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Abstract: This manuscript deals with a novel, nonlinear, and non-stationary stochastic model with
symmetric, Laplacian distributed innovations. The obtained model, named Laplacian Split-BREAK
(LSB) process, is intended for dynamic analysis of time series with pronounced and permanent
fluctuations. By using the method of characteristic functions (CFs), the basic stochastic properties
of the LSB process are proven, with a special emphasis on its asymptotic behaviour. The different
procedures for estimating its parameters are also given, along with numerical simulations of the
obtained estimators. Finally, it has been shown that the LSB process, as an adequate stochastic model,
can be applied in the analysis of dynamics in the world market of crude oil and natural gas.
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1. Introduction

One of the important topics in modern research is the stochastic modelling of time
series with emphasized and persistent fluctuations. To this end, in recent decades, various
stochastic models have been proposed, especially in econometrics and financial engineering
(see, c.f. [1–8]). A particular problem arises when the observed time series have a non-
stationary dynamic, which usually affects the greater complexity of their stochastic structure
(for more recent studies, see, c.f. [9–14]). To solve these and similar problems, Engle and
Smith [15] proposed the stochastic permanent breaking (STOPBREAK) process, which was
later examined by many authors, especially in the domain of structural and permanent
changes in the fluctuations of some real-world data [16–20]. Stojanović et al. [21] introduced
a more general form for the STOPBREAK-based stochastic process, named the Split-BREAK
process, which was also applied in modelling various time series with permanent and
pronounced fluctuations. It is worth pointing out that some more general forms of the
Split-BREAK process, the so-called General (or Gaussian) Split-BREAK (GSB) process, were
introduced later and discussed in Stojanović et al. [22–24] as well as Jovanović et al. [25].

The main characteristics of the GSB process are based on its Gaussian innovations,
which somewhat simplifies the examination of the properties of this model. Nevertheless,
there are some specific time series that do not have the Gaussian property. To that end, as
an alternative approach, some other stochastic distributions can be considered. They are
usually assumed to have a symmetric distribution (as in the case of a zero-mean Gaussian
distribution), but with some additional properties that certain non-Gaussian distributions
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have. For these reasons, a new, general form of the Split-BREAK process with symmetric
Laplacian innovations, called the LSB process, is proposed here.

In the next section, the definition and main properties of the LSB process are outlined.
Some additional stochastic characteristics of the LSB process, with special emphasis on
examining its asymptotic properties, are discussed in Section 3. As a basic tool, the charac-
teristic functions (CFs) method was used here. The CF calculation procedure is known for
simplifying the finding of probability distributions, rather than calculating them directly,
and is particularly useful in determining the cumulative distribution functions (CDFs).
As will be seen below, it will be quite suitable for investigating time series distributions
as constituents of the LSB process. Various procedures for parameter estimation of the
LSB process, as well as examining the asymptotic properties of the obtained estimators,
are given in Section 4. Section 5 describes the Monte Carlo simulations of the obtained
estimators, while Section 6 presents the application of the LSB process in the dynamic
analysis of prices and trading volumes of crude oil and natural gas in the world market.
Lastly, some concluding remarks are highlighted in Section 7.

2. Definition and Structure of the LSB Process

Akin to previous works of GSB process [21–25], the underlying LSB time series is
given by the following additive decomposition:

yt = mt + εt, (1)

where t = 0, 1, ..., T is the finite time values set. In Equation (1), series (mt) represents the
martingale means and (εt) are the innovations, that is, the series of independent identical
distributed (IID) random variables (RVs). It is usually assumed that innovations (εt) are
given on the probability space (Ω,F , P), which is expanded by some filtration F = (Ft).
Practically interpreted, filtration (Ft) collects the ‘information’ about some financial index
at a certain point in time t. Therefore, the RVs (εt) will be Ft-adaptive for each t = 0, 1, ..., T.
In the following, we assume that innovations (εt) have the centred Laplace distribution,
given with probability density function (PDF):

fε(x) =
1

2λ
exp

(
−|x|

λ

)
, x ∈ R, (2)

where λ > 0 is the scale parameter. Let us emphasize that the proposal of the Laplace
distribution is motivated by the fact that this distribution, compared to the Gaussian,
can more adequately fit the distributions of many financial time series with pronounced
“peaks”. Such a situation is shown in Figure 1, which shows the histograms of the empirical
distributions of the log-returns ht = ln(Pt/Pt−1), t = 1, . . . , T. Here, the price of crude oil
and natural gas on the world market is taken as the basic financial index (Pt), which will
be discussed in more detail below. According to the well-known properties of Laplace
distribution (see, c.f. [26], pp. 60), the conditional mean and variance of innovations (εt)
are, respectively,

E(εt|Ft−1) = 0, Var(εt|Ft−1) = E
(

ε2
t

∣∣∣Ft−1

)
= 2λ2. (3)
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Figure 1. Histograms of the empirical distributions of log-returns fitted with Gaussian and Laplace 
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Figure 1. Histograms of the empirical distributions of log-returns fitted with Gaussian and Laplace
distributions.

After integrating the function fε(x), where, due to the absolute value, two symmetric
cases are distinguished, its CDF is obtained as follows:

Fε(x) = P{εt < x} =
∫ x

−∞
fε(z)dz =

{
1
2 exp(x/λ), x < 0
1− 1

2 exp(−x/λ), x ≥ 0

=
1
2
+

1
2

sgn(x)
(

1− exp
(
−|x|

λ

))
. (4)

On the other hand, for a series of martingale means (mt), it is assumed that they are
given recurrently by the relation:

mt = mt−1 + qt−1εt−1 = m0 +
t−1

∑
j=0

qjε j, (5)

where it is almost certainly (as) m0
as
= µ(const.) and ε−1 = ε0

as
= 0. Moreover, (qt) is a series

of noise indicators, that is, the RVs that depend on innovation series (εt) as follows:

qt = I
(

ε2
t−1 > c

)
=

{
1, ε2

t−1 > c
0, ε2

t−1 ≤ c.
(6)

Here, c > 0 is the so-called critical value of the reaction, i.e., the parameter that
indicates the significance of previous realizations of innovations (εt), which would allow
that their current values to be included in Equation (6). More precisely, in the case qt−1 = 0,
the value of martingale mean mt is equal to its previous value mt−1. Therefore, the value
of the basic LSB series (yt), given by Equation (1), is obtained with a “small” fluctuation,
dependent on (εt) only. On the contrary, when qt = 1, a pronounced fluctuation of the
value yt is registered. In this way, the previous realizations of innovations (εt) impact the
level of variations of the basic LSB time series (yt), that is, the intensity of fluctuations of
the LSB process. Using some simple calculations, in the same way as in Jovanović et al. [25],
the following properties of the mentioned time series can be easily proven:

Theorem 1. Let (yt) and (mt) be the series defined by Equations (1) and (5), respectively. Then,
both series have the constant and equal mean:

E(yt) = E(mt) = µ,
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as well as the variances:

Var(yt) = 2(tac + 1)λ2, Var(mt) = 2tacλ2, t ≥ 0, (7)

where ac = E(qt) = E
(
q2

t
)
= P

{
ε2

t > c
}

. In addition, the correlation functions of the se-
ries( yt) and (mt) are, respectively,

ρy(s, t) =
acmin(s, t) + 1√
(acs + 1)·(act + 1)

, ρm(s, t) =
min(s, t)√

s·t
.�

It is noticeable that previous theorem gives some additional information about the
stochastic properties of the LSB process. Since (mt) is measurable in relation to the field
Ft−1, this series represents the component that describes the predictability and stability of
the LSB process (see Figure 2 below). On the other hand, the innovation series (εt) is the
noise (deviation) component of the main LSB series (yt), compared to the martingale means
(mt). Furthermore, according to Equation (7), it follows that the variances of the series (yt)
and (mt) are non-constant and their order of dependence is equal to time moment (t) when
they are observed. Thereby, the correlation functions of (yt) and (mt) depend on both time
variables t, s, thus indicating that these series are non-stationary. On the other hand, when
s > t ≥ 0, it follows:

lim
s→t

ρm(s, t) =
t√
t2

= 1, lim
s→t

ρy(s, t) =
act + 1√
(act + 1)2

= 1,

that is, both correlation functions satisfy the condition of L2-continuity.
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Finally, we define another important LSB series, the so-called increments of the LSB
process:

Xt = yt − yt−1, t = 1, . . . , T. (8)

This series, according to Equations (1), (5), and (6), can be represented in the following
way:

Xt = εt − θt−1εt−1, (9)
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where θt = 1− qt = I
(
ε2

t−1 ≤ c
)
. Obviously, the series (Xt) represents a bilinear, as well as

stationary stochastic process with a random coefficient θt, which is usually called Splitting
moving average process (of order 1), that is, a Split-MA(1) process. Note that the term
‘split’, as in the case of the main LSB series (yt), is justified by the fact that (Xt) operates in
two modes:

(a) If the fluctuations of innovations (εt) were emphasized in the previous moment in
time, it follows θt−1 = 0. Thus, equality (9) becomes Xt = εt.

(b) Fluctuations εt−1 whose square do not exceed the critical value c imply θt−1 = 1.
Thus, the value of Xt is given as a linear, integrated MA(1) process Xt = εt − εt−1..

Obviously, the Split-MA(1) series (Xt) has a similar structure to MA(1) processes,
which can be applied in their examination. Based on earlier assumptions, the basic proper-
ties of this series, obtained by some simple computations, can be expressed as follows:

Theorem 2. Let (Xt) be the time series defined by Equations (8) and (9). Then, the mean and the
variance of this series are, respectively,

E(Xt) = 0, Var(Xt) = E
(

X2
t

)
= 2λ2(bc + 1),

where bc = 1− ac = P
(
ε2

t−1 ≤ c
)
. In addition, the correlation of this series is as follows:

ρX(h) =
Cov(Xt, Xt+h)

Var(Xt)
=


1, h = 0
− bc

bc+1 , h = ±1
0, otherwise,

and it has the finite moments (of the order n):

E(Xn
t ) =

{
0, n = 2k + 1,
n!λn

2 (2 + nbc), n = 2k,
k = 0, 1, 2, . . .�

It is worth noticing that, according to Equations (8) and (9), it follows that:

yt − yt−1 = εt − θt−1εt−1, t = 1, . . . , T,

which represents a nonlinear integrated autoregressive moving average (ARIMA) model
with “temporary” components (θt−1εt−1). As will be seen later, this implies the specific
structure of the (stationary) series (Xt), as well as the other (non-stationary) components
of the LSB process. Nevertheless, as will be seen below, due to its stationary quality, the
Split-MA(1) process (Xt) plays an important role in examining the stochastic properties of
the LSB process, as well as in estimating its parameters. Figure 2 shows the realizations of
all LSB time series obtained by Monte Carlo simulations. Note that non-stationary time
series (yt) and (mt) (graphs on the left) can have very different trajectories, in contrast to
realizations of the stationary series (Xt) and (εt) (graphs on the right).

3. Distributional Features of the LSB Process

Some important stochastic properties of LSB series, regarding their distributions
and asymptotic behaviour, are discussed here. To this end, as mentioned earlier, the
series (Xt) plays a significant role due to its stationary quality. Using the method of
characteristic functions (CFs), the basic stochastic properties of this series can be expressed
in the following way.
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Theorem 3. Let (Xt) be the time series defined by Equations (8) and (9). Then, for any x ∈
R and t = 0, 1, . . . , T , the CDF of the RVs (Xt) is given by:

FX(x) = P{Xt < x} =
(

1− bc

2

)
Fε(x) +

bc

4
G(x), (10)

where Fε(x) is the CDF of the Laplacian distributed RVs (εt) , given by Equation (4), and

G(x) = 1 + sgn(x)
(

1−
(
|x|
λ

+ 1
)

exp
(
−|x|

λ

))
, x ∈ R. (11)

Proof. To begin with, let us define the series of RVs ξt = θtεt, t = 0, 1, . . . , T. Thereby, the
RVs (θt) and (εt) are mutually independent, so it follows:

E(ξt) = E(θt)E(εt) = 0, Var(ξt) = E
(

θ2
t

)
E
(

ε2
t

)
= 2bcλ2.

It can easily be shown that it is Cov(ξt, ξt+h) = 0, i.e., the RVs (ξt) are uncorrelated
for any h 6= 0. Using the conditional probabilities, for the CDF of the RVs (ξt) one obtains:

Fξ(x) = P{ξt < x}.
= P{ξt < x|θt = 1}·P{θt = 1}+ P{ξt < x|θt = 0}·P{θt = 0}.
= P{εt < x}·P{θt = 1}+ P{x > 0}·P{θt = 0}.
= bcFε(x) + (1− bc)F0(x),

where F0(x) = I(x > 0) is the CDF of the RV I0
as
= 0. According to this, the CF of the RVs

(ξt) is obtained as follows:

ϕξ(u) :=
+∞∫
−∞

eiuxFξ(dx) =
+∞∫
−∞

eiux[bcFε + (1− bc)F0](dx)

= bc ϕε(u) + (1− bc)ϕ0(u).

Here, ϕε(u) =
(
1 + λ2u2)−1 and ϕ0(u) ≡ 1 are, respectively, CFs of the RVs (εt) and

I0
as
= 0. Substituting these CFs into the previous equality gives:

ϕξ(u) = 1 + bc

(
1

1 + λ2u2 − 1
)

.

According to this equality and Equation (9), as well as the result of using the partial
decomposition of rational functions, for the CF of the RVs (Xt) one obtains:

ϕX(u) = ϕε(u)·ϕξ(u) =
1−bc

1+λ2u2 +
bc

(1+λ2u2)
2

= 1−bc
1+λ2u2 +

bc
4

(
1

1+iλu + 1
1−iλu + 1

(1+iλu)2 +
1

(1−iλu)2

)
= 1−bc

1+λ2u2 +
bc

2(1+λ2u2)
+ bc

4

[(
1 + 2i λu

2

)−2
+
(

1− 2i λu
2

)−2
]

=
1− bc

2
1+λ2u2 +

bc
4

[
ψk

(
− λu

2

)
+ ψk

(
λu
2

)]
.

(12)

Here, ψk(u) = (1− 2iu)−k/2 are the CFs of RVs χ2
k with chi-square distribution and

k = 4 degrees of freedom (DF). According to Lévy’s correspondence theorem (see, c.f., [27]),
the CDFs which correspond to CFs ψk(−λu/2) and ψk(λu/2) are chi-square-based RVs
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−λχ2
k/2 and λχ2

k/2, respectively. By applying the well-known facts about χ2
k distribution,

these CDFs are, respectively,

G1(x) := P
{
− λ

2 χ2
k < x

}
= P

{
χ2

k > − 2x
λ

}
=

{( x
λ + 1

)
exp

(
− x

λ

)
, x ≤ 0

1, x > 0;

G2(x) := P
{

λ
2 χ2

k < x
}
= P

{
χ2

k < 2x
λ

}
=

{
1−

( x
λ + 1

)
exp

(
− x

λ

)
, x ≥ 0

0, x < 0.

Note that the functions G1(x) and G2(x) satisfy the equality G(x) = G1(x) + G2(x),
where G(x) is the function given by Equation (11). Hence, by again applying the Lévy’s
correspondence theorem to the last expression in (12), Equation (10) immediately follows.

Remark 1. Let us emphasize that the function G(x) is not an ‘ordinary’ CDF, but the sum of
two chi-square-based CDFs G1(x) and G2(x) , which can also be seen in the left plot in Figure 3.
Furthermore, by differentiating Equation (10) when x 6= 0 , and after some computations, the
probability density function (PDF) of the series (Xt) can be obtained as follows:

fX(x) =
(

1− bc

2

)
dFε(x)

dx
+

bc

4
dG(x)

dx
=

1
2λ

exp
(
−|x|

λ

)(
1 +

bc

2

(
|x|
λ
− 1
))

. (13)

Notice that PDF fX(x) differs from the PDF of the innovations (εt)with respect to the last multi-
plicative term in Equation (13). Moreover, these PDFs become equal when bc = 0, and both are
symmetric functions, as shown in the right-hand plots of Figure 3. �
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Using a similar procedure, the distributive properties of non-stationary LSB series
(mt) and (yt) can be shown as follows.

Theorem 4. Let (yt) and (mt) be the time series defined by Equations (1) and (5), respec-
tively, where m0

as
= µ(const) . Then, for any x ∈ R and t = 0, 1, . . . , T, the CDFs of the

series (mt) and (yt) are, respectively,

Fm(x, t) := P{mt < x} =
t
⊗

j=1

[
(1− bc)F(j)

ε (x) + bcF0(x)
]
⊗ Fµ(x), (14)

Fy(x, t) := P{yt < x} =
t
⊗

j=1

[
(1− bc)F(j)

ε (x) + bcF0(x)
]
⊗ Fµ(x)⊗ Fε(x), (15)
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where“⊗ ”is the convolution operator, and F0(x), F(j)
ε (x) are the CDFs of the RVs I0, εt, respec-

tively. Additionally, the following convergences (in the distribution) hold when T = +∞:

1√
t
mt

d−→ N
(

0, 2acλ2
)

,
1√

t
yt

d−→ N
(

0, 2acλ2
)

, t→ +∞. (16)

Proof. Similarly to the previous theorem, let us introduce RVs ηt = qtεt, t = 0, 1, . . . , T. It is
easy to show that (ηt) is a series of mutually uncorrelated RVs, with E(ηt) = 0, Var(ηt) =
2acλ2, where ac = E(qt) = P

{
ε2

t > c
}
= 1− bc. Applying the conditional probabilities

again, for the CDF of (ηt) one obtains:

Fη(x) := P{ηt < x}
= P{ηt < x|qt = 1}·P{qt = 1}+ P{ηt < x|qt = 0}·P{qt = 0}
= P{εt < x}·P{qt = 1}+ P{x > 0}·P{qt = 0}
= acFε(x) + (1− ac)F0(x).

According to this CDF, the appropriate CF of the RVs (ηt) can be obtained as follows:

ϕη(u) =
+∞∫
−∞

eiuxFη(dx) =
+∞∫
−∞

eiux[acFε + (1− ac)F0](dx)

= ac ϕε(u) + (1− ac)ϕ0(u) = 1 + ac

(
1

1+λ2u2 − 1
)

= 1−bc
1+λ2u2 + bc.

Now, by using Equation (5), for the CFs of the martingale means (mt) one obtains:

ϕm(u, t) = ϕµ(u)
t−1

∏
j=0

ϕη(u) = eiuµ

(
1− bc

1 + λ2u2 + bc

)t
, (17)

where ϕµ(u) = eiuµ is CF of the RV m0
as
= µ. According to Equation (17) and the corre-

spondence theorem of Lévy [27], Equation (14) follows. In a similar way, according to
Equation (1), the CFs of the series (yt) can be written as follows:

ϕy(u, t) = ϕm(u)·ϕε(u) =
eiuµ

1 + λ2u2 ·
(

1− bc

1 + λ2u2 + bc

)t
. (18)

From here, Equation (15) is immediately followed by reapplying the correspondence
theorem of Lévy.

Let us now prove the second part of the theorem, that is, Equation (16). First, using
previous Equations (17) and (18), for the CFs of RVs mt/

√
t and yt/

√
t, when t = 1, 2, . . . ,

one obtains:

ϕm

(
u√

t
, t
)
= eiuµ/

√
t
[
1 + ac

(
t

t+λ2u2 − 1
)]t

= e
iuµ√

t
(

1− ac
λ2u2

t+λ2u2

)t
,

ϕy

(
u√

t
, t
)
= teiuµ/

√
t

t+λ2u2

[
1 + ac

(
t

t+λ2u2 − 1
)]t

= teiuµ/
√

t

t+λ2u2

(
1− ac

λ2u2

t+λ2u2

)t
.

From here, taking the limit values, when t→ +∞ and u ∈ R is a fixed (but arbitrary)
value, the following is obtained:

lim
t→+∞

ϕm

(
u√

t
, t
)
= lim

t→+∞
ϕy

(
u√

t
, t
)
= e−acλ2u2

.

Thus, obtained limit is the obvious the CF of the Gaussian distribution N
(
0, 2acλ2),

which confirms the convergences in (16). �
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Remark 2. In the proofs of the previous two theorems, the uncorrelated series of RVs (ξt) and (ηt) can
be interpreted as innovations with non-zero “optional” values. As the relationξt + ηt

as
= εt holds, it

is sufficient to take only one of these two series for consideration. Moreover, it is easy to see that
these RVs have the following CDFs:

Fξ(x) = bcFε(x) + (1− bc)F0(x),
Fη(x) = (1− bc)Fε(x) + bcF0(x) = Fε(x) + F0(x)− Fξ(x).

Obviously, both of these functions are continuous almost everywhere, with the only breaking
point x = 0 where ‘jumps’ of size 1− bc and bc occur, respectively (for more details see Stojanović
et al. [28,29]). For these reasons, the CDFs of the series (ξt) and (ηt) represent mixtures of the
Laplacian and discrete distribution concentrated at zero, which we call the Contaminated Laplacian
Distribution (CLD). This fact prevents the application of some of the standard procedures in the
examination the properties of non-stationary series (yt) and (mt) .

On the other hand, asymptotic relations in Equation (16) show that even non-stationary
time series (mt) and (yt) , obtained by non-Gaussian innovations (εt) , one can generate se-
ries

(
mt/
√

t
)

and
(

yt/
√

t
)

, which will converge to Gaussian distribution when t→ +∞ . These
facts are of practical importance when applying the LSB process and can be easily observed by the
convergence of the appropriate CFs ϕm

(
u/
√

t, t
)

and ϕy

(
u/
√

t, t
)

. As an illustration of this,
convergences of the modulus of both of these CFs, for different time values, are shown in Figure 4. �
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In the following, the asymptotic properties of some other time series, obtained by
linear transformations of the non-stationary time series (mt) and (yt) are presented. It
primarily refers to the possibility of finding their asymptotically normal (AN) distributions,
and can be proven by the following proposition:

Theorem 5. Let us define, for an arbitrary α ≥ 1, the α-mean time series:

−
Mt;α =

1
tα

t

∑
j=1

mj,
−
Yt;α =

1
tα

t

∑
j=1

yj,

where(yt)and(mt)are the non-stationary time series given by (1) and (5), respectively. Then the
following statements are valid:

(i) When1 ≤ α ≤ 3/2, both series
−
Mt;αand

−
Yt;αhave an asymptotically normal distribution, i.e.,

the following relations, when t→ +∞ , are valid:

−
Mt;α ∼ N

(
µt1−α,

2acλ2t3−2α

3

)
,
−
Yt;α ∼ N

(
µt1−α,

2acλ2t3−2α

3

)
. (19)
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(ii) Whenα > 3/2, both series
−
Mt;αand

−
Yt;αare asymptotically vanishing, i.e.,

−
Mt;α

d−→ I0,
−
Yt;α

d−→ I0, t→ +∞. (20)

Proof. First, we prove the statement of the theorem in the case of series
−
Mt;α. According to

the definition of series (mt), given by Equation (5), the following is obtained:

−
Mt;α = 1

tα

t
∑

j=1
mj =

1
tα

t
∑

j=1

(
m0 +

j−1
∑

k=0
qkεk

)
= 1

tα

(
tm0 +

t−1
∑

j=0
(t− j)qjε j

)
= t1−αm0 +

t
∑

k=1

k
tα ηt−k.

Therefore, the time series
−
Mt;α is represented as the sum of uncorrelated RVs ηt−k,

when k = 1, . . . , t. Applying the well-known features of the CFs, as well as the CF of the

series (ηt), for the CFs of RVs
−
Mt;α one obtains:

ϕ −
M;α

(u, t) = ϕm

( u
tα−1 , 0

) t

∏
k=1

ϕη

(
ku
tα

)

= eiuµt1−α
t

∏
k=1

[
1 + ac

(
t2α

t2α + k2λ2u2 − 1
)]

.

From here, by taking the logarithm of the function ϕ −
M;α

(u, t), the following function

is obtained:

ψM(u, t, α) := ln ϕ −
M;α

(u, t) = iuµt1−α +
t

∑
k=1

fk(u, t, α),

where:

fk(u, t, α) := ln
[

1 + ac

(
t2α

t2α + k2λ2u2 − 1
)]

= ln
(

1− ack2λ2u2

t2α + k2λ2u2

)
.

After some computation, we find that:

∂ fk(0,t,α)
∂u = − 2ack2λ2t2αu

(t2α+k2λ2u2)(t2α+(1−ac)k2λ2u2)

∣∣∣
u=0

= 0,

∂2 fk(0,t,α)
∂u2 = − 2ack2λ2t2α(t4α+(ac−2)k2λ2t2αu2+3(ac−1)k4λ4u4)

(t2α+k2λ2u2)
2
(t2α+(1−ac)k2λ2u2)

2

∣∣∣∣
u=0

= − 2ack2λ2

t2α < 0.

Thus, the functions fk(u, t, α) have a local maximum at the point u = 0. By applying
the Laplace approximation of functions fk(u, t, α) at u = 0 (see, c.f. [25,28]), it follows:

ψM(u, t, α) = iuµt1−α +
t

∑
k=1

[
∂2 fk(0,t,α)

∂u2 · u2

2 + ok
(
u2)]

= iuµt1−α −
t

∑
k=1

[
ack2λ2

t2α u2 + ok
(
t−2αu2)]

= iuµt1−α − acλ2u2

t2α ·
t(t+1)(2t+1)

6 + o
(
t2−2αu2).

Here o(z) denotes an infinitesimally small value of a higher order in relation to z, when
z→ 0 . Taking the asymptotic value in the previous expression, when t→ +∞ , gives:

ψM(u, t, α) ∼
{

iuµt1−α − acλ2t3−2α/3, 1 ≤ α ≤ 3
2

0, α > 3
2 .
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Substituting this expression in CFs ϕ −
M;α

(u, t), it is easy to see that the first asymptotic

relation in Equation (19) is valid.

The proof for the series
−
Yt;α can be conducted in an analogous manner. Using the

previously proven facts and Equation (1), we find that:

−
Yt;α = 1

tα

t
∑

j=1

(
mj + ε j

)
=
−
Mt;α +

t
∑

j=1

ε j
tα = t1−αm0 +

t
∑

k=1

k
tα ηt−k +

t−1
∑

k=0

εt−k
tα

= t1−αm0 +
εt
tα +

t
∑

k=1
(1 + kqt−k)

εt−k
tα .

Since εt−k, k = 0, 1, . . . , t, are mutually independent RVs, the CFs of time series
−
Yt;α

can be obtained, after some calculations, as follows:

ϕ−
Y;α

(u, t) = ϕm

(
u

tα−1 , 0
)

ϕε

( u
tα

) t
∏

k=1

[
(1− ac)ϕε

( u
tα

)
+ ac ϕε

(
(k+1)u

tα

)]
= t2αeiuµt1−α

t2α+λ2u2

t
∏

k=1

[
t2α

t2α+λ2u2 + ac

(
t2α

t2α+λ2(k+1)2u2 −
t2α

t2α+λ2u2

)
]

= eiuµt1−α
(

t2α

t2α+λ2u2

)t+1 t
∏

k=1

[
1 + ac

(
t2α+λ2u2

t2α+λ2(k+1)2u2 − 1
)]

.

Based on this, and applying the same procedure as in the previous part of the proof,
that is, by taking the logarithm of the function ϕ−

Y;α
(u, t), and by expanding the function

ψY(u, t,α) = ln ϕ−
Y;α

(u, t) at u = 0, we have:

ψY(u, t, α) = iuµt1−α + (t + 1)ln
(

t2α

t2α+λ2u2

)
.

+
t

∑
k=1

ln
[

1 + ac

(
t2α+λ2u2

t2α+λ2(k+1)2u2 − 1
)]

= iuµt1−α + (t + 1)ln
(

1− λ2u2

t2α+λ2u2

)
−

t
∑

k=1

[
ac(k2+2k)λ2u2

t2α + ok
(
t−2αu2)]

= iuµt1−α − λ2u2(t+1)
t2α+λ2u2 − acλ2u2

t2α ·
t(t+1)(2t+7)

6 + o
(
t2−2αu2).

Taking the asymptotic values, when t→ +∞ , the following is obtained:

ψY(u, t, α) ∼
{

iuµt1−α − λ2u2
(

t1−2α + act−2α + act3−2α

3

)
, 1 ≤ α ≤ 3

2

0, α > 3
2 .

Replacing this expression in the CFs ϕ−
Y;α

(u, t), the theorem is completely proven. �

Remark 3. As with the GSB process, the caseα = 3/2is of special interest in the previous theorem.
Asymptotic relations (19) then give:

1
t3/2

t

∑
j=1

mj
d−→ N

(
0,

2acλ2

3

)
,

1
t3/2

t

∑
j=1

yj
d−→ N

(
0,

2acλ2

3

)
, t→ +∞. (21)

The convergences (21), as in the case of GSB process, we called the central limit theorems
(CLTs) for the LSB process. �
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4. Procedures for Parameter Estimation

In this section, we consider the estimations of the (unknown) parameters of the LSB
process, that is the critical value (c), the scale parameter (λ), and the mean value (µ). In
order to estimate the first parameter c, it should be emphasized that a series of increments
(Xt), as the only observable and stationary series of the LSB process, will be used. As
has already been pointed out, this series is close to standard, linear MA models, but with
Laplacian distributed innovations (εt). For these reasons, the estimation procedures like
those used for the mentioned time series will be used here. However, the specificity of the
series (Xt) requires some additional estimation procedures, as well as examination of the
quality of the obtained estimators.

4.1. Moments-Based Estimators

According to Theorem 2, the first correlation of the series (Xt) is as follows:

ρX(1) = −
bc

1 + bc
, 0 < bc < 1,

and solving on bc, the estimated value of this parameter is obtained:

∼
b c = −

ρ̂X(1)
1 + ρ̂X(1)

. (22)

Note that it is here:

ρ̂X(1) =

(
T

∑
t=1

XtXt−1

)(
T

∑
t=1

X2
t

)−1

the sample autocorrelation of the Split-MA(1) process (Xt). According to Equation (22), it

is easy to see that
∼
b c is the appropriate estimate if and only if

0 <
∼
b c < 1⇐⇒ −0.5 < ρ̂X(1) < 0.

Using the estimator
∼
b c, the squared scale parameter λ2 can be estimated by applying

the equality:
Var(Xt) = E

(
X2

t

)
= 2λ2(bc + 1).

Applying Theorem 2 again, as well as the sample variance for (Xt), we get the estimator:

∼
λ

2
=

1

2T
(∼

b c + 1
) T

∑
t=1

X2
t . (23)

It is worth pointing out that in Stojanović et al. [21] it is proven that the estimators
∼
b c

and
∼
λ

2
are strictly consistent if innovations (εt) have a continuous distribution. Moreover,

these estimators are asymptotically normal (AN) in the case of symmetrically distributed
RVs (εt). Note that both conditions are satisfied for Laplace innovations (εt) and, hence, it
follows:

Theorem 6. The estimators
∼
b cand

∼
λ

2
, given by Equations (22) and (23), respectively, are strictly

consistent estimates for the parametersbcandλ2, i.e.,

∼
b c

as−→ bc,
∼
λ

2 as−→ λ2, T → +∞. (24)
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In addition,
∼
b cand

∼
λ

2
are asymptotically normal estimators forbcandλ2, respectively, i.e.,

√
T
(∼

b c − bc

)
d−→ N

(
0,
∼
V1

)
,
√

T
(∼

λ
2
− λ2

)
d−→ N

(
0,
∼
V2

)
, T → +∞, (25)

where: ∼
V1 = (1 + bc)

2(1 + 7bc − 3bc(L + bc)),
∼
V2 =

4λ4(5+20bc+2bc L−3b2
c )

∼
V1

,

L = 1
2λ2 E

(
θtε

2
t−1
)
= 1

2λ2 E
(
θ2

t ε2
t−1
)
= 1− −

√
c

λ

(
c

2λ2 +
√

c
λ + 1

)
.

Proof. According to Theorem 2, (Xt) is a stationary series of RVs and its spectral density is:

sX(ω) =
1

2π

(
γX(−1)e−iω + γX(0) + γX(1)eiω

)
=

λ2

π
(1− 2bccos ω + bc),

where γX(h) = Cov(Xt, Xt+h) = E(XtXt+h) is the covariance function of (Xt). Obviously,
the function sX(ω) is continuous at the point ω = 0, so (Xt) is also an ergodic series of
RVs. Thus, by applying the mean ergodic theorem (see, c.f. [30], pp.131), for any h ≥ 0, one
obtains:

1
T

T

∑
t=1

XtXt+h
as−→ γX(h), T → +∞. (26)

Hence, by applying the convergence (26), when h = 0, 1, to the estimators
∼
b c and

∼
λ

2
,

given by Equations (22) and (23), respectively, the almost certain convergence in (24) is
easily obtained.

Now, let us define series Zt = XtXt+1, t = 0, 1, . . . , T − 1, which has 1-dependent
property (see, c.f. Definition 6.3.1 in [31], pp.245). Obviously, the series (Zt) is also
stationary and ergodic, with:

E(Zt) = Cov(Xt, Xt+1) = γX(1) = −2bcλ2.

According to the Cauchy–Swartz and Minkowski inequalities, it follows:

E|Zt − γX(1)|3 ≤
[(

E|Zt|3
)1/3

+ 2bcλ2
]3

< +∞,

and by applying the Hoeffding–Robbins theorem [32], we have:

√
T[Zt − γX(1)] = T−

1
2

T

∑
t=1

(
XtXt+1 + 2bcλ2

)
d−→ N (0, A), T → +∞. (27)

Here, after some computations, one obtains:

A = Var(Zt) + 2Cov(Zt, Zt+1) = E
(
X2

t X2
t+1
)
+ 2E

(
XtX2

t+1Xt+2
)
− 3γ2

X(1)
= 4λ4(1 + 7bc + bcL)− 16λ4bcL + 12λ4b2

c
= 4λ4(1 + 7bc − 3bc(L + bc)).

In addition, by again applying the mean ergodic theorem, i.e., Equation (26) when
h = 0, it follows:

1
T

T

∑
t=1

X2
t

as−→ E
(

X2
t

)
= 2λ2(bc + 1), T → +∞. (28)



Axioms 2023, 12, 622 14 of 29

Thus, the convergences (27) and (28) imply:

√
T[ρ̂X(1)− ρX(1)]

d−→ N (0, V0), T → +∞, (29)

wherein:

V0 =
A

γ2
X(0)

=
1 + 7bc − 3bc(L + bc)

(1 + bc)
2 .

Finally, according to the continuity of convergence in distribution (see, c.f. [33], pp.118),
it follows: √

T
(∼

b c − bc

)
d−→ N

(
0,
∼
V1

)
, T → +∞,

wherein:
∼
V1 =

(
dρX(1)

dbc

)−2
V0 = (1 + bc)

4V0.

In that way, the first convergence in (25) is proved.
To prove the second convergence in (25), note that series

(
X2

t
)

is also 1-dependent.
According to previous mentioned inequalities, as well as Theorem 2, one obtains:

E
∣∣∣X2

t − γX(0)
∣∣∣3 ≤ [(E|Xt|6

)1/3
− 2λ2(bc + 1)

]3
< +∞.

Thus, by applying again the Hoeffding–Robbins theorem [32], we get:

T−
1
2

T

∑
t=1

(
X2

t − 2λ2(bc + 1)
)

d−→ N (0, D), T → +∞, (30)

where, after some computations, one obtains:

D = Var
(

X2
t

)
+ 2Cov

(
X2

t , X2
t+1

)
= 4λ4

(
5 + 20bc + 2bcL− 3b2

c

)
.

Finally, according to the first almost certain convergence in (24), as well as the previ-
ously obtained convergence (30), it follows:

√
T
∼
λ

2
=

1

2
√

T
(∼

b c + 1
) T

∑
t=1

X2
t

d−→ N
(

λ2,
∼
V2

)
, T → +∞,

where
∼
V2 = D/

∼
V1. Thus, the second convergence in (25) is obtained. �

Remark 4. Using the estimators
∼
b cand

∼
λ

2
, the appropriate estimator of the critical valuec =

∼
ccan

be easily obtained as a solution to the equation:

P
{

ε2
t ≤ c

}
=
∼
b c,

or, equivalently,

Fε

(√
c
)
− Fε

(
−
√

c
)
= 2Fε

(√
c
)
− 1 =

∼
b c ⇐⇒

∼
c =

F−1
ε

∼b c + 1
2

2

. (31)

Here,Fε(x)is the CDF of the Laplacian innovations(εt), given by Equation (4), and we also note that
in Equation (31) the property of symmetry of its distribution is used. It is also noticeable that, from
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the fact that
∼
c is a continuous function of the estimator

∼
b c, the strong consistency and AN property

of this estimator follows (see, c.f. [33], pp. 24). �

4.2. Gauss–Newton and Maximum Likelihood Estimators

It is worth pointing out that
∼
b c and

∼
λ

2
are not the most efficient estimators for bc and

λ2. In order to obtain more efficient estimators for the observed parameters, similarly to the
case of the GSB process (see, c.f. [21,25]), the so-called modified Gauss–Newton method of
parameter estimation of nonlinear functions can be used. First, we can write Equation (9) as:

εt = Xt + θt−1εt−1, t = 1, . . . , T,

or, in the functional form,

εt(X, θ) = Xt + θt−1εt−1(X, θ).

Let
∼
b c be the estimated value of the parameter bc, obtained by the previously described

procedure. According to this, for each t = 1, 2, . . . , T, we can recursively compute:

∼
θ t = I

(
ε2

t−1

(
X,
∼
θ

)
≤ ∼c

)
, εt

(
X,
∼
θ

)
= Xt +

∼
θ t−1εt−1

(
X,
∼
θ

)
, (32)

with the previously mentioned initial values
∼
θ 0 = 1, ε0

(
X,
∼
θ

)
= ε−1

(
X,
∼
θ

)
= 0. Addi-

tionally, if we define a series of RVs:

Wt(X, θ) = θtWt−1(X, θ) + εt−1(X, θ), (33)

where t = 1, 2, . . . , T, and W0

(
X,
∼
θ

)
= 0, it is obvious that RVs Wt(X, θ) are Ft−1 adapted,

and thus independent of εt and θt+1. Furthermore, according to mentioned properties of
RVs (θt) and (εt), it follows that (Wt(X, θ)) is a stationary and ergodic series of RVs with:

E(Wt(X, θ)) = 0, Var(Wt(X, θ)) = E(Wt(X, θ))2 =
2λ2

1− bc
,

and correlation function ρW(h) = b|h|c , h = 0,±1, . . . Now, using a procedure similar to the
one in Lawrence and Lewis [34], we define the so-called residual series:

Rt(X, θ) = Wt(X, θ)− bcWt−1(X, θ). (34)

It can be shown easily that Rt(X, θ) are alsoFt−1 adapted, but mutually non-correlated
RVs (see, c.f. Jovanović et al. [25]). Thus, Equation (34) represents a linear autoregressive
(AR) process (Wt(X, θ)) with innovations (Rt(X, θ)). From here, by applying the usual
regression procedure, another estimator of the unknown, threshold parameter bc ∈ (0, 1)
can be obtained by the equality:

b̂c =

(
T−1

∑
t=0

Wt

(
X,
∼
θ

)
Wt+1

(
X,
∼
θ

))(T−1

∑
t=0

W2
t

(
X,
∼
θ

))−1

, (35)

where, according to Equations (33) and (34),

Wt

(
X,
∼
θ

)
= Wt(X, θ)|

θ=
∼
θ
=
∼
θ tWt−1

(
X,
∼
θ

)
+ εt−1

(
X,
∼
θ

)
,

Rt

(
X,
∼
θ

)
= Rt(X, θ)|

θ=
∼
θ
= Wt

(
X,
∼
θ

)
− bcWt−1

(
X,
∼
θ

)
.
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As in the case of previous estimators, the estimator b̂c gives the estimator of critical
value c = ĉ as a solution of the equation:

P
{

ε2
t ≤ c

}
= b̂c ⇐⇒ ĉ =

[
F−1

ε

(
b̂c + 1

2

)]2

. (36)

Notice that using the previously obtained estimators
∼
b c (as well as b̂c), that is, the

modelled values of innovations (εt), defined by Equation (32), the scale parameter λ can be
estimated. It is well-known that for the Laplace innovations (εt) the most efficient estimates
are obtained by using the maximum likelihood (ML) estimators (see, c.f. [35,36]). In the
case of our LSB process, the ML estimator can be obtained according to Equations (1) and
(2), that is, based on the maximization of the log-likelihood function:

l(y1, . . . , yT ; λ) = ln
T

∏
t=1

[
1

2λ
exp

(
−|yt −mt|

λ

)]
= −Tln(2λ)− 1

λ

T

∑
t=1

∣∣∣∣εt

(
X,
∼
θ

)∣∣∣∣.
By solving the equation l(y1, . . . , yT ; λ)/∂λ = 0 and using Equation (32), the estimator

of scale parameter λ is obtained as the mean absolute deviation (MAD):

λ̂ =
1
T

T

∑
t=1

∣∣∣∣εt

(
X,
∼
θ

)∣∣∣∣. (37)

Strict consistency and AN of the estimates b̂c and λ̂ can be proven as follows:

Theorem 7. Estimatorsb̂candλ̂, defined by Equations (34) and (36), respectively, are strictly
consistent estimators for the parametersbcandλ, i.e.,

b̂c
as−→ bc, λ̂

as−→ λ, T → +∞. (38)

Moreover,b̂candλ̂are asymptotically normal estimators forbcandλ, respectively, i.e.,

√
T
(

b̂c − bc

)
d−→ N

(
0, 1− b2

c

)
,
√

T
(
λ̂− λ

) d−→ N
(

0, λ2
)

, T → +∞. (39)

Proof. According to definitions of the residuals (Rt

(
X,
∼
θ

)
) and the estimator b̂c, given by

Equations (34) and (35), respectively, we obtain:

b̂c − bc =

T−1
∑

t=0
Wt

(
X,
∼
θ

)
Wt+1

(
X,
∼
θ

)
− bc

T−1
∑

t=0
W2

t

(
X,
∼
θ

)
T
∑

t=1
W2

t

(
X,
∼
θ

)

=

T−1
∑

t=0
Wt

(
X,
∼
θ

)
Rt+1

(
X,
∼
θ

)
T−1
∑

t=0
W2

t

(
X,
∼
θ

) . (40)

Similarly to the previous theorem, it can be shown that
(

Wt

(
X,
∼
θ

))
,
(

Rt

(
X,
∼
θ

))
,

and (εt

(
X,
∼
θ

)
) are stationary and ergodic time series. Thus, by applying the mean ergodic

theorem, it follows:
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1
T

T−1
∑

t=0
Wt

(
X,
∼
θ

)
Rt+1

(
X,
∼
θ

)
as−→ E

(
Wt

(
X,
∼
θ

)
Rt+1

(
X,
∼
θ

))
= 0 , T → +∞,

1
T

T−1
∑

t=0
W2

t

(
X,
∼
θ

)
as−→ E

(
W2

t

(
X,
∼
θ

))
= 2λ2

1−bc
, T → +∞,

(41)

1
T

T−1

∑
t=0

∣∣∣∣εt

(
X,
∼
θ

)∣∣∣∣ as−→ E
∣∣∣∣εt

(
X,
∼
θ

)∣∣∣∣ = λ, T → +∞.

These convergences obviously imply the almost certain convergences in Equation (38).
Furthermore, according to Equation (40), in the following decomposition one obtains:

√
T
(

b̂c − bc

)
=

T−
1
2 MT−1

T−1WT−1
,

wherein:

MT−1 =
T−1

∑
t=0

Wt

(
X,
∼
θ

)
Rt+1

(
X,
∼
θ

)
,WT−1 =

T−1

∑
t=0

W2
t

(
X,
∼
θ

)
.

As for each t = 1, 2, . . . , T,

E(Mt|Ft−1) = Mt−1 + Wt

(
X,
∼
θ

)
E
(

Rt+1

(
X,
∼
θ

))
= Mt−1,

the series (Mt) is a martingale. Applying Billingsley’s CLT for martingales [37], we get:

T−
1
2 MT−1

d−→ N (0, D1), (42)

wherein, according to Equation (34),

D1 = E
(

Wt

(
X,
∼
θ

)
Rt+1

(
X,
∼
θ

))2
= E

(
W2

t

(
X,
∼
θ

))
E(Wt+1(X, θ)− bcWt(X, θ))2

= 2λ2

1−bc
E
(

W2
t+1

(
X,
∼
θ

)
− 2bcWt(X, θ)Wt+1(X, θ) + b2

c W2
t

(
X,
∼
θ

))
= 2λ2

1−bc

(
2λ2(1+b2

c )
1−bc

− 2bcCov(Wt(X, θ), Wt+1(X, θ))

)
= 2λ2

1−bc

(
2λ2(1+b2

c )
1−bc

− 4λ2b2
c

1−bc

)
= 4λ4(1+bc)

1−bc
.

On the other hand, the almost certain convergence in Equation (41) is the same as:

T−1WT−1
as−→ 2λ2

1− bc
, T → +∞. (43)

Thus, the convergences (42) and (43) give the first convergence in (39). Finally, accord-
ing to Equation (33), and after some computations, one obtains:

Var
(
λ̂
)

= 1
T2

T
∑

t=1

[
E
(

ε2
t

(
X,
∼
θ

))
− λ2

]
= 1

T

(
E(Wt+1(X, θ)− θt+1Wt(X, θ))2 − λ2

)
= 1

T
(
E
(
W2

t+1(X, θ)
)
− 2E(θt+1Wt+1(X, θ)Wt(X, θ)) + E

(
θt+1W2

t (X, θ)
)
− λ2)

= 1
T

(
2λ2(1+bc)

1−bc
− 2E(θt+1(θt+1Wt(X, θ) + εt(X, θ))Wt(X, θ))− λ2

)
= 1

T

(
2λ2(1+bc)

1−bc
− 2E

(
θt+1W2

t (X, θ)
)
− λ2

)
= 1

T

(
2λ2(1+bc)

1−bc
− 4λ2bc

1−bc
− λ2

)
= λ2

T ,

and the second convergence in (39) immediately follows �
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Remark 5. Similarly to Theorem 6, the estimatorĉ,defined by Equation (36), is a continuous
function of b̂c. Thus, the strong consistency and AN properties of ĉare also valid. Additionally,
based on the scale parameter estimatorλ̂given by Equation (37), the estimatorλ̂2can be defined.
It is also strictly consistent and AN but, at the same time, the most efficient estimator for the
parameterλ2.Namely, by applying the continuity of the convergence in distribution [33], (pp. 118),
it follows that: √

T
(

λ̂2 − λ2
)

d−→ N
(
0, V̂2

)
, T → +∞,

whereV̂2 =
((

λ2)′)2
λ2 = 4λ4. Thus, the variance of the estimatorλ̂2is4λ4/Tand it is the

minimum of the variance for the unbiased estimator of the parameterλ2, obtained from Rao–Cramér’s
inequality (see, c.f. [35,36]). In that way, for the previously defined estimators, inequalities:

V̂1(bc) ≤
∼
V1(bc), V̂2

(
λ2
)
≤
∼
V2

(
bc, λ2

)
hold, where we denotedV̂1(bc) = 1− b2

c . This means thatb̂candλ̂2are more efficient estimators

than
∼
b cand

∼
λ

2
, respectively, which can also be seen inFigure 5, where asymptotic variances of these
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4.3. Estimators of the Mean Value

In the last part of this section, we consider estimators for the mean value of the LSB
process µ = E(yt). For this aim, the sample mean of series is usually used (yt):

∼
µ :=

−
yT =

1
T

T

∑
t=1

yt, (44)

which is an unbiased estimator, that is, E
(∼

µ
)
= E

(−
yT

)
= µ, but its variance is unbounded.

To prove this fact, we use the α-mean series
−
YT;α, defined in Theorem 5, in the case where

α = 1. Then, the estimator
∼
µ can be represented as a sum of uncorrelated RVs:

∼
µ = m0 +

1
T

[
T

∑
k=1

(1 + kqT−k)εT−k + εT

]
,
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and using the same procedure as in Theorem 5, the variance of
∼
µ is as follows:

∼
V = V

(∼
µ
)
=

2acλ2T
3

+O
(

T−1
)
−→ +∞, T → +∞.

Let us emphasize that the variance
∼
V = V

(∼
µ
)

is asymptotically equal to that in
Equation (19), when α = 1, as expected.

In order to obtain a more efficient estimator for the parameter µ, a sample mean of the

mean series
−
y t, when t = 1, . . . , T, can be taken, i.e.,

µ̂ :=
1
T

T

∑
t=1

−
y t =

1
T

T

∑
t=1

ωtyt, (45)

where ωt = H(T)− H(t− 1) and H(t) = ∑t
j=1 j−1, t = 1, . . . , T are the harmonic numbers,

with H(0) = 0. The estimator µ̂ is also unbiased for the parameter µ, but its weights are
more pronounced at the ‘older’ time points of the realization of the series (yt). This is
consistent with the fact that the covariances of RVs yt depend on these ‘older’ time indices.
For these reasons, the estimator µ̂ is more efficient than

∼
µ, which can be shown using a

procedure similar to that of Jovanović et al. [25]. First, we represent estimator µ̂ as a sum of
uncorrelated RVs:

µ̂ =
1
T

[
m0

T

∑
t=1

ωt +
T−1

∑
j=0

(
qjε j

T

∑
t=j+1

ωt

)
+

T

∑
t=1

ωtεt

]
, (46)

and after some computations (see, for more detail [25]), the variance of µ̂ can be obtained
as follows:

V̂ = V(µ̂) = 2acλ2H2(T) + o
(

H−2(T)
)
−→ +∞, T → +∞.

In this way, it can be seen that the asymptotic variance V̂ := V(µ̂) is also unbounded,

but is asymptotically smaller than
∼
V = V

(∼
µ
)

, because:

lim
T→+∞

V(µ̂)

V
(∼

µ
) = lim

T→+∞

H2(T)
T

= 0.

Thus, the estimator µ̂ is (asymptotically) more efficient than
∼
µ.

5. Numerical Simulations of the LSB Estimators

In this section, the parameter estimation procedures of the LSB model are discussed,
where N = 1500 Monte Carlo simulations of the basic LSB series are generated, of the
length T = 1000. At the same time, the main goal is to examine the quality of previously
proposed estimators, that is, their asymptotic properties, which were analysed and shown
in the previous section. To this end, appropriate estimation errors and normality testing
procedures are also used. The summarized values of the estimated parameters, i.e., the
mean (Mean), minimum (Min.), and maximum (Max.), as well as the corresponding mean
square estimated errors (MSEE), are shown in the left part of Table 1. In addition, the
obtained estimates were tested for their AN properties using Anderson–Darling and
Cramér–von Mises normality tests. The appropriate test statistics (denoted by AD and W,
respectively), as well as their p-values, were computed using the R-package “nortest” [38]
and are presented in the right part of Table 1.



Axioms 2023, 12, 622 20 of 29

Table 1. Summary statistics of the estimated parameter values of the LSB process, along with the
realized statistics of their normality tests (true parameter values are: µ = 0 and c = λ = 1).

Parameter
Estimators Statistics Estimated Values AD

(p-Value)
W

(p-Value)

Critical Value

∼
c

Min. 0.5769
0.9908 *
(0.0129)

0.1791 **
(0.0099)

Mean 1.0257
(MSEE) (3.63 × 10 −2)

Max. 2.0964

ĉ

Min. 0.7142
0.3202

(0.5320)
0.0441

(0.6059)
Mean 0.9944

(MSEE) (7.19 × 10 −3)
Max. 1.2685

Scale Parameter

∼
λ

Min. 0.7829
0.5413

(0.1641)
0.0702

(0.2773)
Mean 1.0026

(MSEE) (5.36 × 10 −3)
Max. 1.2394

λ̂

Min. 0.8592
0.4244

(0.3173)
0.0588

(0.3920)
Mean 1.0028

(MSEE) (2.52 × 10 −3)
Max. 1.1702

Mean Value

∼
µ

Min. −56.420
0.1843

(0.9088)
0.0282

(0.8701)
Mean 0.3491

(MSEE) (252.01)
Max. 55.208

µ̂

Min. −38.595
0.2508

(0.7417)
0.0289

(0.8621)
Mean 0.1647

(MSEE) (96.62)
Max. 33.0875

* p < 0.05, ** p < 0.01.

Based on these obtained estimates, it is evident that almost all of them have the AN
property, which is also confirmed by the previous theoretical results. It is worth pointing out
that even the estimates of the mean values

∼
µ and µ̂, obtained by the realizations of the non-

stationary series (yt), have the AN properties. This is already explained by the theoretical
findings provided by Theorems 4 and 5, which describe the AN properties of this series.
Therefore, the effectiveness of both of these estimators due to their non-stationarity is not
pronounced and, due to unlimited variance, there are a wide range of obtained estimated
values. On the other hand, we note that the AN property is not particularly emphasized
in the case of estimates of the critical value (c). This is a consequence of the three-step
procedure for estimating this parameter, because the estimates of the parameter c are
obtained after the estimates of the parameters bc and λ have been computed. Nevertheless,
it is clear that, in accordance with the previous theoretical findings, first of all in Theorem 7,
the estimate ĉ is more efficient and has a more pronounced AN property than estimate

∼
c .

Finally, in the case of estimates of the scale parameter (λ), their efficiency and AN
properties are clearly visible. At the same time, it should be noticed that the moment-based

estimate
∼
λ has a somewhat slower efficiency and AN property compared to the ML estimate

λ̂, obtained using Equation (37) and the modelled innovations (εt). This is fully consistent
with the previously explained theoretical findings, that is, the definitions of both of these
two estimates, as well as Theorems 6 and 7. Some visual confirmation of these facts can
be seen in Figure 6, where the histograms of the frequency distribution of the obtained
estimates are shown. Thus, for instance, in all cases (with the exception

∼
c ) the presence of

AN properties clearly can be observed, as well as the efficiency of the obtained estimates.
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6. Application in Dynamic Analysis of the World Oil and Gas Market

In the following, the application of the LSB process in the dynamic analysis of prices
and trading volumes of crude oil and natural gas on the world market is considered.
We emphasize that the temporal dynamics of these two energy sources is of particular
importance, and they are greatly influenced by global external factors, such as, for instance,
the recent COVID-19 pandemic and the war in Ukraine. Precisely for these reasons, it can
be assumed that all of these factors cause permanent and pronounced fluctuations in the
dynamics of the price and trading volume of these two energy products, which can be
seen in the following Figure 7. As mentioned in the introduction, it will be shown here
that the LSB process can be an appropriate stochastic model for describing dynamics of
these kinds. To this end, based on official data from the National Association of Securities
Dealers Automated Quotations (NASDAQ) Stock Market [39], we observed daily changes
in crude oil prices and trading volumes (in US dollars per barrel) and natural gas (in US
dollars per cubic meter) from 2 April 2018 to 31 March 2023.
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In this way, time series of real-world data of length T = 1261 were obtained, and
their main statistical indicators can be seen in the following Table 2. Based on these, it can
be easily concluded that in both cases there are pronounced and permanent fluctuations.
For example, the average price of crude oil is (approximately) 62.57 US dollars per barrel.
However, it varies from 9.06 US dollars (on 21 April 2020, just over a month after the official
announcement of the COVID-19 pandemic), all the way to 123.7 US dollars (on 8 March
2022, a few weeks after the start of the war in Ukraine). Let us notice that the price of
natural gas also has pronounced price ranges, although less pronounced than in the case of
the price of crude oil.

Table 2. Basic statistical and market indicators of crude oil and natural gas in the last five years.

Statistics
Crude Oil Natural Gas

Price Volumes Log-Volumes Price Volumes Log-Volumes

Mean 65.42 4.22 × 105 16.832 3.591 1.22 × 105 12.672
Median 64.62 3.88 × 105 17.102 2.855 1.17 × 105 12.789
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Table 2. Cont.

Statistics
Crude Oil Natural Gas

Price Volumes Log-Volumes Price Volumes Log-Volumes

Mode 67.04 N/A N/A 2.662 1.66 × 105 12.717
Sample Variance 397.1 5.41 × 1010 0.8172 3.274 3.56 × 109 0.8194
Stand. Deviation 19.94 2.33 × 105 0.9040 1.809 5.97 × 104 0.9052

Minimum 9.060 1.23 × 104 11.617 1.482 1.20 × 103 8.281
Maximum 123.7 1.69 × 106 18.273 9.680 4.35 × 105 14.56

Note that in addition to the basic financial data (price and volumes of trading), Table 2
also shows descriptive statistics of the so-called log-volumes. They represent an aggregate
financial indicator, obtained as a natural logarithm of the total monetary value of trading
volumes, i.e.,

y(j)
t := ln

(
P(j)

t ·V
(j)
t

)
, t = 0, 1, . . . , Tj, j = 1, 2.

Here,
(

P(1)
t

)
and

(
V(1)

t

)
are, respectively, the price and trading volumes of crude oil,

and
(

P(2)
t

)
and

(
V(2)

t

)
are the price and trading volumes of natural gas, observed at some

point in time t = 1, 2, . . . , T. As is stated in two studies [40,41], the usage of log-volumes
changes the interpretation of activity shocks because unexpected values are not affected
by the growth trend in their dynamics. In addition, the variance of log-volatility shocks
is then more uniform across the sample (that is, over the timeline of the observed data).
This can also be seen through the sample variance and standard deviation of both observed
log-volume series, which are shown in Table 2. Additionally, the corresponding Split-MA(1)
processes for these series are as follows:

X(j)
t = y(j)

t − y(j)
t−1 = ln

P(j)
t

P(j)
t−1

+ ln
V(j)

t

V(j)
t−1

, t = 1, . . . , T, j = 1, 2,

i.e., they represent the sum of the log-returns of prices and trading volumes.
We further consider the possibility of using the LSB process as a suitable stochastic

model of logarithmic volume dynamics. To that end, the basic LSB series, i.e., realizations
of log-volumes of crude oil and natural gas, will be referred to as Series A and Series B,
respectively. According to these, as well as the results of using Equations (1) and (5), the
martingale means

(
m(j)

t

)
and innovations

(
ε
(j)
t

)
can be obtained by iterative procedure:

 ε
(j)
t = y(j)

t −m(j)
t ,

m(j)
t = m(j)

t−1 + ε
(j)
t−1 I

{(
ε
(j)
t−2

)2
≥ ∼c

}
,

(47)

where j = 1, 2 and
∼
c is the estimated critical value, obtained by using Equation (31). As

initial values in (47), as before, we have taken ε
(j)
0 = ε

(j)
−1 = 0, as well as m(j)

0 = y(j)
0 = µ̂,

j = 1, 2. The estimated values of basic statistical indicators of the increment series
(

X(j)
t

)
,

j = 1, 2, as well as two modelled series, martingale means
(

m(j)
t

)
, j = 1, 2, and innovation

series
(

ε
(j)
t

)
, j = 1, 2, are presented in the following Table 3.
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Table 3. Statistical indicators of increments, martingale means, and innovations of LSB processes.

Statistics
Series A Series B(

X(1)
t

) (
m(1)

t

) (
ε
(1)
t

) (
X(2)

t

) (
m(2)

t

) (
ε
(2)
t

)
Mean 3.52 × 10−5 16.898 −0.0196 1.17 × 10−5 12.688 −0.0713

Median −0.0577 17.127 −0.0537 −0.0660 12.830 −0.0702
Mode N/A 16.588 N/A N/A 12.709 N/A

Sample Variance 0.9688 0.7227 0.7156 0.8492 0.8975 0.6484
Stand. Deviation 0.8178 0.8501 0.8460 0.9215 0.9473 0.8053

Minimum −3.5600 11.617 −3.5560 −4.0362 8.2808 −3.8895
Maximum 4.9542 18.185 4.9542 4.6061 14.560 4.2371

Range 9.5142 6.5680 8.5142 8.6423 6.2794 8.1266
Skewness 2.3966 −2.1680 1.0276 1.5001 −1.9954 0.6335
Kurtosis 5.1593 5.3253 6.1547 7.7933 5.2876 6.0679

Based on the obtained estimated parameter values, certain observations can be made,
which also derive from previously obtained theoretical results. Note first that the average
values of log-volumes are “close” to the average values of martingale means, and that
is consistent with equality E(yt) = E(mt). Moreover, both series A and B have other
similar statistical indicators (variance or standard deviation, for example), which indicates
a certain similarity in their dynamics and other stochastic characteristics. This can be seen
by comparing statistical indicators of the increments (X(j)

t ), j = 1, 2, and the innovation

series (ε(j)
t ), j = 1, 2. It is noticeable that the sample means of both series are close to zero,

that is, they have the property of symmetry of their empirical distributions. Finally, it is
worth pointing out that both series (ε(j)

t ), j = 1, 2, have the estimated values of kurtosis
Kj ≈ 6, j = 1, 2, which could indicate their suitability for stochastic modelling with the
Laplace distribution.

In the following, using the estimation procedure described in the previous section, the
parameters of both real-world time series can be estimated, assuming that their dynamics
are subjected to the LSB model. Table 4 shows the estimates obtained by applying the
above-mentioned procedures, that is, two kinds of parameter estimates of the LSB model.
Additionally, some other estimates, such as the first-order sample correlation ρ̂X(1) and
the estimates of the threshold parameter bc, are shown. Let us notice that the condition
−0.5 < ρ̂X(1) < 0 is satisfied in both series cases, which enables the estimation of the
parameter bc.

Table 4. Estimated parameter values of the log-volumes series.

Parameter Estimates Series A Series B

Mean Value
∼
µ 16.832 12.672
µ̂ 17.004 12.587

Sample Correlation ρ̂X(1) −0.1911 −0.3948

Threshold Parameter
∼
b c 0.2362 0.6523
b̂c 0.3766 0.5546

Critical Value
∼
c 0.0196 0.2868
ĉ 0.0459 0.1487

Scale Parameter
∼
λ 0.5201 0.5069
λ̂ 0.4520 0.5113

As has already been pointed out, the values of the modelled series (m(j)
t ) and (ε(j)

t ) were
computed by using the most robust estimators of the LSB process ĉ, µ̂, σ̂2. The agreement
between the modelled and actual data can be seen in Figure 8a, where in addition to the
observed log-volume values (y(j)

t ), the modelled martingale mean values (m(j)
t ) are shown.
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At the same time, the agreement between the increment series (X(j)
t ) and innovations (ε(j)

t )
is shown in Figure 8b. It is worth noting that high correlations between the actual and
modelled time series are clearly observable, which can also be explained by the theoretical
findings presented in Section 2. Namely, the martingale means (m(j)

t ) are equal to the

log-volumes in cases when there were no pronounced fluctuations of the series (y(j)
t ) in the

previous time period. On the other hand, if emphatic fluctuations occur, the values of the
series (m(j)

t ) and (y(j)
t ) become different, and the resulting deviations indicate the existence

of significant fluctuations and potential risk in the market. Similarly, if at some point in
time point’s innovation series (ε(j)

t ) has a pronounced fluctuation, the next value of (ε(j)
t )

will be equal to increments (X(j)
t ). It is obvious that the agreement of realizations between

these time series is better if, in addition to permanent and emphatic fluctuations of (ε(j)
t ),

the critical value c is relatively small.
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Notice that the CDFs and PDFs of the series (X(j)
t ), j = 1, 2 can be obtained by using

the results given in Theorem 3, that is, Equations (10) and (13), respectively. The above plots
in Figure 9 show fitted PDFs of both empirical distributions of the series (X(j)

t ), j = 1, 2.
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Finally, using the results of Theorem 4, that is, Equation (15), the fitted CDFs Ht(x) of the
log-volumes (y(j)

t ) can be obtained by the iterative procedure:

H(j)
t (x) =

(
H(j)

t−1 ⊗ Fη

)
(x) =

+∞∫
−∞

H(j)
t−1(x− u)Fη(du), t = 1, 2, . . . , T, (48)

where:

H(j)
0 (x) =

(
Fµ ⊗ Fε

)
(x) =

+∞∫
−∞

Fµ(x− u)Fε(du) =
+∞∫
−∞

I(x− u > µ) fε(u)du

=
x−µ∫
−∞

fε(u)du = Fε(x− µ).
(49)
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From here, by differentiating the CDFs obtained using Equation (48), the correspond-
ing PDFs of the log-volumes (y(j)

t ) can also be easily computed. Therefore, due to the
non-stationarity, these PDFs are dependent on the time argument t. The graphs below in
Figure 9 show the theoretical PDFs of the series (y(j)

t ), obtained by using the numerical
procedure in the R-package “distr” [42]. The PDFs of the length t < T = 1261 are shown
with dashed lines, and the PDFs of the length T = 1261 are shown with a solid line.
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7. Conclusions

The main stochastic properties of the Laplacian Split-BREAK (LSB) process are pre-
sented here, along with the investigation of the asymptotic properties of the corresponding
LSB series, as well as the procedures for estimating their parameters. It is useful to point
out that one of the advantages of this stochastic model, as in the case of the Gaussian
Split-BREAK (GSB) process, is that it enables the usage of appropriate stationary and non-
stationary components, which provide different procedures for estimating its unknown
parameters. At the same time, of particular importance is the asymptotic behaviour of LSB
series. This is considered as well as the obtained parameter estimators.

Let us point out that one of the important features of the LSB process, as well as
the class of STOPBREAK-based processes in general, is the ability to “remove” the sharp
boundary between stochastic processes with permanent shocks and those in which they
remain transient. Therefore, these stochastic processes can vary between different well-
known non-linear stochastic models (see, for more details, Stojanović et al. [23,24]). For
instance, the LSB process can vary from an IID (white noise) series, for a larger critical
value of reaction c, to a random walk process, as c approaches zero.

In addition, some of the possibilities of applying the LSB process in modelling dynam-
ics of the real-world series with emphasized and persistent fluctuations are also described.
This provides opportunities for potential future research based on the various kinds of
Split-BREAK processes. At the same time, it is worth pointing out that the dynamic analy-
sis of log-volumes, as composite time series, may represent a certain limitation, due to a
possibility of omitting some other characteristics of the oil and gas market.
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