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Abstract: A relevant problem in the development and improvement of numeric analytical methods for
the research of structures, buildings and construction is studying the stress–strain state of structures
and construction with boundaries that have complex shapes. Deformations and stresses arise in a
domain with a geometrically non-linear shape of the boundary (cut-outs and cuts). These stresses
and deformations have great values and gradients. Experiments carried out using the photoelasticity
method show a change in the deformation order ratios for different subareas of the boundary cut-out
area depending on proximity to the apex of the angular cut-out. Areas with minor deformations
are observed, and areas where linear deformations and shears are more significant than rotations
are also observed. In addition, areas where section rotations are more significant than linear and
shear deformations are observed. According to the experimental data, the mathematical model of
the SSS in the area of the apex of the cut-out of the domain boundary should take into account
non-linear deformations. Hence, it is necessary to formulate the boundary value problem of the
theory of elasticity, taking into account the geometrical non-linearity. The research aim of this paper
is to formulate the problem of the elasticity theory taking into account the geometrical non-linearity
in furtherance of the proposed mathematical model justified by the experimental data obtained
using the photoelasticity method. The obtained formulation of the elasticity theory problem allows
analyzing the form of the system of equations of the boundary value problem depending on the
proximity of the considered area to the irregular point of the boundary, i.e., taking into account the
difference in the effect of linear and shear deformations, rotations and forced deformations on the
solution to the geometrically non-linear elastic problem dealing with forced deformations in the area
of an angular cut-out of the boundary of the plane domain.

Keywords: finite deformations; temperature deformations; photoelasticity method; mathematical
model; boundary elasticity problem; polar coordinate system; angular cut-out of the boundary of the
plane domain

MSC: 74D05; 74D10; 74G55

1. Introduction

The stress–strain state of composite structures and construction is characterized by
substantial concentrations of stresses in areas where elements of structures are connected
with various items of boundary structural design: special lines, points, for example, a
re-entrant corner, cuts, etc. The most intricate stress–strain state occurs in areas of stress
and strain concentration resulting from the boundary shape or the ‘geometry factor’ and
from the finite discontinuity of pre-set forced deformations, mechanical properties reaching
an irregular point of the domain boundary.

Studying the stress–strain state of structures and construction with boundaries that
have complex shapes is a relevant problem of development and elaboration of numeric
analytical methods in the research of structures, buildings and construction.
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The stress–strain state of structures and construction is studied using state-of-the-art
software packages and mathematical tools; these studies deal with independent research
undertakings implemented within the framework of numerous research projects and
journals. However, they are beyond the scope of problems addressed in this article.

The purpose of this research project, addressed in this article, is to formulate the
problem of the elasticity theory, taking into account geometrical non-linearity according to
the proposed mathematical model justified by the experimental data obtained using the
photoelasticity method.

The choice of mathematical model is substantiated by the characteristics of the contin-
uum physical model. In the apex of the angular cut-out of the domain boundary, singular
stresses and deformations are observed. They are reviewed in classical papers [1–10], and
the stress–strain concentration factors are no longer relevant. The stress–strain intensity
factors are determined more accurately the more detailed the stress–strain state is modeled
in a certain approximate neighborhood of the domain boundary cut-out excluding the
apex [3,11–19]. Therefore, the mathematical formulation of the elasticity problem in the
domain of the boundary cut-out apex becomes relevant from the standpoint of practice if
its geometrical non-linearity in the case of forced deformations is taken into account.

Values and gradients of stresses and deformations are great in a domain with geomet-
rically non-linear shapes of the boundary (cut-outs, cuts) [1–4,7–14]. In such areas of the
angular cut-out of the domain boundary, certain irregularities are experimentally identified
in terms of the solution to the non-linear elasticity problem [15–28]. Displacements are
continuous in the area of the boundary cut-out of the domain and in the cut-out apex
itself [1–14]. The growing rate of change in displacements results in an increase in stress
and strain as the apex of the boundary angular cut-out becomes closer to the radius. In
the process, not only first-order and second-order derivatives of displacements increase
for small radii. The effect of forced deformations with a finite discontinuity along the
contact line of the domain components extending into the cut-out apex at the boundary
can result in an increase in first-order and second-order derivatives of displacements as the
distance to the cut-out apex reduces along the radius, which is confirmed experimentally
in [15,20–27,29]. Therefore, taking into account the second-order displacement derivatives
in such areas will result in a more accurate elasticity problem statement, which justifies the
need to take finite deformations into account.

The goal of this paper is to formulate the plane elasticity problem in the area of the
domain boundary angular cut-out, taking into account the geometrical non-linearity and
physical linearity under the action of forced deformations.

The paper’s objectives are:

(1) To consider the geometrical relationships between deformations and displacements in
the curvilinear orthogonal coordinate system, taking into account finite deformations
and to derive the geometrical relationships in a polar coordinate system for the plane
strain state in generalized strains;

(2) To derive the equilibrium equations in the curvilinear orthogonal coordinate system
and to derive the equilibrium equations in the polar coordinate system for the plane
strain state in generalized strains;

(3) To formulate the plane elasticity problem in the area of the domain boundary angular
cut-out, taking into account the geometrical non-linearity, which is physically linear
under the action of forced deformations or free thermal strains.

2. Materials and Methods
2.1. Experimental Modeling: Problem Statement

A plane area with an angular cut-out of the boundary is considered. Discontinuous
forced deformations along the contact line of elements of the composite domain extend to
the apex of the cut-out.
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Experimental modeling of the plane problem of the elasticity theory with pre-set
discontinuous forced deformations is performed using methods of photoelasticity and
“unfreezing” of free thermal deformations [20–23,26–29].

The plane model has two elements. Forced thermal deformations are created in one of
them; the other is free from loads. Further, the model elements are glued together, and the
“unfreezing” of free thermal deformations is performed. As a result, the stress–strain state
(SSS) is created in the model under the action of discontinuous forced deformations along
the contact line of the model elements.

The homogeneous epoxy model’s length is 180 mm; its width is 50 (46) mm; the
model’s material stress coefficient is σ1.0 = 0.341 kg/cm2; and its cross-sectional thickness
t is 3 mm. Models of plane wedge-shaped areas with different angles of the boundary
cut-out were investigated. Depending on the angle of the cut-out, the stress state of its apex
develops a unique characteristic, which is visible as a concentrator of stresses in a model
made of an optically sensitive material. During the experiment, substantial rotations of
cross-sections were observed in the area of the apex of the boundary cut-out.

Figure 1 shows images of interference fringes of several models with a thickness
of 3 mm, corresponding to the SSS triggered by the action of discontinuous thermal
deformations in the area of the angular cut-out of the boundary at different angles of the
cut-out: (a) 2α = 1800; (b) α + β = 1800; α = 1050; β = 750; (c) 2α = 2700; (d) 2α = 3300;
(e) 2α ∼= 3600, which means a narrow cut-out similar to a slot; (f) 2α = 900. In close
proximity to the geometrical concentrator of stresses, which is the apex of the angular
cut-out of the boundary, the experimental solution is not “legible” or poorly “legible”
regardless of the magnification of the neighborhood fragment. At some small distance
from the source of concentration and stresses, reliable experimental data are obtained;
they change continuously and monotonically when approaching the irregular point of the
boundary.

In the area of the angular cut-out of the boundary of the domain, the experiment
identifies several subareas in which the SSS is characterized by the extent of proximity to
the apex of the cut-out of the boundary of the domain.

At a sufficient distance from the irregular point of the boundary, there is an area
where small stresses are observed; here, stresses are explained by pre-set loads, and the SSS
converges with the solution to a linear problem of the theory of elasticity.

Infinite stresses and strains are identified in the angular cut-out area of the boundary
of the plane domain as the solution to homogeneous boundary value problems. The
singularity of the solution to the problem depends on the type of homogeneous boundary
conditions, mechanical characteristics of the domains, and angles of the boundary cut-out.

The area of elastic strains is observed close to the cut-out apex. Within the framework
of a physically linear elastic problem, this area of elastic strains is characterized by the SSS
featuring power-type singularity, which is identified by solving the homogeneous plane
boundary problem of elasticity. At the same time, this power-type dependence is strictly
observed for orders of fringes in a certain area. The dependence of stresses, strains, and
fringe orders on radius is as follows in terms of power: rReλ−1, λ ∈ [0, 0.5].

As the irregular point of the boundary is approached from inside the domain, the
gradients of strains, stresses, and orders of interference fringes increase. The character of
the distribution of stresses is such that the orders of fringes have a “similar” form as in
the case of the power dependence, and gradients of orders of fringes, stresses, and strains
increase. If the order of change of linear strains is as follows: rReλ−1, λ ∈ [0, 0.5], then the
order of non-linear strains is: rReλ−2, λ ∈ [0, 0.5], with linear strains becoming small in
comparison with non-linear ones. Therefore, values of non-linear strains become greatest
in a certain area of the irregular point of the boundary.
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Figure 1. Images of fringes in models with thickness t = 3 mm for different cases of the angular
cut-out in the model: (a) 2α = 1800; (b) α + β = 1800; α = 1050; β = 750; (c) 2α = 2700; (d) 2α = 3300;
and (e) 2α ∼= 3600—this is a narrow slot-like cut-out; (f) 2α = 900.

The experiment shows a change in the ratios of the order of strains for different
subareas of the boundary cut-out area depending on the distance to the apex of the angular
cut-out. Areas with small strains are observed; areas where linear strains and shears are
more significant than rotations are observed; and the other observed areas are those where
section rotations are significant with respect to linear and shear strains.

According to the experimental data, the mathematical model of the SSS in the area of
the apex of the domain boundary cut-out should take into account non-linear deformations,
which suggests that the formulation of the boundary value problem of the theory of
elasticity must take into account the geometrical non-linearity.

2.2. Object of Study

The plane elasticity problem is considered for a domain that may have an angu-
lar cut-out at the domain boundary [1,4,15,18]. Volume forces may act in the plane do-
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main (Figure 2), and forced deformations (free thermal strains αTδij) are provided. In
the Ω = Ω1 ∪Ω2 domain, a jump (finite discontinuity) of forced deformations may be
provided. A discontinuity of deformations, for example, occurs when thermal strains αTδij
are provided for one of the subdomains Ω2 of the domain Ω = Ω1 ∪Ω2, and the second
subdomain Ω1 is not loaded.
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Figure 2. The plane domain Ω with forced deformations.

A homogeneous elastic body is in the plane strain state.
The domain Ω has an elasticity modulus of E, a Poisson’s ratio of ν, the linear expan-

sion coefficient of domains Ω1 and Ω2 is constant and equal to α. The domain’s boundary
conditions are homogeneous.

The state-of-the-art statement of the elasticity problem, taking into account finite
deformations, was elaborated by V. Novozhilov in his Theory of Elasticity in 1958 [30].
The following definition of the deformation theory is used in this work. “The locations
of continuum points before and after deformation are given; we need to determine the
variation of the vector connecting two arbitrary infinitely near continuum points resulting
from the deformation”. The measure of elongation is selected as the ratio of the segment’s
elongation after the deformation of its initial length.

This problem statement of the deformation theory was reviewed and elaborated
in many subsequent papers [31–33]. A detailed overview of works on geometrically
and physically non-linear continuum mechanics is provided in [32]. In these papers,
deformation ratios are derived in the Cartesian system. The polar coordinate system used
for considering a domain with an angular boundary cut-out is a curvilinear coordinate
system where the basis vectors and their derivatives vary from point to point. Therefore,
deformation ratios were not written in the polar system due to the awkwardness of their
derivation.

The objective is to consider and formulate the equations of the plane elasticity problem,
taking into account the geometric non-linearity and physical non-linearity resulting from
forced deformations or free thermal strains αTδij.

2.3. Taking Finite Deformations into Account for the Spatial Curvilinear Orthogonal and Polar
Coordinate Systems

Figure 3 shows a curvilinear orthogonal coordinate system where the arbitrary point
M(α1 , α2 , α3) has coordinates α1 , α2 , α3 and is identified by the radius of vector R =
R(α1, α2, α3) going from the origin. Unit vectors k1 , k2 , k3, tangential to coordinate lines
α1 , α2 , α3, are directed towards the increase of these parameters and form the basis of space
before the body deformation [29,30,32].
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Basis vector directions k1 , k2 , k3 change when moving from one point to another, and
vector projections R = R(α1, α2, α3) on the axis α1 , α2 , α3 and derivatives also depend on
coordinates α1 , α2 , α3. The Lamé parameters are as follows:
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k i [1,8,30,32], the resolution of

the vector d
→
R∗ is obtained with the basis k1 , k2 , k3.

The relative elongation in point M is assumed as:

EMN =
ds∗ − ds

ds
=
|M∗N∗| − |MN|

|MN| (4)

The difference between the squares of the segment lengths after and before the defor-

mation
∣∣∣∣ →
M∗N∗

∣∣∣∣2 − ∣∣∣∣ →MN
∣∣∣∣2, taking into account the relative elongation, will be written as:

EMN(1 + 1
2 EMN)ds2 = ε11H2

1 dα2
1 + ε22H2

2 dα2
2 + ε33H2

3 dα2
3

+ε12H1H2dα1dα2 + ε13H1H3dα1dα3 + ε23H2H3dα2dα3
(5)
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Here, εij are the deformation components in the curvilinear coordinate system α1, α2, α3:

ε11 = e11 +
1
2

[
e2

11 + ( 1
2 e12 + ω3)

2
+ ( 1

2 e13 −ω2)
2
]
,

ε12 = e12 + e11(
1
2 e12 −ω3) + e22(

1
2 e12 + ω3) + ( 1

2 e13 −ω2)(
1
2 e23 + ω1), . . .

(cyclic interchange)

(6)

The polar coordinate system is considered as a special case of the curvilinear orthogo-
nal system: α1 = r, α2 = ϕ, α3 = z; the Lamé parameters are: H1 = 1, H2 = r, H3 = 1.

The plane deformation state [2–4,34] is considered when points of an elastic body
move in planes perpendicular to the OZ axis:

u1 = u1(α1, α2, 0), u2 = u2(α1, α2, 0),u3(α1, α2, 0) = 0 (7)

Then, parameters eij, ωi, and deformation εij in the form of (6) and generalized stresses
σ∗ij are reduced:

e13 = e31 = 0, e23 = e32 = 0, e33 = 0, e33 = 0, ω1 = ω2 = 0,
ε33 = 0, ε13 = ε31 = 0, ε23 = ε32 = 0
σ∗13 = σ∗31 = 0, σ∗23 = σ∗32 = 0.

(8)

Non-linear deformations in the polar coordinate system will be written as:

ε11 = e11 +
1
2

[
e2

11 + ( 1
2 e12 + ω3)

2
]
,

ε22 = e22 +
1
2

[
e2

22 + ( 1
2 e21 −ω3)

2
]
,

ε12 = ε21 = e12 + e11(
1
2 e12 −ω3) + e22(

1
2 e12 + ω3).

(9)

Expressions of non-linear deformations for movements in the polar coordinate system
will be written as:

ε11 = ∂u1
∂ r + 1

2

[(
∂u1
∂ r

)2
+
(

∂u2
∂ r

)2
]

,

ε22 = 1
r

∂u2
∂ϕ + u1

r + 1
2

[(
1
r

∂u2
∂ϕ + u1

r

)2
+
(

1
r

∂u1
∂ϕ −

u2
r

)2
]

,

ε12 = ∂u2
∂r −

u2
r + 1

r
∂u1
∂ϕ + ∂u1

∂r

(
1
r

∂u1
∂ϕ −

u2
r

)
+ ∂u2

∂r

(
1
r

∂u2
∂ϕ + u1

r

)
.

(10)

where deformations and rotations are small and are small compared to one, the known
expressions of deformations [1–4,34] are obtained according to (10):

ε11 =
∂u1

∂ r
, ε22 =

1
r

∂u2

∂ϕ
+

u1

r
, ε12 =

∂u2

∂r
− u2

r
+

1
r

∂u1

∂ϕ
. (11)

2.4. Ratios for Generalized Stresses and Non-Linear Deformations

The physical ratios in the orthogonal curvilinear coordinate system, according to the
works by V. Novozhilov [30] and according to [8,32,34], are written as:

σ∗ij = K∗εδij + 2G∗
{

cos(3ϕ + ω∗)

cos(3ϕ)
γ̃ij −

√
3

Γ
sin(ω∗)
cos(3ϕ)

[
γ̃ikγ̃jk −

2
3

Γ2 δij

]}
, (12)

where γ̃ij = γij − 1
3 εδij are the deformation deviator components, δij is Kronecker delta;

γij = εij, i = j; γij =
1
2 εij, i 6= j.

Mixed invariants

K∗(ε, Γ) =
1
3

σ∗

ε
, G∗(ε, Γ) =

T∗

Γ
, ω∗ = ψ∗ − ϕ (13)
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characterize the properties of an elastic isotropic material. V. Novozhilov introduces the
concepts of the generalized modulus of volume expansion K∗(ε, Γ), the generalized shear
modulus G∗(ε, Γ) and the similarity phase of deviators ω∗.

In expressions (12) and (13),ε, Γ, ϕ are the invariants of the non-linear deformations
tensor:

ε = ε11 + ε22 + ε33, ϕ = arctan(
1√
3

2ε2 − ε1 − ε3

ε1 − ε3
), (14)

Γ =

√
2
3

√
(ε11 − ε22)

2 + (ε22 − ε33)
2 + (ε33 − ε11)

2 +
2
3
(ε2

12 + ε2
23 + ε2

31), (15)

σ∗, T∗, ψ∗ are the invariants of the generalized stresses tensor:

σ∗ = σ11 + σ22 + σ33, ψ∗ = arctan(
1√
3

2σ∗2 − σ∗1 − σ∗3
σ∗1 − σ∗3

), (16)

T∗ =
1√
6

√
(σ∗11 − σ∗22)

2 + (σ∗22 − σ∗33)
2 + (σ∗33 − σ∗11)

2 + 6(σ∗212 + σ∗223 + σ∗213 ). (17)

According to [8,30,32], it is assumed that the measure of deviation of an isotropic
material from the law of similarity of stress and strain deviators (similarity phase of
deviators) is equal to zero: ω∗ = 0.

For physically linear ratios (12) with constant characteristics (13): K∗(ε, Γ) = K0 =
const, G∗(ε, Γ) = G0 = const, it is assumed that the relation form for generalized stresses
and deformations is the same as in Hooke’s law between stresses and strains for small
deformations [30,32,34].

Under the action of forced deformations (temperature deformations), the Dugamel–
Neumann dependence is written as:

εi j =
1 + ν

E

(
σ∗ij −

ν

1 + ν
s∗δij

)
+ αTδij, (18)

where ε0
ij = 1+ν

E

(
σ∗ij −

ν
1+ν s∗δij

)
is the deformation caused by generalized stresses σ∗i j,

ε′ ij = αTδij are free temperature strains, E is the elasticity modulus, E = 3G0/(1+ G0/3K0),
ν is the Poisson’s ratio, ν = (3K0 − 2G0)/2(G0 + 3K0) s∗ = σ∗kk is the sum of normal
generalized stresses, and α is the linear expansion coefficient.

Taking into account (18), the stresses will be written as follows in the polar coordinate
system:

σ∗11 = 2Gε11 + λε− (2µ + 3λ)αTE, (19)

σ∗22 = 2Gε22 + λε− (2µ + 3λ)αTE, σ∗12 = σ∗21 = Gε12, (20)

Here, 2G = 2µ = E
1+ν , λ = νE

(1−2ν)(1+ν)
, 2µ + 3λ = 1

1−2ν , ε = ε11 + ε22, and deforma-
tions εij are defined in the form of (9) or (10).

2.5. Equilibrium Equations

In the spatial curvilinear orthogonal coordinate system [8,30,32] αi, i = 1, 2, 3,
→
k i are

basis vectors of the domain before deformation, a rectangular parallelepiped is considered

with the pre-deformation edges Hi
→
k i dαi, i = 1, 2, 3, where Hi are Lamé’s parameters. After

the deformation, a rectangular parallelepiped transforms into an oblique parallelepiped

with edges Hi(1 + Eαi)
→
k
∗
i dαi, Eαi being relative elongations along the axes αi after defor-

mation;
→
k
∗
i are the domain basis vectors after deformation.



Axioms 2023, 12, 1030 9 of 13

Making equilibrium equations of all forces acting on the oblique parallelepiped, we
obtain [8,30,32,33]:

1
H1 H2 H3

{
∂

∂α1
(H2 H3

→
σ
∗
n1
) +

∂

∂α2
(H3 H1

→
σ
∗
n2
) +

∂

∂α3
(H1 H2

→
σ
∗
n3
)

}
+
→
F = 0, (21)

where
→
σ
∗
ni =

→
σ ni S∗i /Si are the generalized stresses on the faces of the oblique paral-

lelepiped; S∗i , Si are the area of the parallelepiped faces;
→
F are the generalized volume

forces after deformation. Having written the forces on the parallelepiped faces after defor-

mation in the vector initial basis
→
k i , i = 1,2,3, before deformation, = Equation (21) can be

written as:

( ∂
∂α1

(H2 H3s11) +
∂

∂α2
(H3 H1s12) +

∂
∂α3

(H1 H2s31) + H3
∂H1
∂α2

s12 + H2
∂H1
∂α3

s13

−H3
∂H2
∂α1

s22 − H2
∂H3
∂α1

s33 + H1H2H3F1 = 0,
(22)

∂
∂α1

(H2 H3s12) +
∂

∂α2
(H3 H1s22) +

∂
∂α3

(H1 H2s32) + H1
∂H2
∂α3

s23 + H3
∂H2
∂α1

s21

−H1
∂H3
∂α2

s33 − H3
∂H1
∂α2

s11 + H1H2H3F2 = 0,
(23)

∂
∂α1

(H2 H3s13) +
∂

∂α2
(H3 H1s23) +

∂
∂α3

(H1 H2s33) + H3
∂H3
∂α1

s31 + H1
∂H3
∂α2

s32

−H2
∂H1
∂α3

s11 − H1
∂H2
∂α3

s22 + H1H2H3F3 = 0.
(24)

Here, Fi are the projections of the volume generalized force on directions
→
k i , i = 1, 2, 3.

The plane deformation state [8,33] of the elastic body (7), (8) is considered.
Taking into account the curvilinear coordinates and Lamé parameters, the equilibrium

Equations (22)–(24) are reduced:

∂s11

∂r
+

1
r

∂s21

∂ϕ
+

s11 − s22

r
+ F1 = 0, (25)

1
r

∂s22

∂ϕ
+

∂s12

∂r
+

s12 + s21

r
+ F2 = 0, (26)

where in Equations (25) and (26):

s11 = σ∗11(1 + e11) + σ∗12(
1
2

e12 −ω3), s21 = σ∗21(1 + e11) + σ∗22(
1
2

e12 −ω3), (27)

s12 = σ∗11(
1
2

e12 + ω3) + σ∗12(1 + e22), s22 = σ∗22(1 + e22) + σ∗21(
1
2

e12 + ω3), (28)

Generalized stresses σ∗i j are connected to stresses σi j in the domain point by the ratios:

σ∗i j =
S∗i
Si

σi j , i, j = 1, 2, 3.
Taking into account (27) and (28), equilibrium Equations (25) and (26) will be written as:

∂
∂r

(
σ∗11(1 + e11) + σ∗12(

1
2 e12 −ω3)

)
+ 1

r
∂

∂ϕ

(
σ∗21(1 + e11) + σ∗22(

1
2 e12 −ω3)

)
+ 1

r

[
σ∗11(1 + e11) + σ∗12(

1
2 e12 −ω3)− σ∗22(1 + e22)− σ∗21(

1
2 e12 + ω3)

]
+ F1 = 0

, (29)

1
r

∂
∂ϕ

(
σ∗21(

1
2 e12 + ω3) + σ∗22(1 + e22)

)
+ ∂

∂r

(
σ∗11(

1
2 e12 + ω3) + σ∗12(1 + e22)

)
+ 1

r

[
σ∗11(

1
2 e12 + ω3) + σ∗12(1 + e22) + σ∗21(1 + e11) + σ∗22(

1
2 e12 −ω3)

]
+ F2 = 0

. (30)
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Note that the form of linear equations of equilibrium in generalized stresses in the
polar coordinate system in the form (25) and (26) is similar to the “classical” equations of
equilibrium for small deformations:

∂σr

∂r
+

1
r

∂τrθ

∂θ
+

σr − σθ

r
+ F1 = 0, (31)

1
r

∂σθθ

∂θ
+

∂τrθ

∂r
+

2τrθ

r
+ F2 = 0. (32)

Taking into account (9), the equations of equilibrium in deformations under the action
of temperature deformations have the form of:

∂
∂r

(
(2Gε11 + λε− (2µ + 3λ)αTE)(1 + e11) + (Gε12)(

1
2 e12 −ω3)

)
+ 1

r
∂

∂ϕ

(
(Gε12)(1 + e11) + (2Gε22 + λε− (2µ + 3λ)αTE)( 1

2 e12 −ω3)
)

+ 1
r

(
(2Gε11 + λε− (2µ + 3λ)αTE)(1 + e11) + (Gε12)(

1
2 e12 −ω3)

)
− 1

r

(
(Gε12)(

1
2 e12 + ω3) + (2Gε22 + λε− (2µ + 3λ)αTE)(1 + e22)

)
+ Fr = 0

, (33)

1
r

∂
∂ϕ

(
(Gε12)(

1
2 e12 + ω3) + (2Gε22 + λε− (2µ + 3λ)αTE)(1 + e22)

)
+ ∂

∂r

(
(2Gε11 + λε− (2µ + 3λ)αTE)( 1

2 e12 + ω3) + (Gε12)(1 + e22)
)

+ 1
r

(
(2Gε11 + λε− (2µ + 3λ)αTE)( 1

2 e12 + ω3) + (Gε12)(1 + e22)
)

+ 1
r

(
(Gε12)(1 + e11) + (2Gε22 + λε− (2µ + 3λ)αTE)( 1

2 e12 −ω2)+
)
+ Fθ = 0

. (34)

In the absence of forced deformations and volumetric forces, the equations of equilib-
rium (33) and (34) will be rewritten as homogeneous equations:

∂
∂r

(
σ∗11(1 + e11) + σ∗12(

1
2 e12 −ω3)

)
+ 1

r
∂

∂ϕ

(
σ∗21(1 + e11) + σ∗22(

1
2 e12 −ω3)

)
+ 1

r

[
σ∗11(1 + e11) + σ∗12(

1
2 e12 −ω3)− σ∗22(1 + e22)− σ∗21(

1
2 e12 + ω3)

]
= 0

, (35)

1
r

∂
∂ϕ

(
σ∗21(

1
2 e12 + ω3) + σ∗22(1 + e22)

)
+ ∂

∂r

(
σ∗11(

1
2 e12 + ω3) + σ∗12(1 + e22)

)
+ 1

r

[
σ∗11(

1
2 e12 + ω3) + σ∗12(1 + e22) + σ∗21(1 + e11) + σ∗22(

1
2 e12 −ω3)

]
= 0

. (36)

Homogeneous boundary conditions are provided on the domain boundary (Figure 2):

s11 cos(
→
n ,
→
k 1) + s21 cos(

→
n ,
→
k 2) = 0

s12 cos(
→
n ,
→
k 1) + s22 cos(

→
n ,
→
k 2) = 0

, (37)

where (
→
n ,
→
k 1), (

→
n ,
→
k 2) are the angles formed by the normal line to the square before

deformation and by the unit vectors
→
k 1,

→
k 2 before deformation; hence cos(

→
n ,
→
k 1) = 0,

cos(
→
n ,
→
k 2) = 1.

The boundary conditions (37) in the polar coordinate system take the form of:

for angles ϕ = ± α s22 = 0, s21 = 0, (38)

or for angles ϕ = ± α :

σ∗22(1 + e22) + σ∗21(
1
2

e12 + ω3) = 0, σ∗21(1 + e11) + σ∗22(
1
2

e12 −ω3) = 0. (39)
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If for one of the subdomains Ω2 of the domain Ω = Ω1 ∪Ω2 temperature strains αTδij
are provided, and the second subdomain Ω1 is not loaded (Figure 1), then the conditions of
displacement and stress continuity orthogonal to the line of contact shall be true for the
line of the domain contact.

3. Results

(1) Geometrical relationships between deformations and displacements were provided
in a curvilinear orthogonal coordinate system taking into account finite deforma-
tions (6); geometrical relationships were derived in the polar coordinate system for
the plane deformation state taking into account non-linear deformations (9) and
displacements (10);

(2) Equations of equilibrium in the curvilinear orthogonal coordinate system (22), (23),
and (24) were provided; equations of equilibrium in the polar coordinate system were
derived for the plane deformation state in generalized stresses (25), (26), (27), and (28)
and strains (33) and (34) under the action of forced temperature deformations αTδij.

(3) The formulation of the plane elasticity problem in the angular boundary cut-out
domain taking into account geometric non-linearity, physically linear under the action
of forced deformations or free temperature deformations for the plane deformation
state includes the following system of equations: geometrical relations (9), equilibrium
equations (33) and (34), physical relations (19) and (20), homogeneous boundary
conditions (39), and displacement and stress continuity conditions along the contact
line of the composite domain in the presence of a finite discontinuity of the given
forced deformations on the line of the domain contact. The continuity conditions for
deformations are provided in [30].

4. Discussion

To justify the choice of a mathematical model of the SSS in the area of the angular
cut-out of the boundary of the domain, experiments were conducted using methods of
photoelasticity and “unfreezing” of free deformations. The author proposes a mathematical
model characterizing the SSS in the area of the angular cut-out of the domain boundary
subjected to discontinuous forced deformations on the basis of the data from experimental
studies conducted using photo-elastic models.

The experimental data analysis made using the “microscope principle” and the “tele-
scope principle” identified several subareas in which the SSS is determined by the degree
of proximity to the apex of the cut-out of the domain boundary. Areas where small strains
are observed, areas where linear strains and shears are more significant than rotations are
observed, and areas where sectional rotations are significant with respect to linear and
shear strains are observed. Thus, in some areas close to the apex of the boundary cut-out,
rotations of sections are observed, which are absent at a distance from such an area, which
confirms the need to take into account non-linear deformations. Therefore, the form of
equilibrium equations must be modified to take into account the order ratios of linear
strains, shear strains, and rotations.

For the proposed mathematical model of the SSS in the area of the boundary cut-
out of the domain, the formulation of the elasticity theory problem for a plane domain
with an angular boundary cut-out is obtained in the polar coordinate system for the post-
deformation case, taking into account geometrical non-linearity, physical linearity under the
action of thermal deformations. To derive the system of equations in the polar coordinate
system, a curvilinear coordinate system is used, which takes into account a change in basis
vectors due to the deformation of a solid body element. The equations are derived for the
post-deformation state of an elastic solid body.

In further studies, numerical methods, the same as discrete methods, will allow us
to (1) find the SSS in the area of the angular cut-out of the boundary on the basis of the
formulated boundary value problem and (2) compare it with analytical and experimental
data, which will be the subject of independent studies.
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5. Conclusions

The author proposes a mathematical model for the study of the SSS in the angular cut-
out area of the boundary of a plane domain. The validity of the choice of the mathematical
model is determined by the characteristics of the physical model of the continuous medium.
The existence of the area of an angular cut-out of the boundary of the domain with large
gradients of stresses, strains, rotations, and different ratios of orders of their values is
proven experimentally by the photoelasticity method. The SSS obtained using models of
the photoelasticity method is continuous. If the irregular point of the boundary of the
domain is excluded, or at some small distance from the source of stress concentration,
there are valid experimental data, which change continuously and monotonically when
approaching the irregular point of the boundary. For the proposed mathematical model in
the area of the angular cut-out of the boundary, the boundary value problem of the theory
is formulated, taking into account the geometrical non-linearity and physical linearity.

The obtained formulation of the problem of the theory of elasticity allows us (1) to
analyze the form of the system of equations of the boundary value problem depending on
the degree of proximity of the considered area to an irregular point of the boundary, and
(2) to take into account the difference in the effect of linear, shear deformation, rotations,
and forced deformations on the solution to the geometrically non-linear elastic problem
with forced deformations in the area of the angular cut-out of the boundary of a plane
domain.

The obtained homogeneous boundary value problem, taking into account geometrical
non-linearity in the cut-out area of the boundary of the domain, will allow us to further
improve the solution in this domain and analyze the effect of changes in the orders of
deformation on the singularity of the solution in this domain. Therefore, the numerical
implementation of the proposed formulation of the elasticity problem will allow us to
clarify characteristics of stress and strain intensity coefficients in the area of the apex of the
boundary cut-out, taking into account the geometrical non-linearity under the action of
forced deformations.

The obtained formulation of the problem of the theory of elasticity for the plane
domain, taking into account geometrical non-linearity, which is physically linear under the
action of forced deformations, will further allow us to apply a mathematical model relevant
to the behavior of structures with angular cut-outs on the boundary under the action of
discontinuous thermal deformations.
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