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Abstract: We study the relationship between the results of two qualitatively different semi-empirical
models for photoionization cross sections, 0;,, of neutral atoms (A) and their cations (A™) centrally
encapsulated inside a fullerene anion, Clq\,, where g represents the negative excess charge on the shell.
One of the semi-empirical models, broadly employed in previous studies, assumes a uniform excess
negative charge distribution over the entire fullerene cage, by analogy with a charged metallic sphere.
The other model, presented here, considers the quantum states of the excess electrons on the shell,
determined by specific n and ¢ values of their quantum numbers. Remarkably, both models yield
similar photoionization cross sections for the encapsulated species. Consequently, we find that the
photoionization of the encapsulated atoms or cations inside the C?\, anion is influenced only slightly
by the quantum states of the excess electrons on the fullerene cage. Furthermore, we demonstrate
that the influence decreases even further as the size of the fullerene cage increases. All this holds true
at least under the assumption that the encapsulated atom or cation is compact, i.e., its electron density
remains primarily within itself rather than being drawn into the fullerene shell. This remarkable
finding results from Hartree-Fock calculations combined with a popular modeling of the fullerene
shell which is simulated by an attractive spherical annular potential.

Keywords: photodetachment; photoinization; carbon fullerenes; endohedral fullerene anions

1. Introduction

A frequently used semi-empirical model for a charged fullerene, C},, assumes that
the excess charge g on the Cy fullerene shell/cage is uniformly distributed over the entire
outer surface, analogous to a metallic sphere. This model has been applied extensively in
theoretical studies of the photoionization of atoms, A, and ions (cations), A", encapsulated
inside the charged fullerene [1-13]. Such systems are labeled as A@C?\], are commonly
referred to as charged endohedral fullerenes.

In the present paper, we focus narrowly on further examining this model in relation to
the photoionization process of a neutral atom or its cation confined within an endohedral
fullerene anion , A@C?\] (g < 0), where “A” generally represents either a neutral atom or its
cation, as used throughout the paper.

There is a compelling reason for this study. Indeed, the current model neglects to
account for the actual quantum states of the attached electrons within the fullerene system,
such as the electrons’ principal, 1, and orbital, ¢, quantum numbers. Also, this model
assumes that the charge density of the attached electrons remains on the outer surface
of the fullerene cage. However, alternative models for C?\] [14-17], where an electron is
bound in an ¢-state by either a Dirac-function-like-potential 6(r — ry) [14,15], or an annular
spherical potential [16,17] (each simulating the C cage differently), indicate that the charge
density of attached electrons spreads into the hollow interior of the fullerene.
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This raises an intriguing question: how would the photoionization cross section of
the atom/ion A in A@CY , calculated using the former model, change if one accounts
for both the quantum states and the partial spread of the charge density of the attached
electrons into the fullerene’s interior? Also, would the extensive body of calculated results
on the photoionization of atoms encapsulated in fullerene anions, cited above, require
re-evaluation from this perspective? To the best of our knowledge, no such comparative
study has been conducted to date. This paper addresses this gap by providing new insights
obtained from our research.

To address this question, we retain the modeling of the Cy cage as in [1,16,17]. How-
ever, instead of uniformly spreading the excess charge over the Cy cage, as in [1], we
account for both the quantum states and the spread of the charge density of the attached
electrons into the hollow interior of the cage.

Surprisingly, we find that the photoionization of the encapsulated atom or cation is
minimally influenced by the quantum states of the attached electrons and the spread of their
charge density into the hollow interior of the fullerene shell. Moreover, we demonstrate
that this influence decreases as the fullerene size increases, ranging from Cq to the giant
Ca49. Our findings hold true at least under the assumption that the encapsulated atom is
compact, i.e., its electron density remains primarily within the atom itself rather than being
drawn into the fullerene shell.

For this case study, we selected the hydrogen atom (H), as well as the helium atom
(He) and its ion He™, to be encapsulated within a fullerene anion.

Atomic units (a.u.) ( VKD: Done. Corrected. |e| = me = i = 1), where e and m,
are the electron’s charge and mass, respectively, are used throughout the paper unless
specified otherwise.

2. Theory
2.1. Review of the Former Modeling of A@CY,

The quintessence of the model is as follows.
First, a neutral Cy cage is modeled by a Uc(r) spherical annular (rectangular in the
radial coordinate) potential of a certain inner radius, ry, thickness, A, and depth, Uy:

Uc(r) =

—Uy, ifro<r<rg+A
{ 0 0 0 1)

0 otherwise.

Such modeling of the Cy cage was apparently first proposed by Puska and Niemi-
nen [18] and has since been widely used in numerous theoretical studies on photoionization
and other elementary processes involving endohedral fullerenes, A@Cy) (see the works
cited above, a relatively recent review [19] on these topics, and, more specifically, work [1]
to stay closer to the aim of this paper).

Second, in [1], the fullerene anion, C?\,, is “built” by uniformly distributing the charge of
the excess electrons over the entire outer surface of the Cy cage. This leads to the appearance
of a Coulomb spherical potential, V;(r), both inside and outside the fullerene cage:

1 ifo<r< A
VW)-{“”' 1 @)

% otherwise.

Consequently, the entire Ug: (r) model potential for C']\] is represented by the sum of
the potentials Uc(r) [Equation (1)] and V;(r) [Equation (2)]:

Ul (r) = Uc(r) + Vy(r). &)

Next, to address the calculation of the structure and spectra of the A@C?\] atom,
the V;(r) potential is added to the Schrodinger equation (for a single-electron atom), or to
the Hartree-Fock, relativistic Dirac-Fock, or other approximation equations.
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Specifically, the thus modified non-relativistic Hartree-Fock equation, applicable to
A@CY, is

A Z o Nasyr(7)
_2_r+ug(r)}¢,»(r>+]; |?]_7?,|
X[ ()i (F) — i) (F)]d7 = e (7). (4)

Here, N4 is the number of electrons in the multielectron atom A, i (and, similar, j)
denotes the set of the principal (n;), orbital (¢;), magnetic () and spin-magnetic (s,)
quantum numbers for the i-th atomic electron in A@C?\]. (For the continuum spectrum of
the i-th electron, both #; and e; are replaced by the energy of the continuum spectrum, €).
Furthermore, ¢,,.¢.,, " (7) = r 1Py, (r)Yym : (6,¢), where Yy, ‘ (6, ¢) is a spherical harmonic
and P, ¢.(r) /7 is a radial part of the wavefunction.

We will refer to such model of the fullerene anion as “structureless” model, to underline
that it ignores possible quantum states of the excess electrons on the cage.

Next, the dipole photoionization cross section, o,,¢, of a nf-subshell of the encapsulated
atom is calculated using the standard formula (see, e.g., [20]):

2
() = STt s wlDE s + (¢+ 1D,y . ®)
Here, w is the photon energy, « is the fine structure constant, N, is the number of electrons
in the n/ subshell, D; is a radial dipole photoionization amplitude,

Doy = /o " Pegi1 (r)rPyy(r)dr. (6)

. ; q
2.2. Accounting for Quantum States of the Excess Electrons in A@Cy,

In our modeling of A@CY, the extra electrons in the A@C, fullerene anion are bound
by the central field which is the sum of the fields of the atom and the neutral Cy cage.
Therefore, the states of the attached electrons are characterized by quantum numbers n and
¢. Let us designate such endohedral fullerene anions as A@CY(n¢) or A@CY(nl,n'¢') and
so on, depending on how many excess electrons exist and how many different n/-states they
occupy in the fullerene anion. For example, He@CR,1 (2s) means that the single attached
electron resides in a 2s state in the singly-charged fullerene, He@Cgl2 (2s2p) indicates that
one of the two attached electrons in the doubly-charged anion is in a 2s state and the other
electron is in a 2p state, and so on.

Obviously, the states of the attached electrons and the electrons in the encapsulated
atom in A@C?\] are not independent, as they are interacting parts of the same system.
Therefore, the states of all these electrons must be solutions of the same equation, which
we choose to be the Hartree-Fock equation:

. Niot l[)* (7’)
—ﬁ—f+wwﬁmm+g/hﬁm
<[ (7 )i (7) — (7 (7)]d7 = e (7). 7)

Here, Nipt = Ny + Nq represents the total number of electrons, where N4 is the
number of atomic electrons and Nj is the number of attached electrons. This equation
differs from Equation (4) in that the N4 number is replaced by Niot and the Ug potential
is replaced by Uc in the former Equation (1). Note that when defining the states of the
attached electrons, their possible states, in conjunction with the states of the electrons in the
encapsulated atom, must obey the Pauli Exclusion Principle.
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We will frequently refer to such model of the fullerene anion as “structured” model
in this paper, to underline that it accounts for possible quantum states of the attached
electrons in the fullerene anion.

Now, however, a complication arises because such modeled A@CqN(né, ...) system
becomes an open-shell system. To bypass this complication, we employ the term-averaged
Hartree-Fock formalism [21] in our study. To avoid diverting the reader’s attention from
the main topic of the paper, a review of the term-averaged Hartree—Fock formalism is
provided in Appendix A.

Lastly, in our calculations, we use the values for ry, A and Uy for the model potential
Uc (r) [Equation (1)], which mimics the Cgo/Cagp cage, as they are defined and discussed
in [22]:

ro ~5.8/12.6, A = 19/1.9, Uy ~ 0.302/0.378 a.u., respectively.

3. Results and Discussion
3.1. HECy' versus H@Cy! (nt)

Here, we present and discuss calculated results concerning the photoionization of
the ground-state hydrogen atom encapsulated within the singly-charged fullerene anion
(9 = —1). The results were obtained in the frameworks of both the structureless [H@C?\]]
and structured [H@CY; (n¢)] models. As case studies, we arbitrarily choose the n¢ = 2p
and 3d states for the attached electron, as well as N = 60 and 240.

To help the reader follow the discussion of results more easily, we direct the reader’s
attention to the following notations: the P;; function (or the 1s orbital) refers to the radial
function of the 1s electron in the hydrogen atom, while the P>, and P;; radial functions
(or the 2p and 3d orbitals) correspond to the attached electrons residing in a 2p or 3d
state, respectively.

The corresponding Pys, P2y, and P34 functions are depicted in Figure 1.

First, it can be concluded from Figure 1 that the 1s electron density in the encapsulated
atom remains largely unaffected by the excess charge on the fullerene cage, especially in
the case of the Cy4 cage.

Second, note how the P,,(r) and Ps4(r) functions of the attached electron extend
into the hollow interior of the Cy shell, thereby overlapping with the P;; function of the
encapsulated H atom. This, obviously, should make the 1s-photoionization cross section,
015, of the H(1s)@Cy' (n¢) system differ from that of the structureless H(1s)@Cj,' system.
How strong can the difference be? One of the aims of the present study is to answer
this question.

Third, one can see that the overlap of the Pj; function with the functions for the 2p
and 3d attached electrons is insignificant only in the case of the giant Cy49. Hence, it is
reasonable to expect that any differences in values of ¢y calculated, respectively, for the
cases of the H(1s)@C,,' and the H(1s)@C,,' (n¢) systems will diminish with the increasing
size of the fullerene cage.

Fourth, interestingly, the 2p and 3d functions of the attached electron differ only
insignificantly from each other, especially in the case of the giant Cp4y cage. A similar
situation was observed and explained for the P, functions of the n/-electron attached to
the empty fullerene cage [17]. The reason for the noted nearly indistinguishable difference
between the functions with different ¢ values (the P, and P3; functions in our case)
arises from the electrons’ primary localization on the cage itself, which has a large radius.
Consequently, the centrifugal barrier g(gzl) , which normally ensures the dependence of
P,y on £, becomes so small that the difference between the functions with close ¢ values
effectively vanishes. The latter is particularly true for the case of the giant Cyy9 cage.
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Figure 1. (a) Calculated Pi4(r) radial function of hydrogen in the structureless H@Cgo1 system, along
with the Py(r) function for hydrogen, and the Py, (r) and P3;(r) radial functions of the attached
electrons in the structured H@Ca)1 (nl) systems (nf = 2p and n¢ = 3d), as indicated in the figure.
(b) The same as in (a) but for the giant Cp4¢. Note that the P;; function for the encapsulated hydrogen
atom is practically the same in both the structureless and structured models of the endohedral
fullerene anion.

Calculated o5 photoionization cross sections of H@C;]1 and H@le]l (nl) withnl = 2p
and 3d are depicted in Figure 2.

One can see that some differences between these o5 cross sections are seen only in the
low-energy region. There, the sharp, intense maxima in 07,’s are only slightly shifted along
the energy scale relative to each other without significant changes in their magnitudes.
We thus find that the photoionization cross section of the atom encapsulated inside the
endohedral fullerene anion depends little on the quantum state of the attached electron in
the anion.

And, as expected, the differences between the discussed 1s-photoionization cross
sections are diminishing with the increasing size of the fullerene cage. This is obvious from
comparing calculated data plotted in Figure 2a (for Cgg) with those plotted in Figure 2b
for the case of the giant Cy49. Note that a would-be larger shift in energy between the
low-energy maxima in the oy, cross sections in Figure 2b than in Figure 2a is deceptive.
This is because the energy-scale range is less than 10 eV in Figure 2b, but is much broader,
about 30 eV, in Figure 2a.

Finally, let us comment on the origin and nature of all maxima in the ¢y; photoioniza-
tion cross sections displayed in Figure 2. To meet the goal, we also calculated and plotted
the 015 photoionization cross sections of the hydrogen atom confined inside a neutral Cy
cage, designated as “H@Cy (neutral)” in the figure.
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Figure 2. Calculated 015 photoionization cross sections for the H(1s) atom confined inside (a) the
structureless H@Cgo1 and structured H@Cgo1 (2p) and H@Cgo1 (3d) systems, as well as (b) the struc-
tureless H@Czjll0 and structured H@szo(Zp) and H@Czjll0 (3d) giant fullerene anions, as designated
in the figure.

First, the calculated 015 values, plotted in Figure 2a or Figure 2b, are nearly identical
down to about 14 eV of photon energy. Second, for photon energies in the same energy
region, all calculated 075 cross sections exhibit a maximum around 22 eV for N = 60
(where it is poorly developed, though), as well as around 17 eV for N = 240 (where the
maximum is stronger). Therefore, this higher-energy maximum in oy for the endohedral
fullerene anion has the same origin as the maximum in 015 for the neutral H@Cy. The
origin of such maxima in the o, photoionization cross sections for atoms encapsulated
inside neutral A@Cy endohedral fullerenes have been extensively studied previously; see,
e.g., [18,19,23-25] (and references therein). These maxima arise from interference between
the outgoing photoelectron wave from the encapsulated atom and the photoelectron waves
reflected from the boundaries of the fullerene cage. In [24], these resonances were termed.
This term has become common in the literature, and we use it in the present paper as well.
Thus, the observed higher-energy resonances in oy, for H@ngl, H@CR,1 (nf), and neutral
H@Cy are confinement resonances.

Next, in the photon energy region below about 14 eV, all calculated o5 values for
fullerene anions show a sharp, strong resonance, whereas the ¢, for neutral H@Cy does
not extend into this region. The latter is for an obvious reason. Indeed, when there is a
negative charge on the fullerene cage, it results in a repulsion between the electrons of the
encapsulated atom and the negative charge on the fullerene cage. Consequently, the total
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energy of the atomic electrons becomes E,; = E, + E;, where E?, is the energy of the
atomic electrons when the atom is inside neutral A@Cy;, and E; is an additional Coulomb
energy due to the repulsion by the negative charge on the cage. As is known, the repulsive
Coulomb energy, Ey, is positive, whereas E?, is negative. Hence, the ionization potential,
Iy, of the atomic electrons inside the fullerene anion decreases compared to that for the
atom confined inside neutral A@Cy. Thus, the graph for oy, for H@Cﬁl (nf) or H@Cgo1
starts at a lower energy than that for neutral H@Cy.. Returning to the discussion of the
low-energy maxima in the calculated oy cross sections for negative fullerene anions, they
obviously originate from a different source compared to the confinement resonances in
o for neutral H@Cy. Such novel resonances in the photoionization cross section of the
atom encapsulated within the fullerene anion were predicted, studied, and explained in
detail in [1]. It was demonstrated that these resonances arise due to an additional Coulomb
potential barrier created by the excess charge on the fullerene cage. In [1], these resonances
were termed Coulomb confinement resonances. To date, Coulomb confinement resonances
have been explored in various contexts with different levels of detail in numerous theoretical
studies (see, e.g., [4,5,8,10,13] and references therein). As the summary on the low-energy
sharp resonances in the o1, photoionization cross sections of H@Cg,1 and H@Cg]1 (nl): they
are Coulomb confinement resonances.

In conclusion to this section: (a) we present the first indication that the photoionization
cross section of the atom within the endohedral fullerene anion is largely independent of the
quantum states of the electrons attached to the fullerene cage; and (b) the most notable, albeit
minor, differences in the photoionization cross sections between the calculated o, values ob-
tained using the structured model for the fullerene anion (H@CX]1 (nf)), and the structureless

model (H@C;,l), primarily occur in the region of Coulomb confinement resonances.

3.2. (He & He™)@Cy', (He & He™)@Cy,' (n¢) and (He & Het)@Cy’ (nl, n'(")

As another case study, we examine the 75 photoionization cross sections of the He(1s?)
atom and its ion, He™ (1s!), using both the structureless and structured models for the endo-
hedral fullerene anion. Specifically, we arbitrarily choose the singly-charged He@CZ(]1 (2p)
and He@C,'(3d) as well as the doubly-charged He*@C,?(2s2p) and He*@C,*(253d)
endohedral fullerene anions (N = 60 and 240), as representative species for this study.

The P, functions for He and He™, calculated within both the structureless and struc-
tured models, as well as the Py, P>, and P3; functions of the attached electrons in the
corresponding endohedral fullerene anions, are plotted in Figure 3.

The behavior of the plotted functions follows similar trends as those observed in the
previously discussed case of the H atom encapsulated in the fullerene anion. Thus, we
believe that the behavior of these functions is self-explanatory. We leave it to the readers to
draw their own conclusions. It is important to emphasize, however, that, as in the case of
the H atom, the Py functions of the encapsulated He atom and He™ ion overlap with those
of the attached electrons in the fullerene anions. This overlap is stronger than the overlap
between the functions in the case of the H atom. Therefore it could, among other factors,
contribute to potentially stronger differences in the o5 photoionization cross sections
when comparing calculated results based on the structured and structureless models for
fullerene anions.

Calculated o7, photoionization cross sections of HeCg', He@Cy! (2p) and He@C,,' (3d),
as well as HeC 2, HeT@C,?(252p), and Het@C,?(253d) are depicted in Figure 4.

Firstly, similar to the encapsulated H atom case discussed earlier, Figure 4 reveals
that the 075 photoionization cross section of He and He™ ion exhibits a pronounced, low-
energy sharp resonance when photoionization occurs from the corresponding fullerene
anions, in contrast to the cases of photoionization of He and He™ in neutral He@Cgp !
and He@Cg 2. Thus, as in the case of the encapsulated H atom, these resonances are
Coulomb confinement resonances. As photon energy increases, these Coulomb confinement
resonances are succeeded by less pronounced resonances in both the charged and neutral
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endohedral fullerene systems. These latter higher-energy features are, thus, ordinary
confinement resonances.

Secondly, a key finding is that the differences in the oy, photoionization cross sections
between the structureless and structured models are primarily observed within the cor-
responding Coulomb confinement resonances. However, these differences are relatively
minor, with no significant qualitative or quantitative variations. This, once again, speaks to
the fact that the photoionization cross section of the atom or its ion inside the endohedral
fullerene anion is minimally influenced by the quantum states of the attached electrons in
the system.

T T T T T T T T T T T T
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Figure 3. (a) Calculated Pj(7) of neutral He in HeCé_Ol, along with the P, and P34 functions of the
attached electron in the He@C&)1 (2p) and He@C&)1 (3d) fullerene anions, as indicated in the figure.
(b) Calculated Py4(r) of the He™ ion in the doubly-charged He*C&)z, along with the Pyg, P2y, and P34
functions of the attached electrons in the doubly-charged Het@C60~2(252p) and He*@C60~2(2s3d),
as shown in the figure. Note: Similar to the case of the H atom, the P5() function of He in HngO]
is nearly identical to the corresponding Pj4(r) functions of He in He@C,' (2p) and He@C,;' (3d).
The same applies to the Pys(r) function of He™ in the corresponding doubly-charged fullerene anions.
Therefore, Py4(r) is only plotted once in both parts of the figure for clarity.
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Figure 4. (a) Calculated 07 photoionization cross sections of He@Cé(f1 as well as He@Cgy (2p) and
He@Cg(2p) along with oy for the helium atom in neutral HeCgp, as marked in the figure. (b) Calcu-
lated o, photoionization cross sections of He* @Cyy 2, Het@Cgp ~2(252p) and Het @Cyy~2(2534),
as well as 015 of He™ inside neutral Het@Cg, as marked in the figure.

Lastly, we move to the discussion of calculated results for the helium oy, photoion-
ization cross sections in the giant endohedral fullerene anions: He@Cpy 1, He@Cy40(2p),
HE@C240 (Zp), He@C24o, He*@C240_2, He+@C240_2 (ZSZP), He+@C240_2(253d), and
He™@Cyqp. Calculated results are depicted in Figure 5.

The trends observed in the calculated o7 photoionization cross sections mirror those
just discussed above for He and He™ in the cases of the fullerene cages with N = 60. It is
worth noting, however, that the differences of interest in the corresponding oy photoion-
ization cross sections are significantly smaller in the case of the giant endohedral fullerene
anions than in the other case, which was anticipated.

Thus, we see, once again, that the photoionization cross sections of both a neutral
atom and its ion in the corresponding endohedral fullerene anion are affected only little by
the quantum states of the attached electrons in the endohedral system.
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Figure 5. (a) Calculated oy photoionization cross sections of He@Cyyo ! as well as He@Cyy(2p)
and He@Cyy9(2p) along with oy of neutral He@Cyyg, as designated in the figure. (b) Calculated o7,
photoionization cross sections of He™ @Copy9 ™2, Het@Cpyp~2(252p) and He™ @Cypyp~2(2534), as well
as 015 of He™ in neutral He™ @Cyy, as marked in the figure.

4. Conclusions

In this study, we investigated the photoionization cross sections of H and He atoms,
as well as the He™ ion, when centrally encapsulated within a fullerene anion cage. These
encapsulated species are considered compact, as their electron densities remain largely
unaffected by the fullerene cage.

The results and discussion presented in this paper suggest that the photoionization
cross section of a centrally encapsulated atom or cation within an endohedral fullerene
anion is minimally influenced by the quantum states of the attached electrons, provided
the electron density of the encapsulated atom or ion remains primarily self-contained.
This conclusion likely extends to other centrally confined compact atoms, as no contrary
indication has been found.

The most notable differences in the calculated photoionization cross sections, arising from
the consideration of the quantum states of the attached electrons, occur primarily between
the Coulomb confinement resonances. However, these differences are relatively minor and
diminish significantly with increasing fullerene cage size. Consequently, both the structureless
and structured models of the endohedral fullerene anion yield closely aligned photoionization
results, particularly for giant fullerene anions. Thus, either semi-empirical model effectively
captures the photoionization cross sections of atoms encapsulated within fullerene anions,
provided the encapsulated atom’s electron density remains largely self-contained.

For atoms that significantly contribute their electron density to the fullerene cage, we
anticipate that the photoionization cross sections of the inner electrons will similarly exhibit
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minimal dependence on the quantum structure of the excess electrons on the fullerene cage.
However, studying such cases requires a separate, focused investigation beyond the scope
of this paper.

We advise some caution regarding semi-empirical model studies of the photoion-
ization of positive ions confined within a fullerene anion, as presented here for the 1s
photoionization of Het@Cy (n¢)~2 and He*@Cy(n¢,n'¢')~2. Indeed, there is potential
for the attached electrons to transition into the ion’s open orbital, leading to processes
such as Auger decay. However, given the narrow focus of this study on understanding
how quantum states of electrons attached to a fullerene anion might influence atomic
photoionization calculations, the omission of such processes is considered permissible here,
as the intent is not to predict outcomes for a specific system.

Lastly, we note that numerous aspects of the structure and spectra of atoms under various
types of confinement—impenetrable, open boundaries, spheroidal, conoidal, Debye, Cy-like,
etc.—have been intensely scrutinized worldwide [26-30] (and references therein). Confine-
ment significantly alters atomic behavior, providing insights into diverse interdisciplinary
problems. Therefore, this study’s relevance extends beyond endohedral fullerene anions,
contributing valuable knowledge to the general field of confined quantum systems.
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Appendix A. Term-Averaged Hartree-Fock Approximation

Below, we outline the key steps that lead to the term-averaged methodology for
the Hartree—Fock formalism [21] (also with its extention to the calculation of many-body
Feynman diagrams) used in the present study.

In the calculation of atomic wavefunctions using the Hartree-Fock method, the com-
bined direct and exchange Coulomb interelectron interaction energy, U, in the atom is
given by:

= 2(2 FSLRllll> +) (2 Flrgn,s, Rl + 2 EGSLS’L’L,S,RZIZ’I’> (A1)

k#p k#p v

Here, the sum runs over all atomic subshells k(p) and all values of A, u and v that
satisfy the triangular rule A(¢AL), A(£pl) NA(¢'ul") and A(¢vl'), provided the sum of the
angular moments in brackets is even.

The Coulomb integral, expressed in terms of the radial parts P,
wavefunctions, is given by the standard formula:

.4, of the atomic

f1f2f3f4 / / /\+1 I’llfl )PH3E3(r)Pﬂ212( /) 1’14[4( )dr dr (A2)

Here, - (r<) is the larger (smaller) of the two radial parameters r and 7’

The F* weight factors for the direct Coulomb interaction for open atomic shells are
tabulated for all terms in [31]. The F# weight factors for the direct Coulomb interaction as
well as the G” weight factors for the ‘exchange Coulomb interaction that are presented in
(A1) depend on the values of LS and L’S’ for the interacting shells k and p as well as on the
total values of the L; angular and S; spin moments [32].
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For the closed-shell atom with N = 2(2¢ + 1) electrons in the shell, the weight factors
before the Coulomb integrals are determined as [32]:

40+2)(4041)

0 — ( 5 = C%4zz+2)/ (A3)
whereas )
FA = —(2£+1)2< g 3 g ) (A4)

To avoid accounting for the exact angular-momentum-coupling scheme in our study,
for the sake of simplicity, in the present work we use the average-term approximation,
the essence of which is based on the introduction of the average direct Coulomb and
exchange weight factors into the interelectron interaction potential, as follows.

Since the expression for F¥ is proportional to the number of interacting pairs of
electrons in the closed shell of 4/ + 2 electrons, it is natural to expect that the same is true
for the F coefficients as well. Thus, for the N-electron open shells, we write Equations (A3)
and (A4) as follows:

FO(N) = w =C% (A5)
B 2 A £\ N(N-1)
By(IM) = -(2t+1) (o 0 o) @0+ 2)(al +1) (A6)

Equation (A5) for FU is exact for unfilled shells.

The exact F* weight factors for A > 0 depend on the values of L, S, and additional
quantum numbers. These factors are tabulated in [31] for all possible terms. The FJ, value
equals the value of F}s averaged over all LS terms of the /N configuration using their
(254 1)(2L + 1) statistical weights.

Next, for the interaction of two closed shells, £(4(+2) and ¢/(4/'+2) the equations for the
weight factors are as follows:

PO(€4Z+2,€/4£,+2) — (4€+2)((4€/+2)’ (A7)

2
Gl/ €4f+2 £/4€/+2 — _2(2¢ 1 26, 1 { v gl A
(2,442 = pernee+n( S Y (A8)

For closed shells, F* = 0 for p # 0.

Equation (A7) indicates that the intershell interaction is proportional to the numbers
of electrons in the interacting shells. This allows us to write the average weighs factors for
a similar interaction between the open shells as follows

FO(eN, ¢'N'y = NN/, (A9)
and . L2
GV(ZNIZ/N/) = 1\2]N< é 1(; é ) (A10)

In our study of the structured open-shell fullerene anions, these weight factors were
substituted into the Equation (A1) for the interelectron interaction potential to calculate the
term-averaged energies and P,y radial parts of the wavefunctions of electrons.
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