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Abstract: This paper analyzes the various properties of the positively correlated weights related
to the subset of finite criteria in a multi-attribute decision-making problem. Given a finite number
of criteria, the exact constraints of the positively correlated weights related to the subset of criteria
are presented. Introducing the non-Archimedean number, the associated bounded polyhedral-set is
shown. The number of the extreme points in the bounded polyhedral-set will increase as the number
of criteria increase. Applying the proposed efficient extreme-point method, the pre-emptive-weights-
goal-programming optimal solution is shown. These theoretical global-maximum values of the
positively correlated weights related to the subset of finite criteria are useful for practical applications.
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1. Introduction

Consider a finite set of alternatives A = {a, b, c, . . .} and a finite set of attributes/criteria
N = {1, 2, . . . , n} in a multiattribute decision-making (MADM) problem [1–6]. MADM prob-
lems are wide spread in real-life situations. An MADM problem is to rank the alternatives or
select one of the best solutions from feasible alternatives, which are assessed on multiple at-
tributes. For an MADM problem, two issues should be determined by the decision maker. One
is the ratings of alternatives on attributes for a decision matrix. The other is the weights of at-
tributes for an aggregation operator. Let xa

i be ratings of alternatives a ∈ A on attributes i ∈ N.
All these values are concisely expressed in the vector format as xa =

(
xa

1, xa
2, . . . , xa

n
)
∈ Rn,

which is usually denoted by x = (x1, x2, . . . , xn) for short. A profile x = (x1, x2, . . . , xn) is re-
ferred to a score of an alternative a ∈ A related to criteria N. Assume that weights of attributes
j ∈ N are wj, which satisfy the normalization conditions: wj ∈ [0, 1] and ∑n

j=1 wj = 1.
From the profile of any alternative, a ∈ A, and the weights of attributes, one can

compute a global score by means of an aggregation operator M : Rn → R . The most often
used aggregation operators are the weighted arithmetic means [2]

M(x) =
n

∑
i=1

wixi. (1)

Once the global scores are computed, we adopt the value of M(x) to yields the ranking
of the alternatives or select the best alternative.

There are two ways of interaction among criteria. One is that the criteria are indepen-
dent and exhaustive. The other one is the complex interaction between criteria [7]. The
weighted arithmetic mean M(x) can be used only in the presence of independent criteria.
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In many practical applications, the decision criteria present some interaction. It is useful
to substitute the weight vector (w1, w2, . . . , wn) a nonadditive set function on N. For this
purpose, the concept of fuzzy measure [8] has been introduced.

A fuzzy measure on N is a set function v : 2N → [0, 1] with

(i) monotonicity condition: v(S) ≥ v(T) for S ⊇ T, S, T ⊆ N.
(ii) boundary conditions: v(∅) = 0 and v(N) = 1.

Throughout this paper, the set of all fuzzy measures on N is denoted by FN .
A generalized aggregation operator, which generalizes the weighted arithmetic mean

M(x), is the discrete Choquet integral Cv(x) : Rn → R [9,10]. The Choquet integral of
x = (x1, x2, . . . , xn) ∈ Rn with respect to v ∈ FN can be expressed in the following form:

Cv(x) =
n

∑
i=1

x(i)
[
v
(

A(i)

)
− v
(

A(i+1)

)]
(2)

where (.) isapermutationof N, suchthat x(1) ≤ x(2) . . . ≤ x(n) and A(i) = {(i), (i + 1), . . . , (n)},
A(n+1) = ∅. The Choquet integral explicitly captures the importance of not only individual
criteria, but of their subsets, as well as various interactions between the criteria. If the fuzzy
measure v ∈ FN is additive, that is, v(S ∪ T) = v(S) + v(T) for S ∩ T = ∅, S, T ⊆ N, then
the Choquet integral is reduced to the weighted arithmetic mean

Cv(x) =
n
∑

i=1
x(i)
[
v
(

A(i)

)
− v
(

A(i+1)

)]
= ∑n

i=1 x(i)[v((i)) + v((i + 1)) + · · ·+ v((n))− [v((i + 1)) + · · ·+ v((n))]]
= ∑n

i=1 x(i)v((i)).

Similarly, if the fuzzy measure v(S) is cardinality-based, the Choquet integral collapses
into the ordered weighted averaging. The other particular case of Choquet integrals is the
2-additive measure [11], where only interactions Iij between two criteria i and j are taken
into account, and higher order interactions are ignored. This type of Choquet integral [11]
is defined by

Cv(x) = ∑n
i=1

(
vi −

1
2 ∑j 6=i

∣∣Iij
∣∣)xi + ∑Iij>0 Iijmin

{
xi, xj

}
+ ∑Iij<0 Iijmax

{
xi, xj

}
where vi represents the importance of criterion i relative to all the others with vi ≥ 1

2 ∑j 6=i
∣∣Iij
∣∣

and ∑n
i=1 vi = 1, and Iij represents the interactions between pairs of the criteria i and j,

with values lying in the interval [−1, 1]. Iij = 1 means that two criteria i and j are com-
plementary. Iij = −1 indicates redundancy, and Iij = 0 implies non interaction among
criteria. Büyüközkan et al. [12,13] used the 2-additive Choquet integral to determine the
correlations between two criteria for the fourth-party-logistics operating-model selection,
and the software-development risk assessment, respectively.

In the literature, there are some induced aggregation operators based on the Choquet
integral, which take as their argument pairs in which one component called the order-
inducing variable is used to induce an ordering over the second component, called the
argument variable, and they are then aggregated. For the inuitionistic-fuzzy sets, Xu [14]
and Tan and Chen [15] developed the intuitionistic-fuzzy-Choquet ordered-averaging
operator and induced-Choquet ordered-averaging operator based on a Choquet integral, re-
spectively. Xu and Xia [16] proposed the induced-generalized intuitionistic-fuzzy-Choquet
integral operators and the induced-generalized intuitionistic-fuzzy-Dempster–Shafer oper-
ators. Baydaş and Elma [17] and Mukhametzyanov [18] proposed new approaches to deal
with criteria weights in the decision-making field.

For the interaction among criteria, there are three types of dependence between
criteria in the literature: correlation [11], substitutivity/complementarity [19], and pref-
erential dependence [2,20,21]. Correlation is probably the best known and the most easy-
to-understand type of dependence. Two criteria i, j ∈ N are positively correlated if one
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can observe a positive correlation between the partial scores related to i and those related
to j. If one is good for criterion i, it is also good for criterion j, and vice versa. The global
evaluation will be overestimated (and underestimated, respectively), for one good (or
bad, respectively), for criterion i and/or criterion j. This paper focuses on the positively
correlated weights related to the subset of criteria N. The results of the negative correlation
for each coalition of criteria can be derived similarly.

To my knowledge, the behaviors of the positively correlated weights v(S) related to the
subset S ⊆ N of the criteria have not been yet proposed for an MADM problem with finite
criteria. We present the associated feasible region. By introducing the non-Archimedean
number, the bounded polyhedral set is presented. Maximizing the positively correlated
weights, v(S), for S ⊆ N, the multicriteria programming problem is proposed. Applying
the pre-emptive-weights goal-programming, the pre-emptive-weights goal-programming
optimal solutions are shown. We have the theoretical global-maximum values of the
positively correlated weights, related to the subset of finite criteria.

The organization of this paper is as follows. Section 2 briefly reviews the three types of
dependence. We present the exact constraints of the weights v(S), S ⊆ N, of the coalition
of criteria for an MADM problem with positive correlation among finite criteria. The
multicriteria programming problem of the positive correlation is proposed in Section 3.
We present the pre-emptive-weights goal-programming optimal solutions for an MADM
problem with positive correlation among finite criteria. Finally, some concluding remarks
and future research are presented.

2. Polyhedral Set of an MADM Problem with Positive Correlation among
Finite Criteria

We firstly examine the basic notions of the three types of dependence between criteria:
correlation, substitutivity/complementarity, and preferential dependence.

A precise definition of a positive correlation between criteria i and j is defined by the
following inequality:

v(ij) < v(i) + v(j). (3)

More generally, if criteria i and j are positively correlated. then the marginal contribu-
tion of j to every combination T ∪ i of criteria that contains i is strictly less than the marginal
contribution of j to the same combination when i is excluded, i.e.,

v(T ∪ ij)− v(T ∪ i) < v(T ∪ j)− v(T) for T ⊆ N\ij (4)

which expresses a negative interaction or a negative synergy between criteria i and j. Simi-
larly, a negative correlation between criteria i and j is defined by the following inequality:

v(T ∪ ij)− v(T ∪ i) > v(T ∪ j)− v(T) for T ⊆ N\ij. (5)

The second type of dependence is that of substitutivity between criteria i and j. Two
criteria, i and j, are almost substitutive or interchangeable, and so the importance of the
pair {i, j} is close to the importance of the single criterion, i and j, even in the presence of
the other criteria. More precisely, we have

v(T) <
{

v(T ∪ i)
v(T ∪ j)

}
≈ v(T ∪ ij) for T ⊆ N\ij (6)

where ≈means approximately equal.
Finally, the preferential dependence and its opposite, the preferential independence, of

the decision maker can be expressed by a weak order & (a strongly complete and transitive
binary relation). This preference relation can be considered as a preference relation on Rn.
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Let ei be the characteristic vector in {0, 1}n, i.e., a vector with zero components, except
for a 1 in the ith component. Define the notation

xSy ≡∑i∈S xiei + ∑i∈N\S yiei, x, y ∈ Rn, S ⊆ N.

It follows that the subset S of criteria is said to be preference independent of N\S if
for all x, x′, y, z ∈ Rn, we have

xSy & x′Sy

If, and only if,
xSz & x′Sz.

The preference of xSy over x′Sy is not influenced by the common part, y.
This paper focuses on correlation, which is the most intuitive type of dependence. We

will investigate the various properties of the weights, v(S), S ⊆ N, of the coalition of criteria
for the positive correlation among finite criteria set S. Those of the negative correlation can
be derived similarly.

For the number of criteria n = 3, the weight variables are v(1), v(2), v(3), v(12), v(13)
and v(23). The constraints of the positive correlation for an MADM problem with three
criteria are the monotonicity condition of v(S), the boundary conditions of v(S) and the
positive correlation conditions of v(S) for S ⊆ N = {1, 2, 3}. In accordance with the
monotonicity of v(S), as stated earlier, it easily follows that

v(12) ≥ v(1), v(12) ≥ v(2)

v(13) ≥ v(1), v(13) ≥ v(3)

and
v(23) ≥ v(2), v(23) ≥ v(3).

The definition of the boundary conditions of v(S) implies that

0 ≤ v(1), v(2), v(3) ≤ 1

and
0 ≤ v(12), v(13), v(23) ≤ 1.

From the positive correlation assumption (4), it follows that

v(12)− v(1) < v(2)

v(123)− v(13) < v(23)− v(3)

v(13)− v(1) < v(3)

v(123)− v(12) < v(23)− v(2)

v(23)− v(2) < v(3)

and
v(123)− v(12) < v(13)− v(1).

Therefore, the total number of the constraints of the positive correlation for an MADM
problem with three criteria is 24. The variable number and the constraint number will
increase if the number of criteria becomes high.

Consider the special case that

v(i1, i2, . . . , ik) = v(1, 2, . . . , k) +
(

i1 + i2 + · · ·+ ik −
k(k+1)

2

)
α for i1, i2, . . . , ik ∈ N

and k = 1, 2, . . . , n− 1
(7)
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where α = v(2)− v(1). For an MADM problem with three criteria, it follows that the basic
weight variables are v(1), v(2) and v(12). We also have

v(3) = 2× v(2)− v(1)

v(13) = v(12) + v(2)− v(1)

and
v(23) = v(12) + 2× v(2)− 2× v(1).

Thus, the monotonicity condition of v(S), the boundary conditions of v(S) and the
positive correlation conditions are respectively reduced to

v(12) ≥ v(2)

v(12) + v(2) ≥ 2× v(1),

0 ≤ v(1) ≤ 1

0 ≤ 2× v(2)− v(1) ≤ 1

v(12) + v(2)− v(1) ≤ 1

v(12) + 2× v(2)− 2× v(1) ≤ 1,

and
v(12)− v(1) < v(2)

0.5 + v(1)− v(2)/2 < v(12).

Therefore, the constraints of the positive correlation for an MADM problem with three
criteria are

0 ≤ v(1) ≤ 1

0 ≤ 2× v(2)− v(1) ≤ 1

v(12) ≥ v(2)

v(12) + v(2) ≥ 2× v(1)

v(12) < v(1) + v(2)

0.5 + v(1)− v(2)/2 < v(12)

v(12) + v(2)− v(1) ≤ 1

and
v(12) + 2× v(2)− 2× v(1) ≤ 1.

The number of the less-than and equal-to constraints is eight, and those of the less-than
constraints is two. The total number of the inequality constraints is ten. However, the region
of the constraints is not a closed set. Following the data-envelopment analysis [22–24], we
introduce the non-Archimedean number, ε. Using this small number, ε, we replace the
less-than constraints

v(12) < v(1) + v(2)

and
0.5 + v(1)− v(2)/2 < v(12)

with
v(12) ≤ v(1) + v(2)− ε

and
0.5 + v(1)− v(2)/2 + ε/2 ≤ v(12),
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respectively. The concise constraints of the feasible region of the positive correlation for an
MADM problem with three criteria are described as follows:

0 ≤ v(1) ≤ 1

v(1)
2
≤ v(2) ≤ 1 + v(1)

2
and

max
{

v(2), 2× v(1)− v(2), 0.5 + v(1)− v(2)
2

+
ε

2

}
≤ v(12)

≤ min{1− v(2) + v(1), 1− 2× v(2) + 2× v(1), v(1) + v(2)− ε}

which is denoted by the polyhedral set, F3.
For the number of criteria n = 4, the basic weight variables are v(1), v(2), v(12) and

v(123). A similar argument shows that the constraints of the positive correlation for an
MADM problem with four criteria are

0 ≤ v(1) ≤ 1

0 ≤ 3× v(2)− 2× v(1) ≤ 1

v(12) ≥ v(2)

3× v(1)− 2× v(2) ≤ v(12)

v(123) ≥ v(12)

v(123) ≥ 2× v(2)− v(1)

v(12) < v(1) + v(2)

v(123) < 2× v(12)− 2× v(1) + v(2)

0.5 +
v(12) + v(1)− v(2)

2
< v(123)

v(12) + 4× v(2)− 4× v(1) ≤ 1

v(123) + v(2)− v(1) ≤ 1

and
v(123) + 3× v(2)− 3× v(1) ≤ 1.

The number of the less-than and equal-to constraints is eleven, and those of the less-
than constraints is three. The total number of the inequality constraints is 14. Applying
the non-Archimedean number, ε, the concise form of the feasible region of the positive
correlation for an MADM problem with four criteria is described as follows:

0 ≤ v(1) ≤ 1

2× v(1)
3

≤ v(2) ≤ 1 + 2× v(1)
3

max{v(2), 3× v(1)− 2× v(2)} ≤ v(12) ≤

min{1− 4× v(2) + 4× v(1), v(1) + v(2)− ε}
and

max
{

v(12), 2× v(1)− v(2), 1+v(12)−v(2)+v(1)+ε
2

}
≤ v(123) ≤ min{1− v(2) + v(1), 1− 3× v(2) + 3× v(1),

2× v(12)− 2× v(1) + v(2)− ε}
which is denoted by the polyhedral set, F4.
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Consider the constraints of the positive correlation for a general MADM problem with
n (n ≥ 2) criteria. The basic weight variables are v(1), v(2), v(12), . . . , and v(1, 2, . . . , n− 1).
The number of the less-than and equal-to constraints is 3n− 1 and those of the less than
constraints is n− 1. The total number of the inequality constraints is 4n− 2. Using the
non-Archimedean number, ε, the concise feasible region of the positive correlation for a
general MADM problem with n criteria is described as follows:

0 ≤ v(1) ≤ 1

(n− 2)× v(1)
n− 1

≤ v(2) ≤ 1 + (n− 2)× v(1)
n− 2

max{v(2), (n− 1)× v(1)− (n− 2)× v(2)} ≤ v(12) ≤
min{1− 2(n− 2)× (v(2)− v(1)), v(1) + v(2)− ε}

. . . (8)

and

max
{

v(1, 2, . . . , n− 2), (n− 2)× v(2)− (n− 3)× v(1), 1+v(1,2,...,n−2)−v(2)+v(1)+ε
2

}
≤ v(1, 2, . . . , n− 1) ≤ min{1− v(2) + v(1), 1− (n− 1)× (v(2)− v(1)),

2× v(1, 2, . . . , n− 2)− v(1, 2, . . . , n− 3) + v(2)− v(1)− ε}

which is denoted by the polyhedral set, Fn.

3. Pre-Emptive-Weights Goal-Programming

Consider the multicriteria programming problem of the positive correlation for an
MADM problem with n criteria

Max v(1, 2, . . . , n− 1)

Max v(1, 2, . . . , n− 2)

. . . (9)

Max v(1)

Subject to (v(1), v(2), v(12), . . . , v(1, 2, . . . , n− 1)) ∈ Fn.
According to the boundary conditions of v(S),

v(1, 2, . . . , j) ≤ 1, for j = 1, 2, . . . , n− 1

it follows that the pre-emptive-weights goal-programming problem of the multicriteria
programming (9) is

Min P1d−1 + P2d−2 + · · ·+ Pn−1d−n−1

Subject to
v(1, 2, . . . , n− 1) + d−1 − d+1 = 1

v(1, 2, . . . , n− 2) + d−2 − d+2 = 1

. . . (10)

v(1) + d−n−1 − d+n−1 = 1

(v(1), v(2), v(12), . . . , v(1, 2, . . . , n− 1)) ∈ Fn.

The symbols P1, P2, . . . , Pn−1 in the objective function stand for the pre-emptive
weights determining the hierarchy of goals. Goals of higher priority levels are satisfied first,
and only then may the lower priority goals be considered. The goals Max v(1, 2, . . . , j) ≤ 1,
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for j = 1, 2, . . . , n− 1, cannot be achieved simultaneously. We concentrate on the deviation
from the goals and try to find a solution which minimizes the deviations

v(1, 2, . . . , j) + d−n−j − d+n−j = 1, for j = 1, 2, . . . , n− 1.

Variables d−i and d+i , i = 1, 2, . . . , n− 1, stand for the underachievement and over-
achievement, respectively. We do not care how big d+i is, but we want d−i to be as small
as possible.

The feasible region of the pre-emptive-weights goal-programming problem (10) is the
bounded polyhedral set. The representation of a bounded polyhedral set can be determined
by the extreme points. We adopt the extreme-point method to obtain the pre-emptive-
weights goal-programming solutions.

For the number of criteria n = 3, the pre-emptive-weights goal-programming problem
is described as follows:

Min P1d−1 + P2d−2

Subject to
v(12) + d−1 − d+1 = 1

v(1) + d−2 − d+2 = 1

0 ≤ v(1) ≤ 1

v(1)
2
≤ v(2) ≤ 1 + v(1)

2

max
{

v(2), 2× v(1)− v(2), 0.5 + v(1)− v(2)
2 + ε

2

}
≤

v(12) ≤ min{1− v(2) + v(1), 1− 2× v(2) + 2× v(1), v(1) + v(2)− ε}.

The number of the basic weight variables is three. The number of the real constraints
is ten. It follows that the number of the extreme points is C10

3 = 120, of which the feasible
extreme points are

(v(1), v(2), v(12)) =
(

1
2
+
ε

2
,

1
2
+
ε

2
, 1
)

,
(

2
3

,
1
3
+ ε, 1

)
and

(1− ε, 1− ε, 1).

This implies that the pre-emptive-weights goal-programming optimal solution is:

(v(1), v(2), v(12)) = (1− ε, 1− ε, 1).

The pre-emptive-weights goal-programming problem of the positive correlation for
an MADM problem with four criteria is:

Min P1d−1 + P2d−2 + P3d−3

subject to
v(123) + d−1 − d+1 = 1 (11)

v(12) + d−2 − d+2 = 1

v(1) + d−3 − d+3 = 1

0 ≤ v(1) ≤ 1

0 ≤ 3× v(2)− 2× v(1) ≤ 1

v(12) ≥ v(2)

3× v(1)− 2× v(2) ≤ v(12)
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v(123) ≥ v(12)

v(123) ≥ 2× v(2)− v(1)

v(12) ≤ v(1) + v(2)− ε

v(123) ≤ 2× v(12)− 2× v(1) + v(2)− ε

0.5 +
v(12) + v(1)− v(2) + ε

2
≤ v(123)

v(12) + 4× v(2)− 4× v(1) ≤ 1

v(123) + v(2)− v(1) ≤ 1

v(123) + 3× v(2)− 3× v(1) ≤ 1.

The number of the extreme points of the real constraints, F4, is C14
4 = 1001. Thus,

solving the extreme points is very difficult, and incurs a heavy computational burden. An
efficient procedure is proposed and described as follows.

Since v(123) ≤ 1, the ideal solution is v(123) = 1. We substitute v(123) = 1 in F4. That
leads to

max
{

3× v(2)− 1
2

, 0, v(2), 2v(2)− 1
}
≤ v(1) ≤ min

{
3× v(2)

2
, 1
}

and

max
{

v(2), 3× v(1)− 2× v(2), 1+ε−v(2)+2×v(1)
2

}
≤ v(12)

≤ min{1− 4× v(2) + 4× v(1), v(1) + v(2)− ε, 1, 1− v(1) + v(2)− ε}.

To compare two inequalities head-to-head, the resulting constraints of F4 are reduced to

v(2) ≤ v(1) ≤ min
{

3× v(2)
2

, 1
}

and
max

{
3× v(1)− 2× v(2), 1+ε−v(2)+2×v(1)

2

}
≤ v(12) ≤

min{v(1) + v(2)− ε, 1, 1− v(1) + v(2)− ε}.

If v(12) = 1, then we have

1 ≤ 1− v(1) + v(2)− ε

so
v(1) ≤ v(2)− ε

in contradiction to inequality v(2) ≤ v(1). This implies that v(12) < 1. In accordance with
the monotonicity of v(S), it follows that

v(1) ≤ v(12) < 1.

Furthermore, if v(1) = 3×v(2)
2 , then

v(2) =
2× v(1)

3
,

so

max
{

5× v(1)
3

,
1 + ε + 4× v(1)/3

2

}
≤ v(12) ≤ min

{
5× v(1)

3
− ε, 1, 1− v(1)/3− ε

}
.
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It follows that
5× v(1)

3
≤ v(12) ≤ 5× v(1)

3
− ε

and arrives at a contradiction.
Therefore, the reduced constraints of F4 are

v(2) ≤ v(1)

and
max

{
3× v(1)− 2× v(2), 1+ε−v(2)+2×v(1)

2

}
≤ v(12) ≤

min{v(1) + v(2)− ε, 1− v(1) + v(2)− ε}.

The inequality number in the above reduced constraints is much less than that in the
constraints of F4. Without doubt, solving the above reduced constraints is much easier than
solving the constraints of F4. The number of the possible extreme point is C5

3 = 10. Solving
the following systems of linear equations

1+ε−v(2)+2×v(1)
2 = v(12)

v(12) = v(1) + v(2)− ε
v(12) = 1− v(1) + v(2)− ε

,


1+ε−v(2)+2×v(1)

2 = v(12)
v(12) = v(1) + v(2)− ε

v(2) = v(1)
,

1+ε−v(2)+2×v(1)
2 = v(12)

v(12) = 1− v(1) + v(2)− ε
v(2) = v(1)

and 
v(12) = v(1) + v(2)− ε

v(12) = 1− v(1) + v(2)− ε
v(2) = v(1)

to obtain the feasible extreme points

(v(1), v(2), v(12), v(123)) =
(

1
2 , 1

3 + ε, 5
6 , 1

)
,
(

1
3 + ε, 1

3 + ε, 2
3 + ε, 1

)
,

(1− 3ε, 1− 3ε, 1− ε, 1)

and (
1
2

,
1
2

, 1− ε, 1
)

,

respectively, implies that the pre-emptive-weights goal-programming optimal solution for
the goal-programming problem (11) is

(v(1), v(2), v(12), v(123)) = (1− 3ε, 1− 3ε, 1− ε, 1).

For an MADM problem with n = 5 criteria, the number of the extreme points of the
real constraints F5 is C18

5 = 8568. A similar argument shows that the feasible extreme
points are

(v(1), v(2), v(12), v(123), v(1234)) =
(

1
2 − ε,

1
2 − ε, 1− 3ε, 1− ε, 1

)
,(

1+2ε
3 , 1+2ε

3 , 2+ε
3 , 1− ε, 1

)
,
(

1+6ε
4 , 1+6ε

4 , 1
2 + 2ε, 3+6ε

4 , 1
)

,

and
(1− 6ε, 1− 6ε, 1− 3ε, 1− ε, 1).

This implies that the pre-emptive-weights goal-programming optimal solution is

(v(1), v(2), v(12), v(123), v(1234)) = (1− 6ε, 1− 6ε, 1− 3ε, 1− ε, 1).
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One can make several notable observations from the pre-emptive-weights goal-programming
optimal solutions of the number of criteria n = 3, 4, 5. Firstly, we have v(1, 2, . . . , n− 1) = 1,
which is an ideal solution, since v(1, 2, . . . , n− 1) ≤ 1. We also derive
max{v(1), v(2)} ≤ v(12) ≤ v(123) ≤ · · · ≤ v(1, 2, . . . , n− 2) < 1. Secondly, we obtain
v(1) = v(2) so α = 0. Finally, the coefficients of v(1, 2, . . . , n− 1), v(1, 2, . . . , n− 2), . . . ,
v(1) of ε are 0, −1, −3, . . . ., which is an arithmetic progression. These findings confirm the
result of the pre-emptive-weights goal-programming problem for an MADM problem with
positive correlation among n criteria, described as follows:

Theorem 1. Consider the positive correlation for an MADM problem with n criteria. The number
of the extreme points of the real constraints, Fn, is C4n−2

n for n = 2, 3, . . .. The pre-emptive-weights
goal-programming optimal solution is

(v(1), v(2), v(12), . . . , v(1, 2, . . . , n− 2), v(1, 2, . . . , n− 1)) =(
1− (n−1)(n−2)

2 ε, 1− (n−1)(n−2)
2 ε, 1− (n−2)(n−3)

2 ε, . . . , 1− ε, 1
)

.

From the Theorem 1, the global-maximum value of v(1, 2, . . . , n− 1) is equal to
the ideal upper-bound of v(1, 2, . . . , n− 1). However, the global-maximum value of
v(1, 2, . . . , j), j = 1, 2, . . . , n− 2, is far from its ideal upper-bound as the value of j decreases.

In the following, we use the example given by Marichal [9] to illustrate our results.
Consider the problem of evaluating four students (A, B, C and D) with respect to three
mathematical subjects (criteria): statistics (St), probability (Pr), and algebra (Al). These are
given in in Table 1. The first two criteria, St and Pr, are correlated, since students good
at statistics are also usually good at probability, and vice versa. Thus, these two criteria
present some degree of redundancy. Four students have been evaluated as follows (marks
are expressed on a scale from 0 to 20):

Table 1. Four students are evaluated on statistics, probability, and algebra.

Student Statistics Probability Algebra

A 19 15 18
B 19 18 15
C 11 15 18
D 11 18 15

Assume that the first two subjects, St and Pr, are more important than the third, Al. In
the case of the independent subjects/criteria, the weights could be 0.35, 0.35 and 0.3 for
the statistics, probability, and algebra, respectively. From the weighted arithmetic means
(1), we have M(A) = 17.3, M(B) = 17.45, M(C) = 14.5 and M(D) = 14.65. It follows that
B < A < D < C.

For the positively correlated subjects/criteria, we distinguish three types of
α = v(2)− v(1): α < 0, α = 0, and α > 0. Firstly, if α < 0, we have v(3) < v(2) < v(1) and
v(23) < v(13) < v(12). From the discrete Choquet integral (2), we obtain

Cv(A) = 15(1− v(13)) + 18(v(13)− v(1)) + 19v(1) = 15 + 3v(13) + v(1)

Cv(B) = 15(1− v(12)) + 18(v(12)− v(1)) + 19v(1) = 15 + 3v(12) + v(1)

Cv(C) = 11(1− v(23)) + 15(v(23)− v(3)) + 18v(3) = 11 + 4v(23) + 3v(3)

and

Cv(D) = 11(1− v(23)) + 15(v(23)− v(2)) + 18v(2) = 11 + 4v(23) + 3v(2).
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for student A, B, C and D, respectively. This implies that Cv(B) > Cv(A), Cv(D) > Cv(C)
and Cv(A) > Cv(D), so that B < A < D < C. The special case of F3, as stated earlier, is the
feasible extreme point (v(1), v(2), v(12)) =

(
2
3 , 1

3 + ε, 1
)

.
In the case where α = 0, we have v(3) = v(2) = v(1) and v(23) = v(13) = v(12). The

discrete Choquet integrals (2) of the students A, B, C and D are Cv(A) = 15 + 3v(12) + v(1),
Cv(B) = 15+ 3v(12)+ v(1), Cv(C) = 11+ 4v(12)+ 3v(1) and Cv(D) = 11+ 4v(12)+ 3v(1),
respectively. We derive Cv(A) = Cv(B) > Cv(C) = Cv(D), so A ≈ B < C ≈ D. Two special
cases of F3, as stated earlier, are the feasible extreme points

(v(1), v(2), v(12)) =
(

1
2 + ε

2 , 1
2 + ε

2 , 1
)

and (1− ε, 1− ε, 1).
Thirdly, if α > 0, we have v(3) > v(2) > v(1) and v(23) > v(13) > v(12). From

the discrete Choquet integrals (2) of the students A, B, C and D, we have Cv(A) > Cv(B),
Cv(C) > Cv(D) and Cv(B) > Cv(C), so that A < B < C < D.

We can see that the rankings of the students may be different with the change in the
values of α. However, the decision-maker prefers students A and B to students C and D.
The final decision is between student A or B.

4. Conclusions

For an MADM problem with positive correlation among n criteria, by introducing the non-
Archimedean number, ε, the bounded polyhedral set, Fn, of the positively correlated weights,
v(S), related to the subset, S, of criteria, N, is presented. The basic weight variables are v(1),
v(2), v(12), . . . , and v(1, 2, . . . , n− 1). The number of the less-than and equal-to constraints
is 4n− 2. The number of the extreme points of Fn is C4n−2

n . The pre-emptive-weights goal-
programming optimal solution is (v(1), v(2), v(12), . . . , v(1, 2, . . . , n− 2), v(1, 2, . . . , n− 1)) =(

1− (n−1)(n−2)
2 ε, 1− (n−1)(n−2)

2 ε, 1− (n−2)(n−3)
2 ε , . . . , 1− ε, 1

)
. These theoretical global-

maximum values of the positively correlated weights related to the subset of finite criteria can be
useful for the practical applications of the positively correlated weights in an MADM problem.

Small and medium-sized enterprises (SMEs) are the main foundation for Taiwan’s
economic development and employment, but the enterprise’s average life expectancy is
only seven years. With the advent of the environmental, social, and corporate governance
(ESG) era, we apply a two-additive Choquet integral that enables the modeling of various
effects of importance and interactions among criteria. We use questionnaires and an
expert/assessment committee to obtain the final consensus-weights of the importance and
the possible interactions among criteria. The final consensus-weights of the importance and
the possible interactions among criteria should be less than and equal to their maximum
values derived from Theorem 1. In the future, we will analyze the characteristics of
sustainable development of different industries and provide advice to SMEs.
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