
trade-offs between accuracy and efficiency, exhibiting good universality.

ε is the mean relative error of the reflection coefficient, which is calculated as:

ε =
1
N

N

∑
i=1

∣∣∣∣∣Ri − Rre f

Rre f

∣∣∣∣∣ (17)

where N is the number of frequency sampling points. Ri is the reflection coefficient at the
i-th frequency point; Rref is the reference true value of the reflection coefficient. A larger
value of the evaluation coefficient Q indicates better overall performance of the algorithm
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in terms of the “accuracy–efficiency” trade-off. The flowchart of the dynamic layering
transmission matrix algorithm is shown in Figure 2.

Table 1. Quality evaluation coefficients for fixed and dynamic layering algorithms under different
efficiency weight coefficients η.

η Fixed-Layer Algorithm Q1 Dynamic-Layer Algorithm Q2

0 0.946 0.970
0.2 0.757 0.776
0.5 0.473 0.485
0.8 0.189 0.194
1 0 0

Figure 2. The schematic diagram of the dynamic stratification transmission matrix algorithm.

3. Simulation and Validation
3.1. Algorithm Comparison

The algorithm in [31] has been proven to have reliable computational precision and
accuracy within a propagation range of 2000 km for very low frequency (VLF) electromag-
netic waves. This paper will conduct comparative calculations between Algorithm 2 (the
proposed method) and Algorithm 1 (the method in [31]) within the same range of 2000 km,
in order to verify the accuracy and efficiency of the proposed algorithm.

For clarity, the two algorithms compared in this section are defined as follows:
Algorithm 1 (Fixed-layer algorithm): The ionosphere is divided into fixed vertical

layers with a uniform thickness of 1 km, and the classical transfer matrix algorithm as
described in Ref. [31] is adopted.

Algorithm 2 (Proposed dynamic layering algorithm): The ionosphere is processed
using the dynamic stratification method described in Section 2, with reference thickness
d0 = 1 km, adjustment factor α = 1.5, and hybrid regularization of the transmission matrix
as described in Section 2.2).

Using the International Reference Ionosphere (IRI-2020) model, ionospheric parame-
ters were calculated for a mid-latitude region (29.0◦ N, 121.0◦ E) at 08:00 on January 1, 2024,
representing winter daytime conditions under moderate solar activity (F10.7 = 131.2). The
IRI-2020 model was configured with the following input parameters: geographic location
(latitude 29.0◦ N, longitude 121.0◦ E), date (1 January 2024), time (08:00 local time), and
solar activity level (F10.7 = 131.2). The output parameter extracted from IRI-2020 is the
electron density profile Ne(h). The specific parameter settings include an altitude range of
60–120 km with a step size of 1 km. The frequency sweep ranges from 3 kHz to 30 kHz (VLF
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band) with a step size of 0.5 kHz, achieving full-band coverage. The date 1 January 2024
was chosen as a representative date for winter daytime conditions at mid-latitudes under
moderate solar activity (F10.7 = 131.2), providing a baseline validation under quiescent
ionospheric conditions without major solar or geomagnetic disturbances. The resulting
ionospheric electron density and corresponding gradient are shown in Figures 3 and 4.

Figure 3. Data export interface of the IRI-2020 model.

Figure 4. Electron density and its gradient variation in the ionosphere (60–120 km) over a specific region.

Figure 4 shows that the electron density remains relatively stable in the D re-
gion (60–80 km). The maximum gradient in the D–E transition region (80–100 km)
is 0.66 × 1010 m−3/km, and the maximum gradient in the F layer (100–120 km) is
0.48 × 1010 m−3/km. The maximum gradient in the D–E transition region is 1.4 times
that in the F layer. The electron density varies significantly across different altitude ranges.
Using the International Reference Ionosphere, specifically for the D layer (60–80 km), which
plays a critical role in VLF wave attenuation and reflection, the 1 km sampling resolution
ensures adequate capture of the steep vertical gradients in this region.

The traditional fixed-layer algorithm is compared with the dynamic layering algorithm
proposed in this section. In the vertical fixed-layer method, the ionosphere is divided into
fixed layers in the vertical direction, with a layer thickness of 1 km, and the classical transfer
matrix algorithm [31] is adopted. In the dynamic layering transfer matrix algorithm, the
reference thickness of d0 is taken as 1 km and the adjustment factor of α is taken as 1.5.
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The ionosphere is processed with dynamic layering, and the original transfer matrix is
subjected to hybrid regularization.

The results of the two algorithms are shown in Figure 5. When both the fixed layer
thickness and the dynamic reference thickness are set to 1 km, Figure 5 shows that the
reflection coefficients obtained by the two algorithms (since the polarization conversion
effect of the ionosphere on VLF electromagnetic waves is not significant, only the reflection
coefficients for the same polarization are considered) exhibit a high degree of agreement,
consistent with theoretical expectations. Since the calculation results of the fixed-layer
method have been proven to be reliable within this propagation range, it can be concluded
that the calculation results of the dynamic layering algorithm are also reliable. It is particu-
larly noteworthy that the reflection coefficient curve obtained with the fixed-layer method
shows a small spurious fluctuation around 18.5 kHz, which may be caused by factors such
as coherent superposition effects or numerical dispersion. In contrast, the dynamic layering
algorithm eliminates this fluctuation, resulting in a smoother curve that better conforms to
the actual wave propagation behavior.

Figure 5. Reflection coefficient versus frequency curves under fixed-layer and dynamic-layer algorithms.

To further comprehensively evaluate the performance of the two algorithms, the
algorithm quality evaluation coefficient defined in Equation (16) is used for quantitative
comparison. The mean relative error of Algorithm 1 is calculated to be 5.4%, and that of
Algorithm 2 is 3.0%. In terms of computational efficiency, both algorithms have the same
number of layers and their computation times are essentially identical. Taking an efficiency
weight coefficient of η is 0.2, with emphasis on accuracy evaluation, the quality evaluation
coefficient (Q1) of Algorithm 1 is calculated to be 0.757, and that of Algorithm 2 (Q2) is 0.776.
The results show that the quality evaluation coefficient of the dynamic layering algorithm
is significantly better than that of the fixed layering algorithm, verifying its advantage in
comprehensive “accuracy–efficiency” performance.

3.2. Calculation Example

To verify the correctness of this method, we applied it to a practical example from
reference [31] and compared the calculated results with both the measured statistical values
collected during summer noontime over the past three years (2022–2024) and those from
reference [31].

In this case, the latitude and longitude of the launch point are N37.38◦ and E112.12◦,
respectively, and those of the receiving point are N18.20◦ and E109.02◦. The distance be-
tween the launch point and the receiving point is approximately 2000 km. The transmission
power is 50 kW, the transmitting antenna efficiency is 40%, the frequency is 17 kHz, and the
time is summer noon (12:00). This summer noontime case complements the winter daytime
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case presented in Section 3.1, providing validation under different seasonal conditions. We
established observation points every 200 km within the range of 600–1600 km.

According to public reports, the propagation region of very-low-frequency electro-
magnetic waves can be roughly divided into three zones: the ground wave mode zone
(0–400 km), the sky wave mode zone (400–1600 km), and the waveguide mode zone. In
the sky wave propagation region, the dominant hop mode of electromagnetic waves is the
one-hop mode.

The ionosphere exhibits non-uniformity in both the horizontal and vertical directions,
but deriving and calculating while considering both aspects is challenging. Referring
to the ionospheric statistical data from the ITU, we found that the non-uniformity of the
ionosphere varies dramatically in the vertical direction, while it exhibits gradual variation in
the horizontal direction. Therefore, we currently only consider the vertical non-uniformity
of the ionosphere. Of course, this means that our algorithm cannot accurately calculate
electromagnetic wave propagation over long distances. Based on our calculations and actual
measurement experience, the current calculation results of our algorithm demonstrate
acceptable accuracy within the range of 500–1600 km. The current validation is based on
mid-latitude, daytime conditions (winter in Section 3.1 and summer in Section 3.2). The
performance of the proposed algorithm under other geographic locations (e.g., equatorial,
high-latitude), diurnal variations, and seasonal conditions requires further investigation.

3.2.1. Dynamic Layering Reference Thickness Selection

Reference [31] adopts a fixed ionospheric layering mode with a layer thickness of 1 km
and a total of 60 layers. For the dynamic layering algorithm, the total number of layers
N and the reference thickness of d0 obey a power-law relationship N ≈ 61 · d−1.2

0 , and its
nonlinear scaling characteristic stems from an adaptive response to the electron density
gradient. Compared with fixed layering, dynamic layering reduces the number of layers
by 58% when d0 = 3 km, while maintaining the ability to resolve key physical processes
through local refinement in the transition region (layer thickness reduced to 1.2–1.8 km).
The average relative error of the reflection coefficient over the entire frequency band is
4.7%, which still meets the accuracy requirement of ITU-R P.684 for VLF propagation
models (error < 5%). Based on an error-cost trade-off analysis, it is recommended to select
d0 = 3 km as the optimal parameter value. Under this setting, the computational efficiency
is improved by more than 50% while ensuring adequate resolution in the transition region.

3.2.2. Adjustment Factor Selection

According to the definition of Equation (9), the tuning factor α controls the sensitivity
of the layer thickness to the electron density gradient: a larger α results in a finer layer
thickness (smaller physical thickness) in regions with a large gradient; when α = 0, the
method degenerates to a fixed-layer approach where the gradient does not affect the
layer thickness.

Figure 6 illustrates the influence of different adjustment factor α values on the variation
of the reflection coefficient with frequency in the dynamic layering algorithm. It can be
observed that for all α values, the reflection coefficient decreases monotonically with
increasing frequency, which is consistent with the physical expectation for VLF wave
propagation in the ionosphere (enhanced penetration at higher frequencies).

When α is between 0 and 1, the reflection coefficient curve is generally higher, particu-
larly deviating significantly from the results for α = 1 in the low-frequency band (3–10 kHz).
This is because an excessively small α leads to insufficient response of the layer thickness
to the electron density gradient, resulting in inadequate refinement in regions with a large
gradient, such as the D–E layer transition zone. This reduces the resolution of ionospheric
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parameter variations and produces a non-physical “over-reflection” artifact. When α is
between 1 and 1.5, the curve converges to a reasonable range and transitions smoothly
across the frequency band. Within this interval, the α value is sufficient to achieve adequate
resolution in regions with a large gradient while avoiding numerical issues associated with
excessive refinement, reflecting a good balance between accuracy and efficiency for the
dynamic layering approach. When α exceeds 2, the reflection coefficient curve continues to
shift downward, but the differences between the curves become very small, indicating that
the calculation results tend toward stability.

Figure 6. Reflection coefficient versus frequency curves under different tuning factors.

When α is between 0 and 1, the reflection coefficient curves are generally higher, with a
significant deviation from the mid-to-high frequency results especially in the low-frequency
range (3–10 kHz), indicating that the algorithm insufficiently responds to the electron
density gradient, leading to excessive reflection. When α is between 1 and 1.5, the curves
converge to a reasonable range with smooth transitions across frequency bands, reflecting
a balance between accuracy and efficiency achieved by dynamic layering. When α exceeds
2, the reflection coefficient is systematically reduced, possibly due to numerical dissipation
introduced by excessive refinement in the transition region (overly small layer thickness).

The sensitivity analysis of α (Figure 6) demonstrates that the reflection coefficient of
the dynamic layering algorithm is significantly regulated by the α value, with the optimal
operating range being 1 < α < 1.5, where the reflection curves demonstrate good agreement
with frequency monotonicity. Compared to α = 1.5, α = 1 achieves a comparable level of
accuracy while requiring fewer total layers and higher computational efficiency. Therefore,
a value of α = 1 is recommended for subsequent model development.

3.2.3. Calculation Result

To benchmark the proposed algorithm, the traditional ITU-R P.372-11 method is in-
cluded for comparison. ITU-R P.372-11 is an internationally recognized recommendation
for radio noise measurement and prediction, which provides empirical formulas for VLF
propagation field strength estimation based on long-term statistical data. Although widely
used in engineering practice due to its simplicity, this method does not account for the
anisotropic and vertically inhomogeneous characteristics of the ionosphere, which limits
its accuracy under complex ionospheric conditions. Therefore, comparing our dynamic
stratification method against this traditional approach serves to demonstrate the advance-
ment and necessity of the proposed model. Table 2 summarizes the key parameters and
model specifications for each method.
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Table 2. Comparison of input parameters and model specifications for different methods.

Parameter ITU-R P.372-11 Fixed-Layer Method [31] Proposed Method

Ionospheric model Empirical formula IRI-2020 IRI-2020
Stratification strategy Not applicable Fixed (1 km) Dynamic

Number of layers Not applicable 60 Varies (reduced > 50%)
Frequency range 3–30 kHz 3–30 kHz 3–30 kHz

Anisotropy considered No Yes Yes
Vertical non-uniformity Not considered Yes Yes

Figure 7 presents a comparison of sky-wave field strength values of VLF electro-
magnetic waves in the 500–1600 km range, obtained by different methods and actual
measurements. In the figure, black stars represent the calculation results of the method
proposed in this paper, pink stars represent the calculation results using the method from
reference [31] (fixed layering algorithm), and blue triangles represent the values calculated
by the traditional ITU-R P.372-11 method. The red dots in Figure 7 denote the measured
statistical values in this area. Figure 7 shows that, compared with the measured data,
the accuracy of the ionospheric layering matrix algorithm is much higher than that of
the traditional ITU-R P.372-11 method. The results obtained by the proposed dynamic
ionospheric layering method are in good agreement with those of the fixed ionospheric lay-
ering method, also demonstrating low efficiency high computational accuracy. Moreover,
compared with the fixed layering method, the proposed method significantly reduces the
number of layers, leading to a substantial improvement in computational efficiency, mak-
ing it more suitable for engineering applications that require high-precision and complex
ionospheric calculations.

Figure 7. Comparison between theoretical calculations and actual measurement statistics at noon
(12:00) in summer with a frequency of 17 kHZ.

4. Conclusions
From the perspective of balancing calculation accuracy and efficiency in engineering

computations, this paper derives a dynamic layering matrix method for the ionosphere
based on the full wave method, and establishes a more efficient anisotropic ionospheric
model. Through calculation and verification, appropriate dynamic layering methods and
rules for the ionosphere are determined. Comparative analysis results show that within the
range of 500–1500 km, the calculation results obtained by the proposed method are in close
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agreement with measured data, providing a reliable reference for engineering calculations
within this distance range. Moreover, compared with the fixed layering matrix method,
the proposed method significantly improves computational efficiency. At present, because
this method only considers the vertical non-uniformity of the ionosphere, it can ensure
calculation accuracy within the 500–1500 km range. The proposed dynamic stratification
method represents a step toward intelligent ionospheric modeling for radio applications,
with potential integration with machine learning techniques for real-time VLF propagation
prediction. Additionally, future work will systematically evaluate the algorithm’s perfor-
mance under varying ionospheric conditions, including different latitudes, local times, and
seasons. In future work, we will further improve the method by fully taking into account
the horizontal non-uniformity of the ionosphere and the curvature of the Earth.
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