@ axioms

Article

Representations of Generalized Loop Planar Galilean
Conformal Algebras W (T')

Yu Yang 12*

check for
updates

Citation: Yang, Y.; Wang, X.
Representations of Generalized Loop
Planar Galilean Conformal Algebra
W(TI'). Axioms 2023,12, 863. https://
doi.org/10.3390/axioms12090863

Academic Editors: Rutwig
Campoamor-Stursberg and Florin
Felix Nichita

Received: 15 June 2023
Revised: 18 August 2023
Accepted: 28 August 2023
Published: 7 September 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Xingtao Wang 2

School of Electronics and Information Engineering, Taizhou University, Taizhou 318000, China
2 School of Mathematics, Harbin Institute of Technology, Harbin 150001, China
*  Correspondence: 2425516337@tzc.edu.cn

Abstract: In this article, we study the representation of generalized loop planar Galilean conformal
algebra W(I'); we will determine the Harish-Chandra modules, Verma modules, Whittaker modules,
and U (h)-free modules of W(I').

Keywords: generalized loop planar Galilean conformal algebra; Harish-Chandra modules; Verma
modules; Whittaker modules; free U (h)-modules

MSC: 17B10; 17B35; 17B65; 17B68

1. Introduction

Galilean conformal algebra has been studied in the non-relativistic limit of the ADS/CFT
conjecture [1]. The finite-dimensional Galilean conformal algebra is associated with certain
non-semisimple Lie algebra, which is regarded as a non-relativistic analogue of confor-
mal algebras. It was found that the finite Galilean conformal algebra could be given an
infinite-dimensional lift for all space-time dimensions (see [1-3]). The planar Galilean
conformal algebra was first introduced by Bahturin and Gopakumar in reference [1].
In Section 2 of reference [4], the Galilean conformal algebra of finite dimension in the d
spatial dimension was introduced. For a given d, Galilean conformal algebra is labelled by
a half-integer /. The infinite dimension d = 2, | = 1 is planar Galilean conformal algebra.

The generalized planar Galilean conformal algebra is an infinite-dimensional Lie
algebra, which is generated by {L,;, Hy, L, Ju|m € T} over F, where F is an algebraic
closed field of characteristic 0, and I is a proper additive subgroup of I, satisfying the
following relations:

Ly, Ly] = (m —n)Lytn,
L, In] = (m - n)1m+n/ [Lm/]n] = (m - n)]m+n/

[
[
[Hm/ In} = Jm+n, [Hm/]n] = —lntn,
[Hu, Hy| = L, In) = [Im, Ju] = [Um, Ju] =0,

[LH’I/ Hi’l] - _nHer?’lr

for m,n € T'. The center of W is {0}.

The generalized loop planar Galilean conformal algebra W(I') is the tensor product
W @ F[t*!] of the generalized planar Galilean conformal algebra W with the Laurent
polynomial algebra F[t*!], which is generated by {L,, ;, Hy i, i, Jm:lm € I',i € Z} over F,
subject to the following bracket relations:

[Lm,i/ Ln,‘] = (m - n)Lern,iJr'r [Lm,ir Hn,‘] = _nHm+n,i+‘/

] ] ] ]
[Lm,z‘/ In,j} = (m - n)Iern,iJrj/ [Lm,ir In,j] = (m - n)]m+n,i+j/
[Hm,i/ In,j] = ]m+n,i+jr [Hm,ir ]n,j] = *Im+n,i+j/
[Hm,i/ Hn,'] = [Im,ir In,‘] = [Im,ir ]n,‘] = Um,i/ ]n,'] =0,

] ] ] ]
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where X, ; = X ® t for any X € {L,H,I,J}, m,n € I'and i,j € Z. We see that the center
of Wand W(I') are all {0}. We have studied the structures of W(I") in reference [5].

The representation theory of Lie algebra is important in many infinite dimensional
algebras. The properties of modules in Lie algebras are the main topics of the representation
theory of Lie algebras. The simple weight modules of the Virasoro algebra have been
studied in reference [6]. Mathieu classified all simple Harish-Chandra modules over
the Virasoro algebra. Recently, some researchers have investigated the Harish-Chandra
modules of many important Lie algebras and Lie super algebras [7-9], such as twisted
Heisenberg—Virasoro algebra [8], Schrodinger—Virasoro algebra [9] and deformative twisted
Schrodinger—Virasoro Lie algebra [9]. In references [10-17], the Verma modules of some
Lie algebras and super algebras have been determined. The Verma modules of generalized
Virasoro algebras were determined in reference [18]. From reference [12], we know the
classification of the Verma modules of the W(2,2). However, the Harish-Chandra modules
and Verma modules of the generalized loop planar Galilean conformal algebra have not
been studied; we will solve these problems in this article.

Recently, the non-weight modules of Lie (super)algebras have attracted much attention
from mathematicians. In particular, the Whittaker modules and U (h)-free modules have
been widely studied for many Lie algebras. The Whittaker modules for many other Lie
algebras have been investigated, such as in reference [19-27]. The Whittaker modules for
the affine Lie algebra Agl) were determined in reference [24]. The Whittaker modules of
super-Virasoro algebras were studied in reference [19]. The notation of U (h)-free modules
was first introduced by Nilsson [28]. Tan and Zhao showed that any free U(/1)-modules
of rank 1 over the Witt algebra is isomorphism to Q)(A, «) for some A € F*, a € F [29].
Later, U (h)-free modules for many infinite-dimensional Lie algebras were determined, for
example, for Heisenberg—Virasoro algebras [30], the algebras Vir(a,b) [31], Loop—Virasoro
algebras and Block type algebras [32]. In this paper, we aim to study the free U (/)-module
over generalized loop planar Galilean conformal algebras.

The representations of the planar Galilean conformal algebra was determined in
reference [33]; Gao studied the simple restricted modules over W, including the highest
weight modules and Whittaker modules. However, the representations of W(I') have not
been studied up until now, hence we will study the representations of W(I'). The present
paper is organized as follows. In Section 2, we will determine the Verma modules of W(I').
In Section 3, we will calculate the Harish-Chandra modules of W(I'). In Sections 4 and 5,
we will give some conclusions for the Whittaker modules of W(I'). In Section 6, we will
determine the rank 1 free U(FLy)-modules of W(I'). The main results of the paper are
stated in Theorems 1, 3-5 and 7.

2. Verma Modules of W (I')

First, we fix a total order < on I which is compatible with the addition, x < y implies
x+z 2 y+zforanyz € I' [34]. We write x < yif x < y and x # y. Assume that

r*={xerljx=0}, I ={xerl|x=<0}
Then, we have I' = I' U{0} UT'~, and W(I') has a triangular decomposition
W(I) = W(I)"W(I)W(I)",

where

=
-
|

I

@ IFLm,i @ @ ]FHm,i S @ IE‘?Im,i @ @ IF]m,ir

m=0 m=0 m=<0 m=<0

W(I')o = Lo; ® Ho; ® Ip; © Jo,i,

W(F)+ = @ IFLm,i D @ ]FHm,i @ @ IE‘?Im,i 53] @ IE“]m,i-

m>=0 m=0 m>=0 m>=0
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The universal enveloping algebra of W(I') is given by
U(W(I)) = U(W(I) " )U(W(I)o)U(W(I)™).

Leta,b,c,d € F, V}, is a 1-dimensional vector space over IF spanned by v, and Vj, = Fvy,.
View V}, as a W(I')g-module, such that Ly v, = avy, Iy ;v = boy, Jovp = cvy, Hy vy = doy,
foralli € Z. Then, Vj,isaB = W(I')* & W(I")o-module by setting W(I') v, = 0.

Definition 1. The induced module V (a,b,c,d) = Indg(r)Vh =U(W(I')) @y Vi is called a
Verma module of W(I") with the highest weight (a,b,c,d).

Let U = U(W(I')) and I(a,b,c,d) be the left ideal of U, which is generated by
the elements in {Ly, ;, Hy, i, I i, Jmilm € T}y U{Lg; —a,Io; — b, Jo; — ¢, Hy; — d} for any
a,b,c,d € F. We define V(a,b,c,d) = U/I(a,b,c,d) as the Verma module with the highest
weight (a,b,¢,d) for W(I'), and get a basis of V(a,b,c,d) consisting of all vectors of the
form

On Lewyiy - LewgitIorpy - I-npeJ—logy - T-tuqu H=p1 1 - Hope,jsOns
with

(I, p1) (It pt),

= <=
j (ﬁlrjl) j j (ﬁs/js)r

whereal,...,ock,l"l,...,l},ll,...,lu, 1,...,‘35 € Tandil,...,ik,jl,...,js,pl,...,pt,ql,...,
qn € Z.(Foranya, B € I',i,j € Z, (n,i) = (B,j) <= a X Bora = Pfandi =< j).If Ly;v = Av
foralli € Z, then we call a vector v € V(a, b, ¢, d) a weight vector with weight A.

Lemma 1. If V(a,b,c,d) is a weight module of W(I') and V(a,b,c,d) = ©)cow(r)+ Vo, we
obtain

k
Vi =spang{L_ui; - Lo ilorp Lrpd-tg J-twgH-prj - H—ﬁs,js| Z &j
s t u i=1
+Y Bi+ Y Li+) li=A—a}
j=1 p=1 q=1

which is the weight vector with weight A.
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Proof. If vj, is the maximal weight vector with a, which satisfies Lo v, = avj,. Then, we have

Loo Lewy iy Leagidorop  Irope —tay -+ Ttwa Hepoj - - Hopo, . 0n

= [Loo, Loay,iy] -+ Lewil-rip Ionp gy Tt Heprjy - Hope i
SRR SEPRFRERR [Lo,0, L_"‘k/ik]I*FlJ’l T I*Ft:Pt]*llm . ']*lurﬂluH—ﬁlJl e 'H—/Ss,jsvh
FLoayiy o Loag iy (Lo, I*TLPJ o Lnpd g T —tugu Hpoj HepejiOn
+L apiy Leagiglorp o [Loos Iorp T tgr - Totyg Hoprjy - HopejiOn
Loy Leagigl-rp - Ionp [Loo, ]_llr‘il} et Heprj o HepjOn
Loy Leagiclorpy o Lenp 1, (Lo, ]7111/%4]1_1_/51/]‘1 o Hopgjon
TLowyiy o Leagicl-rp  Ienpdd 1 T-tug [Loo, H—ﬁlf]'l] o Hopj.0n
+L iy Leagilomp  Ienp gy T-toguHopyj - [Loo, Hop, jJon
TLowyiy Leagicd-rupy I g T-tugH—pyji - Hepy i Lo,ovn

k s t u
= (Z o+ Z :81' + Z Ii+ Z li+ a)L*Dél,li e L*%k,iklfrlrpl e I*thpt
i=1 j=1 p=1 g=1

]711/‘71 e I*lu,Qu Hiﬁl/]ll Y Hi,Bs/]‘svh
=AL_a iy Lewgil-rpy - Tenp St ,0y - T =t H=pojy -+ - H=ps,js O

So, we have
k s t u
Z&i+2ﬁi+ ZE‘F Zli:)x—a.
i=1 j=1 p=1 g=1
O
Forx € V(a,b,c,d), we set
=) Avirplapil-ani Loagil-rip i Totg o Jotog Hopoji - Hopoion

where Ay igirpiqg €F, 0= (@q, -+, 0p),i= (i, ip, -+ ,ix), T = (I, - I¥), p = (p1,- - pt),
I= (- ), q=(q,qu), B = (1, /Bs), j = (jr,- -+ ,js) with only finite terms
Auc,i,F,p,l,q//gfj # 0'

Definition 2. We define

Aw = {(a,1)|Anip,jrpiq 7 0 for some fi,j 1, p,1,q}.

I = max{k|a = (a1, ..., ), i = (i1, ..., i) € Aw},
where | = len(w),  is the length of w. We define
Vi = spang{w|len(w) < k}.
Ifk < —1,then Vi, = 0.
The following theorem is our main result in this section.

Theorem 1.

(1) The Verma module V(a, b, c,d) is an irreducible W (I") module if (b, c) # (0,0).

(2)Ifb = ¢ = 0, when a = d = 0, the Verma module V (0,0,0,0) contains a unique maximal
submodule N(0,0,0,0), which is generated by { L, jon, Hy iop, L ivp, Jmivn|m € I, i € Z}. If
a#0andd =0, N(a,0,0,0) is generated by {Hy, jvp, Ly ivp, Jmionlm € I, i € Z}. Ifa =0
and d # 0, N(0,0,0,d) is generated by {Ly, jvp, Ly ivp, Jmioplm € T'V,i € Z}. Ifa # 0 and
d #0,N(a,0,0,d) is generated by { L, jvp,, |y joplm € I'",i € Z}.



Axioms 2023, 12, 863 5o0f 21

Proof. (1) Letus assume that wy is any nonzero weight vector in V(a, b, ¢, d), the submodule
of the weight module is the weight module. We will prove v, € U(W(I'))wp. Suppose

wo = Y Awipilplal-avi Lowgicd=Tp =L J g T-t,q,Hopojy - Hopo,iOn

=Y Awipilpbal-ui Lyl - Tnpd-tg T-ta,

H,lglf]‘1 ce H,/gs’js [ (mOdVl,1 ),

where

® = (0(1,...,06](),1' = (il,---,ik),,B = (’Bl,...,’Bs),j = (jl,...,js),

r=(ry,..1e),p = (p1, e pe), 1 = (I, . 1), g = (g1, Gu)

with only finite terms Ay ;g p1,q 7 0.
Casel: b #0,c #0.
We define

0((0) = max{«xl|a = (al,..., 0(1), Aﬂc,i,ﬁ,j,F,P,l,q 75 0},

AB(O) = max{ﬁs\ﬁ = (ﬁl/"‘/ ﬁs), Al’é,i,,B,j,F,p,l,q # O}

We only prove the case of &(g) > B g), and the case of B o) > &g is similar.
Let
w1 = Iy k0(0)
=Y AwipilplalegkL-aii Loagil-rip - Lonp g T-tog Hopojn - Hop,jon
=Y Awipjrplal—ain g ko Loain] - LoagicT-Fpy - L1y p,

Tt T-togHpojy - HopojOh + Y Anipjlpial—ai - Loagi-rip - I-Lp,
Tt J=toqH=poji - Hag oo H=p, ) - - Hop, jon

+ ) Aipirplal-ai Lowgid-rip  Inpd g Totog Hopoji - Hepojilagg k0n-

Due to a(g) > 0, we have le(O),kUh = 0. Then, we have

Y Awipirpial-anin Loagiclrip Inpd =g Tl
H_g,jy - g oo H-p,ju] - - H-py jc0n

- ZAﬂl,i,ﬁ,]}T,P,l,qL*Nl/il T L*ﬂék,ikl—Flfpl T I_thpt]_llr‘h T I—lu,qu

H_ﬂlrjl e H_,anjn e H_,Bn/jn]“(o)*ﬁn,k+j»1vh'

By the definition of «q), it is easy to know that ], 0 —=Buk+in ¥ = 0. Therefore, we obtain

w1 =) Awipilplal-wi Mgk Loapin] ** LeapicT-rup = I-1ipy
]711#1 U ]*lu,qquﬂlr]'l Y H,ﬂS’]’S'Uh

= (o) +am) ) Awipirpral—avis " Lowuin Lo —amkrin = LeapicT-ripn  I-np
]*llr% e ]7lll!quH_ﬁlljl e H_ﬁs,jsvh
= (‘X(O) + am) 2Aa,i,ﬁ,j,F,p,l,qLfal/,ill T Lf,x;_l,,‘;_ll—l’l,pl e I_Ftlpt]*ll,‘h o 'Llu,qu

Hop,jy -+~ H-p, jon(modVp—2).
Repeating the process above, we have

w2 =Y Agirpial-rip Lrpd-tug - T-tg Hopojy - Hopjs O
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Then, we apply Ig (o) 10 W2, We have

w3 = Iﬁ(g),qw2
=Y Apirpialsoal-tip - Lnpdtg T tq. Hopoji - Hop,j. 0
=Y Agirpialsoal-rup Trpd-ng TonaH g g H g o op(modVi o).

s—1
Repeating the process, we have
we =Y Arpral-rip Lnpd tg b0

Then, we define

F(O) = max{Ft|zx = (Flr-"r Ft),aﬁ,]',plp,l,q 75 0},

Loy = max{ly|l" = (I, ...,1u),ap,rp14 7# O}
We only prove the case of I(g) > [(g), and the case of [(g) > I|g) is similar.
We apply H Tyl (or L 1-<0),,7) to wy
ws = Hr) yws = ZAFIP/WHF(O)WI—FI/W o Lenpdong T-bugOn
= ZAT’P/WLH/IH T [Hf(oy'?' er,pm] o Lnpd g T huguOn
+ ZATIPJ/CILHJH o lenpd g [HF(O)fﬂ’]*lnrqn] S lguOn
+ EAFIPJ/’%LFMH o lnpd g ]*lu/%HF(O)IUUh’

where

ZAF,p,l,qLH,m T I*Ft/pt]*lhql e [HF(O)/U’I*ln/qn] . .]7lur7uvh
== ZAF,PJ,QI*FLIH T I*E,Pt]*ll,ql o ']*lnﬂn o ']*luz’iu IF(O)*IH'UjL%vh'

Due to H]"(O),;?vh = IF(O)—ln,17+qnvh = 0, we have

ws =) Arpigl-rip  Hrg Inupa) - Irpd—1gy T 10,0

= ZAF',p',l,qIfT{,PQ o I*Ttlfl,viflj‘lqul - J-t,,9,0n(mod Vi 2).

Since ¢ # 0, we have ws # 0. Repeating the process above, we have wg = Y. A ] 1,4, -

J 1,4, 7n-
At last, we apply Hl(o),s to wg. Due to l(o) = max{l,|T" = (I, ..., L), agirplqg % 0}, we

assume that l(o) = lp, where [, € (I, ...,14). Then, we obtain that

wy = Hy g sw6 = Y a10Hig ] -1g J-1,9,9n
= ZAl,qffll,ql o [Hl<0>,5/ ]7lp,qp] o ']711,,quvh
= Al/,q/ ]711,#/1 ------ ]71;_1’ ;_10;1 (mOqu_z).
Since b # 0, repeating the process, we deduce that

0 # wg = Abyy, € U(W(F))IUO

Therefore, v, € U(W(I'))wy. In this case, V(a,b, c,d) is irreducible.
Case2: b # 0, c = 0 (the case of b = 0, ¢ # 0 is similar)

w9 =) Awipilplal—ui Lewgi-Tip Lnp g T tg Hopojn - Hopo j O
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If a(g) > B(o), we apply I, o)k tO Wo. Using the result in Case 1, we can obtain

w1 = ZAﬁ,j,T,PJ,qI—FLPl T I—Ftrptjfll,lh o ']*lu,quH—,BL]'l e H—ﬁs,]'svh'

Next, applying ]ﬁ(o)'k to wyg, we assume that [3(0) = Bm, where By, € (B1, ..., Bu). Then,
we have

W11 = Jp g kW10

=Y Arprapilrip  npd-na Tt Hopjy - Upokr Hopin] -+~ Hop 0
- ZAF,p,l,q,ﬁ’,j’ Lrp - Ienpd =g T-tgu Heprjs - HopojJojerjn O

=L Arpiaf form s Lrpdong s T Hog g By on(modVio).

s—1
Since b # 0, repeating the process, we have

w2 =Y Arpigl-rp Inp g g0
=Y Arpial-rip I-np i, - T-1ge0n(modVi_q).

By the definition of () and /) in case 1, applying Ly g u to w, we get

w13 = Ligu12 = Y ArpigLropl-ripy - Ionp =gy J—1gu¥h
= ZAF'P'WI—TMH T [Lro,w I—Fg,pf;] o lenpd g T 1,0,

+ ZAF/PJ/QI*FLFH T I*Ftrpt]*ll/% T [Lfor#']*Frrpr]]flu/iuvh
+ZAF/P/WI—F1/M o lenpd g Totge Lo pne

Similar with case 1, we deduce that I_ry . -+~ -1, p,J 1,9, *** [Lrop J-Tepe) - 1,,4,0n
= 0and Ly,,v, = 0. Therefore, we have

w3 =—Tg+70) Y Arpigl-rp - Lrope - Lnp o Loyt p =ty - J—1,,q. 00 (m0dV; ).

Repeating the process above, we have

Wis =Y Alg) iy T-1qu O

Finally, we apply H, (oo 1O W4, then it is easy prove that v, € U(W(I'))ug. Therefore, if
b#0andc=0,V, € UW(T))w’ is also irreducible.

(2)Case3:b=c=0.

If 2 = d = 0, by the definition of N(0,0,0,0), we know that all the basis elements of
V(0,0,0,0) except vy, are clearly in N(0,0,0,0). We can show that v;, ¢ N(0,0,0,0). For any
weight vector v € N(0,0,0,0), suppose that weight of v is A. For any basis element

Lewyiy Lewoidorpy - rpdtpay T tugu Hepojn - Hop o
of U(W(I)), such that Zi-;l i+ Y B+ L+ Y% ;= —A, wehave

L*Dél,il T L*“kikl—rbr]l T I_Ftrpt]—llrlh e ']—lu,quH*ﬁl,]'l T H*ﬁs,]'svh
= (aLop + blo,o + cJoo +dHoo)vy, = 0

fora,b,c,d € F, which follows that v, ¢ N(0,0,0,0).

Ifa # 0and d = 0, then U(W(I')) v, ¢ N(a,0,0,0), W(I')~ = @,<oFL,,;, which
means that N(4,0,0,0) is a proper submodule of V(a,0,0,0). Suppose that V is any
submodule of V(a,0,0,0), such that N(a,0,0,0) C V, then there exists i1 - - -i, € W(I') T,
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reN,suchthat L_; 4 ---L_j v, € V.Ifr =0,0v, € Vand V = V(4,0,0,0), suppose
r > 1,wedenotei =iy + - -+ i, then

Lixl iy Lejon=(i+i)(i—ir+ia) - (i—ip—ip—- —ip1+ir)av, € V.

Since (i+i)(i—i1+ip) - (i—iy—ip—-+—i,_1+1i)a #0,wehavev, € Vand V =
V(a,0,0,0). Therefore, N(a,0,0,0) is the unique maximal submodule of V = V(1,0,0,0).
The proof of case of 4 = 0 and d # 0 is similar.
Finally, we can easily prove thatif 2 # 0 and d # 0, N(4,0,0,d) is generated by
{Ly o, Imionlm € I'",i € Z}. We have omitted some details. [

3. Harish-Chandra Modules of W(T)
Definition 3. A W(I')-module V is called a weight module if V is the sum of all its weight spaces

Vy = {Z) S V|LO,OU = /\Z)},

where A € F. For a weight module V, we define suppV = {A € F|V) # 0}, which is called the
weight set of V. An irreducible weight W (I")-module V is called the intermediate series module if
all its weight spaces are one dimensional. A weight module is called a uniformly bounded module if
there exists N > 0, such that dimV) < N forall A € suppV. In addition, if all weight spaces V)
of a weight W (I")-module V are finitely dimensional, the module V is called the Harish-Chandra
module.

Definition 4. A weight module W (I")-module V is called a highest (resp. lowest) weight module
with highest weight (resp. lowest weight) A, if there exists a nonzero weight vector v € V), such
that V is generated by v as W(I')-module, and

W(I)4v=0 (resp. W(I')_v=0).

We define the evaluation module of W(I") similarly to that in Section 2 of reference [35]
and Section 5 of reference [36].

Definition 5. A W(I')-module V is called a evaluation module, if for any X € {L,H,I,]},
meTl,i€Z,0#*ecFandv eV, wehave

X, iv = ' Xpv

Theorem 2. Theorem 5.7 of reference [36]. If V is an irreducible Harish-Chandra module over
W(T'), then V is a highest weight or lowest weight module or evaluation module.

Next, we determine the intermediate series modules of W(I'). By Definition 3, we
know that intermediate series modules are special Harish-Chandra modules, we assume
that V = @cr Vi, where Vj is spanned by vj. According to the definition of intermediate
series modules, we have dimV}, < 1. We also assume that

Ly, ivx = €' L0k = €'y k0t ks H,,jvx = €' Hyvg = €'y k0pi s
Ly,ivx = e' I = elcm,kvarkr Jm,ivx = ' Jmvx = eldm,kvm+kr (1)

foranym,k e I',i € Z,0 #e € F.
Then, we obtain that

Lemma 2.

Cmk = dm,k =0, @)

foranym,k € I
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Proof. According to the definition of W(I"), we obtain several equations as follows:

[Lm,ir In,j}vk = (m— ”)ei+jcm+n,kvm+n+kf [Lm,ir]n,j]vk = (m— n)ei+jdm+n,kvm+n+kr
[Im,ir In,j]vk = Um,ir]n,j]vk =0.

Using (1), we have

Cnk%mmn+k — Amklnm+k = (m - n)cm+n,kr (©)]
dn,k“m,n—&-k - am,kdn,m+k = (m - ”)dm+n,k/ 4)
CokCmn-+k = Com kCrm+ks ©)
Ay ke = A e m+ k- (6)

Using (6) with n = 0, we have

Ay (Ao mtk — doj) = 0. )

Using (4) with n = 0, we have

— (Ao mrk — doj) = mdy, i

— By j @k (Ao ok — dog) = m(dy)? 8)

Using (7) and (8), we get m(d,, x)? = 0. So, we have
dpi =0, VkeT, m #£ 0. )

On the other hand, we can deduce that dy; = 0 for any k € I" using Lemma 1.2 of
reference [37]. Therefore, we have d,,, , = 0 for any m, k € I'. Similarly, using (3) and (5),
we getcy, =0foranym ke I'. O

From what we have discussed above, we obtain the intermediate series modules of
W(I') as follows:
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Theorem 3. Intermediate series module V over W (I") must be one of A, .(e), Agq(e), Bya(e),
Uy(e), Vy(e), Uy(e) and Ve(e), or their subquotient module:

(1) Agpele) : Lyvx = e (a+k+bm)v, i, Hy v = Vi
I ivx = Jm,ivx = 0.

(2) Agale) : Lyjvx = ¢ (k+m)vy i (k #0),

Ly,ivo = e'm(m + a)vy, Hy, v = 0(k #0),

H,y, ivg = eidmvm,lm,ivk = J,ivx = 0.

(8) Byale) : Lyivx = kv (k+m #0),

Ly iv—m = eim(m + a)vy, Hy jop = 0(k +m # 0),

Hyiv—m = eidmvg, L i = Jm,ivx = 0.

(4) Uy(e) = Ly jvx = €kvyyr, Hyivox = 0(k+1n #0),

Hy, vy = e'dmuy, L iv% = Jm,ivx = 0.

(5) Va(e) : Lok = € (1 + K) 0y sk, Hyivp = 0(k #0),

H,y, ivg = eidmvm,lm,ivk = J,ivx = 0.

(6) Uy(e) : Lyivk = €kvy i (k+1 #0), Ly iv—ym = 0, Hy op = 0(m +k # 0),
Hy, iv_py = eidmvg, Ly ivk = Jp,ivx = 0.

(7) Ve(e) Ly, ivx = e kv (m+k #0), Ly iv—m = 0,Hy, ;v =0,
Hy, ivo = elcoy(m #0), Livk = Jmivk =0k #0 or n=k=0).

Foranya,b,c,d,mk € F. i€ Z.

Proof. Using Lemma 2, Theorem 3.2 of reference [8] and Theorem 5.1 of reference [7], the
result can be checked. [

4. Whittaker Modules of W (I')

First, we fix a total order < on I' which is compatible with an addition. So, x <Xy
implies x +z <y + z for any z € I" [34]. We write x < y if x < y and x # y. Assume that

I ={xeTl|x=0},I" ={xeTl|x=<0}.
Then, we have I' = I' U {0} UT'~, we get the triangular decomposition of W(I'),
W) =W(I) - ewWI)ew)",
where

W)™ =P FLyi® P FHyi ® P Fli ® P Floni

m=0 m=0 m=0 m=0
W(T)° = Lo; ® Ho,; @ Lo & Jo,iv

W) =P FLyi® P FHyi ® P Flyi & P Fl,i.

m>0 m>0 m>0 m>=0

According to the definition of W(I'), we deduce that W(I')* is generated by Ly ;, Ly, Hy x,
Ly, g where i,j,k,1,q € Z.

Definition 6. We define a partition u to be non-decreasing to the sequence of positive integers
u= (uy, - ,uy), where 0 < uy < --- < u,, and we also define a pseudopartition A to be non-
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decreasing to the sequence of non-negative integers A = (Aq,- -+, As) where0 < Ay < -+ - < Ag.
Let P represent the set of partitions, and P denote the set of pseudopartition. Then, it is obvious that
P C P. For A € P, we also write that A = (09,120, ...) where A(k) is the number of times
of k appears in the pseudopartition and A(k) = 0 for k sufficiently large. Then, a pseudopartition
A is a partition when A(0) = 0. For u = (uq,up, -+ ,Uy) € DA = (A, -+, As) € Pv =
(v1,---,01) € Pl = (i, , k) € P,i = (iy,in,-~,ir) € Z,j = (jr, - ,js) € Z,e =
(e1,-- &) € Z!,q = (q1,- - - qx) € ZF, we define

|u|:u1+"“|‘ur/|)\|:/\1‘|‘"'+)\s,

ol =v1 4+ Fo, |l =L+ -+,
Loyi=L_y, Loy Harj=H - Hj,

Ifz;,s - vat,st e I*M1,€]/I*l,q = ]7lk/qk T ]711#]1'

Definition 7. Let V be a W(I')-module and ¢ : W(I')* — T be a Lie algebra homomorphism, a
vector v € V is called a Whittaker vector if xv = ¢(x)v for any x € W(I')*. The module V is said
to be a Whittaker module of type ¢ if it is generated by a Whittaker vector of type ¢. The Lie algebra
homomorphism ¢ is called nonsingular, which means that it takes nonzero values on the W(I')". The
Lie brackets in the definition of W(I") force ¢(L;p) = ¢(H;w) = ¢(Im;s) = @(J11) = 0 for any
i>3,j,m,1>2andp,w,s, t € Z. Wesay that W(I')™ acts on V locally and nilpotently if for any
v € V thereis s € N depending on v, such that x1x; - - - xsv = 0 for any x1,x, - - -, xs € W(I')™.

Let W(I') = {x — ¢(x)|x € W(I')"}, then we have the following result.

Lemma 3. Lemma 3.1 of reference [38] and Lemma 2.1 of reference [39]. Let V be a Whittaker

W (I")-module of type ¢. Suppose that W(I') ™ acts locally and nilpotently on W(I') /W (I') . Then,

the following statements hold.

(i) W(I)§ acts locally and nilpotently on V. In particular, x — @(x) acts locally and nilpotently
on'V forany x € W(I')*.

(ii) All Whittaker vectors in V are of type ¢.

(iii) Any nonzero submodule of V contains a Whittaker vector of type ¢.

(iv) If the vector space of Whittaker vectors of V is one-dimensional, then V is simple.

Definition 8. The Lie algebra homomorphism ¢ : W(I') — I is called nonsingular if ¢(I1 s) @(J1¢)
# 0 foranys,t € Z.

Definition 9. For a Lie algebra homomorphism ¢ : W(I')* — F, we define C,, to be a one-
dimensional W(I")*-module given by xa = ¢(x)a for x € W(I')" and a € F. Then, we have an
induced W (I")-module M, which satisfies

Let w = 1® 1, using the PBW theorem, M, has a basis {L_,;H ) jI_ve] 1 4w|(u,A,0,1) €
P x P x P x P}. Then, My has the universal property in the sense that for any Whittaker
module V of type { generated by w', there is a surjective homomorphism ¢ : My — V such that
uw — uw (Yu € U(W(T')™)). Hence, we call M, the universal Whittaker module of type 1.

For any v = 2Pu,i,)\,j,v,p,l,qL—u,iH—/\,jlf‘U,EIfl,qw S M#’(Pu,i,f\,j,v,l?,qu € F), we define
maxdeg(v) = max{[u| + |A| +[o] + [I[|Pyinjopq 7 0}

and maxdeg(0) = —oo.
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For any x € U(W(I'))t, w' = uw, u € UW(I'))~, we have

!

(x = p(x))w = [x, ulw.

In particular, we have

(En — ¢(En))w = [Ey, u]w,
where En € {Ln,p/ Hn,pr Iﬂ,ﬁl ]ﬂ,P|n € F’p € Z}

Lemmad4. Form e I'"U{0},s,p € Z ke N, u,A € Pic Z',j € Z° we have the following
results:

(1) maxdeg([Inmp, L iH plw) < [A+ul —m+1.
(2) Suppose that A = (01(0),1A(1) 2A(2) ...

) and k € N is the minimal, such that A(k) # 0 or
u(k) # 0, then we have

ks 1,50 Lo iHop jlw = v+ u(k)(2k + 1)p(Lis4p) Ly p Hopjw — AK)YP(J154p)L

where A' (k) = A(k) —1,u (k) = u(k) —1,A' (i) = )t(z),u (i )
we have maxdeg(v) < |u—|—/\|

maxy, (v”) < Ak) +u(k) —
Proof. (1)

,u,,-H_/\//]./w

()forallz;ék Ifk>0
k. Ifk = 0, we havev = v' 4+ 0", maxdeg(v') < |A+u| —

(Inp, Ly, i H_ jlw

S
= ZL e Umpy L] - Loy iy Hop o+ Y LoyiHop oo (L, Hop - - Hopy
q=1
Zpu/ iy, /\] —u',i I—v € H- AW + Z wiA nkL*uriH—A/,j/]Vl,kw’
where

lu4+Al—m=|u +0 +A|=u+A|—n

Since [, xw = P(Jx)w = 0 when n > 2, we can get

maxdeg([[m,p, L_u,iH_/\’]']ZU) = maxdeg( P sy kL—u,iH—/\,j]n,kw) < |1/l + /\| —m+1.
(2) We denote
L_,;i= qu/,i/L*krpl e
wherek € I', p1 -+~ pyx) € Z-
We have

L*kxpu(k)’

[Ik+1,s/ Lfk,pl T L*’@ﬁu(k)}w

= Z L_krpl T Lk/pt—l [Ik+1,51 L_kfpf]LkrpHd Lo k,Pu )

PN

u(k)

(Zk + 1) L_k,pl oo L—k,Pr -L_ ~kPuge) 1[)(11 S+Pt)
t=1

We see that p1 - - - py, (1) all have no relations with coefficients. On the other hand, if i > 3,
jm, 1 >2,wehave ¢(Li,) = ¢(Hjy) = ¢(Ims) = ¢(J1;) = 0 forany p,w,s, t € Z.
Therefore, we use p replace py - - - py, ) and assume that L_y ,, - - -

Lik’pt T Lik'pu(k) =
k
Lbi(k,)p/ lP(Il,Sﬂn) = ¢(Il,s+p)-
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Then, wehave L ,; =L_ L"®) and H ;j=H_, / Hﬁ(k)

“kp kp+ BY calculating this, we

have

a—-1 )
[Tkr,sr L2 ] = Z(:) Ly [Tktr,s0 Lfk,p]US(,lpﬂ = a(2k + 1)Ul:;<,1p11,s+p-
1=
Similarly, we obtain
[Ik+1,S/ Hlik,p] = _leiikrlp]l,S+P'
So, we deduce that

[Ik+1,sr qu,in)\,s]w

k k Ak
= [Ik+1ls, L—u/,i/ } Lli(k,)PHi/\’jw + L—u/,i/ [Ik+l/s, Lli(k,)p]H*)\r]'w + qu,i [Ik+1,s, H_/\,/S,]Hf(k,;w

Ak
+L7u,iH_/\’,5’ [Ik+1,sr H_S{/;]w.

According to the assumption of k, we know that [lyy1,,L_, /] € UW(T))~ and
[lx1,s, H v o] € U(W(T'))~, and we can deduce that

u(k)

maxdeg([ly1s, L_ /] L7y,

H_);) <|u+A[—k—-1,

maXdeg(qu,i[Ik-‘rl,S/ H_,\/,]-’]Higf;) < |u + A| —k—1.

and |u+A|—k—1=|u +A|—k—1=|u+A'| —k—1, which means that [u| = |u'| + ku(k)
and |A| = |A'| +kA(K),

k
Ly o llests L’i(k,)p] H_pjw = u(k)(2k+ 1) (ks p)L_ s Hop jw,
Ak
LoyiH_y [l 1,0 HSO 0 = A () 2K+ 1) (Jusp)LaiH_y y0,

]
where ' (k) = u(k) —1,A' (k) = A(k) —1. O

Lemma5. Forme I'"U{0}, ke N, u,A e P, s,pE€ZL,icl,je 7, we have the following
results:

(1) maxdeg([Jm,p, L_uiH_jjlw) < [A+ul —m+1.

(2) We can get

Uk+1,51 qu,in/\,j]w = v+ u(k)(2k + 1)lp(]1,s+p)L7u’,i’ H*/’\,jw + /\(k)ll"(ll,s+p)qu,z’H,,\’,]"w

where A (k) = A(k) =1, 1 (k) = u(k) =1, A" (i) = A(i), u' (i) = u(i) forall i # k. Ifk > 0,
we have maxdeg(v) < |u+A| —k. Ifk = 0, we have v = v' + 0", maxdeg(v') < |A+u| —k,
maxg, (v") < A(k) +u(k) — 1.

= =

Proof. The proof is similar to that of Lemma (4). O

Lemma 6. For m,A € It U{0}, k € N, u,0,] € P, sSspEL i€l ,eclqe 7K, we have
the following results:

(1) maxdeg([Hmp, Ly il-ve] 14lw) <|u+o+1|—m+1

(2) Ifu(i) =v(i) =1(i) =0 forall 0 < i <k, then we get

maXdeg([Hk+1,sz L—u,ilfv,e]—l,q]) < |” +0v+ ll —k—1



Axioms 2023, 12, 863 14 of 21

(3) Ifu(i) =0forall0 <i <k v(j)=1(j) =0forall 0 <j<kandv(k) #O0ori(k) #0
then we have

[Hk+1,5/ L—u,ilfv,sjfl,q]w = U+v(k)lp(]1,s+p)L—ul —o ¢ ] lqw+)‘(k)¢(11,5+p)L—u,i17v,€],l’/q’w

where maxdeg(v) < [u+v+1|—k v (k) = o(k) =1, 1'(k) = I(k) — 1, v (i) = v(i),
I'(i) = 1(i) forall i # k.

Proof.
(1) We have
[(Him,p, L—yil—v,e] -1 4w
= [Hmp, L ui]I—vs] lquFqui[Hmp/I—vsU—lqw+L7ui1—v£[Hmp/]—lq]w
= Y P ettt T g EPyit o Lonil 0+ LBy o Lol g g
:Zpu’ i vel g, nkH il y, ’]nkw+z il q”L*”/iI—l”,qu

where |u+v+1|—g=|u o+ —n=|u+1"|+u+2"|. Since J,, xw = P(J)w =0
for n > 1, we can get

maxdeg([Hm,p, qu,ilfv,g]_l’q]w) S |u + [ + l| —m + 1.

(2) If (u,v,1) = (0,0,0), then maxdeg([HkH,s,L_u,il_v,s],qu]w) = —o0.
If (u,0,1) # (0,0,0), then maxdeg ([Hy1,s, L —il-ve]-14]w) = [u+0+1| —k—1.

k 1(k
(3) Wedenote I_,, = Iy Ii(k,; and |, = ]71/,q/ ]fk,)p' Then, we have

[Hk+1/SI L—u,z‘l—v,s]—l/q]w
= [Hk+1/sr L—u,i“—v,s]—l,qw + L—u,i[Hk+1 sil o e]] LgW + L_yil S[Hk+1/sr ]—l,q}w

= [Hirs Lowil Lol 10 + Loy i[Hesas Iy o117 kp] L@+ Lowil o [Hess, Ii(kk,i;}]—l,qw
+LilvelHisrs |y g U0y + Lowilooel_y o i 101w

= [Hyy1,s Ly z‘]Lvstqw-i-Lﬂli[Hk+1s,1 / /]Iv(k)] 1,470

Fo(k) Y (Jsp) Lowil_y /1 V1 1qgW+ Loy iloe[Hyr1,6 ]y q/]] kp
*l(k)1/’(11,s+p)L—u,il—v,e],l/,q/Lk,,, w

According to the assumption of k, we know that [Hy 14 L_,;] € UW(T))™,
[Hipr,s, Iy o] € UW(T))™, [Hig1,s, Ty q/] € U(W(I'))~, and we obtain the following

conclusions:
maXdeg([Hk+1,sz L—u,i]lfv,e]—l,qw) <luto+lf—k-1
maxdeg(L_,, ;[Hgt1s, va’,g’]li&k,)p]*l,qw) <lut+ov+l—-k-1
maxdeg(L_, iI—ve[Hgi1 ] /g /]]l( ) )<|lu+ov+Il—k-1
O

Lemma?7. Form € Tt U{0}, ke N, u, A0l € D, s,spE€EZicl,eclqe 7k, we have
the following results:

(1) maxdeg([Lm p/quiH A]'Ifz;,g]_l,q]W) < |u+)\+v+l\ —m+2.

(2) Ifu(i) = A(i) = v(i) = 1(i) = 0 forall 0 < i < k, then we can get

maxdeg([Hyi15 L_yi]) < lu+v+1]—k—1,
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(3) Ifu(i) = A(i) =0forall0 <i <k v(j) =1()=0forall0 <j< kandov(k) # 0 or
I(k) # 0, then we have

[Liy1sr LowiH p jI-ve] 14]w
=v+0(k)(2k + 1)p(I1sp)LoiH 7 ;1 ] q0
'H(k) (Zk + 1)¢(]1,s+p)L—u,iH—A,jI—v,s],l”,q”w-

zghere maxdeg(v) < [u4+ov+1|—k v (k) = v(k) —1,1"(k) = u(k) =1, 0" (i) = v(i),
I (i) =1(i) forall i # k.

Proof. The proof is similar to that of Lemma (6). O

Theorem 4. Suppose (I1;) # 0and P(J1,,) # O(t,u € Z), w =1®1 € My. Then, v € M,
is a Whittaker vector if and only if v = uw for some u € F (u # 0).

Proof.
N = max{|u| + [A] + [0] + [I||Pyinjop1q # 0}
and define that

An = {(,A\,v,1) e Px Px P x 13|Pu,i,A,j,v,p,1,q #0, |u| + |A] + || + || = N}

Assume that k = min{n € N|u(n) # 0or A(n) # 0orv(n) # 0orl(n) # 0 for some
(u,A,0,1) € Ay}

Case 1: k satisfies u(k) # 0 or A(k) # 0 for some (1, A,0,1) € Ay.

We have

!

(Ik+1,s - 1r’)(IkJrl,s))w
= ) s LowiH g ve]pglw

(u,A0,1) ¢ Ay
10
+ Z [Ik+1,5, qu,inA,jI—v,elfl,q]w ( )
(u,A01)eAn,A(K)=u(k)=0
+ Y [Ikr1,sr LowiHop jloe] -1 4]w.

(u,A0,1) € Ay, A(k) #Ooru (k) #0

For the first term on the right hand side of (10), using Lemma 4(1), we know that its degree
is strictly smaller than N — k. For the second term on the right hand side of (10), note that
A(i) =u(i) =0 for 0 <i <k, wehave

[Is1,s0 Lo iH o jI—ve] -1 4]
= Iyt Lowil Hopjlve] 1,9 + Loy illkr1,e Hop jlI-ve] -1, € U(W(T)) ™

Thus, its degree is also strictly smaller than N — k. Now, using Lemma 4(2) to the third
term on the right hand side of (10), we know that it is of the following form:

v+ M(k) (2k + 1)¢(Il,s+p)L7u/,i’ H*/\,jw - )\(k)lp(h,jJrs)qu,iH,/\’/j’w-

If k = 0, then we have maxdeg(v) < N —k, A" (k) = A(k) —1,u (k) = u(k) =1, A" (i) = A(i),
u' (i) = u(i). Thus, the degree of the third term is equal to N — k, this proves (Ik1s —
¢(Ik+1,s))w/ # 0. Similarly, we deduce that (Ji;q1 s — tp(]kH,s))w/ # 0 by Lemma 5.

Case 2: k satisfies u(k) = A(k) = 0 for any (u,A,v,1) € Ay and v(k) # Oor (k) # 0
for some (u, A, v,1) € Ay.
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We have

!/

(Hk-‘rl,s - ¢(Hk+l,s))w
= Z [Hk—l-l,s, qu,in/\,jlfv,e]—l,q]w

(u,A0,1) ¢ Ay
(11)
+ Y. [His 1,0 LowiH p jI-0e] 14w
(u,A01)eAN,A(K)=u(k)=0
+ Y. [Hiy1,s Lo iH- A jl—0e] -1,4]0-

(u,A0,1)€ Ay, A (k) #0oru (k) #0

By using Lemma 6(1) to the first term on the right hand side of (11), and using
Lemma 6(2) and (3) to the second and third term, respectively, we have

(Hip1,s = $(Hiy1,)w = 0+ 009 (usip)Lowil o o] 140 = W)Ly ilve] pr o p(Drsip)w,

where maxdeg(v) < N —k, 0" (i) = v(i), I" (i) = I(i) forall i # k and v" (k) = v(k) — 1,
I" (k) = 1(k) — 1. Thus, we can deduce that (Hyi1,s — 1P(Hk+1,s))w, # 0. Similarly, we can
deduce that (L, s — l/J(Lk_H’S))w, # 0 by Lemma 7.

Case 3: u = 0.
Letw =Y P joerqH-ajl-vel 1,4 where Py ;14 # 0. We have

!
(Lk-H,S - lp(Lk-%—l,s))w = Z [Lk+1,srH—/\,jl—v,sf—l,q]w
(Ao l)EAy
+ ). [Liy1s Hopjlve] 4]0+ Y (Liy1s Hopjlove] 14]w
(Ao l)eAy,v(k)=I(k)=0 (Aol)eAy,v(k)#0orl (k) #0
= Z [Lk+1,s/ H—A,jlfv/sj—l,q}w + 2 [Lk+1,5r H—A,jlfv,ej—l,q]w
(Ao Ay (Aol)eAy,o(k)=1(k)=0
+ Z [Lk+1/sr Hf/\,j]I—U,SI—I,qw
(A,1)eAy,v(k)#0orl (k) #0
+ ) H_pj[Lkyas, I=oel] 1,40
(Av,1)eAy,v(k)#0orl (k) £0
+ Z I_I*/\,]'I*v/€ [Lk+1,51 ]—l,q]w-

(A1) eAy,v(k)#0orl (k) #0
We denote the five terms on the last equation by vy, v2, v3, v4, U5, respectively. We denote
v(k 1(k _
Ioe = 1. 1_(,(,;, g = Ty ]_(kfp. Note that [Li 15 H ;] € UW(T))",

[Lks1,s Hopjl-ve]-14] € UW(T))~. We have maxdeg(v;) < N —k wheni=1,2,3,

Lo I = 0(K) (2K + (B ) 60 Lk 1) = 0(0) 2K+ Dp(Frae ) IE,

So, we have

’ ) —
U4 =Ty + Z U(k) (2k + 1)¢(Il,5+p)pA,v,ZH—)\,in(k,; 1],l,qw,
()\,’U,I)GAN

and
/ 1(k)—1
vs=vs+ ) ok)(2k+ 1)11)(h,s+P)PA/UJH—)‘J'LU'S]—(kf)P @

(/\,‘U,l EAN

where maxdeg(v;)’ < N —k, t = 4,5. Thus, we have (Li 1 — $(Lg;1))w # 0by Lemma 7.

Case 4: There exists some u 7# 0 for which Py, y jv,p,1,9 # 0. Denote

'
N = max{|u| + |/\| + |U‘ + |l||u #0, Pu,i,/\,j,v,p,l,q # O}/

AN/ = {(MIA/U/Z”u # O/Pu,i,/\,j,v,p,l,q #0, |M| + M‘ + |U| + |l| =N }/
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I = min{n|]A = ™, (0 + 12+, such that [u] + ["| + [v| + |1 =N, Py vp1q # O}

Note that u = i = 0 for those (1,A,v,1) satisfy N' < |u| 4+ |A| + [0| + |I| < N and
Pyinjoplg 7 0- Thus, we have

!

w = Z Pll,i,)\,j,v,s,l,l]L*M,in)\,jI*U,SI—l,qw
(u,/\,v,l)eAN/,u(l);éO
+ Y. Pyinjoelql—uiH-zjI-vel 14w
(u,/\,v,l)EAN/,u(l):O
+ Z Puipjoetqb—uiH-ajl-vel 14w
||+ A+ o]+ [ <N’
+ Y. Py jvetqH-njl-ve] 1,40

N’ <|u|+|A|+|o|+]I|<N

We apply Hy1 — $(Hjy1) to both sides of the last equation, the remaining proof is similar
to that of Case 3.
Finally, note that the set

L wiH ) jlve] 1 qwl(u,A,0,1) € PxPxPxP}
forms a basis of My. []

5. Some Properties for the Whittaker Modules of W (I')

In this section, the Lie algebra homomorphism ¢ is assumed to be non-singular, which
¢(I;) # 0and ¢(J1,,) # O(t,u € Z), ¢ : W(I')* — F is an algebra homomorphism and
a Whittaker module V of type ¢. We may regard V as a W(I')" module by restriction.
Define a modification of W(I')* by setting x - v = xv — ¢(x)v forx € W(I')* and v € V.
Then, it is clear that V is a W(I')" module under the dot action; we also have E, ;- v =
E,iv— ¢(E,i)v=[Eyjulwforanyn € I't,i € Zy andv =uw € V.

Lemma 8. Let (u,A,v,1) € PxPxPxP.
(1) ForneTt,keZicl,jc7,ecZqc 7K we have

En,k . L—u,iH—/\,jI—v,Jfl,qw

€ spang{L_

u

/,Z./H_A/’]./I_vllsfj_l/’q/'(,U||u | + ’/\ | + "U | + |l | + /\/(0) § |M| + |)\| + |'U| + ’l‘ +A(0)}

(2) Suppose V is a Whittaker module for W(I'), let v € V. Regarding V as a W(I') " -module
under the dot action, then U(W(I'))™ - v is a finite dimensional W(I') ™ submodule of V.

Proof. (1) The case of (1,7, v, l) = 0 is obvious. Now, we prove the case of (u,A,v,1) >0
by induction. We only prove that u # 0, the case of u = 0 is similar.
Assume that I = max{i|/(i) > 0}. Then

qu,inA,jlfv,sj—l,q = Lfm,jL,u’/i’ Hf)\,jlfv,e]—l,ql
where 1/ (m) = u(m) — 1, u' (i) = u(i) for all i # k. Therefore, we have

Eni-LoyiH pjlve] 1qw=Eyi-LoyiL s yH il ve] 1w

u

= [En,i/ Lfm,j]L,u’,," Hf)\,jlfv,e]—l,qw + Lfm,j[En,ir L_ T H—A,jlfv,sf—l,q}w' (12)
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For the first term on the right hand side of (12), we only take E, ; = L, ;, and the case
Of En,i = Hn,i/ En,i = In,i/ En,i = ]n,i iS similar.
If n — m < 0, which is obvious that

[Ln,z‘/ Lm,j]L,u’,i’ H—/\,jlfv,sffl,qw = (m + n)Ln—m,i-&-jL,u’,,” H—A,jlfv,sffl,qw/

has the desired form.
If n —m > 0, then we have

Lnfm,z#j : L,u’,," Hf)\,jlfv,e]—l,qw = [Lnfm,iJrj/ L,u’,," H—A,jlfv,e]—l,q]w
+§0(Lnfm,i+j)L_u/’i’ Hf/\/jlfvrgj_l,qw.

By assumption, we deduce that [Ln—m,i+jr L_ysH pjlve ]—l,q]w also has the desired form.
For the second term on the right hand side of (12), by the induction hypothesis, we
have

!/ !/ !
[E”ri’L—u/,i/ H,/\,jlfv,sj—l,q} € SpanF{L_ " H_/\/’]./ I—v’,e/ ]_l/,q/w||u | + |)\ | + |U ‘

u

H[I[ 4+ A(0) < ul + | + [o] + 1] + A (0)}.

Thus Ly, j[Epi, L_, #H ) jI-0,e] -1 4]w has the desired form since —m < 0 and

m+ |+ A+ o] + 1] = |u| + |A] + [o] + 1]
The proof of (2) is a direct result of (1). O

Theorem 5. Let ¢ : W(I')* — [ be a Lie algebra homomorphism of nonsingular type, then the
Whittaker W (I")-module is simple.

Proof. This follows from Lemma 3(iv) and Theorem 4. [

6. Rank 1 Free U(FLgyp)-Modules of W(I')

In this section, we will determine free U (/)-modules over the generalized loop planar
Galilean conformal algebra W(I"), where h = [FL g is the canonical Cartan subalgebra of
W(T'). Similarly to Theorem 2.4 of reference [32], we have the following result.

Theorem 6. We assume that N is generalized loop-Virasoro algebra. Let M be a U(X)-module,
such that the restriction of U(R) to U(FLy) is free of rank 1. Then, M = Q(A, i, «) for some
A u € F*, o € F. Moreover, M is simple if and only if A, yu, a0 € TF*.

Definition 10. Foranym € I',i € Z, A, u € F*, a € F, we denote by QW(F) (A, ) = F[i],
the polynomial algebra. We define the W (I")-module structure on Q1) (A, p, &) as follows

Lini(f(£)) = A"l (t = ma) f(t—m),  Hui(f(t) = Lui(f(t) = Jmi(f(t)) = 0. (13)
where f(t) € F[t].
Lemma9. Forany A,y € F* and « € F, Q1) (A, p, &) is an W(I')-module.
Proof. It is easy to check this conclusion using (13). O
Lemma 10. Forany m € I and j € Z, the following formulas hold:

Lm,z'Lé,o = (Loo +m) Ly, Hm,iLé,o = (Loo + m) Hy,,
Lnillyo = (Loo +mY Lyi,  Jmillyg = (Log +m) -
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Proof. According to Definition 13, it is easy to check that

LyiLoo = (Loo+m)Lyi, HpiLoo = (Loo + m)H,,,
LiLoo = (Loo +m) Ly, JmiLoo = (Loo + 1) -

Then, the lemma can be proven by an inductiononj. O

Lemma 11. Let Q is a free U(FLg)-module of rank 1 over the algebra W(I'). For any m € T’
and i € 7, we assume that

Lyi-1=ay;Loo), Hpi-1="0bpi(Loo), Imi-1=cmi(Loo), Jmi-1=dmi(Lop),

which a,,;(Loo), b,i(L00), Cm,i(Loo), dmi(Lop) € Q, then ay;i(Log), bm,i(Loo),cm,i(Loo),
d,i(Lo) completely determine the action of Ly, i, Hy, i, L i, Jm,i on Q.

Proof. Now, we take any u(Loo) = ¥>0 ajLé,O € U(FLyyp). Then, using Lemma 4, we have

Lmi-#(Loo) = Lumi- Y aiLho =} ajLlmiLjy
>0 i>0
= ) aj(Loo+ m) Ly, ; = Y aj(Loo+ m) ay,i(Loo) (14)
j=0 j>0

= u(Loo +m)ayi(Lop)-

Similarly, we prove that

H,yyi-u(Log) = u(Loo + m)by,i(Loo), (15)
Ly, - u(Loo) = u(Loo + m)cyi(Loo), (16)
Jm,i - u(Loo) = u(Loo + m)dy i(Loo), (17)

O
Lemma 12. Forallm € I' and i € Z, we have by, ;(Loo) € F, cyi(Loo) € Fand d,, ;(Loo) € F.
Proof. We only prove c,,;(Log) € F, and the case of d,,, i(Loo) € F is similar. Now, we

assume that c,, ;(Lop) = Zﬁo cm,iL(l),O, which ¢,,; € F, kyy € Nand ¢k, # 0. Now, we
calculate [I,, I, ;] - 1 as follows

0= [Im,i/ In,j] 1= Im,i . In,j -1- In,j . Im,i -1,

ky K ki kn
=Y cni(Loo+m)' Y cuily— Y cmi(Loo+m)' Y cuilly,
1=0 1=0 1=0 120
K+ —2
= Cnky O, (Mky — nkm)LSt'g)J’k”_l(mod @ FL)).
1=0

Therefore, we have mk, = nk,,, which means that k,, = mky. If k; > 0, it is nonsense for
ku if m is negative, which forces k; = 0. Hence, k;;, = Oforanym € I'and i € Z. We
obtain ¢;,i(Loo) = ¢, € F. Similarly, by [Hy,;, Hyj] = 0 and [Jy,i, Ju,;] = 0, we obtain
bm,i(LO,O) = bm,i € F and dm,i(LO,O) = dm,i c€Fforallme andie€Z. O

Lemma 13. We have by, ; = c,,; =dy; =0forallm € I'andi € Z.
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Proof. By the definition of the loop Virasoro module Q(A, U, «), we have
Lyi(f(t) = /\’”*"‘u"(t —ma)f(t—m), mel, i€Z, f(t)€F.

Now, we consider the action of Hy,;’s, 1,,i’s, J;,;’s. Similar to Proposition 2.3 of refer-
ence [32], we assume that

Hm,i(f(t)) = Hm,i(f(LO,O)l) = f(t - m)Hm,i -1,
Im,i(f(t)) = Im,i(f(LO,O)l) = f(t - m)lm,i Y
]m,i(f(t)) = Im,i(f(LO,O)l) = f(t - m)]m,i e
Using Lemma 7, we calculate [L,, ;, I, ;] - 1 as follows
(Tﬂ - n)1m+n,i+j ‘1 = [Lm,ir In,j} 1= Lm,i . In,j 11— In,j . Lm,i -1
= cpjlmi-1— Am*iyi(t —n—ma)l,;-1
= cn,j)»m_iyi(t —m) — cn,j/\m_iyi(t —n—ma) (18)
= ne, ;A"
Taking m = £1 in (18), we have
—(n+1)cp 1y = neg AW (A € F), (19)
and o
(1= n)eyprivj = neg At (A, € F). (20)

Using (19) and (20), we deduce that c,,; = 0 for all m € I and i € Z. Similarly, using
[Loniv Hn,j] 1= _nHm+n,i+j -land [Ly,;, ]n,j] ‘1= ]m+n,i+j -1,weobtainb,,; = d;,; = 0. U

From what we have discussed above, we have obtained the main result of this section:

Theorem 7. Let Q be a U(W(I"))-module, such that the restriction of U(W (I')) to U(FLgy) is
free of rank 1. Then, Q = Q) (A, p, ) for some A,y € F*, a € F. Moreover, Q is simple if and
only if A, y, a0 € F*.

Proof. We prove this theorem using Lemmas 9-13. O
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