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Abstract

In this work, we implement the finite-field (FF) method for isotope shift (IS) calculations
within the relativistic multiconfiguration Dirac-Hartree-Fock (MCDHF) framework of the
GRASPG program package. The implementation is benchmarked using the ten lowest-
lying fine-structure levels of B II by comparing FF results for the IS parameters with
first-order perturbation theory (PT) results obtained using the RIS4 program. The relative
deviations for the IS parameters are within 0.03%, and the computed transition isotope
shifts agree with previous theoretical predictions and experimental measurements within
the reported experimental uncertainties. Additional calculations for Ar XV further confirm
the consistency between the FF and PT methods for heavier ions, and the resulting isotope
shifts are consistent with the experimental values. This implementation therefore provides
GRASPG with two equivalent and reliable approaches for isotope shift calculations.

Keywords: MCDHF; GRASPG,; isotope shift

1. Introduction

The study of isotope shifts (IS) is important for both fundamental and applied sci-
ence [1-3]. The IS can be factorized into an electronic component and a nuclear contribution.
Consequently, precise calculations of the electronic parameters are essential for accurately
characterizing nuclear properties and, through deviations from linearity in King plots,
for probing possible new physics beyond the Standard Model [4-8]. At the same time,
isotope shifts provide stringent benchmarks for atomic structure methods, testing the accu-
racy of state-of-the-art approaches that incorporate relativistic effects, electron correlation,
and quantum electrodynamic corrections.

There are several methods for calculating the electronic parameters of IS, such as the
finite-field (FF) method, the analytical response (AR) method, and the first-order perturba-
tion theory (PT) method (see the recent review paper [9]). Prior studies using the GRASP
family of codes, which are based on multi-configuration Dirac-Hartree-Fock (MCDHEF)
and relativistic configuration interaction (RCI) theory, have predominantly relied on the
first-order PT method implemented in the RIS4 package [10] to calculate the IS parameters.
Recently, Lu et al. [11] implemented the FF method in the GRASP2018 program, demon-
strating excellent agreement between the PT and FF methods. However, the relativistic
coupled-cluster (RCC)-based FF approach demonstrated higher accuracy in calculating
isotope shift parameters than the MCDHF-based PT method [12]. The consistency of the
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PT and FF approaches remains an unresolved issue worthy of further systematic investiga-
tion, which will help improve the predictive capability of atomic spectroscopy in nuclear
structure studies.

The FF approach requires multiple RCI calculations to obtain the relevant electronic
parameters. This computational demand can be significantly reduced by the GRASPG pro-
gram package [13], which offers substantial advantages over previous GRASP packages in
terms of both computational time and memory requirement for RCI calculations. Therefore,
in the present study, we extended the FF method to the GRASPG package.

The study of isotope shifts in B II holds a unique position in nuclear physics, astro-
physics, and atomic physics [14,15]. Specifically, it can provide an exceptional platform to
study the transition from proton-halo to neutron-halo structures, offering a stringent test
for nuclear structure models [16]. The relative abundance of the two B isotopes, 10B and
1B, is expected to provide valuable information about the cosmic production of the light
elements [17,18]. Additionally, the 2s? 1Sy — 2s2p 3Py transition in B II has been proposed
for building a high-precision optical atomic clock [19]. In this work, employing B II as the
primary Be-like benchmark, we use the FF method to compute its isotope shifts and sys-
tematically compare the results with those obtained via the PT method. This comparative
analysis allows us to evaluate the performance of the two methods within the MCDHF
framework and to provide accurate isotope shift parameters for B II.

Ar XV provides a complementary heavier benchmark in the same Be-like isoelec-
tronic sequence. Compared with B II, its larger nuclear charge enhances relativistic and
finite-nuclear-size effects. In addition, the isotope shift in the 2s2p3P; — 2s2p3P; fine-
structure transition in Be-like argon has available experimental and high-precision theoreti-
cal data [20,21]. Therefore, Ar XV is well suited for testing whether the agreement between
the FF and PT approaches remains robust beyond the light B II ion.

2. Theoretical Methods
2.1. Multiconfiguration Dirac Hartree Fock Method

The MCDHF method and calculation of isotope shift have been thoroughly described
in studies such as Refs. [10,22,23], so we will only provide a brief description here. In the
MCDHEF method, the atomic state wave function (ASF) is expressed as a linear combination
of symmetry-adapted configuration state functions (CSFs):

Ncsrs
Y(YPIM)) =} ¢ ®(viPIM)), ey
1
where Ncgr; is the number of CSFs, P is the parity, ; represents other quantum numbers
of the corresponding states, | represents the total angular momenta, M; is the angular
momentum projection on |, and ¢; is the mixing coefficient.
The one-electron Dirac orbitals used to construct the CSFs and mixing coefficients c;
are obtained by iteratively solving the self-consistent field (SCF) equations of the weighted
energy functional based on the Dirac-Coulomb Hamiltonian:

N

N
HDC = Z(Clx]p]—|—('8]—1)C2+V(1’])>+Zri, (2)
j=1 j<k 'k

where V(r;) is the monopole part of the electron-nucleus Coulomb interaction, rj is the
distance between electrons j and k, « and B are the Dirac matrices, N is the number of
electrons, p; is the momentum operator of electron j and c is the speed of light.

The Breit interaction and leading QED corrections (vacuum polarization and self-
energy) are included in subsequent relativistic configuration interaction (RCI) calculations.
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2.2. Configuration State Function Generator

As mentioned in the previous subsection, the MCDHEF/RCI method expresses ASFs
as expansions over CSFs built on one-electron Dirac orbitals. As the number of orbitals
grows to accurately capture electron correlation, the number of matrix elements increases
dramatically, making the construction of the Hamiltonian extremely demanding in terms of
both time and memory. In this process, spin-angular integration constitutes the dominant
computational cost. To alleviate this computational load, the Configuration State Function
Generator (CSFG) approach was introduced [24]. The key insight is that spin-angular
integration depends on orbital symmetries, but not on their principal quantum numbers.
CSFGs exploit this by dividing the CSF space into the following:

1. Labeling space: CSFs generated by excitations (single, double, triple, quadru-
ple—SDTQ, etc.) from a multireference (MR) configuration to a labeling-ordered
set of highly occupied orbitals. These CSFs account for dominant correlation effects,
near-degeneracies, and long-range rearrangements.

2. Correlation space: CSFs obtained by SD excitations from the MR configuration to a
symmetry-ordered (SO) set of correlation orbitals. This space captures short-range
dynamical correlation and is typically much larger than the labeling space.

A CSFG is defined as a generating CSF with orbitals in the SO set at their highest
principal quantum number. From a single CSFG, a group of CSFs is generated by de-exciting
the SO orbital(s) to lower principal quantum numbers, while keeping all spin-angular
coupling quantum numbers unchanged.

Once the spin-angular integration between two CSFGs is computed, the resulting
spin-angular coefficients are stored. For any pair of CSFs obtained by de-exciting the
symmetry-ordered (SO) orbitals in the two CSFGs to lower principal quantum numbers,
the corresponding spin-angular integration is then obtained directly by reusing the same
spin-angular coefficients. This avoids repeated spin-angular integrations and significantly
reduces the computational load. Therefore, this methodology retains the accuracy of the
conventional CSF expansion while drastically reducing the computational load.

2.3. Isotope Shift

Isotope shifts consist of two components: the mass shift (MS), arising from the dif-
ference in nuclear mass between isotopes, and the field shift (FS), originating from the
difference in nuclear volume. The mass shift further divides into the normal mass shift
(NMS), which results from the change in reduced mass between isotopes, and the specific
mass shift (SMS), which stems from momentum correlations in the many-electron system.
The field shift, on the other hand, arises from the extended nature of the nucleus, which
causes the electrostatic potential to deviate from the Coulomb potential of a point charge
Z. In the GRASPG package, this effect is accounted for by introducing a nucleus potential
based on a Fermi charge distribution.

Let E denote the energy level and A, A’, M4, M 4 represent the mass numbers and
nuclear masses of two isotopes, respectively. In leading order, the isotope shift of a level i
can then be expressed:

SEM = OB + SEfNe = Fo(r?) + Kl% 3)
Here, F and K = Knwms + Ksus are the field shift and mass shift factors, respectively, and
5(r?) represents the nuclear mean-square radius (rms) difference value between two isotopes.
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2.3.1. Mass Shift

The relativistic forms of NMS and SMS operators, up to the order of (¢Z)?, can be
expressed as follows [10]:

A 1 N 2 wZ oaZ 1\ ~1
Fnws = 537 ]2:1, (Pj - 7j"‘j "Pi Tj("‘j -G)C; - p; (4)
A 1 Y aZ wxZ 18 1
- o — L — 22wl py ). 5
Hswis = 577 jéek' (P; L s (aj- C;)C; Pk) (5)

Within the framework of the first-order perturbation theory, we compute the expecta-
tion values of the MS operators to obtain the MS factors:

K' & 1

l,]I\\I/IMS - <{i('YP]M])|HNMS| Ii(7 ]M])> )
Ki HA P
% = <‘I’i(’)/P]M])| SMS|1P1'('Y ]M])> ( )

In the finite-field method, the MS factors are determined using an effective Hamilto-
nian Heg = H + AgHnms / sms, where Ag is a scaling parameter. Thus, the MS factors are
extracted as [9]

oE; E;(+Ap) — E;(—A,
Kisms / NMs = 87)\1 ~ d O>2/\ i(=Ao) (8)
A0=0 0

where E;(£A() represents the calculated total energies at the -1 values using the Hamil-
tonian H.g. Here, we have adopted Ay = 1072 a.u. for all calculated levels.

2.3.2. Field Shift

Adopting the electronic density p(r) for the zeroth-order picture, perturbation theory
yields the first-order FS:

OEf¥§ =~ /R3 {VA(T) - VA,(T)}Pi(r) d*r, )

where V4(r) and V4 (r) are the potentials arising from the nuclear charge distributions
of the two isotopes and p;(r) is the electron density of level i of the reference isotope.
Assuming a spherical nuclear charge distribution and expanding the electron density
within the nucleus as a polynomial

pi(r) & b(r) = big + bipr® + bjar* + b er° (10)
the field shift can be written as
SE(¥s ~ Figd(r?) + Fipd(r*) + Fad(r®) + Fi 50 (r®). (11)

Neglecting the variation in electron density over the nuclear volume, p;(r) can be
replaced with the value at r = 0; the energy shift then becomes

27

OEips = —5-Zpi(0)(r?). (12)

From the above derivation, the FS factor can be deduced to be

27
Fo= +?Zpi(0)- (13)
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To account for the varying electron density (VED) inside the nucleus, the level elec-

tronic factor F1" is introduced by rewriting the expression for the field shift

S(rt 5(r® 5(r8
OEiFs ~ <Fi,o + Fi'zééﬂi + Fi,452r2§ + Fi,652r2i)5<72>

= (B + EVPPa(2) ) o)

(14)

(OVED _ 4 Fi(é)VED

where Fig , the expressions for which can be found in Equations (47) and (48)

in [10], are the FS factors that account for the varying electron density within the nuclear
volume. Because Fi(cl))VED is several orders of magnitude smaller than F‘(g)VED

1
Fi(é)VED here.

, we neglect

In the finite-field method, the Ay parameter in Equation (8) corresponds to a change
in the rms charge radius. Thus, the finite-field method reduces to the calculation of the
following derivative [9]:

Ei((r§) +h) — Ei({rg) — 1)

Fo=— 5 . (15)

Here, h denotes a small change in the mean-squared charge radius. Because we employ a
Fermi-distributed nuclear charge, the VED inside the nucleus is automatically taken into
account in this approach.

3. Results and Discussion
3.1. BII

For B II, we target the 10 levels belonging to the 152252, 15?2s2p and 1s22p? config-
urations. The restricted active set approach (RAS) method [25] is used to generate the
CSF list.

In the MCDHF procedure, the 1s? nln'l’ configurations with 2 < n < n’ < 3 and
0 <1 < I' < 2 define the multireference (MR) set for levels of both parities. The valence
electrons in the MR configurations are allowed to be singly and doubly (SD) excited to
active sets listed in Table 1 layer by layer; therefore, the valence—valence (VV) electron
correlation effect is taken into account. In the initial calculation, to better describe the
1s,2s,2p spectroscopic orbitals, the 3s,3p, 3d orbitals are optimized together with them.
Subsequently, the active set is systematically enlarged in order to monitor the convergence
of computed properties. At each step, only the newly added layer of orbitals is optimized,
while the previously obtained orbitals are kept fixed.

Table 1. Layers of correlation orbitals, in nonrelativistic notation, undertaken in the MCDHF/RCI
method to carry out calculations of different atomic properties.

Active Sets Orbitals
AS1 {4s,4p,4d,4f}
AS2 {5s,5p,5d,5f,5¢}
AS3 {6s,6p,6d,6f,6¢,6h}
AS4 {7s,7p,7d,7f,7¢,7h,7i}
AS5 {8s,8p,8d,8f,8¢,8h,8i}
AS6 {9s,9p,94,9f,9¢,9h,9i}
AS7 {10s,10p,10d,10f,10g, 10k, 107 }
AS8 {11s,11p,11d,11f,11¢g,11k,10i}
AS9 {12s,12p,12d,12f,12¢,11h,10i}
AS10 {13s,13p,13d,13f,12¢,11h,10i}
AS11 {14s,14p,14d,13f,12¢,11h,10i}
AS12 {15s,15p,14d,13f,12¢,11h,10i}
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In the RCI procedure, the MR set is enlarged to include all the 182 nln'l’ configurations
with2 <n <#n' <4and 0 <[ <!’ < 3. In addition, not only are the valence electrons
allowed to be SD-excited to generate the CSFs expansion, which includes the core—valence
(CV) and core—core (CC) correlations, but so are the 1s core electrons.

3.1.1. Energy Levels

In Figure 1, we show the convergence of our calculated excitation energies as a function
of increasing active set (AS). As illustrated, the excitation energies between AS;; and AS;,
are found to agree within 1.7 cm ™! (0.002%), indicating that a high level of convergence is
achieved in our calculations.

In Table 2, we compare our calculated excitation energies with the compiled values
of the National Institute of Standards and Technology (NIST) Atomic Spectra Database
(ASD) [26], as well as with the previous MCDHF/RCI calculations [27-29]. Compared with
the NIST values, the relative deviations are within 0.02% except for 2s2p 1P, (0.04%) and
2p? 1S (0.03%). The reason for the latter deviations can be traced to the slow convergence
of the 2s2p and 2p? singlet level energies with respect to the I quantum numbers in the
orbital basis; for example, see[30], chapter 5. Further improvements of excitation energies
would require extrapolations with respect to / [31].

® 1s2s2p°Po
100 152252p °Ps
1s22s2p P2
1s22s2p 'P:
1522p? *Po
1522p? 3P
% ® ® 1s2p*°P2
= 1s22p? 'D2
% % 5 15°2p2 'So

\
K 3

=%
»

B

0 L2

A
P\

-0} @

-150

AS

Figure 1. Convergence for excitation energies with enlarging active set (AS), where AE represents the
energy change between AS,,_; and AS,.

Table 2. The present excitation energies of B II calculated using the MCDHF/RCI method compared
with NIST ASD values [26] and previous theoretical calculations [27-29] in cm L. The last column
represents the relative deviation between the present calculations and the NIST values.

Atomic Levels 1 This Work Prev. Calc. [27]  Prev. Calc. [28]  Prev. Calc.[29] NIST [26] I?elatlve
Difference
25218, 0 0 0 0 0 0
252p 3p, 37,330.21 37,271.86 37,326 37,335.54 0.01%
2s2p 3p, 37,335.58 37,277.92 37,331 37,341.65 0.02%
2s52p 3p, 37,351.65 37,293.97 37,347 37,357.80 0.02%
2s52p lp 73,426.76 73,494.38 73,655 73,670 73,396.51 0.04%
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Table 2. Cont.
. 1 . Relative
Atomic Levels This Work Prev. Calc. [27] Prev. Calc.[28] Prewv. Calc.[29] NIST [26] .
Difference
2p2 3p, 98,908.42 98,889.85 98,911 98,911.38 0.00%
2p2 3p 98,916.07 98,898.43 98,919 98,919.87 0.00%
2p? 3P, 98,928.94 98,911.77 98,932 98,933.26 0.00%
2p2 D, 102,375.20 102,401.85 102,431 102,588 102,362.77 0.01%
2;72 1s, 127,702.92 127,540.87 127,923 127,854 127,661.19 0.03%

! In the notation of atomic levels, only the valence-shell electrons are explicitly denoted, with the core electrons
152 omitted but implied.

3.1.2. Isotope Shift

The PT-based IS calculations are performed using the RIS4 program package [10].
To perform the FF-based IS calculations using the GRASPG [13] package, we incorporated
the NMS and SMS operators into the RCI program. Analogously to the caching mecha-
nism for the rci.res file in the GRASPG package (see Section 3.4 in [13]), we store the
contributions from other effects in the RCI calculation, and then add or subtract the NMS
contribution, saving the results in the dedicated files nms1.res and nms2.res, respectively.
The same procedure is applied to SMS. We then differentiate the NMS and SMS contribu-
tions to derive the Knvs and Ksys factors. A perturbation parameter of Ag = 107° a.u. is
adopted. The FS parameter is obtained by applying finite differences to the RMS radius
input parameter; the perturbation parameter (7 = 0.0217 fm) is chosen to be the difference
in RMS radii between 1°B and !B [32]. Test calculations have shown that the IS electronic
factors are insensitive to the choice of Ag and & values. Varying A from 10~* to 10° has
only changed the SMS and NMS factors by less than 10~7, while varying & from 0.001 to
0.1 fm leaves all significant digits of the FS factors unchanged. A convergence study is also
carried out for the IS parameters, yielding differences of 0.014%, 0.005%, and 0.007% for the
NMS, SMS, and FS factors between the ASq; and AS;; calculations, respectively. The NMS,
SMS and FS electronic parameters calculated by the PT and FF methods from AS;, are
presented in Table 3 and compared with previous calculations employing the MCDHF/RCI
+ PT method [18,27]. In particular, we present two types of PT-calculated FS parameters;
one neglects the varying density inside the nucleus, while the other includes this effect.

As shown in Table 3, the NMS and SMS parameters calculated via the PT and FF
methods are nearly identical in terms of the present significant digits. For the FS parameters,
the VED effect contributes 0.05% to the results. Consequently, our PT-based FS parameters
that incorporate this effect exhibit better agreement with the FF results, in which the VED
effect is inherently included, and the agreement is mostly within 0.03%. Although the VED
effect only contributes 0.05% to the FS parameters for B 11, it could become substantially
larger for heavy ions, where the nucleus has a much larger size.

Since the previous calculations [18,27] did not include the VED effect, their FS factors
agree better with our PT-based results without the VED effect, with average deviations
of about 0.3%. For the NMS factor, the average deviation is 1%, and for the SMS factor,
the average deviation is 0.2%, with the exception of the 2s2p 1 P;-2p? 15 transition (6.4%).
The large discrepancy in this transition is primarily attributed to SMS, which is a two-body
operator and highly sensitive to electron correlation effects. This sensitivity is particularly
pronounced for the upper level of this transition (2p? 1Sg) because it exhibits strong mixing
with other states. As shown in Table 1, our calculated energy levels, particularly for 2p?
15, are in considerably better agreement with experimental data than previous theoretical
results. This improvement indicates that our approach captures electron correlation effects

https://doi.org/10.3390/atoms14070055


https://doi.org/10.3390/atoms14070055

Atoms 2026, 14, 55

8of 12

more comprehensively, and consequently lends support to the reliability of our calculated
isotope shift parameters.

Table 3. Electronic parameters for field shift (FS), normal mass shift (NMS), and specific mass shift
(SMS) for selected transitions in Be-like B II.

Field Shift (MHz fm~2)

NMS (GHz amu) SMS (GHz amu)

Transition Prev. Prev. Prev.
FF PT (VED) PT Cale 1 FF PT Calo 1 FF PT Calo 1

252 1Sg-252p ip —44.379 —44.366 —44.389 —44.427 2 1207.04  1206.99 1183.04 2 1173.49 1173.54 117499 2
—44.467° 1205.97 1175.20®

1162.07 ©

2s2p 3P1-2p2 5p, —48.287 —48.283 —48.308 —48.308 2 1011.67  1011.62 1015.712 1471.79  1471.83 1468.19 2
1468.88 ©

2s2p 3py-2p% 3P —48.285 —48.280 —48.305 —48.307 @ 1011.71  1011.70 1015.89 @ 1471.18  1471.22 1467.78 2
1468.88 ©

2s2p 3P1-2p2 5p —48.294 —48.288 —48.313 —48.309 2 1012.24  1012.23 1015.712 1471.06  1471.10 1467.39 2
1468.88 ©

2s2p 3P2-2p2 5p, —48.290 —48.285 —48.310 —48.308 2 1011.95 1011.90 1015.712 147114 147118 1467.44 2
1468.88 ©

2s2p 3p-2p%3P) —48.299 —48.296 —48.320 —48.310° 1012.60  1012.55 1016.27 @ 1470.87  1470.91 1467.04 2
1468.88 ©

2s2p 3P2-2p2 5p —48.297 —48.290 —48.315 —48.3122 1012.52  1012.51 1016.46 2 1470.41  1470.45 1466.64 2
1468.88 ©

2s2p 1P1—2;72 1Sy —23.945 —23.951 —23.963 —23.316° 894.09 894.06 907.852 573.52 573.66 536.912
520.99 €

2s2p 1P1—2p2 'D, 38435 —38.431 —38.450 —38.6312 475.63 475.57 492274 2459.73  2459.63 2460.51 @
2464.59 ©

1rar 4br and “’ are taken from Refs. [27], [18] and [28] respectively.

In Table 4, we compare our calculated IS for 1°B relative to !'B using the FF and PT
methods with previous theoretical [18,27,28,33] and experimental results [28,34]. It can
be seen that our calculated IS using the two methods are almost the same in the present
significant digits. In addition, all the theoretical values fall within the corresponding
experimental uncertainties. Although the experimental uncertainties are substantial, our
theoretical results consistently lie within the overlapping range shared by the various
experiments, lending credibility to our calculations. For example, for the 2s2p 3P;-2p? 3P,
transition, the two experimental values are 21,600(3600) and 24,000(3600) MHz, respectively.
Our calculations values 22,435 (PT) and 22,434 (FF) MHz both fall with their common range
of 20,400-25,200 MHz; for the 2s2p 3P2—2p2 3P, transition, the two experimental values are
21,600(4,500) and 18,300(4,500) MHz, respectively, and our calculations values 22,431 (PT)
and 22,431 (FF) Mhz also lie with the overlapping interval of 17,100-22,800 MHz.

Table 4. Isotope shifts in MHz for 1B with respect to ! B. The nuclear masses of the two isotopes are
taken from Ref. [35].
ips Prev. Prewv. Prew. Prev.
Transitions FE PT Calc'[18]  Cale.[271  Cale.[33]  Caled[2s] ~ DPRDB4 Expt.[26]
252 150-252p 1Py 21,505 21,505 21,525 21,320 21,303(66) 21,420 21,000(3000)  21,000(3000)
2s2p 3P1-2p2 3p, 22,435 22,434 22,449 22,369(170) 22,439 21,600(3600)  24,000(3600)
252p 3Py-2p% 3P, 22,429 22,430 22,370(170) 21,600(3600)  21,600(3600)
252p 3Py-2p? 3Py 22,433 22,433 22,349(170) 21,600(6900)  21,600(6900)
252p 3P,-2p% 3P, 22,431 22,431 22,371(170) 21,600(4500)  18,300(4500)
252p 3P1-2p? 3Py 22,435 22,435 22,372(170) 21,600(3600)  21,600(3600)
252p 3Py-2p2 3Py 22,430 22,430 22,372(170) 21,600(3600)  21,600(3600)
252p 1P2p2 1S 13,258 13,259 14,327 12,689(580) 12,780 12,600(1200)
252p 1P1-2p% 1D, 26,519 26,517 26,677 26,663(55) 26,592 26,600(100)

1 Although Refs. [18,28] only give the mass shift of the transition, we treat the mass shift as an approximation of
the total isotope shift.
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3.2. Ar XV

The calculations for Ar XV are performed using the same approach as for B II, but with
the active set restricted to ASy. As illustrated below, this restriction is sufficient for higher-
charged ions, where electron correlation converges more rapidly.

3.2.1. Energy Levels

Our calculated excitation energies for the first 10 levels have been converged to within
0.003% as the active set is enlarged. The final results are listed in Table 5, alongside the
NIST ASD values [26] and earlier theoretical calculations [27]. Except for 252p 1Py (0.04%)
and 2;72 154 (0.03%), all relative deviations from NIST are within 0.02%.

Table 5. Excitation energies of Be-like Ar XV obtained in the present MCDHEF/RCI calculation,
compared with the previous MCDHF/RCI calculation of Nazé et al. [27] and the NIST ASD values [26].
Energies are given in cm™~! relative to the 152252 15 ground level. The last column gives the
relative difference between the present results and NIST. The core configuration 1s? is omitted in the
level labels.

Atomic Levels This Work Prev. Calc. [27] NIST [26] I.{elatlve
Difference

25215, 0 0 0 0
2s2p 3p, 228,693.49 228,682.17 228,684 0.00%
2s2p 3p 235,874.74 235,864.98 235,860.182 0.01%
2s2p 3p, 252,699.11 252,691.31 252,679.553 0.01%
2s2p lp 452,380.55 452,526.02 452,182 0.04%
2p2 3p, 605,101.34 605,165.94 604,917 0.03%
2p2 3P 615,077.70 615,141.91 615,140 0.01%
2p2 3p, 628,338.58 628,406.60 628,308 0.00%
2;72 D, 689,690.57 689,832.66

2;72 1, 840,718.67 841,026.88 840,620 0.01%

3.2.2. Isotope Shift

In Table 6, we compare our calculated mass-shift (MS) and field-shift (FS) electronic
parameters obtained using the PT and FF methods, along with other theoretical values [27].
The NMS and SMS factors calculated using the PT and FF approaches exhibit average
agreements of 0.02% and 0.001%, respectively. For the field-shift factors, the VED effect
is much larger than that in B II, contributing 0.46%. When the VED effect is taken into
account, the FF and PT field-shift factors agree to within 0.06%.

Table 6. Electronic parameters for field shift (FS), normal mass shift (NMS), and specific mass shift
(SMS) for selected transitions in Be-like Ar XV.

Field Shift (GHz fm2) NMS (GHz amu) SMS (GHz amu)
Transition
FF PT (VED) PT Prev. Calc. ! FF PT Prev. Calc. ! FF PT Prev. Calc. !

252 150-252p ip —18.0568 —18.0468 —18.1290 —18.1155 7417.02  7415.64 7364.70 62,535.96  62,534.67 62,539.61
2s2p 5P —2p2 5p, —19.2585 —19.2477 —19.3354 —19.3324 6369.80  6368.34 6379.50 67,580.50  67,580.69 67,575.14
2s2p 3 Pg-Zp2 3p, —19.2552 —19.2443 —19.3320 —19.3291 6310.14  6308.68 6320.30 67,501.30  67,501.50 67,496.00
2s2p 3P —2p2 3p —19.2472 —19.2363 —19.3240 —19.3210 6239.29  6237.83 6249.40 67,415.29  67,415.49 67,409.49
2s2p 31’2—21}2 3p, —19.2441 —19.2332 —19.3208 —19.3178 6187.06  6185.61 6196.90 67,376.50  67,376.70 67,370.67
2s2p 3P1—2pz 3p, —19.2043 —19.1936 —19.2811 —19.2780 6140.97  6139.52 6149.50 67,121.79  67,121.98 67,116.06
2s2p 31’2—2;72 3P —19.2327 —19.2218 —19.3094 —19.3064 6056.55  6055.10 6066.80 67,211.29  67,211.50 67,205.02
2s2p 1P1—2p2 15y —16.7233 —16.7139 —16.7901 —16.7924 6385.96  6384.72 6314.70 56,347.29  56,345.97 56,368.06
2s2p 1p -2p2 D, —18.3034 —18.2930 —18.3764 —18.3840 3882.26  3880.83 3900.70 68,030.22  68,029.69 68,033.30
2s2p 3P1—252p 5p, —0.0145 —0.0145 —0.0145 —0.0146 182.74 182.73 182.60 204.00 203.99 204.47

1 Previous calculations are taken from the MCDHF/RCI results of Nazé et al. [27].
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As shown in Tables 7, for the 2s2p 3Py — 2s2p 3P, interval, the two methods differ
by only 0.02 GHz amu in Ky, corresponding to about 0.005%. The field-shift factors
from two methods agree to within the significant digits. In addition, the mass-shift and
field-shift factors obtain by the two methods and other previous data to within 0.15% and
1.7% on average, respectively. The isotope shift for Ar*3¢ derived from both the FF and
PT methods is 0.001262 nm, which is consistent with previous theoretical values and also
agrees with the experimental value of 0.00120(10) nm within its uncertainty.

Table 7. Total isotope-shift factors and wavelength isotope shift for the 2s2p 3P;-2s2p 3P, fine-
structure transition in Be-like Ar XV. The mass-shift factor Kyg is given in GHz amu, the field-shift

140,36

factor F in GHz fm~2, and the wavelength isotope shift & in nm, using 36 Ar as the reference

isotope. The J(r?) and nuclear masses are from Refs. [32,35], respectively.

PT FF Prev. Calc. Experiment
Kus 386.71 386.73 387.07 [27], 386.94 [21]
F —0.0145 —0.0145 —0.0146 [27], —0.0144 [21]
SA4036 0.001262 0.001262 0.00126 [27], 0.00122(5) [36]  0.00120(10) [36]

4. Conclusions

Utilizing MCDHE/RCI implemented in GRASPG, we performed ab initio calcula-
tions via the FF method and PT to determine the isotope shift parameters. Our results
demonstrate that FF and PT yield essentially equivalent IS parameters within the same
MCDHEF/RCI framework, indicating that the discrepancy between the isotope shift pa-
rameters calculated by the FF and PT methods reported in previous studies does not
originate from the methods themselves, but rather from the differences in the atomic
state wavefunctions.

Given that GRASPG is capable of generating more accurate atomic wavefunctions
than previous GRASP packages, we anticipate that the finite-field and perturbation theory
methods used in this work will enable the determination of more precise isotope shift
parameters in future investigations.
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