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1. Introduction

Galilean conformal algebra has been studied in the non-relativistic limit of the ADS/CFT
conjecture [1]. The finite-dimensional Galilean conformal algebra is associated with certain
non-semisimple Lie algebra, which is regarded as a non-relativistic analogue of confor-
mal algebras. It was found that the finite Galilean conformal algebra could be given an
infinite-dimensional lift for all space-time dimensions (see [1–3]). The planar Galilean
conformal algebra was first introduced by Bahturin and Gopakumar in reference [1].
In Section 2 of reference [4], the Galilean conformal algebra of finite dimension in the d
spatial dimension was introduced. For a given d, Galilean conformal algebra is labelled by
a half-integer l. The infinite dimension d = 2, l = 1 is planar Galilean conformal algebra.

The generalized planar Galilean conformal algebra is an infinite-dimensional Lie
algebra, which is generated by {Lm, Hm, Im, Jm|m ∈ Γ} over F, where F is an algebraic
closed field of characteristic 0, and Γ is a proper additive subgroup of F, satisfying the
following relations:

[Lm, Ln] = (m− n)Lm+n, [Lm, Hn] = −nHm+n,

[Lm, In] = (m− n)Im+n, [Lm, Jn] = (m− n)Jm+n,

[Hm, In] = Jm+n, [Hm, Jn] = −Im+n,

[Hm, Hn] = [Im, In] = [Im, Jn] = [Jm, Jn] = 0,

for m, n ∈ Γ. The center of W is {0}.
The generalized loop planar Galilean conformal algebra W(Γ) is the tensor product

W ⊗ F[t±1] of the generalized planar Galilean conformal algebra W with the Laurent
polynomial algebra F[t±1], which is generated by {Lm,i, Hm,i, Im,i, Jm,i|m ∈ Γ, i ∈ Z} over F,
subject to the following bracket relations:

[Lm,i, Ln,j] = (m− n)Lm+n,i+j, [Lm,i, Hn,j] = −nHm+n,i+j,

[Lm,i, In,j] = (m− n)Im+n,i+j, [Lm,i, Jn,j] = (m− n)Jm+n,i+j,

[Hm,i, In,j] = Jm+n,i+j, [Hm,i, Jn,j] = −Im+n,i+j,

[Hm,i, Hn,j] = [Im,i, In,j] = [Im,i, Jn,j] = [Jm,i, Jn,j] = 0,
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where Xm,i = Xm ⊗ ti for any X ∈ {L, H, I, J}, m, n ∈ Γ and i, j ∈ Z. We see that the center
of W and W(Γ) are all {0}. We have studied the structures of W(Γ) in reference [5].

The representation theory of Lie algebra is important in many infinite dimensional
algebras. The properties of modules in Lie algebras are the main topics of the representation
theory of Lie algebras. The simple weight modules of the Virasoro algebra have been
studied in reference [6]. Mathieu classified all simple Harish-Chandra modules over
the Virasoro algebra. Recently, some researchers have investigated the Harish-Chandra
modules of many important Lie algebras and Lie super algebras [7–9], such as twisted
Heisenberg–Virasoro algebra [8], Schrödinger–Virasoro algebra [9] and deformative twisted
Schrödinger–Virasoro Lie algebra [9]. In references [10–17], the Verma modules of some
Lie algebras and super algebras have been determined. The Verma modules of generalized
Virasoro algebras were determined in reference [18]. From reference [12], we know the
classification of the Verma modules of the W(2, 2). However, the Harish-Chandra modules
and Verma modules of the generalized loop planar Galilean conformal algebra have not
been studied; we will solve these problems in this article.

Recently, the non-weight modules of Lie (super)algebras have attracted much attention
from mathematicians. In particular, the Whittaker modules and U(h)-free modules have
been widely studied for many Lie algebras. The Whittaker modules for many other Lie
algebras have been investigated, such as in reference [19–27]. The Whittaker modules for
the affine Lie algebra A(1)

1 were determined in reference [24]. The Whittaker modules of
super-Virasoro algebras were studied in reference [19]. The notation of U(h)-free modules
was first introduced by Nilsson [28]. Tan and Zhao showed that any free U(h)-modules
of rank 1 over the Witt algebra is isomorphism to Ω(λ, α) for some λ ∈ F∗, α ∈ F [29].
Later, U(h)-free modules for many infinite-dimensional Lie algebras were determined, for
example, for Heisenberg–Virasoro algebras [30], the algebras Vir(a, b) [31], Loop–Virasoro
algebras and Block type algebras [32]. In this paper, we aim to study the free U(h)-module
over generalized loop planar Galilean conformal algebras.

The representations of the planar Galilean conformal algebra was determined in
reference [33]; Gao studied the simple restricted modules over W, including the highest
weight modules and Whittaker modules. However, the representations of W(Γ) have not
been studied up until now, hence we will study the representations of W(Γ). The present
paper is organized as follows. In Section 2, we will determine the Verma modules of W(Γ).
In Section 3, we will calculate the Harish–Chandra modules of W(Γ). In Sections 4 and 5,
we will give some conclusions for the Whittaker modules of W(Γ). In Section 6, we will
determine the rank 1 free U(FL0,0)-modules of W(Γ). The main results of the paper are
stated in Theorems 1, 3–5 and 7.

2. Verma Modules of W(Γ)

First, we fix a total order ≺ on Γ which is compatible with the addition, x � y implies
x + z � y + z for any z ∈ Γ [34]. We write x ≺ y if x � y and x 6= y. Assume that

Γ+ = {x ∈ Γ|x � 0}, Γ− = {x ∈ Γ|x ≺ 0}.

Then, we have Γ = Γ+ ∪ {0} ∪ Γ−, and W(Γ) has a triangular decomposition

W(Γ) = W(Γ)−W(Γ)0W(Γ)+,

where

W(Γ)− =
⊕
m≺0

FLm,i ⊕
⊕
m≺0

FHm,i ⊕
⊕
m≺0

FIm,i ⊕
⊕
m≺0

FJm,i,

W(Γ)0 = L0,i ⊕ H0,i ⊕ I0,i ⊕ J0,i,

W(Γ)+ =
⊕
m�0

FLm,i ⊕
⊕
m�0

FHm,i ⊕
⊕
m�0

FIm,i ⊕
⊕
m�0

FJm,i.
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The universal enveloping algebra of W(Γ) is given by

U(W(Γ)) = U(W(Γ)−)U(W(Γ)0)U(W(Γ)+).

Let a, b, c, d ∈ F, Vh is a 1-dimensional vector space over F spanned by vh and Vh = Fvh.
View Vh as a W(Γ)0-module, such that L0,ivh = avh, I0,ivh = bvh, J0,ivh = cvh, H0,ivh = dvh
for all i ∈ Z. Then, Vh is a B = W(Γ)+ ⊕W(Γ)0-module by setting W(Γ)+vh = 0.

Definition 1. The induced module V(a, b, c, d) = IndW(Γ)
B Vh = U(W(Γ))⊗U(B) Vh is called a

Verma module of W(Γ) with the highest weight (a, b, c, d).

Let U = U(W(Γ)) and I(a, b, c, d) be the left ideal of U, which is generated by
the elements in {Lm,i, Hm,i, Im,i, Jm,i|m ∈ Γ+} ∪ {L0,i − a, I0,i − b, J0,i − c, H0,i − d} for any
a, b, c, d ∈ F. We define V(a, b, c, d) = U/I(a, b, c, d) as the Verma module with the highest
weight (a, b, c, d) for W(Γ), and get a basis of V(a, b, c, d) consisting of all vectors of the
form

vh, L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh,

with

0 � (α1, i1) � · · · � (αk, ik), 0 � (Γ1, p1) � · · · � (Γt, pt),

0 � (l1, q1) � · · · � (lu, qu), 0 � (β1, j1) � · · · � (βs, js),

where α1, . . . , αk, Γ1, . . . , Γt, l1, . . . , lu, β1, . . . , βs ∈ Γ and i1, . . . , ik, j1, . . . , js, p1, . . . , pt, q1, . . . ,
qn ∈ Z. (For any α, β ∈ Γ, i, j ∈ Z, (α, i) � (β, j)⇐⇒ α � β or α = β and i � j). If L0,iv = λv
for all i ∈ Z, then we call a vector v ∈ V(a, b, c, d) a weight vector with weight λ.

Lemma 1. If V(a, b, c, d) is a weight module of W(Γ) and V(a, b, c, d) = ⊕λ∈a−W(Γ)+Vλ, we
obtain

Vλ = spanF{L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js |
k

∑
i=1

αi

+
s

∑
j=1

βi +
t

∑
p=1

Γi +
u

∑
q=1

li = λ− a}

which is the weight vector with weight λ.
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Proof. If vh is the maximal weight vector with a, which satisfies L0,0vh = avh. Then, we have

L0,0 · L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

= [L0,0, L−α1,i1 ] · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

+ · · · L−α1,i1 · · · [L0,0, L−αk ,ik ]I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

+L−α1,i1 · · · L−αk ,ik [L0,0, I−Γ1,p1 ] · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

+L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · [L0,0, I−Γt ,pt ]J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

+L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt [L0,0, J−l1,q1 ] · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

+L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · [L0,0, J−lu ,qu ]H−β1,j1 · · ·H−βs ,js vh

+L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu [L0,0, H−β1,j1 ] · · ·H−βs ,js vh

+L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · · [L0,0, H−βs ,js ]vh

+L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js L0,0vh

= (
k

∑
i=1

αi +
s

∑
j=1

βi +
t

∑
p=1

Γi +
u

∑
q=1

li + a)L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt

J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

= λL−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh.

So, we have
k

∑
i=1

αi +
s

∑
j=1

βi +
t

∑
p=1

Γi +
u

∑
q=1

li = λ− a.

For x ∈ V(a, b, c, d), we set

x = ∑ Aα,i,Γ,p,l,q,β,jL−α1,i1 · · · L−αk ,ik
I−Γ1,p1 · · · I−Γt ,pt · · · J−l1,q1

· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh,

where Aα,i,β,j,r,p,l,q ∈ F, α = (α1, · · · , αk), i = (i1, i2, · · · , ik), Γ = (Γ1, · · · Γt), p = (p1, · · · pt),
l = (l1, · · · , lu), q = (q1, · · · qu), β = (β1, · · · , βs), j = (j1, · · · , js) with only finite terms
Aα,i,Γ,p,l,q,β,j 6= 0.

Definition 2. We define

Aw = {(α, i)|Aα,i,β,j,r,p,l,q 6= 0 for some fi, j, r, p, l, q}.

l = max{k|α = (α1, ..., αk), i = (i1, ..., ik) ∈ Aw},

where l = len(w), l is the length of w. We define

Vk = spanF{w|len(w) ≤ k}.

If k ≤ −1, then Vk = 0.

The following theorem is our main result in this section.

Theorem 1.
(1) The Verma module V(a, b, c, d) is an irreducible W(Γ) module if (b, c) 6= (0, 0).
(2) If b = c = 0, when a = d = 0, the Verma module V(0, 0, 0, 0) contains a unique maximal

submodule N(0, 0, 0, 0), which is generated by {Lm,ivh, Hm,ivh, Im,ivh, Jm,ivh|m ∈ Γ+, i ∈ Z}. If
a 6= 0 and d = 0, N(a, 0, 0, 0) is generated by {Hm,ivh, Im,ivh, Jm,ivh|m ∈ Γ+, i ∈ Z}. If a = 0
and d 6= 0, N(0, 0, 0, d) is generated by {Lm,ivh, Im,ivh, Jm,ivh|m ∈ Γ+, i ∈ Z}. If a 6= 0 and
d 6= 0, N(a, 0, 0, d) is generated by {Im,ivh, Jm,ivh|m ∈ Γ+, i ∈ Z}.
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Proof. (1) Let us assume that w0 is any nonzero weight vector in V(a, b, c, d), the submodule
of the weight module is the weight module. We will prove vh ∈ U(W(Γ))w0. Suppose

w0 = ∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αk ,ik
I−Γ1,p1 · · · I−Γt ,pt J−l1,q1

· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

≡∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αl ,il
I−Γ1,p1 · · · I−Γt ,pt J−l1,q1

· · · J−lu ,qu

H−β1,j1 · · ·H−βs ,js vh(modVl−1),

where

α = (α1, ..., αk), i = (i1, ..., ik), β = (β1, ..., βs), j = (j1, ..., js),

r = (r1, ...rt), p = (p1, ..., pt), l = (l1, ..., lu), q = (q1, ..., qu)

with only finite terms Aα,i,β,j,r,p,l,q 6= 0.
Case 1: b 6= 0, c 6= 0.
We define

α(0) = max{αl |α = (α1, ..., αl), Aα,i,β,j,Γ,p,l,q 6= 0},

β(0) = max{βs|β = (β1, ..., βs), Aα,i,β,j,Γ,p,l,q 6= 0}.

We only prove the case of α(0) > β(0), and the case of β(0) > α(0) is similar.
Let

w1 = Iα(0) ,kw(0)

= ∑ Aα,i,β,j,Γ,p,l,q Iα(0) ,k L−α1,i1 · · · L−αk ,ik
I−Γ1,p1 · · · I−Γt ,pt J−l1,q1

· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

= ∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · [Iα(0) ,k, L−αm ,im ] · · · L−αk ,ik
I−Γ1,p1 · · · I−Γt ,pt

J−l1,q1
· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh + ∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αk ,ik

I−Γ1,p1 · · · I−Γt ,pt

J−l1,q1
· · · J−lu ,qu H−β1,j1 · · · [Iα(0) ,k, H−βn ,jn ] · · ·H−βs ,js vh

+∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αk ,ik
I−Γ1,p1 · · · I−Γt ,pt J−l1,q1

· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js Iα(0) ,kvh.

Due to α(0) > 0, we have Iα(0),kvh = 0. Then, we have

∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu

H−β1,j1 · · · [Iα(0),k, H−βn ,jn ] · · ·H−βs ,js vh

= −∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu

H−β1,j1 · · · Ĥ−βn ,jn · · ·H−βn ,jn Jα(0)−βn ,k+jn vh.

By the definition of α(0), it is easy to know that Jα(0)−βn ,k+jn vh = 0. Therefore, we obtain

w1 = ∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · [Iα(0),k, L−αm ,im ] · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt

J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

= (α(0) + αm)∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L̂−αm ,im Iα(0)−αm ,k+im · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt

J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

≡ (α(0) + αm)∑ Aα,i,β,j,Γ,p,l,qL−α
1′

,i
1′
· · · L−α

′
p−1,i′p−1

I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu

H−β1,j1 · · ·H−βs ,js vh(modVp−2).

Repeating the process above, we have

w2 = ∑ Aβ,j,Γ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh.
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Then, we apply Iβ(0),q to w2, we have

w3 = Iβ(0) ,qw2

= ∑ Aβ,j,Γ,p,l,q Iβ(0) ,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1
· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

≡∑ Aβ,j,Γ,p,l,q Iβ(0) ,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1
· · · J−lu ,qu H−β

′
1,j′1
· · ·H−β

′
s−1,j′s−1

vh(modVs−2).

Repeating the process, we have

w4 = ∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh.

Then, we define

Γ(0) = max{Γt|α = (Γ1, ..., Γt), aβ,j,Γ,p,l,q 6= 0},

l(0) = max{lu|Γ = (l1, ..., lu), aβ,j,Γ,p,l,q 6= 0}.

We only prove the case of Γ(0) > l(0), and the case of l(0) > Γ(0) is similar.
We apply HΓ(0),η (or LΓ(0),η) to w4

w5 = HΓ(0),ηw4 = ∑ AΓ,p,l,qHΓ(0),η I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh

= ∑ AΓ,p,l,q I−Γ1,p1 · · · [HΓ(0),η , I−Γm ,pm ] · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh

+∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · [HΓ(0),η , J−ln ,qn ] · · · J−lu ,qu vh

+∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu HΓ(0),ηvh,

where

∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · [HΓ(0),η , J−ln ,qn ] · · · J−lu ,qu vh

= −∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · Ĵ−ln ,qn · · · J−lu ,qu IΓ(0)−ln ,η+qn vh.

Due to HΓ(0),ηvh = IΓ(0)−ln ,η+qn vh = 0, we have

w5 = ∑ AΓ,p,l,q I−Γ1,p1 · · · [HΓ(0),η , I−Γm ,pm ] · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh

≡∑ A
Γ
′ ,p′ ,l,q I−Γ

′
1 ,p′1
· · · I−Γ

′
t−1,p′t−1

J−l1,q1 · · · J−lu ,qu vh(modVt−2).

Since c 6= 0, we have w5 6= 0. Repeating the process above, we have w6 = ∑ Al,q J−l1,q1 · · ·
J−lu ,qu vh.

At last, we apply Hl(0),s to w6. Due to l(0) = max{lu|Γ = (l1, ..., lu), aβ,j,Γ,p,l,q 6= 0}, we
assume that l(0) = lρ, where lρ ∈ (l1, ..., lu). Then, we obtain that

w7 = Hl(0),sw6 = ∑ al,qHl(0),s J−l1,q1 · · · J−lu ,qu vh

= ∑ Al,q J−l1,q1 · · · [Hl(0),s, J−lρ ,qρ
] · · · J−lu ,qu vh

≡ Al′ ,q′ J−l
1′

,q′1
· · · · · · J−l′u−1,q′u−1

vh(modVu−2).

Since b 6= 0, repeating the process, we deduce that

0 6= w8 = Abvh ∈ U(W(Γ))w0

Therefore, vh ∈ U(W(Γ))w0. In this case, V(a, b, c, d) is irreducible.
Case 2: b 6= 0, c = 0 (the case of b = 0, c 6= 0 is similar)

w9 = ∑ Aα,i,β,j,Γ,p,l,qL−α1,i1 · · · L−αk ,ik
I−Γ1,p1 · · · I−Γt ,pt J−l1,q1

· · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh.
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If α(0) > β(0), we apply Iα(0),k to w9. Using the result in Case 1, we can obtain

w10 = ∑ Aβ,j,Γ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh.

Next, applying Jβ(0),k to w10, we assume that β(0) = βm, where βm ∈ (β1, ..., βu). Then,
we have

w11 = Jβ(0),kw10

= ∑ AΓ,p,l,q,β,j I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · · [Jβ0,k, H−βm ,jm ] · · ·H−βs ,js vh

= ∑ A
Γ,p,l,q,β′ ,j′ I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js I0,k+jm vh

≡∑ A
Γ,p,l,q,β′ ,j′ I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β

′
1,j′1
· · ·H−β

′
s−1,j′s−1

vh(modVs−2).

Since b 6= 0, repeating the process, we have

w12 = ∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh

≡∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh(modVt−1).

By the definition of r(0) and l(0) in case 1, applying Lr(0),µ to w, we get

w13 = Lr0,µw12 = ∑ AΓ,p,l,qLr0,µ I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh

= ∑ AΓ,p,l,q I−Γ1,p1 · · · [Lr0,µ, I−Γξ ,pξ
] · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu vh

+∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · [Lr0,µ, J−Γτ ,pτ ]J−lu ,qu vh

+∑ AΓ,p,l,q I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu Lr0,µvh.

Similar with case 1, we deduce that I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · [Lr0,µ, J−Γτ ,pτ ] · · · J−lu ,qu vh
= 0 and Lr0,µvh = 0. Therefore, we have

w13 ≡ −(Γξ + r0)∑ AΓ,p,l,q I−Γ1,p1 · · · Î−Γξ ,pξ
· · · I−Γt ,pt Ir0−Γξ ,µ+pξ

J−l1,q1
· · · J−lu ,qu vh(modVt−2).

Repeating the process above, we have

w14 = ∑ Al,q J−l1,q1 · · · J−lu ,qu vh.

Finally, we apply Hl(0),σ to w14, then it is easy prove that vh ∈ U(W(Γ))u0. Therefore, if

b 6= 0 and c = 0, Vh ∈ U(W(Γ))w0 is also irreducible.
(2) Case 3: b = c = 0.
If a = d = 0, by the definition of N(0, 0, 0, 0), we know that all the basis elements of

V(0, 0, 0, 0) except vh are clearly in N(0, 0, 0, 0). We can show that vh /∈ N(0, 0, 0, 0). For any
weight vector v ∈ N(0, 0, 0, 0), suppose that weight of v is λ. For any basis element

L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js

of U(W(Γ)), such that ∑k
i=1 αi + ∑s

i=1 βi + ∑t
i=1 Γi + ∑u

i=1 li = −λ, we have

L−α1,i1 · · · L−αk ,ik I−Γ1,p1 · · · I−Γt ,pt J−l1,q1 · · · J−lu ,qu H−β1,j1 · · ·H−βs ,js vh

= (aL0,0 + bI0,0 + cJ0,0 + dH0,0)vh = 0

for a, b, c, d ∈ F, which follows that vh /∈ N(0, 0, 0, 0).
If a 6= 0 and d = 0, then U(W(Γ))−vh /∈ N(a, 0, 0, 0), W(Γ)− = ⊕µ<0FLµ,i, which

means that N(a, 0, 0, 0) is a proper submodule of V(a, 0, 0, 0). Suppose that V is any
submodule of V(a, 0, 0, 0), such that N(a, 0, 0, 0) ( V, then there exists i1 · · · ir ∈ W(Γ)+,
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r ∈ N, such that L−i1,k1 · · · L−ir ,kr vh ∈ V. If r = 0, vh ∈ V and V = V(a, 0, 0, 0), suppose
r ≥ 1, we denote i = i1 + · · ·+ ir, then

Li,kL−i1,k1 · · · L−ir ,kr vh = (i + i1)(i− i1 + i2) · · · (i− i1 − i2 − · · · − ir−1 + ir)avh ∈ V.

Since (i + i1)(i− i1 + i2) · · · (i− i1 − i2 − · · · − ir−1 + ir)a 6= 0, we have vh ∈ V and V =
V(a, 0, 0, 0). Therefore, N(a, 0, 0, 0) is the unique maximal submodule of V = V(a, 0, 0, 0).

The proof of case of a = 0 and d 6= 0 is similar.
Finally, we can easily prove that if a 6= 0 and d 6= 0, N(a, 0, 0, d) is generated by

{Im,ivh, Jm,ivh|m ∈ Γ+, i ∈ Z}. We have omitted some details.

3. Harish-Chandra Modules of W(Γ)

Definition 3. A W(Γ)-module V is called a weight module if V is the sum of all its weight spaces

Vλ = {v ∈ V|L0,0v = λv},

where λ ∈ F. For a weight module V, we define suppV = {λ ∈ F|Vλ 6= 0}, which is called the
weight set of V. An irreducible weight W(Γ)-module V is called the intermediate series module if
all its weight spaces are one dimensional. A weight module is called a uniformly bounded module if
there exists N > 0, such that dimVλ ≤ N for all λ ∈ suppV. In addition, if all weight spaces Vλ

of a weight W(Γ)-module V are finitely dimensional, the module V is called the Harish-Chandra
module.

Definition 4. A weight module W(Γ)-module V is called a highest (resp. lowest) weight module
with highest weight (resp. lowest weight) λ, if there exists a nonzero weight vector v ∈ Vλ, such
that V is generated by v as W(Γ)-module, and

W(Γ)+v = 0 (resp. W(Γ)−v = 0).

We define the evaluation module of W(Γ) similarly to that in Section 2 of reference [35]
and Section 5 of reference [36].

Definition 5. A W(Γ)-module V is called a evaluation module, if for any X ∈ {L, H, I, J},
m ∈ Γ, i ∈ Z, 0 6= e ∈ F and v ∈ V, we have

Xm,iv = eiXmv

Theorem 2. Theorem 5.7 of reference [36]. If V is an irreducible Harish-Chandra module over
W(Γ), then V is a highest weight or lowest weight module or evaluation module.

Next, we determine the intermediate series modules of W(Γ). By Definition 3, we
know that intermediate series modules are special Harish-Chandra modules, we assume
that V = ⊕k∈ΓVk, where Vk is spanned by vk. According to the definition of intermediate
series modules, we have dimVk ≤ 1. We also assume that

Lm,ivk = eiLmvk = eiam,kvm+k, Hm,ivk = ei Hmvk = eibm,kvm+k,

Im,ivk = ei Imvk = eicm,kvm+k, Jm,ivk = ei Jmvk = eidm,kvm+k, (1)

for any m, k ∈ Γ, i ∈ Z, 0 6= e ∈ F.
Then, we obtain that

Lemma 2.

cm,k = dm,k = 0, (2)

for any m, k ∈ Γ.
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Proof. According to the definition of W(Γ), we obtain several equations as follows:

[Lm,i, In,j]vk = (m− n)ei+jcm+n,kvm+n+k, [Lm,i, Jn,j]vk = (m− n)ei+jdm+n,kvm+n+k,

[Im,i, In,j]vk = [Jm,i, Jn,j]vk = 0.

Using (1), we have
cn,kam,n+k − am,kcn,m+k = (m− n)cm+n,k, (3)

dn,kam,n+k − am,kdn,m+k = (m− n)dm+n,k, (4)

cn,kcm,n+k = cm,kcn,m+k, (5)

dn,kdm,n+k = dm,kdn,m+k. (6)

Using (6) with n = 0, we have

dm,k(d0,m+k − d0,k) = 0. (7)

Using (4) with n = 0, we have

−am,k(d0,m+k − d0,k) = mdm,k

−am,kdm,k(d0,m+k − d0,k) = m(dm,k)
2 (8)

Using (7) and (8), we get m(dm,k)
2 = 0. So, we have

dm,k = 0, ∀k ∈ Γ, m 6= 0. (9)

On the other hand, we can deduce that d0,k = 0 for any k ∈ Γ using Lemma 1.2 of
reference [37]. Therefore, we have dm,k = 0 for any m, k ∈ Γ. Similarly, using (3) and (5),
we get cm,k = 0 for any m, k ∈ Γ.

From what we have discussed above, we obtain the intermediate series modules of
W(Γ) as follows:
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Theorem 3. Intermediate series module V over W(Γ) must be one of Aa,b,c(e), Aa,d(e), Ba,d(e),
Ud(e), Vd(e), Ũd(e) and Ṽc(e), or their subquotient module:

(1) Aa,b,c(e) : Lm,ivk = ei(a + k + bm)vm+k, Hm,ivk = ceivm+k,

Im,ivk = Jm,ivk = 0.

(2) Aa,d(e) : Lm,ivk = ei(k + m)vm+k(k 6= 0),

Lm,iv0 = eim(m + a)vm, Hm,ivk = 0(k 6= 0),

Hm,iv0 = eidmvm, Im,ivk = Jm,ivk = 0.

(3) Ba,d(e) : Lm,ivk = eikvm+k(k + m 6= 0),

Lm,iv−m = eim(m + a)v0, Hm,ivk = 0(k + m 6= 0),

Hm,iv−m = eidmv0, Im,ivk = Jm,ivk = 0.

(4) Ud(e) : Lm,ivk = eikvm+k, Hm,ivk = 0(k + n 6= 0),

Hm,iv−m = eidmv0, Im,ivk = Jm,ivk = 0.

(5) Vd(e) : Lm,ivk = ei(m + k)vm+k, Hm,ivk = 0(k 6= 0),

Hm,iv0 = eidmvm, Im,ivk = Jm,ivk = 0.

(6) Ũd(e) : Lm,ivk = eikvm+k(k + n 6= 0), Lm,iv−m = 0, Hm,ivk = 0(m + k 6= 0),

Hm,iv−m = eidmv0, Im,ivk = Jm,ivk = 0.

(7) Ṽc(e) : Lm,ivk = eikvm+k(m + k 6= 0), Lm,iv−m = 0, Hm,ivk = 0,

Hm,iv0 = eicvm(m 6= 0), Im,ivk = Jm,ivk = 0(k 6= 0 or n = k = 0).

For any a, b, c, d, m, k ∈ F. i ∈ Z.

Proof. Using Lemma 2, Theorem 3.2 of reference [8] and Theorem 5.1 of reference [7], the
result can be checked.

4. Whittaker Modules of W(Γ)

First, we fix a total order ≺ on Γ which is compatible with an addition. So, x � y
implies x + z � y + z for any z ∈ Γ [34]. We write x ≺ y if x � y and x 6= y. Assume that

Γ+ = {x ∈ Γ|x � 0}, Γ− = {x ∈ Γ|x ≺ 0}.

Then, we have Γ = Γ+ ∪ {0} ∪ Γ−, we get the triangular decomposition of W(Γ),

W(Γ) = W(Γ)− ⊕W(Γ)0 ⊕W(Γ)+,

where

W(Γ)− =
⊕
m≺0

FLm,i ⊕
⊕
m≺0

FHm,i ⊕
⊕
m≺0

FIm,i ⊕
⊕
m≺0

FJm,i,

W(Γ)0 = L0,i ⊕ H0,i ⊕ I0,i ⊕ J0,i,

W(Γ)+ =
⊕
m�0

FLm,i ⊕
⊕
m�0

FHm,i ⊕
⊕
m�0

FIm,i ⊕
⊕
m�0

FJm,i.

According to the definition of W(Γ), we deduce that W(Γ)+ is generated by L1,i, L2,j, H1,k,
I1,l , J1,q, where i, j, k, l, q ∈ Z.

Definition 6. We define a partition u to be non-decreasing to the sequence of positive integers
u = (u1, · · · , ur), where 0 < u1 ≤ · · · ≤ ur, and we also define a pseudopartition λ to be non-
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decreasing to the sequence of non-negative integers λ = (λ1, · · · , λs) where 0 ≤ λ1 ≤ · · · ≤ λs.
Let P represent the set of partitions, and P̃ denote the set of pseudopartition. Then, it is obvious that
P ⊆ P̃. For λ ∈ P̃, we also write that λ = (0λ(0), 1λ(1), · · · ), where λ(k) is the number of times
of k appears in the pseudopartition and λ(k) = 0 for k sufficiently large. Then, a pseudopartition
λ is a partition when λ(0) = 0. For u = (u1, u2, · · · , ur) ∈ P̃, λ = (λ1, · · · , λs) ∈ P̃, v =
(v1, · · · , vt) ∈ P̃, l = (l1, · · · , lk) ∈ P̃, i = (i1, i2, · · · , ir) ∈ Zr, j = (j1, · · · , js) ∈ Zs, ε =
(ε1, · · · εt) ∈ Zt, q = (q1, · · · qk) ∈ Zk, we define

|u| = u1 + · · ·+ ur, |λ| = λ1 + · · ·+ λs,

|v| = v1 + · · ·+ vt, |l| = l1 + · · ·+ lk,

L−u,i = L−ur ,ir · · · L−u1,i1 , H−λ,j = H−λs ,js · · ·H−λ1,j1 ,

I−v,ε = I−vt ,εt · · · I−u1,ε1 , J−l,q = J−lk ,qk
· · · J−l1,q1 .

Definition 7. Let V be a W(Γ)-module and ϕ : W(Γ)+ → F be a Lie algebra homomorphism, a
vector v ∈ V is called a Whittaker vector if xv = ϕ(x)v for any x ∈W(Γ)+. The module V is said
to be a Whittaker module of type ϕ if it is generated by a Whittaker vector of type ϕ. The Lie algebra
homomorphism ϕ is called nonsingular, which means that it takes nonzero values on the W(Γ)+. The
Lie brackets in the definition of W(Γ) force ϕ(Li,p) = ϕ(Hj,w) = ϕ(Im,s) = ϕ(Jl,t) = 0 for any
i ≥ 3, j, m, l ≥ 2 and p, w, s, t ∈ Z. We say that W(Γ)+ acts on V locally and nilpotently if for any
v ∈ V there is s ∈ N depending on v, such that x1x2 · · · xsv = 0 for any x1, x2, · · ·, xs ∈W(Γ)+.

Let W(Γ)+ϕ = {x− ϕ(x)|x ∈W(Γ)+}, then we have the following result.

Lemma 3. Lemma 3.1 of reference [38] and Lemma 2.1 of reference [39]. Let V be a Whittaker
W(Γ)-module of type ϕ. Suppose that W(Γ)+ acts locally and nilpotently on W(Γ)/W(Γ)+. Then,
the following statements hold.

(i) W(Γ)+ϕ acts locally and nilpotently on V. In particular, x− ϕ(x) acts locally and nilpotently
on V for any x ∈W(Γ)+.

(ii) All Whittaker vectors in V are of type ϕ.
(iii) Any nonzero submodule of V contains a Whittaker vector of type ϕ.
(iv) If the vector space of Whittaker vectors of V is one-dimensional, then V is simple.

Definition 8. The Lie algebra homomorphism ϕ : W(Γ)→ F is called nonsingular if ϕ(I1,s)ϕ(J1,t)
6= 0 for any s, t ∈ Z.

Definition 9. For a Lie algebra homomorphism ϕ : W(Γ)+ → F, we define Cϕ to be a one-
dimensional W(Γ)+-module given by xa = ϕ(x)a for x ∈W(Γ)+ and a ∈ F. Then, we have an
induced W(Γ)-module Mϕ, which satisfies

Mϕ = U(W(Γ))⊗U(W(Γ)+) Cϕ.

Let w = 1⊗ 1, using the PBW theorem, Mϕ has a basis {L−u,i H−λ,j I−v,ε J−l,qw|(u, λ, v, l) ∈
P̃ × P̃ × P̃ × P̃}. Then, Mϕ has the universal property in the sense that for any Whittaker
module V of type ψ generated by w

′
, there is a surjective homomorphism ϕ : Mϕ → V such that

uw 7→ uw
′
(∀u ∈ U(W(Γ)−)). Hence, we call Mϕ the universal Whittaker module of type ψ.

For any v = ∑ Pu,i,λ,j,v,p,l,qL−u,i H−λ,j I−v,ε J−l,qw ∈ Mϕ(Pu,i,λ,j,v,p,l,q ∈ F), we define

maxdeg(v) = max{|u|+ |λ|+ |v|+ |l||Pu,i,λ,j,v,p,l,q 6= 0}

and maxdeg(0) = −∞.
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For any x ∈ U(W(Γ))+, w
′
= uw, u ∈ U(W(Γ))−, we have

(x− ψ(x))w
′
= [x, u]w.

In particular, we have

(En − ψ(En))w
′
= [En, u]w,

where En ∈ {Ln,p, Hn,p, In,p, Jn,p|n ∈ Γ, p ∈ Z}.

Lemma 4. For m ∈ Γ+ ∪ {0}, s, p ∈ Z, k ∈ N, u, λ ∈ P̃, i ∈ Zr, j ∈ Zs we have the following
results:

(1) maxdeg([Im,p, L−u,i H−λ,j]w) ≤ |λ + u| −m + 1.
(2) Suppose that λ = (0λ(0), 1λ(1), 2λ(2), · · · ) and k ∈ N is the minimal, such that λ(k) 6= 0 or

u(k) 6= 0, then we have

[Ik+1,s, L−u,i H−λ,j]w = v + u(k)(2k + 1)ψ(I1,s+p)L−u′ ,i′ H−λ,jw− λ(k)ψ(J1,s+p)L−u,i H−λ′ ,j′w

where λ
′
(k) = λ(k)− 1, u

′
(k) = u(k)− 1, λ

′
(i) = λ(i), u

′
(i) = u(i) for all i 6= k. If k > 0,

we have maxdeg(v) < |u+λ|− k. If k = 0, we have v = v
′
+ v

′′
, maxdeg(v

′
) < |λ+u|− k,

maxL0(v
′′
) < λ(k) + u(k)− 1.

Proof. (1)

[Im,p, L−u,i H−λ,j]w

=
r

∑
t=1

L−ur ,ir · · · [Im,p, L−ut ,it ] · · · L−u1,i1 H−λ,jw +
s

∑
q=1

L−u,i H−λs ,js · · · [Im,p, H−λq ,jq ] · · ·H−λ1,j1 w

= ∑ Pu′ ,i′ ,v′ ,p′ ,λ,jL−u′ ,i′ I−v′ ,ε′ H−λ,jw + ∑ Pu,i,λ′ ,j′ ,n,k L−u,i H−λ′ ,j′ Jn,kw,

where
|u + λ| −m = |u′ + v

′
+ λ| = |u + λ

′ | − n.

Since Jn,kw = ψ(Jn,k)w = 0 when n ≥ 2, we can get

maxdeg([Im,p, L−u,i H−λ,j]w) = maxdeg(∑ Pu′ ,i′ ,v′ ,ε′ ,n,kL−u,i H−λ,j Jn,kw) ≤ |u + λ| −m + 1.

(2) We denote
L−u,i = L−u′ ,i′ L−k,p1 · · · L−k,pu(k)

,

where k ∈ Γ, p1 · · · pu(k) ∈ Z.
We have

[Ik+1,s, L−k,p1 · · · L−k,pu(k)
]w

=
u(k)

∑
t=1

L−k,p1 · · · Lk,pt−1 [Ik+1,s, L−k,pt ]Lk,pt+1 · · · L−k,pu(k)
w

= (2k + 1)
u(k)

∑
t=1

L−k,p1 · · · L̂−k,pt · · · L−k,pu(k)
ψ(I1,s+pt)w.

We see that p1 · · · pu(k) all have no relations with coefficients. On the other hand, if i ≥ 3,
j, m, l ≥ 2, we have ϕ(Li,p) = ϕ(Hj,w) = ϕ(Im,s) = ϕ(Jl,t) = 0 for any p, w, s, t ∈ Z.

Therefore, we use p replace p1 · · · pu(k) and assume that L−k,p1 · · · L−k,pt · · · L−k,pu(k)
=

Lu(k)
−k,p, ψ(I1,s+pt) = ψ(I1,s+p).
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Then, we have L−u,i = L−u′ ,i′ L
u(k)
−k,p and H−λ,j = H−λ

′ ,j′H
λ(k)
−k,p. By calculating this, we

have

[Ik+1,s, La
−k,p] =

a−1

∑
i=0

Li
−k,p[Ik+1,s, L−k,p]La−1−i

−k,p = a(2k + 1)La−1
−k,p I1,s+p.

Similarly, we obtain

[Ik+1,s, Hb
−k,p] = −bHb−1

−k,p J1,s+p.

So, we deduce that

[Ik+1,s, L−u,i H−λ,s]w

= [Ik+1,s, L−u′ ,i′ ]L
u(k)
−k,p H−λ,jw + L−u′ ,i′ [Ik+1,s, Lu(k)

−k,p]H−λ,jw + L−u,i[Ik+1,s, H−λ′ ,s′ ]H
λ(k)
−k,pw

+L−u,i H−λ′ ,s′ [Ik+1,s, Hλ(k)
−k,p]w.

According to the assumption of k, we know that [Ik+1,s, L−u′ ,i′ ] ∈ U(W(Γ))− and
[Ik+1,s, H−λ

′ ,s′ ] ∈ U(W(Γ))−, and we can deduce that

maxdeg([Ik+1,s, L−u′ ,i′ ]L
u(k)
−k,p H−λ,j) ≤ |u + λ| − k− 1,

maxdeg(L−u,i[Ik+1,s, H−λ
′ ,j′ ]H

λ(k)
−k,p) ≤ |u + λ| − k− 1.

and |u+λ| − k− 1 = |u′ +λ| − k− 1 = |u+λ
′ | − k− 1, which means that |u| = |u′ |+ ku(k)

and |λ| = |λ′ |+ kλ(k),

L−u′ ,i′ [Ik+1,s, Lu(k)
−k,p]H−λ,jw = u(k)(2k + 1)ψ(I1,s+p)L−u′ ,i′H−λ,jw,

L−u,i H−λ
′ ,j′ [Ik+1,s, Hλ(k)

−k,p]w = λ(k)(2k + 1)ψ(J1,s+p)L−u,i H−λ
′ ,j′w,

where u
′
(k) = u(k)− 1, λ

′
(k) = λ(k)− 1.

Lemma 5. For m ∈ Γ+ ∪ {0}, k ∈ N, u, λ ∈ P̃, s, p ∈ Z, i ∈ Zr, j ∈ Zs, we have the following
results:

(1) maxdeg([Jm,p, L−u,i H−λ,j]w) ≤ |λ + u| −m + 1.
(2) We can get

[Jk+1,s, L−u,i H−λ,j]w = v + u(k)(2k + 1)ψ(J1,s+p)L−u′ ,i′ H−λ,jw + λ(k)ψ(I1,s+p)L−u,i H−λ′ ,j′w

where λ
′
(k) = λ(k)− 1, u

′
(k) = u(k)− 1, λ

′
(i) = λ(i), u

′
(i) = u(i) for all i 6= k. If k > 0,

we have maxdeg(v) < |u+λ|− k. If k = 0, we have v = v
′
+ v

′′
, maxdeg(v

′
) < |λ+u|− k,

maxL0(v
′′
) < λ(k) + u(k)− 1.

Proof. The proof is similar to that of Lemma (4).

Lemma 6. For m, λ ∈ Γ+ ∪ {0}, k ∈ N, u, v, l ∈ P̃, s, p ∈ Z, i ∈ Zr, ε ∈ Zt, q ∈ Zk, we have
the following results:

(1) maxdeg([Hm,p, L−u,i I−v,ε J−l,q]w) ≤ |u + v + l| −m + 1.
(2) If u(i) = v(i) = l(i) = 0 for all 0 ≤ i ≤ k, then we get

maxdeg([Hk+1,s, L−u,i I−v,ε J−l,q]) ≤ |u + v + l| − k− 1.



Axioms 2023, 12, 863 14 of 21

(3) If u(i) = 0 for all 0 ≤ i ≤ k, v(j) = l(j) = 0 for all 0 ≤ j < k and v(k) 6= 0 or l(k) 6= 0,
then we have

[Hk+1,s, L−u,i I−v,ε J−l,q]w = v+ v(k)ψ(J1,s+p)L−u,i I−v′ ,ε′ J−l,qw+λ(k)ψ(I1,s+p)L−u,i I−v,ε J−l′ ,q′w

where maxdeg(v) < |u + v + l| − k, v
′
(k) = v(k)− 1, l

′
(k) = l(k)− 1, v

′
(i) = v(i),

l
′
(i) = l(i) for all i 6= k.

Proof.

(1) We have

[Hm,p, L−u,i I−v,ε J−l,q]w

= [Hm,p, L−u,i]I−v,ε J−l,qw + L−u,i[Hm,p, I−v,ε]J−l,qw + L−u,i I−v,ε[Hm,p, J−l,q]w

= ∑ Pu′ ,i′ ,v,ε,l,q H−u′ ,i′ I−v,ε J−l,qw + ∑ Pu,i,l′′ ,q′′ L−u,i J−l′′ ,q′′w + ∑ Pu,i,v′′′ ,ε′′′ L−u,i I−v′′′ ,ε′′′w

= ∑ Pu′ ,i′ ,v,ε,l′ ,q′ ,n,k H−u′ ,i′ I−v,ε J−l′ ,q′ Jn,kw + ∑ Pu,i,l′′ ,q′′ L−u,i J−l′′ ,q′′w

+∑ Pu,i,v′′′ ,ε′′′ L−u,i I−v′′′ ,ε′′′w,

where |u+ v+ l| − q = |u′ + v+ l
′ | − n = |u+ l

′′ |+ |u+ v
′′′ |. Since Jn,kw = ψ(Jn,k)w = 0

for n > 1, we can get

maxdeg([Hm,p, L−u,i I−v,ε J−l,q]w) ≤ |u + v + l| −m + 1.

(2) If (u, v, l) = (0, 0, 0), then maxdeg([Hk+1,s, L−u,i I−v,ε J−l,q]w) = −∞.
If (u, v, l) 6= (0, 0, 0), then maxdeg([Hk+1,s, L−u,i I−v,ε J−l,q]w) = |u + v + l| − k− 1.

(3) We denote I−v,ε = I−v′ ,ε′ I
v(k)
−k,p and J−l,q = J−l′ ,q′ J

l(k)
−k,p. Then, we have

[Hk+1,s, L−u,i I−v,ε J−l,q]w

= [Hk+1,s, L−u,i ]I−v,ε J−l,qw + L−u,i [Hk+1,s, I−v,ε]J−l,qw + L−u,i I−v,ε[Hk+1,s, J−l,q]w

= [Hk+1,s, L−u,i ]I−v,ε J−l,qw + L−u,i [Hk+1,s, I−v′ ,ε′ ]I
v(k)
−k,p J−l,qw + L−u,i I−v′ ,ε′ [Hk+1,s, Iv(k)

−k,p]J−l,qw

+L−u,i I−v,ε[Hk+1,s, J−l′ ,q′ ]J
l(k)
−k,pw + L−u,i I−v,ε J−l′ ,q′ [Hk+1,s, Jl(k)

−k,p]w

= [Hk+1,s, L−u,i ]I−v,ε J−l,qw + L−u,i [Hk+1,s, I−v′ ,ε′ ]I
v(k)
−k,p J−l,qw

+v(k)ψ(J1,s+p)L−u,i I−v′ ,ε′ I
v(k−1)
−k,p J−l,qw + L−u,i I−v,ε[Hk+1,s, J−l′ ,q′ ]J

l(k)
−k,pw

−l(k)ψ(I1,s+p)L−u,i I−v,ε J−l′ ,q′ J
l(k)−1
−k,p w.

According to the assumption of k, we know that [Hk+1,s, L−u,i] ∈ U(W(Γ))−,
[Hk+1,s, I−v′ ,ε′ ] ∈ U(W(Γ))−, [Hk+1,s, J−l′ ,q′ ] ∈ U(W(Γ))−, and we obtain the following
conclusions:

maxdeg([Hk+1,s, L−u,i]I−v,ε J−l,qw) ≤ |u + v + l| − k− 1

maxdeg(L−u,i[Hk+1,s, I−v′ ,ε′ ]I
v(k)
−k,p J−l,qw) ≤ |u + v + l| − k− 1

maxdeg(L−u,i I−v,ε[Hk+1,s, J−l′ ,q′ ]J
l(k)
−k,pw) ≤ |u + v + l| − k− 1

Lemma 7. For m ∈ Γ+ ∪ {0}, k ∈ N, u, λ, v, l ∈ P̃, s, p ∈ Z, i ∈ Zr, ε ∈ Zt, q ∈ Zk, we have
the following results:

(1) maxdeg([Lm,p, L−u,i H−λ,j I−v,ε J−l,q]w) ≤ |u + λ + v + l| −m + 2.
(2) If u(i) = λ(i) = v(i) = l(i) = 0 for all 0 ≤ i ≤ k, then we can get

maxdeg([Hk+1,s, L−u,i]) ≤ |u + v + l| − k− 1,
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(3) If u(i) = λ(i) = 0 for all 0 ≤ i ≤ k, v(j) = l(j) = 0 for all 0 ≤ j < k and v(k) 6= 0 or
l(k) 6= 0, then we have

[Lk+1,s, L−u,i H−λ,j I−v,ε J−l,q]w

= v + v(k)(2k + 1)ψ(I1,s+p)L−u,i H−λ,j I−v′′ ,ε′′ J−l,qw

+l(k)(2k + 1)ψ(J1,s+p)L−u,i H−λ,j I−v,ε J−l′′ ,q′′w.

where maxdeg(v) < |u + v + l| − k, v
′′
(k) = v(k)− 1, l

′′
(k) = u(k)− 1, v

′′
(i) = v(i),

l
′′
(i) = l(i) for all i 6= k.

Proof. The proof is similar to that of Lemma (6).

Theorem 4. Suppose ψ(I1,t) 6= 0 and ψ(J1,u) 6= 0(t, u ∈ Z), w = 1⊗ 1 ∈ Mϕ. Then, v ∈ Mϕ

is a Whittaker vector if and only if v = uw for some u ∈ F (u 6= 0).

Proof.
N = max{|u|+ |λ|+ |v|+ |l||Pu,i,λ,j,v,p,l,q 6= 0}

and define that

ΛN = {(u, λ, v, l) ∈ P̃× P̃× P̃× P̃|Pu,i,λ,j,v,p,l,q 6= 0, |u|+ |λ|+ |v|+ |l| = N}

Assume that k = min{n ∈ N|u(n) 6= 0 or λ(n) 6= 0 or v(n) 6= 0 or l(n) 6= 0 f or some
(u, λ, v, l) ∈ ΛN}.

Case 1: k satisfies u(k) 6= 0 or λ(k) 6= 0 for some (u, λ, v, l) ∈ ΛN.
We have

(Ik+1,s − ψ(Ik+1,s))w
′

= ∑
(u,λ,v,l)/∈ΛN

[Ik+1,s, L−u,i H−λ,j I−v,ε J−l,q]w

+ ∑
(u,λ,v,l)∈ΛN,λ(k)=u(k)=0

[Ik+1,s, L−u,i H−λ,j I−v,ε J−l,q]w

+ ∑
(u,λ,v,l)∈ΛN,λ(k) 6=0oru(k) 6=0

[Ik+1,s, L−u,i H−λ,j I−v,ε J−l,q]w.

(10)

For the first term on the right hand side of (10), using Lemma 4(1), we know that its degree
is strictly smaller than N − k. For the second term on the right hand side of (10), note that
λ(i) = u(i) = 0 for 0 ≤ i ≤ k, we have

[Ik+1,s, L−u,i H−λ,j I−v,ε J−l,q]

= [Ik+1,s, L−u,i]H−λ,j I−v,ε J−l,q + L−u,i[Ik+1,s, H−λ,j]I−v,ε J−l,q ∈ U(W(Γ))−

Thus, its degree is also strictly smaller than N − k. Now, using Lemma 4(2) to the third
term on the right hand side of (10), we know that it is of the following form:

v + u(k)(2k + 1)ψ(I1,s+p)L−u′ ,i′H−λ,jw− λ(k)ψ(J1,j+s)L−u,i H−λ
′ ,j′w.

If k = 0, then we have maxdeg(v) < N− k, λ
′
(k) = λ(k)− 1, u

′
(k) = u(k)− 1, λ

′
(i) = λ(i),

u
′
(i) = u(i). Thus, the degree of the third term is equal to N − k, this proves (Ik+1,s −

ψ(Ik+1,s))w
′ 6= 0. Similarly, we deduce that (Jk+1,s − ψ(Jk+1,s))w

′ 6= 0 by Lemma 5.
Case 2: k satisfies u(k) = λ(k) = 0 for any (u, λ, v, l) ∈ ΛN and v(k) 6= 0 or l(k) 6= 0

for some (u, λ, v, l) ∈ ΛN.
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We have

(Hk+1,s − ψ(Hk+1,s))w
′

= ∑
(u,λ,v,l)/∈ΛN

[Hk+1,s, L−u,i H−λ,j I−v,ε J−l,q]w

+ ∑
(u,λ,v,l)∈ΛN,λ(k)=u(k)=0

[Hk+1,s, L−u,i H−λ,j I−v,ε J−l,q]w

+ ∑
(u,λ,v,l)∈ΛN,λ(k) 6=0oru(k) 6=0

[Hk+1,s, L−u,i H−λ,j I−v,ε J−l,q]w.

(11)

By using Lemma 6(1) to the first term on the right hand side of (11), and using
Lemma 6(2) and (3) to the second and third term, respectively, we have

(Hk+1,s − ψ(Hk+1,s))w
′
= v + v(k)ψ(J1,s+p)L−u,i I−v′′ ,ε′′ J−l,qw− l(k)L−u,i I−v,ε J−l′′ ,q′′ψ(I1,s+p)w,

where maxdeg(v) < N − k, v
′′
(i) = v(i), l

′′
(i) = l(i) for all i 6= k and v

′′
(k) = v(k)− 1,

l
′′
(k) = l(k)− 1. Thus, we can deduce that (Hk+1,s − ψ(Hk+1,s))w

′ 6= 0. Similarly, we can
deduce that (Lk+1,s − ψ(Lk+1,s))w

′ 6= 0 by Lemma 7.
Case 3: u = 0.
Let w

′
= ∑ Pλ,j,v,ε,l,q H−λ,j I−v,ε J−l,q, where Pλ,j,v,ε,l,q 6= 0. We have

(Lk+1,s − ψ(Lk+1,s))w
′
= ∑

(λ,v,l)/∈ΛN

[Lk+1,s, H−λ,j I−v,ε J−l,q]w

+ ∑
(λ,v,l)∈ΛN ,v(k)=l(k)=0

[Lk+1,s, H−λ,j I−v,ε J−l,q]w + ∑
(λ,v,l)∈ΛN ,v(k) 6=0orl(k) 6=0

[Lk+1,s, H−λ,j I−v,ε J−l,q]w

= ∑
(λ,v,l)/∈ΛN

[Lk+1,s, H−λ,j I−v,ε J−l,q]w + ∑
(λ,v,l)∈ΛN ,v(k)=l(k)=0

[Lk+1,s, H−λ,j I−v,ε J−l,q]w

+ ∑
(λ,v,l)∈ΛN ,v(k) 6=0orl(k) 6=0

[Lk+1,s, H−λ,j]I−v,ε J−l,qw

+ ∑
(λ,v,l)∈ΛN ,v(k) 6=0orl(k) 6=0

H−λ,j[Lk+1,s, I−v,ε]J−l,qw

+ ∑
(λ,v,l)∈ΛN ,v(k) 6=0orl(k) 6=0

H−λ,j I−v,ε[Lk+1,s, J−l,q]w.

We denote the five terms on the last equation by v1, v2, v3, v4, v5, respectively. We denote
I−v,ε = I−v′ ,ε′ I

v(k)
−k,p, J−l,q = J−l′ ,q′ J

l(k)
−k,p. Note that [Lk+1,s, H−λ,j] ∈ U(W(Γ))−,

[Lk+1,s, H−λ,j I−v,ε J−l,q] ∈ U(W(Γ))−. We have maxdeg(vi) < N − k when i = 1, 2, 3,

[Lk+1,s, Iv(k)
−k,p] = v(k)(2k + 1)ψ(I1,s+p)Iv(k)−1

−k,p , [Lk+1,s, Jl(k)
−k,p] = v(k)(2k + 1)ψ(J1,s+p)Il(k)−1

−k,p ,

So, we have

v4 = v
′
4 + ∑

(λ,v,l)∈ΛN

v(k)(2k + 1)ψ(I1,s+p)pλ,v,l H−λ,j I
v(k)−1
−k,p J−l,qw,

and
v5 = v

′
5 + ∑

(λ,v,l)∈ΛN

v(k)(2k + 1)ψ(J1,s+p)pλ,v,l H−λ,j I−v,ε Jl(k)−1
−k,p w,

where maxdeg(vt)
′
< N − k, t = 4, 5. Thus, we have (Lk+1 − ψ(Lk+1))w

′ 6= 0 by Lemma 7.
Case 4: There exists some u 6= 0 for which Pu,i,λ,j,v,p,l,q 6= 0. Denote

N
′
= max{|u|+ |λ|+ |v|+ |l||u 6= 0, Pu,i,λ,j,v,p,l,q 6= 0},

ΛN′ = {(u, λ, v, l)|u 6= 0, Pu,i,λ,j,v,p,l,q 6= 0, |u|+ |λ|+ |v|+ |l| = N
′},
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l = min{n|λ = nλ(n), (n + 1)λ(n+1), · · · such that |u|+ |˘|+ |v|+ |l| = N
′
, Pu,i,˘,j,v,p,l,q 6= 0}.

Note that u = i = 0 for those (u, λ, v, l) satisfy N
′
< |u| + |λ| + |v| + |l| < N and

Pu,i,λ,j,v,p,l,q 6= 0. Thus, we have

w
′
= ∑

(u,λ,v,l)∈Λ
N′

,u(l) 6=0
Pu,i,λ,j,v,ε,l,qL−u,i H−λ,j I−v,ε J−l,qw

+ ∑
(u,λ,v,l)∈Λ

N′
,u(l)=0

Pu,i,λ,j,v,ε,l,qL−u,i H−λ,j I−v,ε J−l,qw

+ ∑
|u|+|λ|+|v|+|l|<N′

Pu,i,λ,j,v,ε,l,qL−u,i H−λ,j I−v,ε J−l,qw

+ ∑
N′<|u|+|λ|+|v|+|l|<N

Pλ,j,v,ε,l,qH−λ,j I−v,ε J−l,qw.

We apply Hk+1 − ψ(Hk+1) to both sides of the last equation, the remaining proof is similar
to that of Case 3.

Finally, note that the set

{L−u,i H−λ,j I−v,ε J−l,qw|(u, λ, v, l) ∈ P̃× P̃× P̃× P̃}

forms a basis of Mϕ.

5. Some Properties for the Whittaker Modules of W(Γ)

In this section, the Lie algebra homomorphism ϕ is assumed to be non-singular, which
ϕ(I1,t) 6= 0 and ϕ(J1,u) 6= 0(t, u ∈ Z), ϕ : W(Γ)+ → F is an algebra homomorphism and
a Whittaker module V of type ϕ. We may regard V as a W(Γ)+ module by restriction.
Define a modification of W(Γ)+ by setting x · v = xv− ϕ(x)v for x ∈ W(Γ)+ and v ∈ V.
Then, it is clear that V is a W(Γ)+ module under the dot action; we also have En,i · v =
En,iv− ϕ(En,i)v = [En,i, u]w for any n ∈ Γ+, i ∈ Z+ and v = uw ∈ V.

Lemma 8. Let (u, λ, v, l) ∈ P̃× P̃× P̃× P̃.

(1) For n ∈ Γ+, k ∈ Z, i ∈ Zr, j ∈ Zs, ε ∈ Zt, q ∈ Zk, we have

En,k · L−u,i H−λ,j I−v,ε J−l,qw

∈ spanF{L−u′ ,i′H−λ
′ ,j′ I−v′ ,ε′ J−l′ ,q′w||u

′ |+ |λ′ |+ |v′ |+ |l′ |+ λ′(0) ≤ |u|+ |λ|+ |v|+ |l|+ λ(0)}.

(2) Suppose V is a Whittaker module for W(Γ), let v ∈ V. Regarding V as a W(Γ)+-module
under the dot action, then U(W(Γ))+ · v is a finite dimensional W(Γ)+ submodule of V.

Proof. (1) The case of (u, λ, v, l) = 0 is obvious. Now, we prove the case of (u, λ, v, l) > 0
by induction. We only prove that u 6= 0, the case of u = 0 is similar.

Assume that l = max{i|l(i) > 0}. Then

L−u,i H−λ,j I−v,ε J−l,q = L−m,jL−u′ ,i′H−λ,j I−v,ε J−l,q,

where u′(m) = u(m)− 1, u
′
(i) = u(i) for all i 6= k. Therefore, we have

En,i · L−u,i H−λ,j I−v,ε J−l,qw = En,i · L−m,jL−u′ ,i′H−λ,j I−v,ε J−l,qw

= [En,i, L−m,j]L−u′ ,i′H−λ,j I−v,ε J−l,qw + L−m,j[En,i, L−u′ ,i′H−λ,j I−v,ε J−l,q]w. (12)
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For the first term on the right hand side of (12), we only take En,i = Ln,i, and the case
of En,i = Hn,i, En,i = In,i, En,i = Jn,i is similar.

If n−m ≤ 0, which is obvious that

[Ln,i, Lm,j]L−u′ ,i′H−λ,j I−v,ε J−l,qw = (m + n)Ln−m,i+jL−u′ ,i′H−λ,j I−v,ε J−l,qw,

has the desired form.
If n−m > 0, then we have

Ln−m,i+j · L−u′ ,i′H−λ,j I−v,ε J−l,qw = [Ln−m,i+j, L−u′ ,i′H−λ,j I−v,ε J−l,q]w

+ϕ(Ln−m,i+j)L−u′ ,i′H−λ,j I−v,ε J−l,qw.

By assumption, we deduce that [Ln−m,i+j, L−u′ ,i′H−λ,j I−v,ε J−l,q]w also has the desired form.
For the second term on the right hand side of (12), by the induction hypothesis, we

have

[En,i, L−u′ ,i′H−λ,j I−v,ε J−l,q] ∈ spanF{L−u′′ ,i′′H−λ
′ ,j′ I−v′ ,ε′ J−l′ ,q′w||u

′ |+ |λ′ |+ |v′ |

+|l′ |+ λ′(0) ≤ |u|+ |λ|+ |v|+ |l|+ λ(0)}.

Thus L−m,j[En,i, L−u′ ,i′H−λ,j I−v,ε J−l,q]w has the desired form since −m ≤ 0 and

m + |u′ |+ |λ|+ |v|+ |l| = |u|+ |λ|+ |v|+ |l|.
The proof of (2) is a direct result of (1).

Theorem 5. Let ϕ : W(Γ)+ → F be a Lie algebra homomorphism of nonsingular type, then the
Whittaker W(Γ)-module is simple.

Proof. This follows from Lemma 3(iv) and Theorem 4.

6. Rank 1 Free U(FL0,0)-Modules of W(Γ)

In this section, we will determine free U(h)-modules over the generalized loop planar
Galilean conformal algebra W(Γ), where h = FL0,0 is the canonical Cartan subalgebra of
W(Γ). Similarly to Theorem 2.4 of reference [32], we have the following result.

Theorem 6. We assume that ℵ is generalized loop-Virasoro algebra. Let M be a U(ℵ)-module,
such that the restriction of U(ℵ) to U(FL0,0) is free of rank 1. Then, M ∼= Ω(λ, µ, α) for some
λ, µ ∈ F∗, α ∈ F. Moreover, M is simple if and only if λ, µ, α ∈ F∗.

Definition 10. For any m ∈ Γ, i ∈ Z, λ, µ ∈ F∗, α ∈ F, we denote by ΩW(Γ)(λ, µ, α) = F[t],
the polynomial algebra. We define the W(Γ)-module structure on ΩW(Γ)(λ, µ, α) as follows

Lm,i( f (t)) = λm−iµi(t−mα) f (t−m), Hm,i( f (t)) = Im,i( f (t)) = Jm,i( f (t)) = 0. (13)

where f (t) ∈ F[t].

Lemma 9. For any λ, µ ∈ F∗ and α ∈ F, ΩW(Γ)(λ, µ, α) is an W(Γ)-module.

Proof. It is easy to check this conclusion using (13).

Lemma 10. For any m ∈ Γ and j ∈ Z, the following formulas hold:

Lm,iL
j
0,0 = (L0,0 + m)jLm,i, Hm,iL

j
0,0 = (L0,0 + m)j Hm,i,

Im,iL
j
0,0 = (L0,0 + m)j Im,i, Jm,iL

j
0,0 = (L0,0 + m)i Jm,i.
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Proof. According to Definition 13, it is easy to check that

Lm,iL0,0 = (L0,0 + m)Lm,i, Hm,iL0,0 = (L0,0 + m)Hm,i,

Im,iL0,0 = (L0,0 + m)Im,i, Jm,iL0,0 = (L0,0 + m)Jm,i.

Then, the lemma can be proven by an induction on j.

Lemma 11. Let Q is a free U(FL0,0)-module of rank 1 over the algebra W(Γ). For any m ∈ Γ
and i ∈ Z, we assume that

Lm,i · 1 = am,i(L0,0), Hm,i · 1 = bm,i(L0,0), Im,i · 1 = cm,i(L0,0), Jm,i · 1 = dm,i(L0,0),

which am,i(L0,0), bm,i(L0,0), cm,i(L0,0), dm,i(L0,0) ∈ Q, then am,i(L0,0), bm,i(L0,0), cm,i(L0,0),
dm,i(L0,0) completely determine the action of Lm,i, Hm,i, Im,i, Jm,i on Q.

Proof. Now, we take any u(L0,0) = ∑j≥0 ajL
j
0,0 ∈ U(FL0,0). Then, using Lemma 4, we have

Lm,i · u(L0,0) = Lm,i ·∑
j≥0

ajL
j
0,0 = ∑

j≥0
ajLm,iL

j
0,0

= ∑
j≥0

aj(L0,0 + m)jLm,i = ∑
j≥0

aj(L0,0 + m)jam,i(L0,0) (14)

= u(L0,0 + m)am,i(L0,0).

Similarly, we prove that

Hm,i · u(L0,0) = u(L0,0 + m)bm,i(L0,0), (15)

Im,i · u(L0,0) = u(L0,0 + m)cm,i(L0,0), (16)

Jm,i · u(L0,0) = u(L0,0 + m)dm,i(L0,0), (17)

Lemma 12. For all m ∈ Γ and i ∈ Z, we have bm,i(L0,0) ∈ F, cm,i(L0,0) ∈ F and dm,i(L0,0) ∈ F.

Proof. We only prove cm,i(L0,0) ∈ F, and the case of dm,i(L0,0) ∈ F is similar. Now, we
assume that cm,i(L0,0) = ∑km

l=0 cm,iLl
0,0, which cm,i ∈ F, km ∈ N and cm,km 6= 0. Now, we

calculate [Im,i, In,j] · 1 as follows

0 = [Im,i, In,j] · 1 = Im,i · In,j · 1− In,j · Im,i · 1,

=
kn

∑
l=0

cn,i(L0,0 + m)l
km

∑
l=0

cm,iLl
0,0 −

km

∑
l=0

cm,i(L0,0 + n)l
kn

∑
l=0

cn,iLl
0,0,

≡ cm,km cn,kn(mkn − nkm)Lkm+kn−1
0,0 (mod

km+kn−2⊕
l=0

FLl
0,0).

Therefore, we have mkn = nkm, which means that km = mk1. If k1 > 0, it is nonsense for
km if m is negative, which forces k1 = 0. Hence, km = 0 for any m ∈ Γ and i ∈ Z. We
obtain cm,i(L0,0) = cm,i ∈ F. Similarly, by [Hm,i, Hn,j] = 0 and [Jm,i, Jn,j] = 0, we obtain
bm,i(L0,0) = bm,i ∈ F and dm,i(L0,0) = dm,i ∈ F for all m ∈ Γ and i ∈ Z.

Lemma 13. We have bm,i = cm,i = dm,i = 0 for all m ∈ Γ and i ∈ Z.
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Proof. By the definition of the loop Virasoro module Ω(λ, µ, α), we have

Lm,i( f (t)) = λm−iµi(t−mα) f (t−m), m ∈ Γ, i ∈ Z, f (t) ∈ F[t].

Now, we consider the action of Hm,i’s, Im,i’s, Jm,i’s. Similar to Proposition 2.3 of refer-
ence [32], we assume that

Hm,i( f (t)) = Hm,i( f (L0,0)1) = f (t−m)Hm,i · 1,

Im,i( f (t)) = Im,i( f (L0,0)1) = f (t−m)Im,i · 1,

Jm,i( f (t)) = Jm,i( f (L0,0)1) = f (t−m)Jm,i · 1.

Using Lemma 7, we calculate [Lm,i, In,j] · 1 as follows

(m− n)Im+n,i+j · 1 = [Lm,i, In,j] · 1 = Lm,i · In,j · 1− In,j · Lm,i · 1
= cn,jLm,i · 1− λm−iµi(t− n−mα)In,j · 1
= cn,jλ

m−iµi(t−mα)− cn,jλ
m−iµi(t− n−mα) (18)

= ncn,jλ
m−iµi.

Taking m = ±1 in (18), we have

−(n + 1)cn−1,i+j = ncn,jλ
−1−iµi (λ, µ ∈ F∗), (19)

and
(1− n)cn+1,i+j = ncn,jλ

1−iµi (λ, µ ∈ F∗). (20)

Using (19) and (20), we deduce that cm,i = 0 for all m ∈ Γ and i ∈ Z. Similarly, using
[Lm,i, Hn,j] · 1 = −nHm+n,i+j · 1 and [Lm,i, Jn,j] · 1 = Jm+n,i+j · 1, we obtain bm,i = dm,i = 0.

From what we have discussed above, we have obtained the main result of this section:

Theorem 7. Let Q be a U(W(Γ))-module, such that the restriction of U(W(Γ)) to U(FL0,0) is
free of rank 1. Then, Q ∼= ΩW(Γ)(λ, µ, α) for some λ, µ ∈ F∗, α ∈ F. Moreover, Q is simple if and
only if λ, µ, α ∈ F∗.

Proof. We prove this theorem using Lemmas 9–13.
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