
Citation: Feketa, P.; Fedorenko, J.;

Bezushchak, D.; Sukretna, A. ω-Limit

Sets of Impulsive Semigroups for

Hyperbolic Equations. Axioms 2023,

12, 918.

https://doi.org/10.3390/axioms12100918

Academic Editor: Feliz Manuel

Minhós

Received: 3 September 2023

Revised: 23 September 2023

Accepted: 26 September 2023

Published: 27 September 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

axioms

Article

ω-Limit Sets of Impulsive Semigroups for Hyperbolic Equations
Petro Feketa 1 , Juliya Fedorenko 2, Dmytro Bezushchak 2 and Anna Sukretna 2,*

1 School of Mathematics and Statistics, Victoria University of Wellington, P.O. Box 600,
Wellington 6140, New Zealand; petro.feketa@vuw.ac.nz

2 Faculty of Mechanics and Mathematics, Taras Shevchenko National University of Kyiv, 4E Academician
Glushkov Avenue, 03127 Kyiv, Ukraine; juliamfed@gmail.com (J.F.); bezushchak@gmail.com (D.B.)

* Correspondence: sukretna.a.v@knu.ua

Abstract: In this paper, we investigate the qualitative behavior of an evolutionary problem consisting
of a hyperbolic dissipative equation whose trajectories undergo instantaneous impulsive discontinu-
ities at the moments when the energy functional reaches a certain threshold value. The novelty of
the current study is that we consider the case in which the entire infinite-dimensional phase vector
undergoes an impulsive disturbance. This substantially broadens the existing results, which admit
discontinuities for only a finite subset of phase coordinates. Under fairly general conditions on the
system parameters, we prove that such a problem generates an impulsive dynamical system in the
natural phase space, and its trajectories have nonempty compact ω-limit sets.
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1. Introduction

Evolution equations are primary mathematical models for a variety of processes in
physics, fluid dynamics, chemical engineering, material science, and geophysics [1–3]. Of-
ten, solutions to evolution equations undergo very fast (almost instantaneous) changes,
and it is convenient to model these abrupt changes as discontinuities or impulsive jumps [4,5].
There are several mathematical frameworks available in the literature for the proper model-
ing and analysis of these processes, namely impulsive differential equations, discontinuous
dynamical systems [6–8], hybrid dynamical systems [9–11], and differential equations
with Dirac delta functions [12]. We refer the interested reader to [13], which provides a
concise overview and comparison of these frameworks. More recent studies of discon-
tinuous dynamics include results for delay [14–16], fractional order [17–19], stochastic
equations [20–22], fuzzy differential systems [23,24], and applications of impulses for stabi-
lization and control purposes [25–27].

This paper is devoted to the study of an important class of evolutionary systems
characterized by the presence of impulsive disturbances when the system trajectory reaches
a predefined subset in the phase space, often termed impulsive dynamical systems [28,29].
The systematic study of these systems began relatively recently and primarily focused
on systems defined in the finite-dimensional phase spaces, e.g., on systems defined in
Euclidean space Rn, n ∈ N [30–34] and the so-called multi-frequency systems defined
in the product of a torus and Euclidean space Tm × Rn, n, m ∈ N [35–38]. The results
regarding the limit behavior of infinite-dimensional impulsive dynamical systems can
be found in [39–45]. However, in both the parabolic and hyperbolic cases, the impulsive
parameters are “finite-dimensional” in nature, i.e., only a finite number of coordinates of
the phase vector is subjected to an impulsive disturbance. The novelty of the current study
is that we consider the case when the entire infinite-dimensional phase vector undergoes an
impulsive disturbance at the moment when the system’s energy functional reaches a certain
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threshold value. To characterize the long-term asymptotic behavior of the considered
hyperbolic problem, first, we formally show that the problem generates an impulsive
dynamical system in the natural phase space. Next, we prove the main result of the current
paper regarding the limit behavior of the considered impulsive problem, namely that its
trajectories have nonempty compact ω-limit sets.

The rest of this paper is organized as follows. In Section 2, we formulate the consid-
ered impulsive problem, together with the basic assumption on the system. The formal
construction of the corresponding impulsive dynamical systems is presented in Section 3.
The main theorem on the limit regimes of the constructed impulsive dynamical system is
stated and proved in Section 4. Finally, some conclusions in Section 5 complete the paper.

2. Problem Statement

Let a triple of Hilbert spaces V ⊂ H ⊂ V∗ with compact dense embeddings be given.
Additionally, let ‖ · ‖ and (·, ·) stand for the norm and the scalar product in H, respectively;
A : V → V∗ be a linear, continuous, self-adjoint, coercive operator; ‖u‖V := 〈A 1

2 u, u〉 be
the norm in V; and 〈·, ·〉 denote the scalar product in V.

Consider an evolution problem
d2y
dt2 + 2β

dy
dt

+ Ay = 0,

y|t=0 = y0 ∈ V,

yt|t=0 = y1 ∈ V.

(1)

It is known [46] that problem (1) in the phase space X = V×H generates a continuous

semigroup G : R+ × X → X so that for any z0 =

(
y0
y1

)
∈ X

G(t, z0) = z(t) =
(

y(t)
yt(t)

)

= e−βt
∞

∑
j=1


(y0, ϕj) cos ωjt +

(
β(y0, ϕj) + (y1, ϕj)

) 1
ωj

sin ωjt

(y1, ϕj) cos ωjt−
(

λ2
j (y0, ϕj) + β(y1, ϕj)

) 1
ωj

sin ωjt

, (2)

where ωj =
√

λ2
j − β2, {λj}∞

j=1 and {ϕj}∞
j=1 are solutions to the spectral problem

Aϕj = λj ϕj, j ≥ 1,

{ϕj}∞
j=1 is the orthonormal basis in H, 0 < λ1 ≤ λ2 ≤ . . . , λj → +∞, j→ ∞, and without

loss of generality, we assume that λ1 > β.
In what follows, we augment system (1) with impulsive discontinuities of the state

trajectories. To this end, let us introduce the functional Ψ : X → R+ defined by

Ψ(z) = ‖z‖2
X = ‖u‖2

V + ‖v‖2 (3)

for any z =

(
u
v

)
∈ X. This energy-like functional is used to determine the moments of

impulsive jumps in the system.
The impulsive problem is formulated as follows. If at some point in time, t > 0 and

the corresponding solution z =

(
y
yt

)
is such that the functional (3) reaches the value

Ψ0 ∈ R+, i.e., Ψ(z(t)) = Ψ0, then the state z is being instantaneously transferred to a new
position z+ defined by

z+ = ϕ(z) + α, (4)
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where α ∈ X, ϕ : X → X are given. Note that formulation (4) is natural in many mechanical
problems where there is an instantaneous change in velocity [13,47], i.e., impulsive action (4)
causes discontinuity not only in y but also in yt.

In the current paper, we prove that under certain mild conditions on the system
parameters, problems (1), (3), and (4) generate an impulsive dynamical system in X, which
we denote as

G̃ : R+ × X → X

(see formal Definition 1 below) and for each z0 ∈ X, the ω-limit set is nonempty, compact,
and the limit relation

distX(G̃(t, z0), ω̃(z0))→ 0, t→ ∞

holds true.

3. ω-Limit Set for Impulsive Dynamical Systems

Following the work in [48], we describe the general construction of the impulsive
dynamical system. Suppose that a continuous semigroup G : R+ × X → X is given on
the phase space X. The trajectories of the semigroup, when they reach a predefined subset
M ⊂ X (the so-called impulsive set), are instantaneously transferred according to the map
I (the so-called impulsive map) to a new position

z+ := Iz.

For the correctness of such a construction, the following conditions must be satisfied

G : R+ × X → X is a continuous semigroup,

i.e., for all z ∈ X and t, s ≥ 0 : G(0, z) = z, G(t + s, z) = G(t, G(s, z)), (5)

map (t, z) 7→ G(t, z) is continuous on R+ × X;

M is a closed set, M ∩ IM = ∅; (6)

∀ z ∈ M ∃ τ = τ(z) > 0 ∀ t ∈ (0, τ) : G(t, z) /∈ M. (7)

Under the conditions (5)–(7), it is known [40] that if for z ∈ X,

M+(z) :=
( ⋃

t>0
G(t, z)

)⋂
M 6= ∅,

then, there exists s̃ := s̃(z) > 0, such that

∀ t ∈ (0, s̃) : G(t, z) /∈ M, G(s̃, z) ∈ M. (8)

Using the introduced notation z+, M+(z), s̃, the impulsive trajectory G̃(·, z0) starting
at z0 ∈ X is constructed as follows:

• If M+(z0) = ∅, then
G̃(t, z0) = G(t, z0), t ≥ 0;

• If M+(z0) 6= ∅, then for s0 := s̃(z0), let us denote z1 := G(s0, z0), so that

G̃(t, z0) =

{
G(t, z0), t ∈ [0, s0),
z+1 , t = s0;

• If M+(z+1 ) = ∅, then
G̃(t, z0) = G(t− s0, z+1 ), t ≥ s0;
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• If M+(z+1 ) 6= ∅, then for s1 := s̃(z+1 ), let us denote z1 := G(s1, z+1 ), so that

G̃(t, z0) =

{
G(t− s0, z+1 ), t ∈ [s0, s0 + s1),
z+2 , t = s0 + s1;

and so on. By continuing this process, we can obtain a finite or infinite number of impulsive
points

z+n+1 = IG(sn, z+n ), z+0 := z0, n ≥ 0;

and the corresponding sequence of time moments

Tn+1 :=
n

∑
k=0

sk, T0 := 0, n ≥ 0.

At the same time, G̃ is given by the formula

G̃(t, z0) =

{
G(t− Tn, z+n ), t ∈ [Tn, Tn+1),
z+n+1, t = Tn+1.

(9)

It should be noted that the Zeno (or beating) phenomenon can occur in such a sys-
tem, which is characterized by infinitely many impulsive jumps over a finite interval of
time [49,50]. Such behavior is often undesirable, especially for systems that are mathe-
matical models of real physical processes or in control engineering applications in which
impulses are assigned to the control actuation. The classically defined trajectories for such
systems do exist on a finite interval only, and their prolongation beyond the Zeno point is
discussed in [50–52].

Since we are interested in the behavior of (9) when t → ∞, we make the following
assumption:

for each z0 ∈ X, there are either no impulsive points,

or their number is finite, or Tn → ∞, n→ ∞.
(10)

Condition (10) guarantees that for an arbitrary z0 ∈ X, the function t 7→ G̃(t, z0) is
defined on [0,+∞).

Definition 1. The mapping G̃ : R+ × X → X constructed above is called an impulsive dynami-
cal system. We say that the triple {V, M, I} generates an impulsive dynamical system if conditions
(5)–(7) and (10) are satisfied.

It is known that under conditions (5)–(7) and (10), the mapping G̃ : R+ × X → X
is a semigroup whose trajectories are continuous from the right. In addition, from the
construction of G̃, it holds that for arbitrary z0 ∈ X and t > 0,

G̃(t, z0)
⋂

M = ∅.

The main object of study in this paper is the ω-limit set:

ω̃(z0) =
{

ξ ∈ X
∣∣∣ ∃{tn}∞

n=1 : tn ↗ ∞, ξ = lim
n→∞

G̃(tn, z0)
}

. (11)

Lemma 1. Let {V, M, I} generate an impulsive dynamical system G̃, and for any z0 ∈ X, let the
following conditions be fulfilled:

1. The set
γ̃ :=

⋃
t≥0

G̃(t, z0)
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is bounded;
2. For each z ∈ γ̃ :

G(t, z) = G1(t, z) + G2(t, z),

where {G1(t, z), t ≥ 0, z ∈ γ̃} is precompact and

sup
z∈γ̃

G2(t, z)→ 0, t→ ∞.

3. If γ̃ has an infinite number of impulsive points {z+n }n≥0, then the set {z+n }n≥0 is precompact.

Then, the set ω̃(z0) 6= ∅ is compact and

distX(G̃(t, z0), ω̃(z0))→ 0, t→ ∞.

Proof of Lemma 1. According to [40], the nonempty ω-limit set of G̃(t, z0) for any initial
condition z0 ∈ X exists if the sequence{

ξm = G̃(tm, z0), tm ↗ ∞
}

is precompact. In what follows, we show that under the conditions of Lemma 1, the
sequence {ξm} is indeed precompact. To this end, we consider three possible cases:

Case 1: If M+(z0) = ∅, then

ξm = G̃(tm, z0) = G(tm, z0) = G1(tm, z0) + G2(tm, z0)

and the precompactness of {ξm} follows from condition 2.
Case 2: If M+(z0) 6= ∅ but the number of impulsive points is finite {z+1 , . . . , z+p },

then for sufficiently large m, we have that tm > Tp + 1 and, therefore,

ξm = G̃(tm, z0) = G(tm − Tp, z+p ) = G1(tm − Tp, z+p ) + G2(tm − Tp, z+p ).

Since z+p ∈ γ̃, the precompactness of {ξm} follows from condition 2.
Case 3: Finally, let M+(z0) 6= ∅, and let there be an infinite number of impulsive

points {z+n }. Let {Tn}n≥1 be the corresponding moments of the impulsive disturbance,
Tn → ∞, n→ ∞. Then, for tm → ∞, for each m ≥ 1, there exists n(m) such that

tm ∈ [Tn(m), Tt(m)+1), n(m)→ ∞, m→ ∞.

Therefore, according to (9)

ξm = G̃(tm, z0) = G
(
tm − Tn(m), z+n(m)

)
.

If tm − Tn(m) → ∞, then

ξm ∈ G1
(
tm − Tn(m), γ̃

)
+ G2

(
tm − Tn(m), γ̃

)
,

where, due to condition 2, {G1(tm − Tn(m), γ̃)} is precompact and∥∥∥G2
(
tm − Tn(m), z+n(m)

)∥∥∥ ≤ sup
z∈γ

∥∥∥G2
(
tm − Tn(m), z

)∥∥∥→ 0, m→ ∞,

which implies the precompactness of {ξm}. If at least along a subsequence

tm − Tn(m) → τ ≥ 0,
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then the precompactness of {
ξm = G

(
tm − Tn(m), z+n(m)

)}
follows from condition 3 and the continuity of the semigroup G.

Remark 1. The fulfillment of condition 1 can be guaranteed under the following conditions

∃ C1, C2 ≥ 0 ∃ δ > 0 ∀ z ∈ γ̃ ∀ t ≥ 0

‖G(t, z)‖X ≤ ‖z‖Xe−δt + C1, (12)

‖Iz‖x ≤ ‖z‖X + C2, (13)

and if C{sk}k≥0 are the distances between the impulses along the γ̃, then

s := inf
k≥0

sk > 0. (14)

Indeed, in this case, we have an estimate for the impulsive points

‖z+n ‖X ≤ ‖z0‖Xe−δns + (C1 + C2)
(

1 + e−δs + . . . + e−(n−1)δs
)

≤ ‖z0‖X +
C1 + C2

1− e−δs .
(15)

By combining (12) and (15), we obtain that for arbitrary t ≥ 0

‖G̃(t, z0)‖x ≤ ‖z0‖X +
C1 + C2

1− e−δs + C1,

which means that condition 1 is fulfilled.

Remark 2. Condition 3 can be replaced with the following:

if {zn} is bounded, then {Izn} is precompact. (16)

Indeed, according to the proof of Lemma 1, it suffices to prove the precompactness of{
ξm = G

(
tm − Tn(m), z+n(m)

)}
,

where tm − Tn(m) → τ ≥ 0. In this case, according to (9),

z+n(m)
= IG

(
sn(m)−1, z+n(m)−1

)
.

As a result of conditions 1 and 2, the sequence{
G
(
sn(m), z+n(m)

)}
is bounded and, therefore, condition (16) guarantees the precompactness of

{
z+n(m)

}
.

It is important to note that we cannot expect ω̃(z0) to be stable in any sense since this
is not true even in the non-impulsive case. The stability property can be guaranteed for
more massive objects, namely for uniform attractors [40]. Nevertheless, we can ensure the
invariance of the non-impulsive part of ω̃(z0). For this purpose, it is necessary to impose
additional conditions on trajectories starting from the initial data close to ω̃(z0). This is
performed in the following lemma.
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Lemma 2. Let {V, M, I} generate impulsive dynamical system G̃, the conditions of Lemma 1 be
fulfilled for z0 ∈ X, and, in addition

I : M→ X be continuous; (17)

if ξ ∈ ω̃(z0) \M, then for ξn → ξ{
s̃(ξ) = ∞, if s̃(ξn) = ∞ for infinitely many n,

s̃(ξn)→ s̃(ξ), otherwise.

(18)

Then, for each t ≥ 0
G̃
(
t, ω̃(z0) \M

)
⊂ ω̃(z0) \M. (19)

If additionally, for ξ ∈ ω̃(z0) ∩M and for ξm → ξ, ξm /∈ M,

s̃(ξn) = ∞ for infinitely many n or s̃(ξn)→ 0, (20)

then, for arbitrary t ≥ 0
G̃
(
t, ω̃(z0)

)
⊃ ω̃(z0) \M. (21)

Proof of Lemma 2. We use the following fact, proven in a much more general situation
in [40]: Under the conditions of (18), if

ξ ∈ ω̃(z0) ∩M, ξm → ξ,

then for each t ≥ 0, there exists a sequence ηn ↘ 0, such that along a subsequence

G̃(t + ηn, ξn)→ G̃(t, ξ), n→ ∞. (22)

Moreover, for a given sequence αn ↘ 0

G̃(αn, ξn)→ ξ, n→ ∞. (23)

Now, let us prove (19). Let ξ ∈ ω̃(z0) \M, t > 0. Then, from (22) for t > 0, there is
ηn ↘ 0, such that

G̃(t + ηn, ξn) = G̃(t + tn + ηn, z0)→ G̃(t, ξ).

But t + tn + ηn → ∞, so
G̃(t, ξ) ∈ ω(z0) \M,

which proves (19).
Let us prove (21). Let

ξ ∈ ω̃(z0) \M, t > 0.

Then,
ξ = lim

n→∞
ξn,

where ξn = G̃(tn, z0). Let us denote

yn = G̃(tn − t, z0).

Along a subsequence, yn → y ∈ ω̃(z0). If y /∈ M, then due to (22), there is a sequence
ηn ↘ 0, such that

G̃(t + ηn, yn)→ G̃(t, y).

On the other hand, G̃(t, yn) = ξn → ξ /∈ M. Therefore, as a result of (22),

G̃(t + ηn, yn) = G̃(ηn, ξn)→ ξ.

Hence, ξ = G̃(t, y) ∈ G̃(t, ω̃(z0) \M).
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Now, let y ∈ M. If s̃(yn) = ∞ for infinitely many n, then for all p ≥ 0 :

G̃(p, yn) = G(p, yn)→ G(p, y).

So, according to (7), there exists τ > 0, such that for an arbitrary p ∈ (0, τ] : G(p, y) /∈
M. Therefore, if t < τ, then

ξn = G̃(t, yn) = G(t, yn)→ ξ = G(t, y) = G̃(t, y),

i.e., ξ ∈ G̃(t, ω̃(z0)). If t > τ, then since

G(τ, yn) = G̃(τ, yn)→ G̃(τ, y) = G(τ, y),

G(τ, y) ∈ ω̃(z0), and, therefore, due to (18) for all p ≥ 0, it holds that

G̃(p, G(τ, y)) = G(p, G(τ, y)).

Hence,

ξn = G̃
(
t− τ, G̃(τ, yn)

)
→ G

(
t− τ, G(t, yn)

)
= ξ = G̃(t, y),

i.e., ξ ∈ G̃
(
t, ω̃(z0)

)
.

Now, let τn := s̃(yn)→ 0. Then,

G(τn, yn)→ y, G̃(τn, yn) = IG(τn, yn)→ Iy.

Since
G̃(τn, yn) = G̃(tn − τn, z0)

and tn − τn ↗ ∞, we conclude that Iy ∈ ω(z0) \M. Then, as a result of (22), there exists
ηn ↘ 0, such that

G̃
(
t + ηn, G̃(τ, yn)

)
= G̃

(
ηn + τn, G̃(t, yn)

)
→ G̃(t, Iy).

Since ηn + τn → 0, then due to (23), we obtain

ξ = G̃(t, Iy) ∈ G̃
(
t, ω(z0) \M

)
.

This completes the proof.

Remark 3. If we add the following condition to the conditions of Lemma 2:

for tn ↗ ∞ along a subsequence G(tn, z0)→ y /∈ M, (24)

then for an arbitrary t ≥ 0 : G̃
(
t, ω̃(z0) \M

)
= ω̃(z0) \M.

Condition (24) means that the ω-limit set of the non-impulsive semiflow G does not
intersect M.

4. Limit Regimes of the Impulsive Problem (1), (3), (4)

For problems (1), (3), and (4), the phase space is the Hilbert space X = V × H, on
which the solutions of the evolutionary problem (1) generate a continuous semigroup
G : R+ × X → X according to Formula (2).

The impulsive set M is given by (3) according to the formula

M =

{
z =

(
u
v

)
∈ X

∣∣∣∣ Ψ(z) = Ψ0

}
, Ψ0 > 0.
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The impulsive map I : M→ X is given by Formula (4) according to the following rule:
for each z ∈ M,

Iz = ϕ(z) + α, α ∈ X, ϕ : M→ X.

Recall that we know from (3) that Ψ(x) = ‖z‖2
X and ‖z‖2

X = ‖u‖2
V + ‖v‖2. Thus,

Ψ(Iz) = ‖Iz‖2
X = ‖ϕ(z) + α‖2

X .

Then, the set M is closed, and for z =

(
u
v

)
, α =

(
α1
α2

)
, ϕ =

(
ϕ1
ϕ2

)
: M → X,

the following estimate holds true:

Ψ(Iz) = ‖ϕ1(z) + α1‖2
V + ‖ϕ2(z) + α2‖2

= ‖ϕ1(z) + α1‖2
V + ‖ − ϕ1(z)‖2

V − ‖ϕ1(z)‖2
V︸ ︷︷ ︸

= 0

+‖ϕ2(z) + α2‖2 + ‖ − ϕ2(z)‖2 − ‖ϕ2(z)‖2︸ ︷︷ ︸
= 0

≥ 1
2
‖α1‖2

V +
1
2
‖α2‖2 − ‖ϕ1(z)‖2

V − ‖ϕ2(z)‖2

=
1
2
‖α‖2

X − ‖ϕ1(z)‖2
V − ‖ϕ2(z)‖2

=
1
2
‖α‖2

X − ‖ϕ(z)‖2
X .

(25)

We assume that the following conditions are fulfilled

‖ϕ(z)‖X ≤ ‖z‖X , Ψ0 <
1
4
‖α‖2

X . (26)

Then, from (25), we deduce that for z ∈ M : Ψ(Iz) > Ψ0, and, therefore, M ∩ IM = ∅.

Since for any solution z(t) =
(

y(t)
yt(t)

)
to (1), the equality

‖z(t)‖2
X = ‖z(s)‖2

X − 4β
∫ t

s
‖yt(τ)‖2dτ (27)

holds true for any t ≥ s ≥ 0, then for z(0) 6= 0, the function t 7→ ‖z(t)‖2
X is strictly

decreasing on [0,+∞). Therefore, for z0 ∈ M and for t > 0 : ‖G(t, z0)‖2
X < Ψ0, i.e., for an

arbitrary t > 0 : G(t, z0) /∈ M. Thus, all conditions (5)–(7) are fulfilled for problems (1), (3),
and (4).

In what follows, we use the following estimate derived in [46]: For any

0 < ε ≤ min
{

β

2
,

λ1

2β

}
and for any z0 ∈ X

‖G(t, z0)‖X ≤
(

1 +
ε√
λ1

)2
e
−

ε

4
t
‖z0‖X for all t ≥ 0. (28)

Then, for any initial state z0 ∈ IM and for the corresponding solution z(t) = G(t, z0)
we have that (as a result of (26)): ‖z0‖2

X > Ψ0, and from (28), there exists t > 0, such that
‖z(t)‖2

X = Ψ0.
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Now, from equality
d
dt
‖z(t)‖2

X = −2β‖yt(t)‖2,

we obtain
‖z(t)‖2

X = Ψ0 ≥ ‖z0‖2
Xe−2βt . (29)

From (29), and taking into account (25) and (26), we obtain

Ψ0 ≥
(

1
2
‖α‖2

X −Ψ0

)
e−2βt, t ≥ 1

2β
ln

(
1
2‖α‖2

X −Ψ0

Ψ0

)
. (30)

Estimate (30) guarantees, in particular, the fulfillment of condition (10). Thus, we have
shown that problems (1), (3), and (4) generate an impulsive dynamical system, and each
impulsive trajectory has an infinite number of impulsive points.

Now, we are in a position to prove a statement on the existence of nonempty, compact
ω-limit sets for the trajectories of the impulsive dynamical system G̃.

Theorem 1. Suppose that for problems (1), (3), and (4), conditions (26) together with

1√
λ1

<
1

8β
ln

(
‖α‖2

X
2Ψ0

− 1

)
; (31)

ϕ : M→ X is a compact mapping (32)

hold true. Then, for the corresponding impulsive dynamical system G̃, it holds that for an arbitrary
z0 ∈ X, the ω-limit set ω̃(z0) 6= ∅, compact and

distX
(
G̃(t, z0), ω̃(z0)

)
→ 0, t→ ∞. (33)

Proof of Theorem 1. To prove the theorem, it is sufficient to show that all conditions of
Lemma 1 hold true.

Let us first show that condition 1 of Lemma 1 holds true under the conditions of the
theorem. As a result of estimate (28), we have that if M+(z0) = ∅, then ω̃(z0) = {0} and

distX
(
G̃(t, z0), ω̃(z0)

)
≤
(

1 +
ε√
λ1

)2
e
−

ε

4
t
‖z0‖X → 0, t→ ∞.

If M+(z0) 6= ∅, then G̃(t, z0) has an infinite number of impulsive points, and as a
result of (28) and (30),

z+1 = ϕ
(
G(s1, z0)

)
+ α,

and the norm can be estimated as

‖z+1 ‖X ≤
∥∥G(s1, z0)

∥∥
X + ‖α‖X

≤
(

1 +
ε√
λ1

)2
e
−

ε

4
t
‖z0‖X + ‖α‖X ;

Similarly,
z+2 = ϕ

(
G(s2, z+1 )

)
+ α,
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and

‖z+2 ‖X ≤
∥∥G(s2, z+1 )

∥∥
X + ‖α‖X

≤
(

1 +
ε√
λ1

)2
e
−

ε

4
t
‖z+1 ‖X + ‖α‖X

≤
(

1 +
ε√
λ1

)4
e
−

ε

2
t
‖z0‖X +

(
1 +

ε√
λ1

)2
e
−

ε

4
t
‖α‖X + ‖α‖X . . .

At the nth step, we obtain for n ≥ 1

‖z+n ‖X ≤
(

1 +
ε√
λ1

)2n
e
−

nε

4
t
‖z0‖X + ‖α‖X×

×

(1 +
ε√
λ1

)2(n−1)
e
−
(n− 1)ε

4
t
+

(
1 +

ε√
λ1

)2(n−2)
e
−
(n− 2)ε

4
t
+ . . . + 1

 (34)

From (30) and (31), it follows that

1
4

t >
2√
λ1

.

This means that for small enough ε, the inequality

2√
λ1

(
1 +

ε√
λ1

)
≤ t

4
e

ε
4 t

holds true. Therefore, for sufficiently small ε,

δ :=
(

1 +
ε√
λ1

)2
e−

ε
4 t < 1.

Then, from (34), for all n ≥ 1,

‖z+n ‖X ≤ δn‖z0‖X +
‖α‖X
1− δ

, (35)

which, together with (28), implies the dissipativeness of (1), (3), and (4). Hence, in particular,
for an arbitrary t ≥ 0 :

∥∥∥G̃(t, z0)
∥∥∥ ≤ (1 +

ε√
λ1

)2(
‖z0‖X +

‖α‖X
1− δ

)
. (36)

Thus, condition 1 of Lemma 1 is fulfilled.
Condition 2 is fulfilled due to (28), with G1 ≡ V and G2 ≡ 0.
Let us prove condition 3. It follows from (9) that

z+n = ϕ
(

G
(
sn, z+n−1

))
+ α.

From the estimate (36), the sequence
{

z+n
}

n≥1 is bounded. Then, from (28), the se-
quence {

G
(
sn, z+n−1

)}
n≥1

is bounded too. Therefore, condition (32) guarantees the precompactness of
{

z+n
}

n≥1.
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In summary, all the conditions of Lemma 1 that guarantee the fulfillment of the
statement of the theorem are fulfilled. This completes the proof.

Remark 4. Condition (31) can be removed by requiring the limit lim
k→∞

sk to exist instead.

5. Conclusions

In the present paper, we have studied the qualitative behavior of an evolution problem
consisting of a hyperbolic dissipative equation, whose trajectories undergo instantaneous
impulsive discontinuities at the moment when the energy functional reaches a specific
threshold value. The novel aspect of this area of study is that the entire infinite-dimensional
phase vector undergoes impulsive disturbances. Through our analysis and under fairly
general conditions on the system parameters, we have demonstrated that this problem
generates an impulsive dynamical system in the natural phase space. Furthermore, we have
established that the trajectories associated with this system possess nonempty compact ω-
limit sets. These results shed light on the asymptotic behavior of solutions to the considered
impulsive dynamical system.

In conclusion, the research presented here represents a step toward understanding the
behavior of impulsive dynamical systems in infinite-dimensional phase spaces.
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