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Abstract: In this paper, we investigate the qualitative behavior of an evolutionary problem consisting
of a hyperbolic dissipative equation whose trajectories undergo instantaneous impulsive discontinu-
ities at the moments when the energy functional reaches a certain threshold value. The novelty of
the current study is that we consider the case in which the entire infinite-dimensional phase vector
undergoes an impulsive disturbance. This substantially broadens the existing results, which admit
discontinuities for only a finite subset of phase coordinates. Under fairly general conditions on the
system parameters, we prove that such a problem generates an impulsive dynamical system in the
natural phase space, and its trajectories have nonempty compact w-limit sets.
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1. Introduction

check for Evolution equations are primary mathematical models for a variety of processes in
updates physics, fluid dynamics, chemical engineering, material science, and geophysics [1-3]. Of-
ten, solutions to evolution equations undergo very fast (almost instantaneous) changes,
and it is convenient to model these abrupt changes as discontinuities or impulsive jumps [4,5].
There are several mathematical frameworks available in the literature for the proper model-
ing and analysis of these processes, namely impulsive differential equations, discontinuous
dynamical systems [6-8], hybrid dynamical systems [9-11], and differential equations
with Dirac delta functions [12]. We refer the interested reader to [13], which provides a
concise overview and comparison of these frameworks. More recent studies of discon-
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The systematic study of these systems began relatively recently and primarily focused

on systems defined in the finite-dimensional phase spaces, e.g., on systems defined in
A Euclidean space R", n € N [30-34] and the so-called multi-frequency systems defined
Copyright: © 2023 by the authors.  jn the product of a torus and Euclidean space T, x R", n,m € N [35-38]. The results
Licensee MDPI, Basel, Switzerland. - regarding the limit behavior of infinite-dimensional impulsive dynamical systems can
This article is an open access article  ho found in [39-45]. However, in both the parabolic and hyperbolic cases, the impulsive
distributed under the terms and a5 meters are “finite-dimensional” in nature, i.e., only a finite number of coordinates of
the phase vector is subjected to an impulsive disturbance. The novelty of the current study
is that we consider the case when the entire infinite-dimensional phase vector undergoes an
impulsive disturbance at the moment when the system’s energy functional reaches a certain
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threshold value. To characterize the long-term asymptotic behavior of the considered
hyperbolic problem, first, we formally show that the problem generates an impulsive
dynamical system in the natural phase space. Next, we prove the main result of the current
paper regarding the limit behavior of the considered impulsive problem, namely that its
trajectories have nonempty compact w-limit sets.

The rest of this paper is organized as follows. In Section 2, we formulate the consid-
ered impulsive problem, together with the basic assumption on the system. The formal
construction of the corresponding impulsive dynamical systems is presented in Section 3.
The main theorem on the limit regimes of the constructed impulsive dynamical system is
stated and proved in Section 4. Finally, some conclusions in Section 5 complete the paper.

2. Problem Statement

Let a triple of Hilbert spaces V C H C V* with compact dense embeddings be given.
Additionally, let || - || and (-, -) stand for the norm and the scalar product in H, respectively;
A 1V — V* be a linear, continuous, self-adjoint, coercive operator; ||u||y = <A%u, u) be
the norm in V; and (-, -) denote the scalar productin V.

Consider an evolution problem

dy dy
ﬁ+2ﬁE+Ay—O, (1)
Y=o =vo €V,

Ytlimo=y1 € V.
It is known [46] that problem (1) in the phase space X = V x H generates a continuous
semigroup G : Ry x X — X so that for any zg = ( ZO > e X
1

Glt,z0) ==(t) = ( o )

—e Py ! , 2)

1 .
o (Yo, @;) cos wit + (,3(]/0, ®j) + (y1,¢j))asmwjt
=1 2 1 .
j (y1, ;) cosw;jt — (A]. (yo, j) + ﬁ(yl,(p]’))asmwjt
j

where w; = /)\]2 - B% {A }724 and {¢;}32, are solutions to the spectral problem

Agj=Ajgj, j=1,

{goj};?';l is the orthonormal basis in H, 0 < Ay <A <..., A; = 409, j — 00, and without
loss of generality, we assume that A; > B.

In what follows, we augment system (1) with impulsive discontinuities of the state
trajectories. To this end, let us introduce the functional ¥ : X — R defined by

¥(z) = |lzl% = Ilull + [0l (©)

forany z = < Z ) € X. This energy-like functional is used to determine the moments of

impulsive jumps in the system.
The impulsive problem is formulated as follows. If at some point in time, t > 0 and
the corresponding solution z = ( yy ) is such that the functional (3) reaches the value
t
Yy € Ry, ie., ¥(z(t)) = ¥o, then the state z is being instantaneously transferred to a new
position z* defined by
2 =¢(z) +a, 4)
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wherea € X, ¢ : X — X are given. Note that formulation (4) is natural in many mechanical
problems where there is an instantaneous change in velocity [13,47], i.e., impulsive action (4)
causes discontinuity not only in y but also in y;.

In the current paper, we prove that under certain mild conditions on the system
parameters, problems (1), (3), and (4) generate an impulsive dynamical system in X, which
we denote as

G:RixX—X

(see formal Definition 1 below) and for each zy € X, the w-limit set is nonempty, compact,
and the limit relation

distx(G(t,Zo),&vJ(Zo)) —0, t—> o0
holds true.

3. w-Limit Set for Impulsive Dynamical Systems

Following the work in [48], we describe the general construction of the impulsive
dynamical system. Suppose that a continuous semigroup G : Ry x X — X is given on
the phase space X. The trajectories of the semigroup, when they reach a predefined subset
M C X (the so-called impulsive set), are instantaneously transferred according to the map
I (the so-called impulsive map) to a new position

zt =1z
For the correctness of such a construction, the following conditions must be satisfied

G : R4y x X — X is a continuous semigroup,
ie,forallz€ Xandt,s >0: G(0,z) =2z G(t+s,z)=G(tG(s,2)), (5)

map (t,z) — G(t,z) is continuous on Ry x X;
Misaclosedset, MNIM = Q; 6)
VzeM 3t=1(z) >0 Vte (0,7): G(tz) ¢ M. (7)

Under the conditions (5)—(7), it is known [40] that if for z € X,

M*(z) == (tUO G(t,z)) NM o,
>

then, there exists s := 5(z) > 0, such that
Vte(0,5): G(tz) ¢ M, G(5z) € M. 8)

Using the introduced notation z*, M (z), §, the impulsive trajectory G(-,z) starting
at zg € X is constructed as follows:

o IfMT(zp) = @, then

G(t,Zo) = G(t,Zo), t>0;

o If MT(zg) # @, then for sy := 5(zp), let us denote z; := G(sp, zp), so that

~ G(t,zg), t€10,s9),
G(t,Zo)—{ zf ) tz[so' o)

o IfM"(z{) =, then

G(t,zo) = G(t —so, 2] ), > s0;
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o IfM"(z{) # @, thenfor sy :=5(z] ), let us denote z; := G(s1,z] ), so that

~ [ G(t—s0,z{), t€[so,s0+51)
Gltz0) = { z5, t =s0+s1;

and so on. By continuing this process, we can obtain a finite or infinite number of impulsive
points

zt 1 =1IG(su,z)), 2z =20, n>0;

and the corresponding sequence of time moments

Sks TO = 0, n Z 0.

n
Tyi1:=

k=0

At the same time, G is given by the formula

G(t/ZO) =

~ { G(t — Tn,Z,T), te [Tn/ Tn+1)/ )
+

Zn+1/ t= Tn+1-

It should be noted that the Zeno (or beating) phenomenon can occur in such a sys-
tem, which is characterized by infinitely many impulsive jumps over a finite interval of
time [49,50]. Such behavior is often undesirable, especially for systems that are mathe-
matical models of real physical processes or in control engineering applications in which
impulses are assigned to the control actuation. The classically defined trajectories for such
systems do exist on a finite interval only, and their prolongation beyond the Zeno point is
discussed in [50-52].

Since we are interested in the behavior of (9) when t — co, we make the following
assumption:

for each zp € X, there are either no impulsive points, 10)
or their number is finite, or T, — co, n — oo.

Condition (10) guarantees that for an arbitrary zy € X, the function t + G(t,z) is
defined on [0, 4+00).

Definition 1. The mapping G : Ry x X — X constructed above is called an impulsive dynami-
cal system. We say that the triple {V, M, I} generates an impulsive dynamical system if conditions
(5)—(7) and (10) are satisfied.

It is known that under conditions (5)—(7) and (10), the mapping G:RyxX— X
is a semigroup whose trajectories are continuous from the right. In addition, from the
construction of G, it holds that for arbitrary zp € X and t > 0,

G(t,z0) (M = @.

The main object of study in this paper is the w-limit set:
@(z0) = {g € X ’ b}y b S o0, &= lim @(tn,zo)}. (11)

Lemma 1. Let {V, M, I} generate an impulsive dynamical system G, and for any zo € X, let the
following conditions be fulfilled:

1. The set
vi= U G(t,zp)
>0
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is bounded;
2. Foreachz € 7 :
G(t,z) = G1(t,z) + Ga(t,2),

where {G1(t,z),t > 0,z € 7} is precompact and

sup Gy(t,z) — 0,t — oo.
zey

3. If ¥ has an infinite number of impulsive points {z;} },>0, then the set {z;} },>¢ is precompact.
Then, the set w(zg) # @ is compact and

distx(G(t,Zo),(:)(Zo)) — 0, t — oo.

Proof of Lemma 1. According to [40], the nonempty w-limit set of G(t, zg) for any initial
condition zy € X exists if the sequence

{gm = Gltm,20), tm / oo}

is precompact. In what follows, we show that under the conditions of Lemma 1, the
sequence {(, } is indeed precompact. To this end, we consider three possible cases:
Case1: If Mt (z9) = @, then

Cm = G(tm,Zo) = G(tm;ZO) = Gl(tm;ZO) + GZ(trrtrZO)

and the precompactness of {&,, } follows from condition 2.
Case 2: If M (zp) # @ but the number of impulsive points is finite {z;",.. Lz
then for sufficiently large m, we have that ¢, > Tp + 1 and, therefore,

Since z;; € 7, the precompactness of {¢y } follows from condition 2.

Case 3: Finally, let MT(z9) # @, and let there be an infinite number of impulsive
points {z;} }. Let {T, },>1 be the corresponding moments of the impulsive disturbance,
Ty — co, n — 0. Then, for t,, — oo, for each m > 1, there exists n(m) such that

tm € [Tuim), Teimy+1), n(m) — o0, m — oco.
Therefore, according to (9)
Em = G(tm,z0) = G(tm — Iy z:{(m)).
If ty — T}y (m) — 00, then
&m € Gi(tm — Tu(my, ¥) + Go(tm — Ty(m), 7).

where, due to condition 2, {G1(tm — T};(sn), 7) } is precompact and

HGz(tm — T(m), zi(m)) H < SZLGIE) HGz(tm — Tu(m), z) H —0, m— oo,

which implies the precompactness of {, }. If at least along a subsequence

tm _Tn(m) —T1>0,
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then the precompactness of

{(;'m = G(tm — Tn(m)/ Z:—(m))}
follows from condition 3 and the continuity of the semigroup G. O

Remark 1. The fulfillment of condition 1 can be guaranteed under the following conditions

3C,C,>0356>0Vzeq VE> 0
IG(t,2)|x < |lzllxe ™ + Cy, (12)
1z|[x < [lz]lx + C2, (13)

and if C{sy }x>o are the distances between the impulses along the 7y, then

§:= infs; > 0. 14
§:= Inf s (14)

Indeed, in this case, we have an estimate for the impulsive points

23 l1x < llzollxe ™" + (Cr + Co) (1475 4.+ e~ (71%)

C1+C
1—e %"

(15)

< [lzollx +

By combining (12) and (15), we obtain that for arbitrary ¢ > 0

CG+C
1—e %

IG (¢, 20)l1x < llzollx + +Cy,

which means that condition 1 is fulfilled.
Remark 2. Condition 3 can be replaced with the following:
if {zn} is bounded, then {1z, } is precompact. (16)

Indeed, according to the proof of Lemma 1, it suffices to prove the precompactness of

{gm = G(tw — Tu(m) Z:(m))}’

where ty, — T,y — T 2> 0. In this case, according to (9),

+ —

Zn(m) = IG (s (m) -1, Z;z'_(m)—l)'

As a result of conditions 1 and 2, the sequence

is bounded and, therefore, condition (16) guarantees the precompactness of {z:lr(m) }.

It is important to note that we cannot expect @(zp) to be stable in any sense since this
is not true even in the non-impulsive case. The stability property can be guaranteed for
more massive objects, namely for uniform attractors [40]. Nevertheless, we can ensure the
invariance of the non-impulsive part of @(zy). For this purpose, it is necessary to impose
additional conditions on trajectories starting from the initial data close to @(zp). This is
performed in the following lemma.
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Lemma 2. Let {V, M, I} generate impulsive dynamical system G, the conditions of Lemma 1 be
fulfilled for zq € X, and, in addition

I: M — X be continuous; (17)
if¢ € w(zo) \ M, then for &, — ¢
(&) = oo, if 3(&n) = oo for infinitely many n, (18)

{ 5(¢n) = 5(8), otherwise.
Then, for each t > 0

23

G(t, @(z0) \ M) C @(z0) \ M. (19)
If additionally, for § € w(zp) N M and for &y — &, Em & M,

5(8n) = oo for infinitely many n or 5(&,) — 0, (20)

then, for arbitrary t > 0 B
G(f, CTJ(Z())) D w(zp) \ M. (21)

Proof of Lemma 2. We use the following fact, proven in a much more general situation
in [40]: Under the conditions of (18), if

few(zo)NM, &m—7¢,
then for each t > 0, there exists a sequence 77, \, 0, such that along a subsequence
G(t+1n, &n) = G(t,&), n — co. (22)
Moreover, for a given sequence a;; 0
Glan, &n) = & n— oo, (23)

Now, let us prove (19). Let ¢ € w(zp) \ M, t > 0. Then, from (22) for t > 0, there is
f1n ¢ 0, such that ~ N N
G(t+1n, Cn) = G(t+ tn + 17n, z0) — G(t,8).
But t 4+t + 1, — 00,50 B
G(t,¢) € w(z0) \ M,

which proves (19).
Let us prove (21). Let
ew(zg)\ M, t>0.

Then,
é’ == lim ngl

n—oo

where &, = G(t4,zp). Let us denote
yn = Gty — t,29).

Along a subsequence, y, — y € @(zp). If y ¢ M, then due to (22), there is a sequence
#1n \¢ 0, such that N B
G(t+11n, yn) = G(E, y)-

On the other hand, G (t, yn) = &n — & ¢ M. Therefore, as a result of (22),

G(t+1n, yn) = G, &) = C.

Hence, & = G(t,y) € G(t, @(zg) \ M).
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Now, let y € M.If 5(y,) = co for infinitely many n, then forall p > 0 :

G(p.yn) = G(p,yn) = G(p.y).

So, according to (7), there exists T > 0, such that for an arbitrary p € (0,7] : G(p,y) ¢
M. Therefore, if t < T, then

&n=G(tyn) = G(t,yn) = & =G(Ly) = G(ty),
ie, &€ G(t,@(z)). If t > T, then since
G(T,yn) = G(T,yn) = G(T,y) = G(T,y),
G(t1,y) € @(z0), and, therefore, due to (18) for all p > 0, it holds that
G(p,G(1,y)) = G(p,G(1,))-
Hence,
& =G(t—7, G(t,yn)) = G(t—7, G(t,yn)) = & = G(t,y),

ie, g€ é(t,(ﬁ(zo)).
Now, let 7, := 5(y,) — 0. Then,

G(twyn) =y, G(twyn) = IG(Th, yn) — Iy.

Since

G(Tn/yn) = é(tn — Tn, ZO)

and t, — T, /* o0, we conclude that Iy € w(zg) \ M. Then, as a result of (22), there exists
f1n ¢ 0, such that

G(t+ 1, G(T,yn)) = Gy + T, G(t,yn)) — G(t, Iy).
Since 1, + T, — 0, then due to (23), we obtain
&=G(tIy) € G(t, w(zo) \ M).
This completes the proof. [
Remark 3. If we add the following condition to the conditions of Lemma 2:
for t, /oo along a subsequence G(ty,zo) =y ¢ M, (24)
then for an arbitrary t > 0: G(t, &(z9) \ M) = @(z9) \ M.

Condition (24) means that the w-limit set of the non-impulsive semiflow G does not
intersect M.

4. Limit Regimes of the Impulsive Problem (1), (3), (4)

For problems (1), (3), and (4), the phase space is the Hilbert space X = V x H, on
which the solutions of the evolutionary problem (1) generate a continuous semigroup
G : R4 x X — X according to Formula (2).

The impulsive set M is given by (3) according to the formula

M:{z:(Z)ex ’ ‘I’(z):‘I’O}, ¥y > 0.
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The impulsive map I : M — X is given by Formula (4) according to the following rule:
foreachz € M,
Iz=¢(z)+a, a€X, ¢:M— X

Recall that we know from (3) that ¥ (x) = ||z||% and ||z||% = [|#|| + [|v||*>. Thus,

¥(Iz) = [|Iz]|% = |lo(z) + k-

Then, the set M is closed, and for z = ( " ), n = ( M ), Q= < 1 > M — X,
% (%) P2

the following estimate holds true:

¥(Iz) = [|g1(2) + a5 + [|92(2) + o

=lle1(z) +arly + || =1 @5 = 1 ()T

=0
Hpz(z) +a2l? + || = p2(2) 7 = l92(2)|I?
) - (25)
> Sy + *IIthIIZ —lle1@IF = le2(2) 12
=§IINII§< — 1@ = llp2(2) |2
Lo 2
= EH“HX —llo(2)l1%
We assume that the following conditions are fulfilled
L
le)llx < llzllx,  Fo < gllalx- (26)

Then, from (25), we deduce that forz € M : ¥(Iz) > ¥y, and, therefore, MNIM = Q.

Since for any solution z(t) = ( yy ((tt)) > to (1), the equality
t

I2)1 = =(5) % ~ 46 [ 13s(0) e @7)

holds true for any t > s > 0, then for z(0) # 0, the function t — ||z(t)||% is strictly
decreasing on [0, +co). Therefore, for zg € M and fort > 0: [|G(t,z)|% < Yo, ie. foran
arbitrary t > 0: G(t,z09) ¢ M. Thus, all conditions (5)-(7) are fulfilled for problems (1), (3),
and (4).

In what follows, we use the following estimate derived in [46]: For any

O<z~:<1frur1{‘123 ;\/13}

and for any zp € X

€

2

Fel ——t

|G(t,z0)|lx < (l—i— e 4 |zol|x forall t>0. (28)
VA

Then, for any initial state zp € IM and for the corresponding solution z(t) = G(t,zo)
we have that (as a result of (26)): ||zo||3% > Yo, and from (28), there exists > 0, such that
Ilz(B)I% = Yo
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Now, from equality
d
T lzO1% = =281y (D)%,
we obtain _
I2(D)[1% = ¥o > l|zoll5e 2. (29)
From (29), and taking into account (25) and (26), we obtain
1 o po Lo [ zllelk Yo
Yo > (= lal% — Yo e > —In| 22X ).
0> <2||oc|X 0>e , =T n ¥ (30)

Estimate (30) guarantees, in particular, the fulfillment of condition (10). Thus, we have
shown that problems (1), (3), and (4) generate an impulsive dynamical system, and each
impulsive trajectory has an infinite number of impulsive points.

Now, we are in a position to prove a statement on the existence of nonempty, compact
w-limit sets for the trajectories of the impulsive dynamical system G.

Theorem 1. Suppose that for problems (1), (3), and (4), conditions (26) together with

1 _ 1, (el
— < 31 -1/ 31
JA 8B n( 2%, (1)
¢ : M — X is a compact mapping (32)

hold true. Then, for the corresponding impulsive dynamical system G, it holds that for an arbitrary
zg € X, the w-limit set &(zg) # @, compact and

distx(é(t,ZO), (:LVJ(ZO)) —0, t— o0, (33)

Proof of Theorem 1. To prove the theorem, it is sufficient to show that all conditions of
Lemma 1 hold true.

Let us first show that condition 1 of Lemma 1 holds true under the conditions of the
theorem. As a result of estimate (28), we have that if M™(zyp) = @, then @(zp) = {0} and

2 S
~ — i
distx(G(i’,Zo), CTJ(Z())) < <1+8> e 4 ||ZO||X —0, t— oo.

Non

If M*(z9) # @, then G(t zp) has an infinite number of impulsive points, and as a
result of (28) and (30),
zf = ¢(G(s1, 20)) +,

and the norm can be estimated as

Iz llx < [|G(s1, 20) || + llellx
€

e \? 5t
< (1+) ¢ &' |lzollx + llallx

Non

Similarly,
= (G2 )+,
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and

125 llx < [|G(s2, 2z1) || + llellx

2 &
e — =t
< (1+) ¢ &z 1x + llellx

VA
&

4 £ 2 £

€ ——t Fel ——t

< (14 =) ¢ hanll+ (14 ) e 4 Il + ol
( VA VA

At the nth step, we obtain for n > 1

ne

2n
€ ——
|z;r||xs(1+m) & & azolx + lallxx

2m—1y  (m—1)e (n—2)e_ (34)
X <1 + S) e !

+ 1+) e +...+1
Vi ( Vi

From (30) and (31), it follows that
> i
VAL

This means that for small enough ¢, the inequality

==

72 (1+S ><teit
VA VAL) T 4

holds true. Therefore, for sufficiently small ¢,

2

IS €7

5= <1+) e it < 1.
VA

Then, from (34), for all n > 1,

14
=i llx < 8" ol + 141X @)

which, together with (28), implies the dissipativeness of (1), (3), and (4). Hence, in particular,
for an arbitrary ¢t > 0:

|Gt,20)] < (H\%)Z(H%Hﬁ 1'“_";)- (36)

Thus, condition 1 of Lemma 1 is fulfilled.
Condition 2 is fulfilled due to (28), with G; = V and G, = 0.
Let us prove condition 3. It follows from (9) that

zZy = qo(G(sn, 2:{71)) + a.
From the estimate (36), the sequence {z:{ }n>l is bounded. Then, from (28), the se-

quence
{Gwz))}

is bounded too. Therefore, condition (32) guarantees the precompactness of {z} } _,.
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In summary, all the conditions of Lemma 1 that guarantee the fulfillment of the
statement of the theorem are fulfilled. This completes the proof. [

Remark 4. Condition (31) can be removed by requiring the limit klim Sk to exist instead.
— 00

5. Conclusions

In the present paper, we have studied the qualitative behavior of an evolution problem
consisting of a hyperbolic dissipative equation, whose trajectories undergo instantaneous
impulsive discontinuities at the moment when the energy functional reaches a specific
threshold value. The novel aspect of this area of study is that the entire infinite-dimensional
phase vector undergoes impulsive disturbances. Through our analysis and under fairly
general conditions on the system parameters, we have demonstrated that this problem
generates an impulsive dynamical system in the natural phase space. Furthermore, we have
established that the trajectories associated with this system possess nonempty compact w-
limit sets. These results shed light on the asymptotic behavior of solutions to the considered
impulsive dynamical system.

In conclusion, the research presented here represents a step toward understanding the
behavior of impulsive dynamical systems in infinite-dimensional phase spaces.
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