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Abstract: In this paper, we introduce the Crowley–Martin functional response and nonlocal competi-
tion into a reaction–diffusion immunosuppressive infection model. First, we analyze the existence
and stability of the positive constant steady states of the systems with nonlocal competition and local
competition, respectively. Second, we deduce the conditions for the occurrence of Turing, Hopf, and
Turing–Hopf bifurcations of the system with nonlocal competition, as well as the conditions for the
occurrence of Hopf bifurcations of the system with local competition. Furthermore, we employ the
multiple time scales method to derive the normal forms of the Hopf bifurcations reduced on the
center manifold for both systems. Finally, we conduct numerical simulations for both systems under
the same parameter settings, compare the impact of nonlocal competition, and find that the nonlocal
term can induce spatially inhomogeneous stable periodic solutions. We also provide corresponding
biological explanations for the simulation results.

Keywords: immunosuppressive infection model; Crowley–Martin functional response; nonlocal
competition; Hopf bifurcation; delay
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1. Introduction

Continued infection with certain human pathogens can lead to the development of
chronic diseases, such as Hepatitis B Virus (HBV), Hepatitis C Virus (HCV), and Human
Immunodeficiency Virus (HIV) [1]. Although specific antiviral treatments are essential for
managing these infections, the complete eradication of these pathogens remains an elusive
goal due to the high genetic variability of these viruses and their ability to evade the host
immune system. In recent years, a few HIV-infected individuals, known as elite controllers,
have been discovered [2,3]. They can maintain low or undetectable viral loads without
treatment, possibly due to their robust immune responses [4–6]. Enhancing virus-specific
immune responses is now a key research focus.

Mathematical models have been used to model the dynamic behavior of immune
suppression infections between viruses and the immune system [7–9]. Komarova et al. [1]
proposed a basic immunosuppressive infection model in which the proliferation term of
immune cells is considered to be influenced by both viruses and immune cells, expressed
as Φ(u, v) = cuv

1+ηu , where c is the immune intensity, η stands for the inhibitory effects of
the virus on the proliferation of immune cells, and u and v represent the density of viruses
and immune cells at time t, respectively.

Following this, many scholars continuously modified the immunosuppressive in-
fection model [10–12]. Due to the immune system requiring a time lag to generate new
immune cells through a series of events [13], Shu et al. [10] proposed an assumption that
the activation rate of immune cells at time t is dependent on both the virus load and the
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number of immune cells at time t− τ. They investigated the immune expansion function
described as Φ(u, v) = cu(t−τ)v(t−τ)

1+ηu(t−τ)
. In this way, the time delay τ can be seen as the period

during which the immune cells undergo activation or maturation. In other words, these
immune cells are produced at time t− τ but do not work until t. Subsequently, Li et al. [12]
made further modification to the immune expansion function; they proposed that the
expansion of immune response is achieved through the stimulation of the virus on the
immune cells. This process involves the processing and presentation of viral antigens by
antigen-presenting cells for recognition and activation of effector cells [14]. This implies
that it takes a certain amount of time for the virus to effectively stimulate the immune cells,
which is known as the viral stimulation delay, denoted by τ. In this way, the immune cells
at time t are activated by the virus that stimulated them at time t− τ. They investigated the
immune expansion function described as Φ(u, v) = cu(t−τ)v

1+ηu(t−τ)
. The latest advancements in

this model involve the work of Chen et al. [15], where they replaced the immune expansion
function with the Beddington–DeAngelis (B-D) functional response given by:

Φ(u, v) =
cu(t− τ)v

1 + ηu(t− τ) + sv
,

where s represents the competition intensity among immune responses. Additionally,
Xue et al. [16] introduced diffusion into the model proposed by Chen et al. [15].

In this paper, we consider replacing the Beddington–DeAngelis functional response
with the Crowley–Martin (C-M) functional response:

Φ(u, v) =
cu(t− τ)v

(1 + ηu(t− τ))(1 + sv)
.

The Crowley–Martin functional response was first introduced by Crowley and Mar-
tin [17]. Like the B-D functional response, it was initially used to describe interactions and
competitive relationships in predator–prey models [18–20]. Skalski et al. [21] analyzed
an important distinction between the B-D functional response and the C-M functional
response in predator–prey models through mathematical formulas; they suggested using
the B-D functional response when the predator’s consumption rate is no longer correlated
with predator density at high prey densities, whereas they advised employing the C-M
functional response when the predator’s consumption rate continues to be influenced by
higher predator densities at high prey densities.

Now, revisiting the immunosuppressive infection model, when the viral quantity is
sufficiently high, the B-D functional response can be expressed mathematically as:

lim
u→∞

Φ(u, v) = lim
u→∞

cv
1
u + η + sv

u
=

cv
η

,

while the C-M functional response can be expressed as:

lim
u→∞

Φ(u, v) = lim
u→∞

cv
1
u + η + sv

u + ηsv
=

cv
η(1 + sv)

.

From this, it can be observed that as the density of viruses (denoted as u) increases,
in the B-D functional response, the competition among immune cells (represented by s)
has almost no effect on their proliferation rate. However, in the C-M functional response,
competition among immune cells still affects their proliferation rate. In reality, as viral
quantity rises, it can harm the immune system, leading to immune exhaustion. This
exhaustion makes it challenging for immune cells to efficiently clear the virus, resulting
in a weakened immune response (as mentioned in [22]). Even when only a small fraction
of immune cells are actively responding to the viruses, some level of competition among
them can influence their proliferation rate, functionality, and lifespan, thus affecting the
overall immune response (as mentioned in [23]). This implies that even though the viral
quantity reaches a certain threshold, competition s among immune cells still influences the
proliferation term of immune cells, aligning more closely with the description of the C-M
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functional response. Therefore, it is reasonable to replace the B-D functional response with
the C-M functional response. In fact, many scholars have incorporated the C-M functional
response into virus infection models [24–27], primarily to simulate the infection rate. To
the best of our knowledge, there have been relatively few instances of utilizing the C-M
functional response to simulate the proliferation term of immune cells in these models.

In this paper, we will consider the following system:

∂u(x, t)
∂t

= d1∆u(x, t) + ru(x, t)
(

1− u(x, t)
K

)
− au(x, t)− pu(x, t)v(x, t),

∂v(x, t)
∂t

= d2∆v(x, t) +
cu(x, t− τ)v(x, t)

(1 + ηu(x, t− τ))(1 + sv(x, t))
− bv(x, t)− qu(x, t)v(x, t),

∂νu(x, t) = ∂νv(x, t) = 0, x ∈ ∂Ω , t > 0,

u(x, t) = ψ1(x, t), v(x, t) = ψ2(x, t), x ∈ Ω, t ∈ [−τ, 0],

(1)

where Ω = (0, π). The variables u(x, t) and v(x, t) represent the density of viruses and
immune cells at the spatial location x and time t, respectively. The parameters a and b
correspond to the natural mortality rates of the viruses and immune cells, respectively.
Meanwhile, r and K describe the viral replication rate and viral load, respectively. Addition-
ally, we use the parameters c, s, and η to represent the immune intensity, the competition
intensity among immune responses, and the inhibitory effects of the viruses on the prolifer-
ation of immune cells. The parameter τ characterizes the viral stimulation delay, which
means the immune cells at time t are activated by the virus that stimulated them at time
t− τ. It is postulated that immune cells eliminate viruses at a rate of puv, while viruses
suppress immune cells at a rate of quv. The diffusion rates for the viruses and immune
cells are denoted as d1 and d2, respectively. It is crucial to emphasize that all parameters in
system (1) must remain nonnegative.

Nonlocal competition was first proposed by Furter and Grinfeld in their research in
1989 [28]. They introduced nonlocal interactions into a population dynamics model of
a single species to describe how species interact when competing for a shared resource.
In recent years, many reaction–diffusion equations with nonlocal competition have been
used in ecological system modeling [29–32]. Research indicates that introducing nonlocal
effects may lead to the emergence of multi-peaked population density distributions [32–34].
In system (1), the viral replication rate follows logistic growth, ru

(
1− u

K
)
. That implies

that there is an implicit one-to-one correspondence between viral and infected cell, while
Bessonov et al. [35] and Banerjee et al. [36] mentioned that, in biomedical applications,
viral cells can also compete for resources, with the possibility of different types of viral cells
infecting the same cell. In this case, the viral reproduction rate is described by the expres-
sion ru(x, t)

(
1− 1

K
∫

Ω G(x, y)u(y, t)dy
)

, where G(x, y) is some reasonable kernel which

characterizes the efficacy of host cell infection. The integral û(x, t) =
∫

Ω G(x, y)u(y, t)dy
corresponds to nonlocal resource consumption at a particular spatial point x [31]. In this
paper, we choose G(x, y) = 1/π. In order to investigate the influence of nonlocal competi-
tion on the dynamic behavior of system (1), we also consider the following system with
nonlocal competition:

∂u(x, t)
∂t

= d1∆u(x, t) + ru(x, t)

(
1−

∫ π
0 u(x, t)dx

πK

)
− au(x, t)− pu(x, t)v(x, t),

∂v(x, t)
∂t

= d2∆v(x, t) +
cu(x, t− τ)v(x, t)

(1 + ηu(x, t− τ))(1 + sv(x, t))
− bv(x, t)− qu(x, t)v(x, t),

∂νu(x, t) = ∂νv(x, t) = 0, x ∈ ∂Ω , t > 0,

u(x, t) = ψ1(x, t), v(x, t) = ψ2(x, t), x ∈ Ω, t ∈ [−τ, 0],

(2)

where all the parameters are consistent with those in system (1).
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The remaining sections of the paper are structured as follows. In Section 2, we sepa-
rately discuss the stability of positive constant steady states and the existence of possible
bifurcations for systems with and without nonlocal competition. Section 3 presents the
normal forms of Hopf bifurcations in both systems and analyzes the stability of bifurcating
periodic solutions, along with their respective bifurcation directions. In Section 4, we
conduct numerical simulations for the two systems to compare the distinct spatiotemporal
dynamics arising from the introduction of nonlocal competition. Finally, conclusions are
given in Section 5.

2. Stability and Bifurcation
2.1. Stability and Bifurcation of the System with Nonlocal Competition

Considering the biological aspect, we focus on the positive constant steady state
E∗ = (u∗, v∗) of system (2). Then we have:

ru∗
(

1− u∗
K

)
− au∗ − pu∗v∗ = 0,

cu∗v∗
(1 + ηv∗)(1 + sv∗)

− bv∗ − qu∗v∗ = 0.
(3)

Suppose
(H0) a + pv∗ < r.

Then by direct calculation, we can deduce the form of u∗ as follows:

u∗ = K
(

1− a + pv∗
r

)
> 0. (4)

Substituting (4) into (3), then v∗ must satisfy the following equations:

h(v) = Av3 + Bv2 + Cv + D = 0,

where

A = −qηK2 p2s,

B = −2pK
[

η

[
q((a− r)s +

p
2
)K− brs

2

]
− qrs

2

]
,

C = −qη(a− r)(sa− sr + 2p)K2 + r[−s(bη + q)r + b(sa + p)η + (sa + p)q− cp]K− br2s,

D = −qη(a− r)2K2 ++r(bη − c + q)(a− r)K− br2.

(5)

Denote

∆1 = 4B2 − 12AC, v+1 =
−2B +

√
∆1

6A
, v−1 =

−2B−
√

∆1

6A
. (6)

For the sake of discussing the existence of positive constant steady states, we make
the following assumptions:

(H1) C < 0, B > 0, ∆1 > 0, D > 0, h(v−1 ) < 0, h(v+1 ) > 0,

(H2) C ≥ 0, D < 0, h(v+1 ) > 0,

(H3) C < 0, B > 0, ∆1 > 0, D > 0, h(v−1 ) = 0 or h(v+1 ) = 0,

(H4) C < 0, B > 0, ∆1 > 0, D ≤ 0, h(v+1 ) > 0,

(H5) C ≥ 0, D ≥ 0 or h(v+1 ) = 0,

(H6) C < 0, B > 0, ∆1 > 0, D > 0, h(v−1 ) > 0 or h(v+1 ) < 0,

(H7) C < 0, B > 0, ∆1 > 0, D ≤ 0, h(v+1 ) = 0,

(H8) C < 0, B > 0, ∆1 ≤ 0, D > 0,

(H9) C < 0, B ≤ 0, D > 0.
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Theorem 1. Assume that (H0) holds; then for the positive constant steady state E∗ = (u∗, v∗) of
system (2), the following statements hold true.

(i) If (H1) holds, then system (2) has three positive constant steady states;
(ii) If any one of the conditions (H2)–(H4) holds, then system (2) has two positive constant steady

states;
(iii) If any one of the conditions (H5)–(H9) holds, then system (2) has one positive constant

steady state.

Proof. Note that A < 0 and h′(v) = 3Av2 + 2Bv + C is a quadratic equation. Then we will
analyze the monotonicity of h(v) based on the direction of h′(v) and the presence of the
positive roots of h′(v) to determine the number of positive roots of h(v).

If C < 0, B > 0 and ∆1 > 0, then the parabola of h′(v) opens downward and h′(v) = 0
has two positive roots v+1 and v−1 . That means h(v) is monotonically increasing when
0 < v−1 < v < v+1 , and monotonically decreasing when v ∈ [0, v−1 ) ∪ (v+, ∞). At this time,
we have the following results.

(a) If D > 0, h(v−1 ) < 0, h(v+1 ) > 0 are satisfied, then h(v) has three positive roots (see
Figure 1).

(b) If D > 0, h(v−1 ) = 0 or D > 0, h(v−1 ) < 0, h(v+1 ) = 0 or D ≤ 0, h(v+1 ) > 0 hold, then
h(v) has two positive roots (see Figure 2a–c).

If C ≥ 0, no matter the sign of B, the parabola of h′(v) always opens downward,
and h′(v) = 0 has one positive root v+1 and one negative root v−1 . That means h(v) is
monotonically increasing when v−1 < 0 < v < v+1 , and monotonically decreasing when
v ∈ (−∞, v−1 ) ∪ (v+, ∞). Combining this with D < 0, h(v+1 ) > 0, we can conclude that
h(v) has two positive roots (see Figure 2d).

This proves (i) and (ii). Similarly, we conclude (iii), the remaining proof process is
omitted, and we only provide graphs for one positive root (see Figure 3).

v

D

(v1-,h(v1-))

(v1+,h(v1+))

O

h(v)

Figure 1. If (H1) holds, then system (2) has three positive constant steady states.
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v

D

(v1-,h(v1-))

(v1+,h(v1+))

O

h(v)

(a)

v

D

(v1-,h(v1-))

(v1+,h(v1+))
O

h(v)

(b)

v

D

(v1-,h(v1-))

(v1+,h(v1+))

O

h(v)

(c)

v

(v1+,h(v1+))

D
O

h(v)

(v1-,h(v1-))

(d)

Figure 2. System (2) has two positive constant steady states under various conditions. (a,b)
Correspond to when (H3) holds. (c) Corresponds to when (H4) holds. (d) Corresponds to
when (H2) holds.

v

D

h(v)

(v1-,h(v1-))

(v1+,h(v1+))

O

(a)

v

D

h(v)

(v1-,h(v1-))

(v1+,h(v1+))
O

(b)

Figure 3. Cont.
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v

D (v1-,h(v1-))

(v1+,h(v1+))

O

h(v)

(c)

v

D

(v1-,h(v1-))

(v1+,h(v1+))O

h(v)

(d)

v

D

(v1-,h(v1-))

(v1+,h(v1+))
O

h(v)

(e)

v

D

O

h(v)

v

D

O

h(v)

(f)

Figure 3. System (2) has one positive constant steady state under various conditions. (a,b) Correspond
to when (H5) holds. (c,d) Correspond to when (H6) holds. (e) Corresponds to when (H7) holds.
(f) Left corresponds to when (H8) holds, and right corresponds to when (H9) holds.

Denote the positive constant steady states of system (2) as E∗. Therefore, when the
parameters of system (2) satisfy any one of conditions (i)–(iii) of Theorem 1, the positive
constant steady state E∗ = (u∗, v∗) exists.

Set U(x, t) = (u(x, t), v(x, t))T; then the linearization of system (2) at E∗ is

∂U(x, t)
∂t

= D∗∆U(x, t) + JU(x, t) + A∗Û(x, t) + B∗U(x, t− τ), (7)

where

D∗ =
(

d1 0
0 d2

)
, J =

(
0 −a12
−a21 −a22

)
, A∗ =

(
−a11 0

0 0

)
, B∗ =

(
0 0

b21 0

)
,

with

a11 =
ru∗
K

, a12 = pu∗, a21 = qv∗, a22 =
csu∗v∗

(1 + ηu∗)(1 + sv∗)2 , b21 =
cv∗

(1 + ηu∗)2(1 + sv∗)
. (8)

Clearly, a11, a12, a21, a22, and b21 are all positive numbers.
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Therefore, the associated characteristic equations at E∗ are

Γn :
{

λ2 + T0λ + N0 + b0e−λτ = 0, n = 0,
λ2 + Tnλ + Nn + b0e−λτ = 0, n = 1, 2, · · · ,

(9)

with
T0 = a11 + a22, N0 = a11a22 − a12a21, b0 = a12b21,

and
Tn = a22 + d2n2 + d1n2, Nn = a22d1n2 + d1d2n4 − a12a21.

Case 1 τ = 0
When τ = 0, Equation (9) becomes{

λ2 + T0λ + N0 + b0 = 0, n = 0,
λ2 + Tnλ + Nn + b0 = 0, n = 1, 2, · · · .

(10)

Suppose that there exists K0 > 0 such that N0 + b0 = 0 for K = K0; then the character-
istic Equation (10) has a zero root for n = 0. Futhermore, note that Nn + b0 (n = 1, 2, 3, · · · )
is monotonically increasing with respect to n, so Nn + b0 > 0 (n = 1, 2, 3, · · · ) if and only
if N1 + b0 > 0. Take K as a bifurcation parameter, and assume that the transversality
condition for the occurrence of 0-mode Turing bifurcation is satisfied. Then we have the
following results.

Theorem 2. If N1 + b0 > 0 holds, and
(
Re dλ

dK

)−1∣∣∣
K=K0

6= 0, then we have the following

statements.

(i) If N0 + b0 > 0 holds, then all the roots of characteristic Equation (10) have negative real
parts; thus, the positive constant steady state E∗ of system (2) is locally asymptotically stable.

(ii) If N0 + b0 < 0 holds, the characteristic Equation (10) will exhibit characteristic roots with
positive real parts for n=0, then the positive constant steady state E∗ of system (2) is unstable.

(iii) If N0 + b0 = 0 holds, the characteristic Equation (10) has a zero root for n = 0, then system
(2) undergoes 0-mode Turing bifurcation at E∗.

Case 2 τ > 0
Set λ = iωn (ωn > 0) as a root of Equation (9); then we have{

b0 sin(ωnτ) = Tnωn,

b0 cos(ωnτ) = ω2
n − Nn,

for n = 0, 1, 2, 3, · · · . (11)

Futhermore, we define

Rn
4
= sin(ωnτ) =

Tnωn

b0
,

Qn
4
= cos(ωnτ) =

ω2
n − Nn

b0
.

(12)

By squaring both equations in Equation (11) and adding them together, then denoting

g
4
= ω2

n, we can obtain

ϕ(g)
4
= g2 + (Tn − 2Nn)g + N2

n − b2
0 = 0. (13)
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Lemma 1. When τ > 0, if N2
n − b2

0 < 0 (n = 0, 1, 2, 3, · · · ) holds, then the characteristic
Equation (9) of the linearization of system (2) has a unique pair of purely imaginary roots ±iωn at
τn,j, where

ωn =

√
2Nn − T2

n +
√

∆2

2
,

τn,j =
1

ωn
(arccos(Qn) + 2jπ), for n ∈ I1, j ∈ N0 = 0, 1, 2, 3, · · ·,

(14)

with ∆2 = (T2
n − 2Nn)2 − 4(N2

n − b2
0), I1 =

{
n ∈ N0 | N2

n − b2
0 < 0

}
.

Proof. By simple calculation, we can obtain{
T2

0 − 4N0 = (a11 − a22)
2 + 4a12a21 > 0, n = 0,

T2
n − 4Nn = (a22 + d2n2 − d1n2)2 + 4a12a21 > 0, n = 1, 2, 3, · · · ,

and {
2N0 − T2

0 = −a2
11 − a2

22 − 2a12a21 < 0, n = 0,

2Nn − T2
n = −(a22 + b22)

2 − d2
1n4 − 2a12a21 < 0, n = 1, 2, 3, · · · .

Then we conclude that, for n = 0, 1, 2, 3, · · · , there always exist ∆2 = (T2
n − 2Dn)2 −

4(N2
n − b2

0) = T2
n(T2

n − 4Nn) + 4b2
0 > 0 and g1 + g2 = 2Nn − T2

n < 0. Futhermore, if N2
n −

b2
0 < 0 (n = 0, 1, 2, 3, · · · ) holds, we can obtain g1 · g2 = N2

n − b2
0 < 0 (n = 0, 1, 2, 3, · · · ).

The results mentioned above suggest that there is a unique positive root g = 2Nn−T2
n+
√

∆2
2

satisfying Equation (13), then Equation (9) has a unique pair of purely imaginary roots
λ = ±iωn, where ωn =

√
g. Furthermore, due to b0 > 0, Tn > 0 and ωn > 0, we have

Rn > 0. From Equation (12), we can derive the form of τn,j as shown in Equation (14). This
completes the proof.

Remark 1. Since we can deduce that ∆2 > 0 and g1 + g2 < 0 must hold, it implies that there
are no instances of two positive roots for Equation (13); thus, the positive constant steady state
of system (2) will not exhibit stability switches. If N2

n − b2
0 ≥ 0 (n = 0, 1, 2, 3, · · · ) holds, then

Equation (13) has no positive root.

We can deduce from Equation (14) that for a fixed value of n∗ ∈ I1, τn,j attains its
minimum at j = 0. Define this smallest critical value as:

τc = τn∗ ,0 = min
{

τn,0 | n ∈ I1
}

. (15)

Lemma 2. For system (2), the transversality condition for the occurrence of n∗-mode Hopf bifurca-

tion is satisfied, that is,
(
Re dλ

dτ

)−1∣∣∣
τ=τn,j

> 0, for n ∈ I1, j ∈ N0.

Proof. Differentiating both sides of Equation (9) with respect to the time delay τ results in(
dλ

dτ

)−1

=
−2λ− Tn

λ[λ2 + Tnλ + Nn]
− τ

λ
.

From Equation (9) we can obtain that, for all n = 0, 1, 2, 3, · · · , there always exists
b0e−λτ = −(λ2 + Tnλ + Nn). Then substituting it into the above formula, we can obtain(

Re
dλ

dτ

)−1∣∣∣
τ=τn,j

=
(T2

n − 2Nn) + 2ω2

T2
nω2 + (ω2 − Nn)2 > 0, n ∈ I1, j ∈ N0.

This completes the proof.
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Theorem 3. Assuming that N2
n − b2

0 < 0 (n = 1, 2, 3, · · · ) and N1 + b0 > 0 are satisfied, for
system (2), we have the following statements.

(i) When N0 + b0 > 0 and N2
0 − b2

0 < 0, the positive constant steady state E∗ is locally
asymptotically stable for τ ∈ [0, τc) and unstable for τ ∈ (τc, ∞). Additionally, system (2)
undergoes n∗-mode Hopf bifurcation at E∗ when τ = τc;

(ii) When N0 + b0 < 0, the positive constant steady state E∗ is unstable for τ > 0;
(iii) When N0 + b0 = 0, then system (2) undergoes (0, n∗)-mode Turing–Hopf bifurcation at

(K, τ) = (K0, τc),

where τc is defined in Equation (15), and K0 > 0 satisfies N0 + b0 = 0.

2.2. Stability and Bifurcation of the System without Nonlocal Competition

In fact, the positive constant steady states of system (2) with nonlocal competition
are identical to those of system (1) without nonlocal competition; they all align with the
description provided in Theorem 1. Then, the characteristic equation of the linearization of
system (1) at E∗ is

λ2 + T′nλ + N′n + b0e−λτ = 0, n = 0, 1, 2, · · · , (16)

where
T′n = a22 + a11 + d1n2 + d2n2,

N′n = a22d1n2 + d1d2n4 − a12a21 + a11d2n2 + a11a22,

b0 = a12b21,

where a11, a12, a21, a22, b21 are defined as in Equation (8).
By the same approach as in Section 2.1, we have the following results:

Theorem 4. If (N′1)
2 + b2

0 > 0 and (N′n)2− b2
0 < 0 are satisfied, then the positive constant steady

state of system (1) is locally asymptotically stable when τ ∈ [0, τ′c), and unstable when τ ∈ (τ′c , ∞).
Moreover, system (1) undergoes the n∗∗-mode Hopf bifurcation at E∗ when τ = τ′c , where

τ′c = τ′n∗∗ ,0 = min
{

τ′n,0 | n ∈ I′1
}

, (17)

with
τ′n,j =

1
ω′n

(arccos(Q′n) + 2jπ), for n ∈ I′1, j ∈ N0,

and

R′n
4
=

T′nω′n
b0

, Q′n
4
=

(ω′n)
2 − N′n
b0

, ω′n =

√
2N′n − (T2

n)
′ +
√
(∆2)′

2
,

I′1 =
{

n ∈ N0 | (N′n)
2 − b2

0 < 0
}

, ∆′2 = ((T2
n)
′ − 2N′n)

2 − 4((N2
n)
′ − b2

0).

The specific proof process is omitted.

3. Stability and Direction of Hopf Bifurcation

In this section, we will use the method of multiple time scales to analyze the stability
and direction of Hopf bifurcation for the two systems.

Denote

f (u(x, t− τ), v(x, t))
4
=

cu(x, t− τ)v(x, t)
(1 + ηu(x, t− τ))(1 + sv(x, t))

,

and
β = 1 + sv∗,

α = 1 + ηu∗.
(18)
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Expand f (u(x, t− τ), v(x, t)) by using a Taylor series around E∗, leading to

f (u(x, t− τ), v(x, t)) =
cu∗v∗

αβ
+

cv∗
α2β

(u(x, t− τ)− u∗) +
cu∗
αβ2 (v(x, t)− v∗)

− cηv∗
α3β

(u(x, t− τ)− u∗)2 +
c

α2β2 (u(x, t− τ)− u∗)(v(x, t)− v∗)

− csu∗
αβ3 (v(x, t)− v∗)2 +

cη2v∗
α4β

(u(x, t− τ)− u∗)3

− cη

α3β2 (u(x, t− τ)− u∗)2(v(x, t)− v∗)

− cs
α2β3 (u(x, t− τ)− u∗)(v(x, t)− v∗)2 +

cs2u∗
αβ4 (v(x, t)− v∗)3 + · · · .

(19)

3.1. Stability and Direction of Hopf Bifurcation of the System with Nonlocal Competition

We have obtained that when τ = τc, the characteristic equation (9) of the linearization
of system (2) has a unique pair of purely imaginary roots ±iωn∗ , where τc is defined in (15).
At this time, system (2) undergoes n∗-mode Hopf bifurcation at E∗.

Choose the delay τ as a bifurcation parameter, by setting t → t/τ and translating
the equilibrium points of system (2) to the origin; we can express the truncation up to the
third-order form of system (2) as follows:

∂u(x, t)
∂t

= τ

[
d1∆u(x, t) + r(u(x, t) + u∗)

(
1−

∫ π
0 (u(x, t) + u∗)dx

πK

)
− a(u(x, t) + u∗)

−p(u(x, t) + u∗)(v(x, t) + v∗)
]

,

∂v(x, t)
∂t

= τ

[
d2∆v(x, t) +

cu∗v∗
αβ

+
cv∗
α2β

u(x, t− 1) +
cu∗
αβ2 v(x, t)− cηv∗

α3β
u2(x, t− 1)

+
c

α2β2 u(x, t− 1)v(x, t)− csu∗
αβ3 v2(x, t) +

cη2v∗
α4β

u3(x, t− 1)

− cη

α3β2 u2(x, t− 1)v(x, t)− cs
α2β3 u(x, t− 1)v2(x, t) +

cs2u∗
αβ4 v3(x, t)

−b(v(x, t) + v∗)− q(u(x, t) + u∗)(v(x, t) + v∗)
]

,

∂νu(x, t) = ∂νv(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, t) = ψ1(x, t), v(x, t) = ψ2(x, t), x ∈ Ω = (0, lπ), t ∈ [−τ, 0],

(20)

where α and β are defined as Equation (18).
Denote the eigenvector of the characteristic matrix of system (20) at E∗ corresponding

to the eigenvalue iωn∗τ as h = (h11, h12)
T, and the eigenvector of the adjoint matrix

corresponding to the eigenvalue −iωn∗τ as h∗ = d(h13, h14)
T; they satisfy the inner product

〈h∗, h〉 = h̄∗T · h = 1.
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Then we have

h11 = 1, h12 = − 1
pu∗

(iωn∗ + n2
∗d1),

h14 = 1, h13 = − 1
pu∗

[
−iωn∗ +

csu∗v∗
αβ2 + n2

∗d2

]
, d = (h13h̄11 + h14h̄12)

−1.
(21)

Set τ = τc + εµ, where τc represents the critical point for the Hopf bifurcation, as
defined in Equation (15). Here, µ serves as a small perturbation parameter, and ε is the
characteristic scale used for non-dimensionalization. Next, we only present the main
results regarding the computation of the normal form for Hopf bifurcation. The specific
computational process is detailed in Appendix A.

By the method of multiple time scales, we deduce the normal form of the n∗-mode
Hopf bifurcation for system (2) reduced on the center manifold as follows:

Ġ = MµG + χG2Ḡ, (22)

where M and χ are given in Equation (A11) and Equation (A17) in Appendix A.
Now introduce G = reiθ and substitute it into the normal form Equation (22). This yields:{

ṙ = Re(M)µr + Re(χ)r3,

θ̇ = Im(M)µ + Im(χ)r2.
(23)

Regarding the stability of the bifurcating periodic solutions of system (2), the following
result can be established:

Theorem 5. When Re(M)µ
Re(χ) < 0, system (2) has periodic solutions near the positive constant steady

state E∗. Moreover:

(i) If Re(M)µ < 0, the bifurcating periodic solutions reduced on the center manifold are unstable,
and when µ > 0 ( µ < 0), the direction of bifurcation is forward (backward);

(ii) If Re(M)µ > 0, the bifurcating periodic solutions reduced on the center manifold are stable,
and when µ > 0 ( µ < 0), the direction of bifurcation is forward (backward).

3.2. Stability and Bifurcation of the System without Nonlocal Competition

Similar to the analysis in reference [16], we can also obtain the normal form of the
n∗∗-mode Hopf bifurcation for system (1) reduced on the center manifold:{

ṙ = Re(M′)µr + Re(χ′)r3,

θ̇ = Im(M′)µ + Im(χ′)r2,
(24)

where

M′ =
h̄′13M′1 + h̄14M′2

h̄′13 + h̄14(h′12 +
τ′ccv∗
α2β

e−iω′n∗∗τ′c )
, χ′ =

R′

V′
, (25)

with
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M′1 = −a + r− n2
∗∗d1 − pv∗ − pu∗h′12 −

2ru∗
K

,

M′2 = −n2
∗∗d2h12 +

cz∗e−iω′n∗∗τc

α2β
+ (

cu∗
α2β
− b− qu∗)h12 − qz∗,

V′ =

[
h̄′13 + h̄14(h′12 +

τ′ccv∗e−iω′n∗∗τ′c

α2β
)

] ∫ π

0
cos2(n∗∗x)dx,

R′ = h̄′13

[
−

2τcr ∑+∞
k=0(η

′
0,k + η′1,k)

K
− τ′c p

+∞

∑
k=0

(ζ ′0,k + ζ ′1,k + h′12η′0,k + h̄′12η′1,k)

]
· E′k

+ h̄14

[
3τ′ccη2v∗e−iω′n∗∗τ′c

α4β
−

τ′ccηe−2iω′n∗∗τ′c h̄′12
α3β2 −

τ′ccs(h′12)
2eiω′n∗∗τ′c

α2β3

+
3τccs2u∗(h′12)

2h̄′12
αβ4

]
·
∫ π

0
cos4(n∗∗x)dx + h̄14

[
−2τ′ccηv∗ ∑+∞

k=0(η
′
0,ke−iω′n∗∗τ′c + η′1,ke−iω′n∗∗τ′c )

α3β

+
τ′cc ∑+∞

k=0(ζ
′
0,ke−iω′n∗∗τ′c + ζ ′1,keiω′n∗∗τ′c + h′12η′0,k + h̄′12η′1,ke−2iω′n∗∗τ′c )

α2β2

−
−2τ′ccu∗s ∑+∞

k=0(h
′
12ζ ′0,k + h̄′12ζ ′1,k)

αβ3 − τ′cq
+∞

∑
k=0

(ζ ′0,k + ζ ′1,k + h′12η′0,k + h̄′12η1,k)

]
· E′k,

and

h′12 = − 1
pu∗

[
iω′n + n2

∗∗d1 +
ru∗
K

]
,

h′13 = − 1
pu∗

[
−iω′n +

csu∗v∗
αβ2 + n2

∗∗d2

]
,

η′1,k =
(J2 + 2iω′n∗∗)l

′
1 −W ′

(J2+2iω′n∗∗ )(J′1+2iω′n∗∗ )
pu∗ − (− cv∗e−2iω′n∗∗ τ′c

α2β
+ qv∗)

·
E′k
Ck

,

η′0,k =
J2l′2 − S′

J′1 J2
pu∗ − (− cv∗

α2β
+ qv∗)

·
E′k
Ck

,

ζ ′1,k = l′1 ·
Ek
Ck
−

J′1 + 2iω′n∗∗
pu∗

· η′1,k,

ζ ′0,k = l′2 ·
Ek
Ck
−

J′1
pu∗
· η′0,k,

W ′ =
−cηv∗e−2iω′n∗∗τ′c

α3β
+

ch′12e−iω′n∗∗τ′c

α2β2 −
cu∗s(h′12)

2

αβ3 − qh′12,

S′ =
−2cηv∗

α3β
+

c(h′12eiω′n∗∗τ′c + h̄′12e−iω′n∗∗τ′c )

α2β2 −
2cu∗sh′12h̄′12

αβ3 − q(h′12 + h̄′12),

J′1 = pv∗ + a− r +
2ru∗

K
+ k2d1,

l′1 =
1

pu∗
·
[
−r
K
− ph′12

]
,

l′2 =
1

pu∗
·
[
−p(h′12 + h̄′12)−

2r
K

]
,

E′k =
∫ π

0
cos2(n∗∗x) cos(kx)dx,

F′k =
∫ π

0
cos(n∗∗x) cos(kx)dx ·

∫ π

0
cos(kx)dx.
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The remaining parameters h14, J2, α, β, Ck, ω′n∗∗ can be found in Appendix A and
Equation (17).

4. Numerical Simulations

In this section, we will conduct numerical simulations to demonstrate the theoretical
findings we have obtained in the preceding sections. For both system (2) and system (1),
we select the same set of parameters as follows:

a = 3.0 day−1, p = 1.0 mm3cells−1day−1, q = 1.0 mm3virus−1day−1,

d1 = 0.4 mm−3 day−1, K = 10 virus mm−3, b = 2 day−1,

d2 = 0.1 mm−3 day−1, c = 4 mm3 virus−1day−1, r = 7.0 day−1,

η = 0.35 mm−1 virus, s = 0.03 mm3 immune cells−1.

(26)

4.1. Numerical Simulations of the System with Nonlocal Competition

With the parameters given in (26), we can obtain a positive constant steady state for
system (2):

E∗ = (1.337684786, 3.063620649).

According to Lemma 1 and (15), we can obtain that n∗ = 1, ω1 = 1.7003, I1 =
{

n =
0, 1, 2, 3

}
. And the critical point for the Hopf bifurcation is τc = τ1,0 = 0.1128. Furthermore,

according to (A11) and (A17), we can calculate that M = 0.3695 + 1.6296i, χ = −0.0039−
0.0186i. Hence, when τ ∈ [0, τc) = [0, 0.1128), we can deduce from Theorem 3 that E∗ is
locally asymptotically stable, as shown in Figure 4; when τ ∈ (0.1128,+∞), we can infer
from Theorems 3 and 5 that E∗ is unstable and system (2) has stable forward bifurcating
periodic solutions near τ = τ1,0 = 0.1128, as shown in Figure 5. When τ significantly exceeds
the critical value τc, system (2) no longer exhibits stable periodic solutions and will undergo
substantial oscillations, as shown in Figure 6.

Figure 4. Choose τ = 0.1 < 0.1128 and the initial function is (1.337684786 + 0.01 cos x, 3.063620649 +
0.025 cos x). Then the positive constant steady state E∗ = (1.337684786, 3.063620649) of system (2) is
locally asymptotically stable.
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Figure 5. Choose τ = 0.1165 > 0.1128 and consider the initial function as (1.337684786 + 0.01 cos x,
3.063620649 + 0.025 cos x). Then system (2) exhibits a spatially inhomogeneous stable periodic
solution.

Figure 6. Choose τ = 0.12 > 0.1128 and consider the initial function as (1.337684786 + 0.01 cos x,
3.063620649 + 0.025 cos x). The constant steady state solution E∗ of system (2) is unstable.

Remark 2. From Figure 4, it can be observed that when the time delay τ required for immune cells
to generate an immune response is less than the critical value τc, system (2) undergoes a period of
oscillations before eventually converging to a stable state. This implies that when the immune system
is stimulated by the virus, it takes some time to mount an immune response, but eventually manages
to control the number of viruses within a certain range. In this scenario, the disease is brought under
control, and the quantities of viruses and immune cells no longer exhibit significant fluctuations.

Remark 3. From Figure 5, it can be observed that when the delay τ required for immune cells
to generate an immune response is slightly greater than the critical value τc, system (2) loses its
original stable state and generates spatially inhomogeneous periodic solutions. This occurrence
encapsulates the intricate dynamics between viruses and the immune system. When viruses trigger
an immune response, immune cells swiftly localize and eliminate local viruses, leading to a decline
in the local virus population. However, the nonlocal effect implies that the immune system has a
certain sensing range and can perceive the density of viruses in distant areas. This results in the
immune system generating a stronger immune response when it senses areas with a high density of
viruses in other locations, to combat viruses at a distance. Consequently, the dynamism in viruses
and immune cells across the system becomes non-uniform, exhibiting periodic spatial fluctuations.
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This results in varying dominance; in some regions, the immune system prevails, effectively clearing
viruses, while in others, viruses regain dominance. These spatially driven periodic oscillations stem
from the intricate interplay between the immune system and viruses, underscoring the complex
dynamics of their interaction. The detailed mathematical analysis emphasizes the crucial role played
by nonlocal competition in the emergence of spatial inhomogeneity, highlighting its impact on the
system’s dynamics.

We have also observed a stable number of cells in the central space, while the cell count on both
sides exhibits periodic fluctuations. This phenomenon may be related to the boundary conditions.
When immune cells localize to areas with higher virus density, they congregate at the boundary
due to the inability to traverse it. As the virus density decreases at the boundary, the nonlocal
competition suggests that the immune cells might hypothetically move in the opposite direction,
resulting in periodic variations in the number of immune cells on both sides of the boundary. With
nearly equivalent counts of immune cells in both forward and backward diffusion trends, the number
of immune cells in the central space tends to stabilize.

Remark 4. Once τ significantly exceeds the threshold, taking τ = 0.12 > 0.1128 as an example,
system (2) no longer possesses stable periodic solutions, and the virus proliferates rapidly (see
Figure 6). This is the worst case scenario, where the virus could spread rapidly, posing significant
risks to the host.

4.2. Numerical Simulations of the System without Nonlocal Competition

Based on the parameters in (26), the positive constant steady states in system (1) equal
the positive constant steady state E∗ in system (2), indicating that

E∗ = (1.337684786, 3.063620649).

Similarly, by calculation, we find n∗∗ = 0, ω′0 = 1.68, I′1 =
{

n = 0, 1, 2, 3
}

, τ′c =
τ′0,0 = 0.1774, M′ = 0.5345 + 1.5215i, χ′ = −0.0008− 0.1513i. Therefore, E∗ is locally
asymptotically stable when τ ∈ [0, τ′c) = [0, 0.1774), as shown in Figure 7, and unstable
when τ ∈ (0.1774,+∞). Furthermore, system (1) also has stable bifurcating periodic
solutions and the direction of the Hopf bifurcation is also forward, as shown in Figure 8.

Figure 7. Choose τ = 0.165 < 0.1774 and the initial function is (1.337684786 + 0.003 + 0.005 cos x,
3.063620649 + 0.001 cos x). Then the constant steady state E∗ = (1.337684786, 3.063620649) of system
(1) is locally asymptotically stable.
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Figure 8. Choose τ = 0.178 > 0.1774 , and consider the initial function as (1.337684786 + 0.003 +

0.005 cos x, 3.063620649 + 0.001 cos x), then system (1) exhibits a spatially homogeneous stable peri-
odic solution.

Remark 5. Under the identical parameter settings, a noticeable difference is observed between the
reaction–diffusion system (1) without nonlocal competition and system (2) incorporating nonlocal
competition terms. Specifically, in the former case, the critical value τ′c is comparatively larger,
whereas, in contrast, system (2), with nonlocal competition, exhibits a smaller critical value.
Furthermore, Figure 8 demonstrates that system (1) also exhibits periodic and steady state solutions.
However, a pivotal disparity emerges regarding the nature of these solutions.

In the context of system (1), the solutions appear spatially homogeneous, indicating an inde-
pendence of the interaction between the immune system and viruses from spatial variables. This
suggests that in the absence of nonlocal competition, the dynamics of the immune response to viruses
remain consistent throughout space.

However, a more realistic scenario warrants consideration, suggesting that the interaction
between the immune system and viruses should be influenced by spatial variables. In systems where
nonlocal competition terms are present, the smaller critical value implies that spatial influences
significantly impact the dynamics of the immune system–virus interaction. This signifies a spatial
dependency, wherein the behavior of the immune system in response to viruses may vary across
different spatial regions, emphasizing the importance of spatial considerations in understanding the
dynamics of virus–immune system interactions.

5. Conclusions

This paper introduced the Crowley–Martin functional response into an immunosup-
pressive infection model and conducted a comparative analysis of the dynamic behavior
between a delayed reaction–diffusion system with nonlocal viral competition and a delayed
reaction–diffusion system without nonlocal viral competition. The nonlocal term represents
the space-time weighted average of the viral population. We derived the normal forms of
the Hopf bifurcations reduced on the center manifold for both systems, one with nonlocal
competition and the other without, and performed numerical simulations. The results
indicated that the introduction of nonlocal competition causes a reduction in the stability
region, i.e., τc < τ′c , and the system with nonlocal competition generated spatially inho-
mogeneous periodic solutions, whereas the reaction–diffusion system without nonlocal
competition terms yielded spatially homogeneous solutions. This suggested that systems
with nonlocal effects exhibited more diverse dynamic behaviors, highlighting the special
biological significance of spatiotemporal nonlocality.
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Appendix A

We assume that the solution of system (20) follows the following form:

U(x, t) = U(x, T0, T1, T2, · · · ) =
+∞

∑
k=1

εkUk(x, T0, T1, T2, · · · ), (A1)

with
U(x, T0, T1, T2, · · · ) = (u(x, T0, T1, T2, · · · ), v(x, T0, T1, T2, · · · ))T,

Uk(x, T0, T1, T2, · · · ) = (uk(x, T0, T1, T2, · · · ), vk(x, T0, T1, T2, · · · ))T.
(A2)

The time derivative is now transformed into

∂

∂t
=

∂

∂T0
+ ε

∂

∂T1
+ ε2 ∂

∂T2
+ · · · = D0 + εD1 + ε2D2 + · · · , (A3)

with Di =
∂

∂Ti
, i ∈ N0 = 0, 1, 2, 3, · · ·.

Set
uj = uj(x, T0, T1, T2, · · · ), uj,1 = uj(x, T0 − 1, T1, T2, · · · ),
vj = vj(x, T0, T1, T2, · · · ), vj,1 = vj(x, T0 − 1, T1, T2, · · · ),

(A4)

where j ∈ N = 1, 2, 3, · · ·. Then we have

∂U
∂t

= εD0U1 + ε2D1U1 + ε3D2U1 + ε2D0U2 + ε3D1U2 + ε3D0U3 + · · · . (A5)

To handle the delayed terms, we can approximate u(x, t− 1) as u(x, T0− 1, T1, T2, · · · );
thus, we obtain:

u(x, t− 1) = εu11 + ε2u21 + ε3u31 − ε2D1u11 − ε3D1u21 − ε3D2u11 + · · · , (A6)

with uj1 = uj(x, T0 − 1, T1, T2, · · · ), j ∈ N.
Substituting Equations (A1)–(A6) into system (20) results in a set of perturbation

equations. Extract the coefficients of the ε terms:
D0u1 − τc

[
d1∆u1 − pu1v∗ + ru1 − pu∗v1 − au1 −

ru1u∗
K
−

ru∗
∫ π

0 u1dx
πK

]
= 0,

D0v1 − τc

[
d2∆v1 − bv1 − qu∗v1 − qu1v∗ +

cv∗u11

α2β
+

cu∗v1

αβ2

]
= 0,

(A7)

where α, β are given by Equation (18). Hence, the solution to Equation (A7) can be repre-
sented in the following form:{

u1 = G(T1, T2, · · · )eiωn∗τcT0 h11 cos(n∗x) + c.c.,

v1 = G(T1, T2, · · · )eiωn∗τcT0 h12 cos(n∗x) + c.c.,
(A8)
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where h11, h12 are defined by Equation (21), and c.c. denotes the complex conjugate of the
preceding term. Next, collecting the coefficient of ε2, we can obtain

D0u2+τc(pv∗ + a− r +
ru∗
K

)u2 + τc pu∗v2 − τcd1∆u2 +
τcru∗

∫ π
0 u2dx

πK

=− D1u1 − µd1∆u1 − τc pu1v1 − µpu∗v1 + (−µpv∗ − µa + µr− µry∗
K

)u1

−
τcru1

∫ π
0 u1dx

πK
−

µru∗
∫ π

0 u1dx
πK

,

D0v2+τc

[
−d2∆v2 + bv2 + qu∗v2 + qu2v∗ −

cv∗u21

α2β
− cu∗v2

αβ2

]
=τc

[
−qu1v1 −

cv∗D1u11

α2β
−

cηv∗u2
11

α3β
+

cu11v1

α2β2 −
cu∗sv2

1
αβ3

]

+ µ

[
d2∆v1 − bv1 − qu∗v1 − qu1v∗ +

cv∗u11

α2β
+

cu∗v1

αβ2

]
− D1v1,

(A9)

where α and β are determined by Equation (18). After substituting solution (A8) into the
right side of Equation (A9) and simplifying, we define the coefficient vector of eiωn∗τcT0 as
m1. It is important to note that m1 must satisfy the solvability condition:

〈h∗, (m1, cos(n∗x))〉 = 0.

Then one has
∂G
∂T1

= MµG, (A10)

where

M =
h̄13M1 + h̄14M2 + h̄13M3

h̄13 + h̄14(h12 +
τccv∗
α2β

e−iωn∗τc)
, (A11)

with
M1 = −n2

∗d1 − pv∗ − a + r− pu∗h12 −
ru∗
K

,

M2 = −n2
∗d2h12 +

cz∗e−iωn∗τc

α2β
+ (

cu∗
α2β
− b− qu∗)h12 − qz∗,

M3 = (− ru∗
πK

) ·
∫ π

0 cos(n∗x)dx ·
∫ π

0 cos(n∗x)dx∫ π
0 cos2(n∗x)dx

.

Assume that the solution of Equation (A9) takes the form
u2 =

+∞

∑
k=0

(
η0,kGḠ + η1,ke2iωn∗τcT0 G2 + η̄1,ke−2iωn∗τcT0 Ḡ2

)
cos(kx),

v2 =
+∞

∑
k=0

(
ζ0,kGḠ + ζ1,ke2iωn∗τcT0 G2 + ζ̄1,ke−2iωn∗τcT0 Ḡ2

)
cos(kx).

(A12)

To facilitate the determination of the coefficients for the second-order solution (A12),
we denote

Ck =
∫ π

0
cos(kx) cos(kx)dx, Gk =

∫ π

0
cos(kx)dx ·

∫ π

0
cos(kx)dx,

Ek =
∫ π

0
cos2(n∗x) cos(kx)dx, Fk =

∫ π

0
cos(n∗x) cos(kx)dx ·

∫ π

0
cos(kx)dx.

(A13)

After substituting Equations (A8) and (A12) into Equation (A9) and simplifying, we
take the inner product with cos(kx) on both sides of the resulting equation, where k ∈ N0.
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By summing up the obtained results, we can then compare the coefficients in front of the
terms G2 and GḠ, leading to

η1,k =
(J2 + 2iωn∗)l1 −W · Ek

Ck
(J2+2iωn∗ )(J1+2iωn∗ )

pu∗ − (− cv∗e−2iωn∗ τc

α2β
+ qv∗)

, ζ1,k = l1 −
J1 + 2iωn∗

pu∗
· η1,k,

η0,k =
J2l2 − S · Ek

Ck
J1 J2
pu∗ − (− cv∗

α2β
+ qv∗)

, ζ0,k = l2 −
J1

pu∗
· η0,k,

(A14)

where

W =
−cηv∗e−2iωn∗τc

α3β
+

ch12e−iωn∗τc

α2β2 −
cu∗sh2

12
αβ3 − qh12,

S =
−2cηv∗

α3β
+

c(h12eiωn∗τc + h̄12e−iωn∗τc)

α2β2 − 2cu∗sh12h̄12

αβ3 − q(h12 + h̄12),

J1 =pv∗ + a− r +
ru∗
K

+ k2d1 +
ru∗
πK
· Gk

Ck
,

J2 =k2d2 −
cu∗
αβ2 + b + qu∗,

l1 =
1

pu∗
·
[
−ph12 ·

Ek
Ck
− r

πK
· Fk

Ck

]
,

l2 =
1

pu∗
·
[
−p(h12 + h̄12) ·

Ek
Ck
− r(h11 + h̄11)

πK
· Fk

Ck

]
,

β =1 + sv∗,

α =1 + ηu∗.

By calculating, we discover that for n∗ ∈ N0, η1,k, η0,k, ζ1,k, ζ0,k 6= 0 if and only if
k = 0. Therefore, we can deduce the specific form of solution (A12):{

u2 = η0,0GḠ + η1,0e2iωn∗τcT0 G2 + η̄1,0e−2iωn∗τcT0 Ḡ2,

v2 = ζ0,0GḠ + ζ1,0e2iωn∗τcT0 G2 + ζ̄1,0e−2iωn∗τcT0 Ḡ2.
(A15)

Collecting the coefficient of ε3, we can obtain

D0u3 − τcd1∆u3 + τc(a− r +
ru∗
K

+ pz∗)u3 + τc pu∗v3 +
τcru∗

∫ π
0 u3dx

πK

=− D2u1 − D1u2 + µd1∆u2 − µ(a− r +
ru∗
K

+ pv∗)u2 − µpu1v1 − µpu∗v2 − τc pu1v2

− τc pu2v1 −
µru1

∫ π
0 u1dx

πK
−

τcru2
∫ π

0 u1dx
πK

−
µry∗

∫ π
0 u2dx

πK
−

τcru1
∫ π

0 u2dx
πK

,

D0v3−τcd2∆v3 −
τccz∗u31

α2β
+ τc(

−cv∗
αβ2 + b + qu∗)v3 + τcqv∗u3

=− D2v1 − D1v2 + τc

[
cv∗(−D1u21 − D2u11)

α2β
− 2cηv∗u11(−D1u11 + u21)

α3β
+

cu11v2

α2β2

+
c(−D1u11 + u21)v1

α2β2 − 2cu∗sv1v2

αβ3 +
cη2v∗u3

11
α4β

−
cηy2

11v1

α3β2 −
csu11v2

1
α2β3 +

cs2u∗v3
1

αβ4

−qu1v2 − qu2v1

]
+ µ

[
d2∆v2 +

cz∗(−D1u11 + u21)

α2β
+ (

cy∗
αβ2 − b− qu∗)v2

−
cηv∗u2

11
α3β

+
cu11v1

α2β2 −
cy∗sv2

1
αβ3 − qu1v1 − qu2v∗

]
,

(A16)
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where α and β are determined by Equation (18). Substitute solutions (A8) and (A12) into
the right side of Equation (A16) and simplify the equation. Next, we define the coefficient
vector associated with eiωn∗τcT0 as m2. It is worth noting that m2 satisfies the solvability
condition presented as

〈h∗, (m2, cos(n∗x))〉 = 0.

Given that µ is regarded as the disturbance parameter, and µ2 has a negligible impact
on the outcome, we can ignore the terms containing µ2G. Then we obtain

∂G
∂T2

= χG2Ḡ,

where
χ =

R
V

, (A17)

with

β = 1 + sz∗,

α = 1 + ηy∗,

V =

[
h̄13 + h̄14(h12 +

τccv∗e−iωn∗τc

α2β
)

] ∫ π

0
cos2(n∗x)dx,

R = h̄13

[
−τc p

+∞

∑
k=0

(ζ0,k + ζ1,k + h12η0,k + h̄12η1,k)

]
· Ek + h̄13

[
−

τcr ∑+∞
k=0(η0,k + η1,k)

πK

]
· Fk

+ h̄13

[
−

τcr ∑+∞
k=0(η0,k + η1,k)

πK

]
·
∫ π

0
cos2(n∗x)dx ·

∫ π

0
cos(kx)dx

+ h̄14

[
3τccη2v∗e−iωn∗τc

α4β
− τccηe−2iωn∗τc h̄12

α3β2 −
τccsh2

12eiωn∗τc

α2β3 +
3τccs2u∗h2

12h̄12

αβ4

]
·
∫ π

0
cos4(n∗x)dx,

+ h̄14

[
−2τccηv∗ ∑+∞

k=0(η0,ke−iωn∗τc + η1,ke−iωn∗τc)

α3β
−
−2τccu∗s ∑+∞

k=0(h12ζ0,k + h̄12ζ1,k)

αβ3

+
τcc ∑+∞

k=0(ζ0,ke−iωn∗τc + ζ1,keiωn∗τc + h12η0,k + h̄12η1,ke−2iωn∗τc)

α2β2

−τcq
+∞

∑
k=0

(ζ0,k + ζ1,k + h12η0,k + h̄12η1,k)

]
· Ek.

Thus we deduce the normal form of the n∗-mode Hopf bifurcation for system (2)
reduced on the center manifold:

Ġ = MµG + χG2Ḡ.
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