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Abstract: A quasiperiod of a finite or infinite string is a word whose occurrences cover every part
of the string. An infinite string is referred to as quasiperiodic if it has a quasiperiod. We present
a characterisation of the set of infinite strings having a certain word g as quasiperiod via a finite
language P; consisting of prefixes of the quasiperiod 4. It turns out its star root ¥ /P; is a suffix code
having a bounded delay of decipherability. This allows us to calculate the maximal subword (or
factor) complexity of quasiperiodic infinite strings having quasiperiod g and further to derive that
maximally complex quasiperiodic infinite strings have quasiperiods aba or aabaa. It is shown that,
for every length I > 3, a word of the form aba" (or a"bba" if | is even) generates the most complex
infinite string having this word as quasiperiod. We give the exact ordering of the lengths [ with
respect to the achievable complexity among all words of length 1.
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1. Introduction

In his tutorials [1-3] Solomon Marcus dealt with several properties of infinite words.
Among them he considered quasiperiodicity and its influence on measures of symmetry
like complexity, recurrence or entropy. One topic of interest was their subword complexity
(or factor complexity [4]). Besides the asymptotic behaviour of the factor complexity, also
known as their topological entropy ([4], Section 4.2.2) or [5] Marcus was also interested in
the behaviour of the complexity function f(,n) assigning to a natural number n € N the
number of subwords of the infinite word (w-word) ¢. Here he was also concerned with
recurrences in w-words and their influence to subword complexity. A well-known fact
established by Grillenberger is that the asymptotic subword complexity (or topological
entropy) of an almost periodic (or uniformly recurrent) w-word can be arbitrarily close
(but not equal) to the maximal subword complexity (see [4], Theorem 4.4.4).

The present paper summarises results on the subword complexity of infinite words
obtained in [6-8]. We study in detail the structure of the set of infinite words having a
certain word g as quasiperiod and how this is connected with the set of finite words with
the same quasiperiod. Moreover, we address a question raised in [9] about the maximally
achievable subword complexity of a quasiperiodic infinite word.

A first result shows that for every word q there is a value A4, 1 < A; < 2, such that,
for every infinite word ¢ with quasiperiod g, the complexity function f (&, n) is bounded
by O(1) - A7, and this bound is achieved for certain infinite words having quasiperiod
g. The maximally possible value for A; is A; = tp ~ 1.324718, where tp is the smallest
Pisot-Vijayaraghavan number, that is, the unique real root tp of the cubic polynomial
3 —x—1

As a generalisation of the above-mentioned questions [2,9] we estimate, for every
length nn > 3, the values A, = max{A, : |q| = n}, their ordering and the words g, |q| = #,
for which A; = A,. It appears that a two letter alphabet is sufficient for achieving the
maximal complexity A,.

Axioms 2021, 10, 306. https:/ /doi.org/10.3390/axioms10040306

https:/ /www.mdpi.com/journal /axioms


https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0003-3810-9303
https://doi.org/10.3390/axioms10040306
https://doi.org/10.3390/axioms10040306
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/axioms10040306
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms10040306?type=check_update&version=1

Axioms 2021, 10, 306

20f18

In order to prove these properties we start with a general investigation of quasiperiod-
icity of words (as e.g., in [10-12]) and infinite words.

The paper is organised as follows. After introducing some notation we derive in
Section 3 a characterisation of quasiperiodic words and w-words having a certain
quasiperiod q. Moreover, we use the finite basis sets P; and its dual R; (£(q) and R(q)
in [12]) from which the sets of quasiperiodic words or w-words having quasiperiod g can
be constructed. In Section 4 it is then proved that the star root of P; is a suffix code having
a bounded delay of decipherability and, dually, the star root of R, is a prefix code.

This much prerequisites allow us, in Section 5, to estimate the number of subwords
of the language Q, of all quasiperiodic words having quasiperiod g. It turns out that
cg1- Ay < f(Qqn) < cqp - Af where f(Qq,n) is the number of subwords of length n
of words in Q; and 1 < A; < tp depends on g. We construct, for every quasiperiod
q, a quasiperiodic w-word ¢; with quasiperiod g whose subword complexity f(&g, 1)
is maximal.

The values A, turn out to be maximal positive roots of polynomials associated with
the star root % /P;. Section 6 deals with the properties of those polynomials. This allows to
compare the roots A,.

The following Sections 7 and 8 deal with the proof of the above mentioned results on
the values A; and A, = max{A, : |q| = n}. Here we derive also the complete ordering of
the values A,,.

2. Notation and Preliminaries

In this section we introduce the notation used throughout the paper. By N =
{0,1,2,...} we denote the set of natural numbers. Let X be an alphabet of cardinality
|X| = r > 2, and let throughout the paper a,b € X, a # b, be two different letters. By X*
we denote the set of finite words on X, including the empty word e, and X“ is the set of
infinite strings (w-words) over X. Subsets of X* will be referred to as languages and subsets
of X% as w-languages.

Forw € X* and y € X* U X let w - 57 be their concatenation. This concatenation
product extends in an obvious way to subsets L C X* and B C X* U X“. For a language L
let L* := Ujen L, and by LY := {w; - --w; - - - : w; € L'\ {e} } we denote the set of infinite
strings formed by concatenating words in L. The smallest subset of a language L which
generates L™ is called its star root VL [13]. It holds

VL= (L\{e})\ (L\ {e})?-L*.

Furthermore |w| is the length of the word w € X* and pref(B) is the set of all finite
prefixes of the strings in B C X* U X“. We shall abbreviate w € pref(y) (1 € X* U X%) by
wC y.

We denote by B/w := {5 : w -y € B} the left derivative of the set B C X* U X“. As
usual, a language L C X* is regular provided it is accepted by a finite automaton. An
equivalent condition is that its set of left derivatives {L/w : w € X*} is finite.

The sets of infixes of B or 1 are infix(B) := U,cx: pref(B/w) and infix(y) :=
Uwex+ pref({n}/w), respectively. In the sequel we assume the reader to be familiar with
basic facts of language theory.

We call a word w € X* \ {e} primitive if w = v" implies n = 1, that is, w is not the
power of a shorter word, and we call w € X* \ {e} overlap-free if none of its proper prefixes
is a suffix of w. The following facts are known (e.g., [14,15]).

Fact 1. Every word w € X* \ {e} has a unique representation w = v" where v is primitive.

Fact2. Let q,v,w € X*,0 < |v| < |q|. Ifv-q=q-wthenv=u-u',q = (u-u')" uand
w = u"-u for someu,u’ € X*,u # e, and x € N. In particular, q is not overlap-free.

Fact3. Ifw-v=v -w, w,v € X* then w, v are powers of a common (primitive) word.
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As usual a language L C X* is called a code provided w;---w; = vy --- vy for
wy,..., Wy, v1,...,0 € Limplies! = k and w; = v;. A code L is said to be a prefix
code (suffix code) provided no codeword is a prefix (suffix) of another codeword.

3. Quasiperiodicity
3.1. General Properties

The notion of quasiperiodicity can be formalised in the following manner. A finite
or infinite word 7 € X* U X“ is referred to as quasiperiodic with quasiperiod q € X* \ {e}
provided that for every j < || € NU {co} there is a prefix u; C 17 of length j — |q| < [u;| < j
such that uj-q E 1, that is, for every w C # the relation U T w C Ug| g is valid.
Informally, # has quasiperiod g if every position of # occurs within some occurrence of g in
7 [11,12].

Let for g € X*\ {e}, Q, be the set of quasiperiodic words with quasiperiod q. Then
{a}" € Qp = Qjand Qg \ {e} C X*-gNq- X*. In order to describe the set of quasiperiodic
strings having a certain quasiperiod g € X* \ {e} the following definition is helpful.
Definition 1. A family (w,»)le, ¢ € NU {co}, of words w; € X* - q is referred to as a g-chain
provided wy = q, w; C wity and |wi1| — |w;| < [q].

It holds the following.

Lemma 1.

1. we Qg \ {e} ifand only if there is a q-chain (wi)le such that wy = w.

2. Anw-word { € X% is quasiperiodic with quasiperiod q if and only if there is a g-chain
(wi);il such that w; C €.

Proof. It suffices to show how a family (u j) 1]

=

o ! can be converted to a g-chain (wi)f and

i=1
vice versa. )

Consider 77 € X* U X“ and let (uj)]l.ila be a family such that u;-q C 7 and j — |q| <
|uj| < jforj < nl.

Define wy := q and w; 1 := u),,| - q as long as |w;| < [77|. Then w; C n and |w;| <

[wiy1] = |ty - q] < |wil + [g]. Thus (wi)€:1 is a g-chain with w; C 7.

i
Conversely, let (wi)le be a g-chain such that w; C 7 and set

uj = maxc{w' : Ji(w' - q=w; A|w'| <j)}, forj < |y].

By definition, u; - q C 7 and |u;| < j. Assume |uj| < j— |q| and u;-q = w;. Then
|w;| <j < |y|. Consequently, in the g-chain there is a successor w; 1, |w;i1| < |w;| + |q] <
j+1q|- Letwiyy = w” - q. Then u; C w" and |w”| < j which contradicts the maximality of
u;. O

]

Lemma 1 yields the following consequences.

Corollary 1. Let u € pref(Q,). Then there are words w,w’ € Qg such that w C u & w' and
|uf — |wl, [w'] = u] < q].

Corollary 2. Let ¢ € X“. Then the following are equivalent.
1. ¢ is quasiperiodic with quasiperiod g.

2. pref($) N Qg is infinite.

3. pref(¢) C pref(Q,).
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3.2. Finite Generators for Quasiperiodic Words

In this part we consider the finite languages P; and R, (£(q) and R(q) in [12]) which
generate the set of quasiperiodic words as well as the set of quasiperiodic w-words having
quasiperiod .

We set

Ppi={v:eCoCqrCo-q}={v: I (W' Cqgruv-o' =¢q)}. 1)
Then we have the following properties.

Proposition 1.

1. g€ Pyand Py = {q} if and only if q is overlap-free.
2. Q=P -quie} C P

3. pref(Qq) = pref(P;) = P, -pref(q)

Proof. 1. q € P; is obvious and and the equivalence follows immediately from the defini-
tion of P;.
2. In order to prove Qg C Py -qU {e} we show that w; € P; - q for every g-chain

(wi)le. This is certainly true for w; = g. Now proceed by induction on i. Let w; =
w}-q € Py-qand w;1q = w) - q. Then w)-v; = w], ;. Now from w; C w;,1 we obtain
eCv; CqCo-gq, thatis, v; € Pj.

Conversely, let v; € P; and consider v; - - - vy - q. Since q £ v; - g the family (v -+ - v; -
‘7)12‘:0 is a g-chain. This shows Py - qU {e} C Qq.

3. is an immediate consequence of 2. [

Proposition 1 and Corollary 2 imply the following characterisation of w-words having
quasiperiod g.
{¢: ¢ € X¥ A ¢ has quasiperiod g} = P’ (2)
Proof. Since P is finite, P’ = {¢ : § € X“ A pref({) C pref(P))}. O
A dual generator of Q, is obtained by the right-to-left duality of reading words using
the suffix relation < instead of the prefix relation C.
Ry:={v:ie<sv<sg<sq-v}={v: (0 <sqnv -v=7q)}. (3)

Analogously to Proposition 1 we obtain

Proposition 2.
1. g€ Ryand Ry = {q} if and only if q is overlap-free.
2. Qp=9q-RjuU{e} C Ry, and
3. pref(Q,) = pref(q) Uq- pref(R}).
The proof of Items 1 and 2 is similar to the proof of Proposition 1 using the reversed

version of g-chain, and Item 3 then follows from Item 2. A slight difference appears with
an analogy to Equation (2).

{¢:¢ € X¥ A ¢ has quasiperiod g} = q- Ry’ C RY 4)
Here the last inclusion might be proper, e.g., for ¢ = aba where RY, = {ba,aba}“ #
aba - RS .

An alternative derivation of the languages P; and R; can be found in Definition 2
of [12]. Here the borders, that is, prefixes which are simultaneously suffixes of the
quasiperiod g, are used:
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Pp = {v:dwwCgAhw<sgANqg=v-w)},and
Ry, = {v:Iw(wCghw<sqgANqg=w-v)}.

In the subsequent sections we focus on the investigation of P; due to the left-to-right
direction of w-words.

3.3. Combinatorial Properties of Py

We investigate basic properties of P; using simple facts from combinatorics on words
(see e.g., [14-16]).

Proposition 3. v € P, ifand only if |v| < |q| and there is a prefix 6 T v such that g = v* - & for
k= [lql/v]].

This is an immediate consequence of Fact 2.
Corollary 3. v € P, if and only if |v| < |q| and there is a k' € N such that q C ok,

Now set gp := minc P;. Then in view of Proposition 3 and Corollary 3 we have the
following canonical representation.

q=q-gwherek = ||q]/|q0|] and 7 C go. ®)

We will refer to qg as the repeated prefix and to k as the repetition factor. If |qo| > |q|/2,
that is, if k = 1 we will refer to g as irreducible. (Reducible words are also known as periodic
words [10,11].)

Corollary 4. Every word v € /P, is primitive.

Proof. Assume v = vll forsomev € {/Pjand [ > 1. Thenq C ok = vll‘k,, and, according
to Corollary 3 vy € P; contradictingv € {/P;. [

Proposition 4. Let g € X*,q # ¢,qo = minc Py, g =g - gand v € Py \ {e}.

1. IfwCqthenv-wCqorqCov-w.
2. Ifw-vCgthenw € {go}*

Proof. From Proposition 1.2 weknow v-q € Pj-q € Qq € q- X*. Consequently, g E v q.
Thenv-w C v-gimpliesv-w C g or g C v - w according to whether |w - w| < |q]| or not.

Since qg C v, it suffices to prove the second assertion for . First one observes that,
w C gand |w| < |q] — |q0|- Thus w C g5~ - 7. Therefore, we have w - gg = gand o - w C g
which implies w - g9 = q¢ - w and, according to Fact 3, w and g are powers of a common
word. The assertion follows because g is primitive. [

Next we derive a lower bound on the lengths of words in P; \ {g0}*.
To this end, we use the Theorem of Fine and Wilf.

Theorem 1 ([17]). Let v,w € X*. Suppose v™ and w", for some m,n € N, have a common
prefix of length |v| + |w| — ged (v, |w|). Then v and w are powers of a common word u € X* of
length |u| = ged (|v|, |w|). (Here ged (k, 1) denotes the greatest common divisor of two numbers
k,1 € N.)

Proposition 5. Let ¢ € X*,q # ¢,q0 = minc Py, q = q5-Gand v € P;\ {qo}*. Then
[0l > 1q] = |q0[ + ged (2], |q0])-
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Proof. If qo,v € P; Corollary 3 and Equation (5) imply that g is a common prefix of q’é“

and 0¥’ for some k' € N. If || < |q| — |g0| + ged (|], |go|) then by Theorem 1 go and v are
powers of a common word, that is, v is a power of the primitive word gqo. [

Corollary 5. {/P; =P, \ g5 {q0}*

Proof. It suffices to show P; N qu Py C {q0}". To this end observe that in view of
Proposition 5 [v - v'| > |q| whenever v € P; \ {go}* or v’ € P;\ {go}*. O

As an immediate consequence we obtain that %/P; = P; if and only if g is an irre-
ducible quasiperiod. Moreover, Proposition 5 shows that

4P € {qo} U {v' =0 T g Ale'| > lq] = lqo] +ged (2], g0 )} (6)

3.4. The Reduced Quasiperiod §

Next we investigate the relation between a quasiperiod g = gf - § where gg = minc P,
and g C go and its reduced quasiperiod 4 := qo - q. Since g € Q;, we have Q5 2 Q.

We continue with a relation between P; and P;. It is obvious that g, € P; for every
i=1,...,kand PQQ{UIQAOEUEQ}- 7)

Lemma 2 ([7], Lemma 2.2). Let g € X*,q # e, gqo = minc Py, q = q’(‘) ~gand § = qo - g the
reduced quasiperiod of q. Then

Py={gh:i=1,..k=1}U{gk " v:0eD}.

Proof. Consider v € P;. Then v C o C v - qog, and, consequently, qS*l v C q’é g C
qgfl ‘0 -qod C q’éfl ‘v - q’(‘) -, that is, qgfl S

Conversely, let v’ € Pyand v’ ¢ {q(: i = 1,...,k — 1}. Then, according to Proposition 5
there is a unique v # e such that o' = g5 1. 0. Now o' =g 1. v Cg=¢gf-gC v g =
gkl v g5 gimpliesv C qo- 4§ C v- g - . Since [v| < |q0 - 7| and g0 - § C g5 - 7, we have
vCqo-gCv-qo-q. O

Together with Corollary 5 this implies
P\ {q0}" = /Py \{q0}* = a5 "+ (P \ {q0}) - 8)
Moreover, we have the following.
Corollary 6. | X /P;| = 1ifand only if g € {qo}* and qq is overlap-free.
Proof. Since q9 € *%/P;, | 3/P;| = 1is equivalent with %/P; = {qo} or, according to

Equation (8), with P; = {qo}. This amounts to § = qo and, following Proposition 1.1 § = qo
has to be overlap-free. O

For the repeated prefix 4 of § we have the obvious relation |§o| > |g|. In case 4o # 4o
we can improve this.

Lemma 3. Let q = g - qwithk > 2,4 T qoand § = qo - . If §o # qo then
q C 4o & qo and [Go| > 4] + ged (|90, |4o0]) ,
and there is a nonempty suffix v # e of qo such that v C do and v - § T 43.

Proof. Wehave 7 C g and, since g9 € P;, also §o T go. Moreover, §j C g2 and § C ﬁ’é/ for some
k" € N. Since g9 # §o and both prefixes are primitive words, in view of Theorem 1 as a common
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prefix of 43 and ﬁl)qo‘ the word § = qp - § has to satisfy |§| < |go| + |§o| — ged (|90, |§o]), that
is, |4o] > 4] + ged (I90l, |4o])- The assertion § C 4o T go now follows from a comparison of
the lengths of 7, §o T qo.

Now, let v be the suffix of qg defined by 476, ‘v =g C ﬁlé,+1. Then v T §p and
v-qC (40)* O
3.5. Primitivity and Superprimitivity

In this section we consider the inclusion relations between the languages Q;,q # e.

Analogously to the primitivity of words in [10-12] a word was referred to as superprimitive
if it is not covered by a shorter one. This leads to the following definition.

Definition 2 (superprimitive). A non-empty word q € X* \ {e} is superprimitive if and only
if Qq is maximal w.r.t. “C” in the family {Qg : q € X* \ {e}}.

The next proposition relates the irreducibility of quasiperiods to superprimitivity.

Proposition 6 ([12], Remark 4). If g € X* \ {e} is superprimitive then | minc Py| > |q|/2, and
if |ming Py| > |q|/2 then q is primitive.

Proof. If g0 = minc P; and |qo| < |q|/2 then g = g - 7 for some g T qo. Thus g € Qg7 and

goq & Qq~
As q = g™ with m > 1 implies |qo| < |¢’| < |q|/2, the other assertion follows. O

The converse of Proposition 6 is not valid.

Example 1. Let q = abaabaababaab. Then P; = {abaabaab, abaabaababa, q}, and | minc Py| =
8 > 13/2 but as abaabaababaab € Q .,y the word q is not superprimitive.
The word q = ababa is primitive but qo = ab has |qo| < |q|/2.

In contrast to the fact that the word go = minc P; is always primitive, it need not
satisfy | minc Py, | > [qo[/2 let alone be superprimitive..

Example 2. g = aabaaabaaaa has qo = aabaaabaa which, in turn has Py, = {aaba, aabaaaba, qo }
with |aaba| = 4 < |qo]/2.

It turns out that every language Q is contained in a unique maximal Q. To this end
we derive the following lemma (cf. also [10,11]).

Lemma 4. Letv € Qqand u € infix(v) Ng- X*NX*-q. Then u € Qy.

For the sake of completeness we give a proof.

Proof. We use a maximal g-chain (w;)?_; with w, = v. Assume v = uy - u - up. Since u has
q as prefix and suffix, there are 1 < j <[ < n such that wj=1uy-q and w; = uq - u. Let, for
1<i<I1—j+1,the words w; be defined by w; ;1 = u1 - w. Then (w;)f;Jl+1 is a g-chain
withw; ;1 =u, thatis,u € Qp. [

Corollary 7. Ifv € Q; N Qy and |q| < |u| then Q, C Qy.

The corollary shows that every language Qy is contained in a unique maximal Q, and
that two languages Q,,, Q, are either disjoint or compatible w.r.t. set inclusion. The latter is
not true for w-languages.

Example 3. Let g = aabaa and u = aabaaa. Then q* ¢ Py, u® ¢ P but Py NP 2
aa - {baaa, baaaa}®.
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4. P; and R, as Codes

In this section we investigate in more detail the properties of the star root of P;. It turns
out that %/P; is a suffix code which, additionally, has a bounded delay of decipherability.
This delay is closely related to the largest power of gg being a prefix of 4.

According to [14,18-20] a subset C C X* is a code of a delay of decipherability m € N if
and only if forall v, v/, wy, ..., wy, € Cand u € C* the relation v - wq - - - wy, T v - 1 implies
v = v'. Observe that C C X* is a prefix code if and only if C has delay 0.

First we show that %/P; is a suffix code. This generalises Proposition 7 of [12].

Proposition 7. %/P; is a suffix code, and % /R, is a prefix code.

Proof. Assumeu = w-vforsomeu,v € */P;,u # v. Thenu C g and Proposition 4 (2) proves
w € {q0}*\ {e}. Consequently, |v| < |gq| — |q0|- Now Proposition 5 implies v € {gp}* and
hence u € {qo}*. Since u,v € */P;, we obtain u = v = qq contradicting u # v.

Using the duality of P; and R; one shows in an analogous manner that %/R; is a
prefix code. O

An easy consequence of Proposition 7 is the Left and Right Normal Form of a quasiperi-
odic string ([12], Proposition 8).

Corollary 8 (Normal Form). Every word w € Qg has a unique factorisation w = vy - vp -+ - vy
into words v; € % /Py ( /Ry, respectively).

Since %/R; is a prefix code while the words v € P; are prefixes of each other, we
obtain | X/P; N %/R,| = 1 generalising Remark 5 of [12]. In fact X/P; N /R, = {q} or
% /P, N % /Ry = {q0} depending on whether g # gf or not.

We continue this part by investigating the delay of decipherability of %/P;. We prove
that the delay depends on the repetition factor k.

Theorem 2. Let g € X* \ {e}, g0 = minc Py, and | X/P;| > 1. Then % /P, is a code having a
delay of decipherability of k or k + 1.

Proof. If | { /P;| > 1 then in view of Proposition 5 thereisa g’ € % /P, with |g'| > |g| — [qol.
Since ¢’ € P;, wehave g C ¢ - o C ¢’ - q. Consequently, qo - g5 ' C g C ¢’ - qo, that is, the
delay of decipherability is at least k.

To prove the converse we show that for g C g( the delay cannot exceed .

Assume the contrary, thatis, v-wy - - - w41 C v’ - u for some words v, o', w, .. ., Wyt1 €
Py, 0 #v,and u € P;. From Proposition 4 (1) we obtain u C g or g C u and, since
|wil = |q0l, also q & wy - - - wyy 1.

If v C ¢/, in view of the inequality |v| + |g| > |v/| + |go| our assumption yields
v' - qo C v - q. Therefore, w - qo C g for the word w # e with v-w = v’ and, according to
Proposition 4 (2) w € {qo}*. This contradicts the fact that /P, is a suffix code.

If o C o, then |u| > |wy--wy.1| > |g|, and via [0/ + |g| > |0] + |q0| we obtain
v-qo C ¢ - q from our assumption. This yields the same contradiction as in the case v C v’

The observation g C qé“ finishes the proof. O

*

For q = gf the preceding proof shows the following.
Corollary 9. Ifq = g and | %/P;| > 1then * /P, has a delay of decipherability of exactly k.

Thus, if | ¥/P;| > 1 and q # gk the code *%/P; may have a minimum delay of
decipherability of k or k 4 1. We provide examples that both cases are possible.

Example 4. Let q := aabaaaaba. Then qo = aabaa, k = 1 and X/P; = P; = { qo,aabaaaab, q }
which is a code having a delay of decipherability 2.
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Indeed aabaaaabaa = qo-q0 T q-qo or
aabaaaabaa = qo-q9 T aabaaaab - q.

Moreover, in Example 4, 4 - g ¢ Q4. Thus our example shows also that g - Py need not
be contained in Q.

Example 5. Let q := aba. Then k = 1 and P; = {ab,aba} is a code having a delay of decipherabil-
ityl. O

Since % /Ry is a prefix code, every w-word ¢ € R{ has a unique factorisation into
words w € >’{/ITq For suffix codes the situation is, in general, different. Consider e.g., the
suffix code {b, ba,aa}. Property 4 (ii) of [20] (see also ([21], Proposition 1.9)) shows that
codes of bounded delay of decipherability also admit a unique factorisation of w-words.
Thus we obtain from Theorem 2.

Lemma 5 (Normal Form for quasiperiodic w-words). Every w-word § € Py’ has a unique
factorisation § = vy - vy -+ - v; - - - into words v; € /Py

5. Subword Complexity

In this section we investigate upper bounds on the the subword complexity function
f(g,n) for quasiperiodic w-words. If { € X“ is quasiperiodic with quasiperiod g then
Proposition 3 and Corollary 3 show infix(¢) C infix(P;). Thus

f(&n) < |infix(P}) N X"| for & € PY . )

Similar to ([22], Proposition 5.5) let &5 := [Iyeps\{c} v- This implies infix(¢;) =
infix(Py). Consequently, the tight upper bound on the subword complexity of quasiperi-
odic w-words having a certain quasiperiod q is fs(n) := f(¢q,n) = |infix(P;) N X"|.
Observe that in view of Propositions 1 and 2 the identity

infix(P;) = infix(R}) = infix(Qq) (10)

holds.
The asymptotic upper bound on the subword complexity f;(n) is obtained from

Aq = limsup {/|infix(Py) N X"|, (11)

n—o0

that is, for large n, f,(n) < A" whenever A > A,

The following facts are known from the theory of formal power series (cf. [23,24]).
As infix(P;) is a regular language the power series ),y fg(1) - " is a rational series and,
therefore, f; satisfies a recurrence relation

faln k) =Y 0 a;- fon+i)

with integer coefficients a; € Z. Thus f,(n) = Z;‘/:Bl gi(n) - 0! where k' < k, 6; are pairwise
distinct roots of the polynomial " — Zﬁ:& a; - t' and g; are polynomials of degree not larger
than k.

In the subsequent parts we estimate values characterising the exponential growth
of the family (|infix(P;) N X"[), . This growth mainly depends on the root of largest
modulus among the 6; and the corresponding polynomial g;.

First we show that, independently of the quasiperiod g, the root 6; of largest modulus
is always positive and the corresponding polynomial g; is constant.
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In the remainder of this section we use, without explicit reference, known results from
the theory of formal power series, in particular about generating functions of languages
and codes which can be found in the literature, e.g., in [14,23,24].

5.1. The Subword Complexity of a Regular Star Language

The language P; is a regular star-language of special shape. Here we show that,
generally, the number of subwords of regular star-languages grows only exponentially
without a polynomial factor. We start with some easily derived relations between the
number of words in a regular language and the number of its subwords.

Lemma 6. If L C X* is a reqular language then there is an m € N such that
ILNX" < |infix(L)NX"| < m-Y2" LN X"H| (12)

If the finite automaton accepting L has m states then for every w € infix(L) there are
words u, v of length < m such that u - w - v € L. Thus as a suitable m one may choose the
number of states of an automaton accepting the language L C X*.

A first consequence of Lemma 6 is that the identity

: n al 1 i "
11f1nj£p {/IL N X" hl;?joljp linfix(L) N X"| (13)
holds for regular languages L C X*.

In order to derive the announced exponential growth we use Corollary 4 of [25] which
shows that for every regular language L C X* there are constants c;,c; > 0andaA >1
such that

cp- A" < |pref(L*)NX"| <cp-A". (14)

A consequence of Lemma 6 is that Equation (14) holds also (with a different constant
¢7) for infix(L*).

5.2. The Subword Complexity of Qg

In this part we estimate the value A, of Equation (11). In view of Equations (10) and
(14) the value A, satisfies the inequality ¢1 - Af < [infix(P;) N X"| < ¢z - A.
As P; is a regular language Equations (11) and (13) show that
Ag = limsup, ., %/[P; N X"|
which is the inverse of the convergence radius rad s; of the power series 53 (f) := ¥,en [Py N

q

X"| - t". The series s* is also known as the structure generating function of the language P*.
q g g guage [

Since %/P; is a code, we have s;(t) = ﬁq(t) where sq(t) == ¥ _ . 7, t7l is the
structure generating function of the finite language */P;. As s; has non-negative coeffi-
cients Pringsheim’s theorem shows that rads; = /\571 is a singular point of s;. Thus /\q’l

is the smallest root of 1 — 5,(t). Hence A, is the largest positive root of the polynomial

pq(t) := ¢lal —Yoc %HQHUL

Remark 1. If the length of qo = ming P, does not divide |q| then py(t) is the reversed polynomial
of 1 — s4(t), that is, has as roots exactly the the inverses of the roots of 1 — s,4(t).

If |qo| divides |q| then q & * /Py (cf. Corollary 5) and p,(t) has additionally the root 0 with
multiplicity |q| — |q'| where q' is the longest word in % /P;.

Summarising our observations we obtain the following.



Axioms 2021, 10, 306

11 of 18

Lemma 7. Let ¢ € X*\ {e}. Then there are constants c;1,cq2 > 0 such that the structure
function of the language infix(P,’) satisfies

g1 Ay < |infix(Py) N X"[ <cgp- Ay
where Aq is the largest (positive) root of the polynomial py(t).

Remark 2. One could prove Lemma 7 by showing that, for each polynomial p,(t), its largest
(positive) root has multiplicity 1. Referring to Corollary 4 of [25] (see Equation (14)) we avoided
these more detailed considerations of a particular class of polynomials.

Now we are able to formulate our main theorem.

As quasiperiods g, || < 2, have trivially Py = {go}", thatis, A; = 1, in the sequel we
confine our considerations to quasiperiods g of length |g| > 3, and we will always assume
that the first letter of a quasiperiod gisa € X.

Define Qmax := {a"ba" : n > 1} U {a"wa" : |w| = 2,w # aa,n > 1}.

Theorem 3 (Main theorem). Let g € a- X*,|q| > 3,9 ¢ Qmax, be a quasiperiod and n =

qu‘%lj Then Ag < Agnpgn 01 Ay < Agnppgn according to whether |q| is odd or even.
Moreover, Ay < Agpg = Agapaa if w € a - X*\ {aba, aabaa}.

6. Polynomials

Before proceeding to the proof of our main theorem we derive some properties of
polynomials of the form p(t) = t" — Y jcpt', where M C {i : i € NAi < n}. This class
of polynomials includes the polynomials p,(t) whose maximal roots A, characterise the
growth of infix(P,') as described in Lemma 7. We focus in results which are useful for
comparing their maximal roots.

The polynomials p(t) € P := {t" — Ljemt : @ # M C {0,...,n — 1}} have the
following easily verified properties.

p(0) <0,p(1) <0,p(2) >1and p(t) <Ofor0 <t < 1. (15)

If¢ > 0and p(t') > 0 forsome t’ > 0then p((1+¢)-t) > 0. (16)

Since p(1) < 0and p(2) > 1 for p(t) € P, Equation (16) shows that once p(t') >
0, t' > 1, the polynomial p(t) has no further root in the interval (#, ) and p(t) € P has
exactly one root in the interval [1,2). This yields the following fundamental property.

Property 1. If tg is the positive root of the polynomial p(t) € P in [1,2) and 1 < t' < 2 then
p(t') < O0ifand only if ' < t.

For the roots of maximal modulus we have the following theorem.

Theorem 4 (Cauchy). Let p(t) = Y7 a; - ' be a complex polynomial. Then every root t' of p(t)
satisfies |t'| < to where tg is the maximal root of the polynomial |a,| - t" — ngol |a;| - ¢

This implies the following property of polynomials p(t) € P.
If p(t) = O then |t| < tg. (17)

From Property 1 we derive the following criterion to compare the maximal roots of
polynomials in P.

Criterion 1. Let p1(t), p2(t) € P have maximal roots t1 and t;, respectively. Then pa(t1) > 0 if
and only if t1 > to.
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We conclude this section with a bound on the maximal root of certain polynomials

in P.

Lemma8. Let p(t) = t" — Y t,n>m > 1. Then p(t) < O0for 1 <t < *%/(m+1)2 and
p(t) >0for "{/m+1<t.

Proof. The assertion follows from the inequality " — (m + 1) - " < p(t) < t" — (m +
1) - t"/2 when t > 1. The part p(t) < t" — (m + 1) - #"/2 uses the arithmetic-geometric-

means inequality Y7 ot > (m+1) - "I # = (m+ 1) - #"/2, and the other part is
obvious. O

The following special case is needed below in Lemma 12.

Corollary 10. If p(t) = t" — Y2 #,n > 4, then p(t) < O0for 1 < t < "/(n—2)2.
The subsequent sections are devoted to the proof of our main theorem.

7. Irreducible Quasiperiods

We start with irreducible quasiperiods.

7.1. Extremal Polynomials
The polynomials p;(t) of irreducible quasiperiods have non-zero coefficients only for

lg| and i < @ Therefore we investigate the set

Pi={t"—Tiemt' :n22AQ#MC {i:i < %51}}.

Let pu(t) := t" — EL%J tePp.

1=

Property 2. Let p(t) € P a polynomial of degree n > 3. Then p,(t) < p(t) for t € [1,2], and
pn(t) has the largest positive root among all polynomials of degree n in P.

nl) .
Proof. This follows from " — Z}:é T < p(t) for p(t) € P\ {pn(t) : n > 3} when
1 <t <2and Criterion 1. 0O

Observe that, forn > 1,
pani1(t) = 27T = Y ot and poaga(t) = #2112 — Lot

Moreover, the words a"ba" € Qmax and a"wa" € Qmax, w € {xb,bx},x € X are the
quasiperiods corresponding to the extremal polynomials py,+1(t) € P and pp,42(t) € P,
respectively.

Lemma9. Qmax:={q:q€a-X*Alg] >3 Apy(t) = pm(t)}

Proof. If § € QOmax then obviously pg(t) = pj,(t). Conversely, if py(t) = tlal—

Yoe *\/P—qt“?'_‘”‘ = pq(t) then {/Pp = {v:0v C qA|o| > @} Then, in view of g C v - g,
every prefix w C g of length |w| < l%' is also a suffix of g. This is possible only for § € Qmax

orge {a}*. O

In the sequel the positive root of p,(t) is denoted by A,,. From Criterion 1 we obtain
immediately.

Property 3. Let t > 1. We have t < A, if and only if p,(t) < 0.
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Then Property 2 implies the following.

Theorem 5. Ifq € a- X*,|q| > 3, is an irreducible quasiperiod then Ag < Ay, and Ag = Ay if
and only if § € Qmax-

7.2. The Ordering of the Maximal Roots A,

Before we proceed to the case of reducible quasiperiods we determine the ordering of
the maximal roots A,,. This will not only be interesting for itself but also useful for proving
Ag < )L‘ gl when g is reducible (see Equation (28) below).

The extremal polynomials p,(t),n > 2, satisfy the following general relations (By
convention, Yy, a; = 0if k > m).

tepan(t) =1 = pausa(t), (18)
pansa(t) = pon(t) = 1 —t-1, (19)

72 pana () — (' 4+ 1) - poa(t) = XL, and (20)
P72 pga(t) — (T 1) paa () = TS (21)

Lemma 10. The polynomials t> —t —land t° — > —t — 1 = (t* +1) - (£* — t — 1) have largest
positive roots A3 = As among all polynomials in P, As > Ay and Ayy_1 > Apyy1 > Aoy for
n>3.

Proof. From Equation (18) we have py,11(A2,) = —1 < 0 and, therefore, Ay, < Ayyiq
whenn > 1.
Similarly, Equation (20) yields pp,11(A2,—1) = )tz_n(fl_z) . Z?;O‘Q’ Aén—l > 0 which im-

plies Ayy11 < Agy_q forn >3 and A3 = As whenn =2. O

The largest (positive) root A3 of the polynomial #> — t — 1 is also known as the smallest
Pisot-Vijayaraghavan number.

So far we have ordered the ‘odd’ roots: A3 = A5 > Ay > Ag > - - .. Next we are going
to investigate the ordering of the ‘even’ roots Ay, n > 2.

To this end we derive the following bounds.

Lemma 11.

1. "Wn2 < Mgy < "Vnand TNn2 < Ayy_q < Ynforn > 2.
2. Letn>5. Then Ay, > "V2.

Proof. 1. follows from Lemma 8.
2. We calculate py,("V2) = 4- "V4- Y V2 < 4-VE- (24 (n-1)) =
4.2~ (n+1) <0if n > 5and the assertion follows with Property 1. [

Remark 3. The lower bound of Lemma 11.2 does not exceed the lower bound in
Lemma 11.1. However, the latter is more convenient for the purposes of Lemma 12.

Lemma 12. Ifn > 5 then Ay, > Ay and Ay > Aoyya.

Proof. If t > "V/2thent" —t—1 > t—1 > 0. Consequently, Equation (19) and
Lemma 11.2 imply p2,—2(A2,) < 0 whence Ay, < Apy_2.

If n > 5wehave "Y/n < "%/(n —2)% and, following Lemma 11.1 Ay, < "%/(n — 2)2.
Then Equation (21) yields —Aay - pany3(A2n) = A}, — Z;’;S Aén, and Corollary 10 shows
pan+3(A2n) > 0 whence Az > Azyy3. O
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Since pg(v/2) > 0, the proof of Lemma 12 cannot be applied to lower values of 7. Thus
it remains to establish the order of the A; for i < 13. To this end, we consider some special
identities and use Criterion 3 and Lemma 12.

pro(t) — (BB + P+t + 2 +1)-py(t) = t*—1,and (22)
pia(t) —t- B+ + 241 -py(t) = £ —t—1=ps(t). (23)

Lemma 13. Ag > A9 > A3 > Ay > Aqpp

Proof. Lemma 12 shows Ag > Aj9 > Aq3. Equation (22) yields p12(A4) = )\i -1>0
whence Ay > Aqp, and Equation (23) yields p13(A4) = p3(As) < 0, thatis, Ay3 > A4. This
shows our assertion. [

For the remaining part we consider the identities

Popn(t) — (P +1)-ps(t) = —t*+t+1=—py(t), (24)
pii(t) — (P +1)-ps(t) = £ pa(t),and (25)
topo(t) — (A 41) - pe(t) = —£2+1. (26)

Lemma14. Ag > Ag > A1 > Ag

Proof. We use Equations (24)—(26). Then p11(Ag) = —ps(Ag) < 0 implies A1 > Ag,
p11(Ae) = /\g - pa(Ag) > 0implies Ag > Aq1, and, finally, Ag - po(Ag) = —Ag +1 < 0implies
Ag > Ag. O

Now Lemma 10, 12-14 yield the complete ordering of the values A,,.

Theorem 6. Let Ay, n > 3, be the maximal root of the polynomial p,(t). Then the overall ordering
of the values Ay, starts with

A3 =A5 > A7 > Ag > Ag > A1 > Ag > Ag > Az > Ay > Ap
and continues as follows Ay, 1 > Ay > Agpiz, n > 7.

In connection with Proposition 6 and Corollary 7 we obtain that the Pisot-Vijayaraghavan
number A3 = A5 is an overall upper bound on the values A,.

Corollary 11. Ifqg € X*, |q| > 3, then Ay < A3 = As.
From Lemma 11.1 we obtain immediately.
Corollary 12. Let M C N\ {0,1,2} be infinite. Then inf{A; : i € M} = 1.

8. Reducible Quasiperiods

Reducible quasiperiods q have a repeated prefix g9 = minc P, with [qo| < |q]/2 and
a repetition factor k > 2 such that g = g§ - § where § C go. Moreover |7| < |q0| < |q]/2.
Observe that g is primitive.

We shall consider three cases depending on the relation between the lengths n = |g|,
¢ =|qo|, the length of the suffix |§| < |go| and the repetition factor k > 2.

IN the first case |qo| + || < 2, in view of § T gp, we have necessarily § = e and
g € a*U{ab}*, a,b € X,a # band, therefore, Q; = {qo}* and A; = 1.

Let now |go| + || > 3. We divide the remaining cases according to the additional
requirement |g| — 2|go| > 3 and its complementary one || — 2|go| < 2. In the latter case
we have necessarily k = 2 and |7| < 2.
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8.1. The Case |qo| + |G| > 3 A |q] —2|g0] > 3
Thus, the preceding consideration shows that we have |j| > 3 (in particular, if
q = g3 - ) or the repetition factor k > 3. This implies |g| = 7 (where g = (ab)3a) or || > 9.
From Equation (6) we have

%Py € {qo} U{v: 0 C g A Jo] > lgl — lqol +1} (27)

This implies that for |g0| < |g|/2 the polynomials p,(t) have non-zero coefficients
only for |q| = n, |q| — |go] = n— £ and i < |qo| — 1, that is, are of the form p,(t) =
T L M, t where M, C {i:i < {—1}. Therefore, in the sequel we consider the
positive roots of polynomials in

¢%@:{w—ﬂFﬁ-ZpﬂnzlAeggAAu;ﬁj<e—1H
ieM

Letp, o(t) :=t" — =t — Zf;oz t' € Ppeq and A, ¢ be its maximal root. (In the preceding
paper [8] we used a slightly different definition of P4, and, therefore, of p,, ¢(t) and A,, ;.)
Similar to Property 2, Criterion 3 and Theorem 5 we have the following.

Property 4. Let n > 3, < 4 and p(t) € Preq. Then p(t) > p,, () for t € [1,2], and p,, ((t)
has the largest positive root among all polynomials of degree n and parameter £ in Peq.

Lemma 15. If g, |q| = n, is a quasiperiod with |qo| = £ < n/2 then py(t) > p,(t) for t > 1,in
particular, g < Ay .

Remark 4. In contrast to Property 2 not for every polynomial p,, ,(t) there is a quasiperiod q such
that py, ¢(t) = py(t), see Remark 5 below.

We have the following relation between the polynomials p,(t) and p,, ¢(t).
pu(t) =t puag(t) = pe(t) =11, forn —20 >3 (28)
This yields
Corollary 13. Letn —2-¢ > 3. If Ay < A, _pp then Ay, o < Ay

Proof. If Ay, < A,y then p,_2p(An) < Pu_2e(An_2¢) = 0. Thus p,(Ay) = —Af-
Pu_20(An) + A1 >0, thatis, Ay > A,y O

Next we show the relation Ay < A, for all quasiperiods g having |q0| < [|/2 and
|90l +1g] = 3.

Lemma 16. Let |q| —2|q0[ > 3 and |qo| + [g] = 3. Then Ag < Ay

Proof. Above we have shown that |q| — 2|go| > 3 and |qo| + |4| > 3 imply |g| > 7 or
lg| > 10 according to whether |g| is odd or even.

The ordering of Theorem 6 and Corollary 13 show A, > A, , for all odd values n > 7
and for all even values n > 12.

It remains to consider the exceptional case when n = |gq| = 10. Here |g| — 2|g9| > 3 and
90|+ |q| > 3 imply £ = |go| = 3. Consider p1p3(t) = t10 — 7 —t —1 = p1p(t) — £*- ps(¢).

From As > Ajg and p1g(A10) = 0 we have pig3(A10) = —Afy - ps(A10) > 0, that is,
Aog < Age- O
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Remark 5. Equation (6) shows that for n = |q| = 10 and £ = |qo| = 3 we have */P; = {qo0,q},
that is, pg(t) = t'© — " — 1. Thus there is no quasiperiod q such that ps(t) = pios(t) =
HO—#7 —¢—1.

8.2. The Case |qo| + |G| > 3 A |g] —2|g0] < 2

This amounts to |g| = 2 - |qo| + |§| where |7] € {0,1,2}.

Here we have to go into more detail and to take into consideration also the reduced
quasiperiod § = g - 7 of g and its repeated prefix §o = minc P;. Observe that both repeated
prefixes qo, §o are primitive.

For g = q’é - g,k > 2, we have from Equations (7) and (8)

pa(t) € {tlal —lal=lool — vy - M C {0, |4 — |dol} } -

Observe that |§o| > || (in view of Lemma 3 even |§o| > |7| + 1 if o # qo) and thus
4] = 1d0l = lqol — (|40] — 14]) < [q0].

Let Plyy i= {t"—t' —Yiemt' :n > £ > jAM C {0,...,0 —j}} and p,i(t) =
— Zf;(]) t!. Here the parameter j corresponds to the value |§o| — |§|. Then similar to
Property 4 and Lemma 15 we have

Property 5. Let n,{ > 3,0 < 3,0 > j,and p(t) € P,y. Then p(t) > p,4,(t) fort € [1,2],
and p, ¢ ;(t) has the largest positive root among all polynomials of degree n and parameters £ and j
in I{ed‘

Lemma 17. If q,|q| = n, is a quasiperiod with |qo| = ¢ < n/2 and |§o| — |G| > j then
pq(t) > pn,g,]-(t)fort > 1, in particular, A g < At

We consider the cases |7| € {0,1,2} separately. In the sequel we shall make use of the
relation
-2 —1<t—t—-1<0forl<t<A3=max{A,:n¢eN}. (29)

8.2.1. The Case g = g3 A\ || =0
As shown above the case [qo| < 2 and |7| = 0 amounts to A; = 1. Thus we may
consider only the case when |g9| > 3. Here we have the following relation between p,,(t)
and p,3(t).
p(t) = pausa(t) = t72(F —t=1) (30)

Lemma 18. If g = g and |qo| = £ > 3 then Ag < Ay,

Proof. First we suppose |§o| > 3. Then |§o| — |j| > 3, and Property 5 and Lemma 17 yield
pqe(t) > pases(t) for t € [1,2]. Now Equations (29) and (30) show pg(Aye) > papes(Aar) =
—A573 (A2, — Ay — 1) > 0, thatis Ay < Ay
It remains to consider 1 < |do| < 2. If 4y € a* then g9 = a’ which is not primitive. Thus
do = ab and, since qp is primitive, o = (ab)™a, m > 1 whence g = g3 = (ab)™a - (ab)™a.
We obtain %/P; = {(ab)"a- (ab)' :i=0,...,m} and, consequently, p,(t) = t4"2 4
Y o 1241 Then (Observe again Y1, a; = 0 if k > m).

mo. m—2 _.
Pq(t) _ P4m+2(t) — _t2m+1 + Z tZZ — _t2m+1 +t2m +t2m72 + Z t2l
i=0 i=0
m—2 .
= PP 1)+ ¥ A,
i=0
and from Equation (29) we obtain p;(Agm42) > —/\iﬂjr%(/\imﬁ - AierZ -1)>0. O
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8.22. The Caseq = g% -7 A |g| =1
Here we have the following relation between py,1(t) and payi12(t).

paa(t) = parpaea(t) = 71 (2 =t = 1) (31)
Lemma19. If g =q3-a,a € X, then A, < Agl-

Proof. First we suppose |jo| — |f| > 2. Then ¢ = |q0| > |§o| > 3, and Property 5 and
Equation (31) yield pg(Aar41) = pari1e2(Aaes1) = Pacsr (Aars1) — Mgty (Adyq — Appgr —
1). The assertion p; (A1) > 0, thatis Ay < Ay follows from Equation (29).

It remains to consider |§o| = 2. By Lemma 3 §y = qo implies |§o| > || +1 = 2. Hence
Go = qo = ab, g = ababa and py(t) = £> — 3 —1 = 12 p3(t) + 1> — 1. Then Agpeps < As
follows from A5 = Az and pg(As) = A2 —1>0. O

8.2.3. The Case g = g3 -G A |q| =2
Here we have the following relation between pys5(t) and papi22(t).

pasa(t) = Pariaa(t) = t7H(E =t =1) = 71 ps(1) (32)
Lemma 20. If g = qf - § with |q] = 2 then Ay < Ajy).

Proof. First we suppose |§o| > 4. Then Property 5, Equation (32) and Ay, < Az yield
Pe(Aaii2) = Parsaip(Maesa) = —Abply - pa(Aarsn) > 0, thatis, Ay < Agpyo.

It remains to consider |§o| = 3. If §p # qo Lemma 3 implies |§o| > |§| + 1. Conse-
quently, do = qo. Then |qo| = 3 and |q| = 8, and Equation (6) yields %/P; C {q0,v,q}
where v C gand [v] = |q] =1 = 7. Thus py(t) > 8 — 5 —t — 1 = pg(t) — t* - p3(¢t) for
1<t <A;s.

This shows py(As) > —AZ - p3(Ag) > 0, thatis, Ay < Ag. O

Summarising, the results of Section 8 yield
Theorem 7. Ifq € X*,|q| > 3, is a reducible quasiperiod then Ag < A

Our main theorem (Theorem 3) then follows from Theorems 5 and 7.

Together with Corollary 12 our theorem yields a new proof of a theorem of [5] which
shows that multi-scale quasiperiodic infinite words have zero topological entropy. In [5] a
multi-scale quasiperiodic infinite word is a quasiperiodic infinite word which admits infinitely
many quasiperiods.

9. Concluding Remark

In this paper we dealt with the function f(¢,n) = |infix(&) N X"| for quasiperi-
odic w-words. Their factor complexity (or topological entropy) is defined as 7(¢) :=

limy, 00 W (e.g., [4], Section 4.2.2 or [5,22]). Thus the upper bound for ¢ € P,;*’
is log x| Ay < logx tp which is bounded away from the value 1 for almost periodic w-
words.

Along with the subword complexity in [5] the Kolmogorov complexity of quasiperi-
odic w-words was addressed. Obviously, subword complexity upper bounds Kolmogorov
complexity (e.g., [22]). Since the w-languages P;” are regular ones, the results of [22] show
that there are w-words ¢ € P;’ whose Kolmogorov complexity achieves their subword com-
plexity. Moreover, as P;’ =q- Rj;’ where R;’ is a finite prefix code, the results of [22,26,27]
give more detailed bounds for most complex quasiperiodic w-words w.r.t. several notions
of Kolmogorov complexity [28].
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