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Abstract: A mutator is a variant in a population of organisms whose mutation rate is higher than
the average mutation rate in the population. For genetic and population dynamics reasons, mutators
are produced and survive with much greater frequency than anti-mutators (variants with a lower-
than-average mutation rate). This strong asymmetry is a consequence of both fundamental genetics
and natural selection; it can lead to a ratchet-like increase in the mutation rate. The rate at which
mutators appear is, therefore, a parameter that should be of great interest to evolutionary biologists
generally; for example, it can influence: (1) the survival duration of a species, especially asexual
species (which are known to be short-lived), (2) the evolution of recombination, a process that
can ameliorate the deleterious effects of mutator abundance, (3) the rate at which cancer appears,
(4) the ability of pathogens to escape immune surveillance in their hosts, (5) the long-term fate of
mitochondria, etc. In spite of its great relevance to basic and applied science, the rate of mutation to a
mutator phenotype continues to be essentially unknown. The reasons for this gap in our knowledge
are largely methodological; in general, a mutator phenotype cannot be observed directly, but must
instead be inferred from the numbers of some neutral “marker” mutation that can be observed
directly: different mutation-rate variants will produce this marker mutation at different rates. Here,
we derive the expected distribution of the numbers of the marker mutants observed, accounting
for the fact that some of the mutants will have been produced by a mutator phenotype that itself
arose by mutation during the growth of the culture. These developments, together with previous
enhancements of the Luria–Delbrück assay (by one of us, dubbed the “Jones protocol”), make possible
a novel experimental protocol for estimating the rate of mutation to a mutator phenotype. Simulated
experiments using biologically reasonable parameters that employ this protocol show that such
experiments in the lab can give us fairly accurate estimates of the rate of mutation to a mutator
phenotype. Although our ability to estimate mutation-to-mutator rates from simulated experiments
is promising, we view this study as a proof-of-concept study and an important first step towards
practical empirical estimation.

Keywords: fluctuation assay; Luria–Delbrück distribution; Jones protocol; mutation rate evolution

MSC: 60J80; 60J85; 92-08; 92-10

1. Introduction

Mutation is ultimately the source of new variations that feed natural selection, and
the rate at which new mutations appear is, thus, a key parameter for modeling and
understanding evolution. To estimate the rate at which a particular mutation appears
requires, first of all, that the mutation in question be observable. The famous Luria–
Delbrück assay employed a growing bacterial population, which, from a mathematical
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standpoint, is a supercritical branching process; our observable mutation appears randomly
during this growth process at some low per capita rate, µ, in a way akin to a new “type”
appearing at random in a two-type branching process. Our observable mutation is heritable
and is assumed to be non-revertible, such that all of its descendants will carry the same
observable mutation. In a typical Luria–Delbrück assay, several bacterial cultures are grown
in parallel. After a defined period of growth, the numbers of the observable mutation
are counted in each culture. Using one of a number of different mathematical models,
these mutant counts are used to estimate the per-replication rate µ at which our observable
mutation was produced. Much previous work on mutation rates makes an assumption,
explicitly or not, that µ is an inherent (and often, by unjustified extrapolation, constant)
property of the organism in question. The tables and figures of such mutation rates inherent
to different organisms can be found in much-cited previous work [1–4].

For every observable mutation as defined above, i.e., mutations giving rise to mutants
that we can observe and count, there will typically be orders of magnitude more mutations
that affect some aspect of replication, proofreading, or repair. The number of genes involved
in replication, proofreading, and repair can be large and can constitute a significant fraction
of an organism’s genome. Any mutation occurring in any of these many genes has the
potential to change the mutation rate, and of those that do, most will increase the mutation
rate, i.e., will become mutators. (This is because random changes in these key genes are
more likely to decrease functionality, i.e., to decrease replication fidelity, than to enhance it.)

To give a numerical example, many Luria–Delbrück “fluctuation assays” (including
assays conducted by one of us [5]) have employed as their selectable marker (i.e., their
observable mutation) resistance to an antibiotic called Naladixic acid. Previous studies [6]
have revealed that resistance to Naladixic acid, i.e., the ability to observe resistant mutants,
is conferred by one or two mutations at the nucleotide level. Given that the E. coli genome
is roughly five megabases, and given that the wild-type per-nucleotide mutation rate is
roughly 0.001, the rate of mutation to observable mutants, in this case, is on the order
of 10−8. Given that roughly ten percent (or more) of the E. coli genome is devoted to
some aspect of replication, proofreading, or repair, the rate of mutation to mutants with
potentially different mutation rates (most of which will have increased mutation rates)
is on the order of 10−4. The implication is that mutators will appear at a per capita rate
that could be up to four orders of magnitude greater than the rate at which the observable
mutation appears.

The following question derives naturally from the foregoing observations: How are
mutant counts in classical Luria–Delbrück assays (and extensions thereof) affected by the
spontaneous appearance of mutator phenotypes during the growth of the cultures? Turning
the question around this: If mutant counts are affected by the appearance of mutators
during growth, might this fact be leveraged to estimate the rate of mutation to a mutator?

Two previous studies showed remarkable increases in mutator prevalence, hence the
mean population mutation rate, owing to the indirect effects of artificial [7] and natural [5]
selection. The former study found that a certain mutator phenotype in a specific type of cell
would form colonies on plates that looked qualitatively different from non-mutators (or the
wild-type). The study was the first of its kind and gave us a ground-breaking first look at
the rate of mutation to a mutator phenotype, but it was highly specific. The methodology
we present here does not depend on the specific cell type, specific mutator phenotype,
or colony morphology. More importantly, the focus of these two previous studies was
on the indirect effect of selection on mutator prevalence; while their findings hinted at
a significant rate of production of mutators, determining that rate was not their main
focus. The present study, on the other hand, seeks to determine the rate at which mutators
spontaneously arise in the absence of (or prior to) selection.

In addition to the basic evolutionary questions our experimental protocol can address,
there are also significant biomedical applications that can be addressed, not the least of
which is cancer research [8–16]. The rate at which mutation rate variants are produced in
populations of somatic cells is a key parameter for understanding and predicting somatic
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evolution leading to oncogenic transitions; despite its critical role, however, this parameter
remains unknown. The work we present here may help to remedy this deficiency.

2. Materials and Methods
2.1. Definitions

A mutation is an error that occurs during replication. A mutant is an individual that
carries a mutation. Mutations of interest here are specific mutations (replication errors) that
can be observed experimentally. For example, two ways in which specific mutations can
be observed are: (1) by eliminating every member in the population that does not carry
the specific mutation (for example, applying an antibiotic so that only antibiotic-resistant
mutants survive) and (2) by causing a fluorescent marker to fluoresce. Such observable
mutations are sometimes called selectable markers, and we will refer to such mutations as
marker mutations and to the rate at which such mutations occur as the marker mutation rate.
When a mutation occurs, it becomes the founding member of a new mutant lineage in which
all descendants will carry that mutation. In what follows, we use the terms mutation and
mutant lineage interchangeably. For example, we will introduce the concept of a type-k
mutation, referring to a marker mutation that forms a mutant lineage that ultimately gives
rise to k marker mutants in the final culture. (We could equivalently say type-k mutant
lineages.) The protocol we propose is to grow cultures to a final population size that is as
large as possible and, then, dilute them (the “Jones protocol” [17–20]), which, as we have
shown previously [18], greatly increases the statistical power. In much of what follows,
when we mention final population, we refer to the population prior to the dilution and
plating steps of the Jones protocol. For clarity, Table 1 has been included to present the
parameters and notation used in this work.

Table 1. Notation and description of parameters.

N0, N initial and final population size.
r growth rate.
µ marker mutation rate of wild-type.
µ′ marker mutation rate of mutator.
µm rate of mutation from wild-type to mutator.
m factor by which wild-type and mutator mutation rates differ: µm = mµ.

ϕ(t) recruitment rate of mutations; e.g., ϕ(t) = µN0ert for marker recruitment
rate on the wild-type background.

p(k; t) probability that a mutation appearing at time t leaves k mutants in the
final population.

λk expected number of mutations of “type k”, i.e., that leave k mutants in
the final population.

t f time at which the population attains its maximum size: N = N(t f ).
Λ total number of marker mutations that occur on the wild-type back-

ground: Λ = µ(N − N0) ≈ µN.
Λm total number of mutator mutations that occur on the wild-type back-

ground: Λm = µm(N − N0) ≈ µmN.
φ(x; Λ) pgf for the total number of mutants observed in the final population,

given that a total of Λ mutations occurred during growth.
log logarithm base e, i.e., the natural logarithm.
logb logarithm base b, for given b.
i imaginary unit.
qf fast Fourier transform of function f .
Li likelihood function for the ith growth cycle.

We recall that a mutator is a genotype with some mutation in its replication/proof-
reading/repair mechanisms that causes it to replicate with reduced accuracy. Here, we
digress briefly to explain the title of our paper: “Estimating the Rate of Mutation to a
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Mutator Phenotype”. A more-accurate title might be, “Estimating the Rate of Mutation to a
Mutation-Rate-Variant Phenotype”, as our methods could in theory detect a decrease in the
mutation rate, as well as an increase. We have kept the former title, however, because mu-
tator mutations (mutations that increase the mutation rate) are typically loss-of-function
mutations and are, therefore, overwhelmingly more common than mutations that decrease
the mutation rate (which are gain-of-function mutations).

2.2. Experimental Protocol

1. Grow a bacterial population from initial size N0 to a large (known) number, N f ,
at time t f .

2. At time t f :

• Protocol A: Take two random samples of size NS (S for the sample of the final
population for counting mutants) and NB (B for the bottleneck sample used to
inoculate the subsequent growth cycle), where NS ≪ NB ≪ N f . Use the sample
of size NS to inoculate a number c of flasks with fresh media; these independent
cultures grow, and each is then screened for marker mutants. Record the number
of marker mutants observed in each of the c cultures. Use the sample of size NB
to inoculate fresh media in a single flask to start the next growth cycle. e.g., see
Table 2

• Protocol B: Take one random sample of size NB to inoculate fresh medium to
start the next growth cycle.

3. Repeat Step 2 n − 1 times (for n growth cycles).
4. After the final nth growth cycle, take one random sample of size NS. Use this sample

to inoculate a number c of flasks with fresh media; these independent cultures grow,
and each is then screened for marker mutants. Record the number of marker mutants
observed in each of the c cultures.

5. See the schematic in Figure 1.

Table 2. Simulated data from Protocol A with three growth cycles. The parameters were N0 = 1,
N = 233, NB = 220, and NS = 4295. This table was included in the hopes that this article, while
published in a math journal, might be of interest to both mathematicians and experimentalists. This
is an example of what might be recorded in a lab notebook.

Numbers of Observed Mutants

Growth Cycle

Culture 1 2 3

1 1 6 9
2 1 9 13
3 4 8 19
4 23 8 15
5 5 8 13
6 3 5 14
7 12 3 9
8 1 7 7
9 8 8 13
10 4 5 7
11 1 7 8
12 3 10 12
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(a)

(b)

Figure 1. Schematic of the two experimental protocols. To maximize statistical power, the serially
passaged populations (i.e., the populations at each growth cycle) should be grown to the largest N f
possible, then diluted to obtain countable numbers of mutants on the selective plates [18]. This takes
advantage of the increased statistical power conferred by the “Jones protocol” [18–20], an improve-
ment on the standard fluctuation test [21–25]. (a) Protocol A; (b) Protocol B.

2.3. Analysis

For the simplicity of presentation, we will assume that the population grows expo-
nentially during the growth phase, such that the initial population size is N0, and the final
population size at time t f is given by N = N0ert f . We note that our results do not depend on
this assumption: we only require that the population grows from size N0 to N by means of
some pure-birth process (meaning that the total number of replications is exactly N − N0).
We let ϕ(t) denote the “recruitment rate” of mutations at time t, i.e., ϕ(t) = µN0ert, where
µ is the mutation rate per individual per unit time. We let p(k; t)dt denote the probability
that a mutation appearing in the small time interval (t, t + dt) leaves k mutants in the
final population.

We will refer to a mutation (or mutant lineage) as being of “type k” if it leaves k
mutants in the final population. We define random variable Mk to denote the number of
mutations (or mutant lineages) of type k. We make the very weak assumption that the Mk
are independent, in which case, we have:

P{Mk = j} =
λ

j
k

j!
e−λk (1)



Axioms 2024, 13, 117 6 of 37

where

λk =
∫ t f

0
p(k; t)ϕ(t)dt .

The total number of mutants in the final population is:

M =
∞

∑
k=1

kMk .

For a “pure-birth” process of constant birth rate r and assuming that the mutations
have no effect on fitness, we know that:

p(k; t) = e−r(t f −t)
(

1 − e−r(t f −t)
)k−1

(see Ref. [26], p. 450). While we assume r to be a constant here, we note that the results
we obtained are robust to this assumption; i.e., any pure-birth regime (r = r(t) > 0)
should in principle give the same results. This fact may be intuited by recalling that
we implicitly made a very weak assumption (i.e., a very reasonable assumption from
a biological perspective) that mutation occurs primarily during replication. Under this
assumption, what counts is simply the number of replication events and not the dynamics
of the replication rates. This assumption can be violated, for example, when ultra-violet
radiation is the primary source of mutation, but we suppose that such scenarios are
exceptional. From here, we have:

λk =
∫ t f

0
µN0ert p(k; t)d t

=
µN

r

∫ 1

e
−rt f

u(1 − u)k−1d u

≈ µN
k(k + 1)

,

given that r ≈ 1, e−rt f = N0
N → 0, and

∫ 1

0
u(1 − u)k−1du =

1
k(k + 1)

.

Now that we derived the overall expected number of mutant lineages of type k, λk,
and we return to Equation (1) and write the pgf for the number of type k mutant lineages as:

fk(x) = eλk(x−1).

Since each of these lineages contributes exactly k mutants to the final population (prior
to dilution), the pgf for the total number of mutants contributed by type k lineages to the
final population is simply:

fk(xk) = eλk(xk−1).

The pgf for the total number of mutants in the final population, from all types, is then
given by

φ(x) =
∞

∏
k=1

eλk(xk−1) .

Substituting the expression for λk, we find:

φ(x; Λ) = e−Λ exp

(
∞

∑
k=1

Λxk

k(k + 1)

)
, (2)
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where Λ = µ(N − N0) ≈ µN. The notation φ(x; Λ) emphasizes that the pgf for the total
number of observed mutants at the final time depends on a single parameter, the product
of the final population size and the mutation rate.

We can simplify this expression by considering the following lemma and theorem,
whose proofs, despite seeming trivial, constitute an alternative derivation of the Luria–
Delbrück pgf.

Lemma 1. Given z ∈ [0, 1], then

∞

∑
j=1

zj

j(j + 1)
=

{
1 +

(
1−z

z

)
log(1 − z), if z ∈ [0, 1).

1, if z = 1.

Proof. If z = 1, we have that

∞

∑
j=1

zj

j(j + 1)
= lim

k→∞

k

∑
j=1

(
1
j
− 1

j + 1

)
= lim

k→∞

(
1
1
− 1

2

)
+

(
1
2
− 1

3

)
+ · · ·+

(
1
k
− 1

k + 1

)
= lim

k→∞
1 − 1

k + 1
= 1.

For the case z ∈ [0, 1), let us recall that the Taylor series of log(1 + ζ) is

T(ζ) =
∞

∑
j=1

(−1)j+1

j
ζ j, ζ ∈ (−1, 1),

which implies that
log(1 − ζ) = T(−ζ)

=
∞

∑
j=1

(−1)2j+1

j
ζ j

= −
∞

∑
j=1

ζ j

j
,

(3)

for each ζ ∈ (−1, 1). Therefore,

∞

∑
j=1

zj

j + 1
=

1
z

∞

∑
j=1

zj+1

j + 1

=
1
z

(
z − z +

∞

∑
j=2

zj

j

)

=
1
z

(
−z +

∞

∑
j=1

zj

j

)

= −1 − 1
z

log(1 − z).

(4)
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From Equations (4) and (3), it follows that

∞

∑
j=1

zj

j(j + 1)
=

∞

∑
j=1

(
1
j
− 1

j + 1

)
zj

=
∞

∑
j=1

zj

j
−

∞

∑
j=1

zj

j + 1

= − log(1 − z) +
1
z

log(1 − z) + 1

= 1 +
(

1 − z
z

)
log(1 − z),

as stated.

Theorem 1. Given z ∈ [0, 1] and under the convention that lim
(x,y)→(0,0)

xy = 1, then

e−Λ exp

(
∞

∑
j=1

Λzj

j(j + 1)

)
= (1 − z)

Λ(1−z)
z . (5)

Proof. In the limit as z → 1, Equation (5) holds by the convention.

Let z ∈ [0, 1) be a fixed number, and let ψ =
∞

∑
j=1

zj

j(j + 1)
. By Lemma 1, we have that

eΛψ = exp
(

Λ + Λ
(

1 − z
z

)
log(1 − z)

)
= eΛ exp

(
Λ
(

1 − z
z

)
log(1 − z)

)
= eΛ exp

(
log
(
(1 − z)Λ( 1−z

z )
))

= eΛ(1 − z)Λ( 1−z
z ).

Thus,
e−ΛeΛψ = (1 − z)Λ( 1−z

z ).

Applying Theorem 1 to Equation (2), we see that, if a population grows from a single
individual to final size N, creating de novo (neutral) mutant lineages at rate µ per individual
per unit time, then the total number of mutant individuals in the population at the final
time will be described by the pgf:

φ(z; Λ) = (1 − z)
Λ(1−z)

z , (6)

which was previously obtained in [27,28]; we will also write:

φ(z; Λ) = h(z)Λ, (7)

where
h(z) = (1 − z)

1−z
z . (8)

Finally, we note that Equation (7) gives the pgf for the number of mutant individuals
in a final population of N individuals. Trivially, we re-write as φ(z; Λ) = (h(z)µ)N ; we find
that h(z)µ gives the pgf for the numbers of mutants that a single replication event will leave
in the final population. We will use this result in interpreting the expression for F(z) at the
end of the following section.
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Incorporating Mutators

The foregoing theory does not account for the fact that, as a population grows, variants
carrying an elevated mutation rate (mutators) may appear as a consequence of mutations
occurring in genes encoding any aspect of replication, proofreading, or repair. We now
modify the foregoing theory to account for mutators.

Let µ′ > µ denote the mutation rate of the mutator to observable mutants (i.e., to the
selectable phenotype). Consider a mutator lineage of type k (i.e., a clone that leaves
k mutators in the final culture). Since this lineage grows to final size k and produces
observable mutants at rate µ′, we can use Equation (6) directly. The number of observable
mutants in the final population that were produced within a mutator clone of type k,
therefore, has pgf:

φ(z; kµ′) = (1 − z)kµ′(1−z)/z,

where this distribution depends again on the product of the final population size—in this
case, k—and the mutator mutation rate, µ′. If there are j mutator clones of type k, then the
number of observable mutants produced by type-k clones has pgf:

φ(z; kµ′)j = (1 − z)jkµ′(1−z)/z

The total number of observable mutants produced by type-k mutators has pgf:

E[φ(z; kµ′)] =
∞

∑
j=0

φ(z; kµ′)jP{Mk = j}

= exp
{

λk(φ(z; kµ′)− 1)
}

The total number of observable mutants produced by mutators of all types is, therefore,
described by the pgf:

f (z) =
∞

∏
k=1

E[φ(z; kµ′)]

which may be rewritten as:

log f (z) =
∞

∑
k=1

λk(φ(z; kµ′)− 1) =
∞

∑
k=1

λk(h(z)kµ′ − 1)

where
h(z) = (1 − z)(1−z)/z

We define Λm = µmN to be the recruitment rate of mutators in the population, where
µm is the rate of mutation to mutators. Substituting the expression for λk, using Lemma 1,
and letting g(z) = h(z)µ′

, we find:

log f (z) = Λm

∞

∑
k=1

g(z)k − 1
k(k + 1)

=
Λm(1 − g(z)) log(1 − g(z))

g(z)
.

The pgf for the total number of observable mutants produced by mutators may, thus,
be written as:

f (z) = (1 − g(z))Λm(1−g(z))/g(z) = h(h(z)µ′
)Λm .

Since the pgf describing the total number of observable mutants produced by the
wild-type is given by h(z)Λ (Equation (6)), the total number observable mutants produced
in the culture (i.e., by either wild-type or mutator), therefore, has pgf:

F(z) = h(z)Λh(h(z)µ′
)Λm (9)

This expression has a clear intuitive explanation. We know that h(·)Λm describes the
total number of mutators produced by the wild-type in the final population. Since the
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pgf for the number of observable mutants produced by a single replication event within a
mutator lineage is given by h(z)µ′

, the composition h(h(z)µ′
)Λm gives the pg f associated

with the total number of observable mutants in the final population produced by mutators.
The product of this term with the pgf for the observable mutants produced by the wild-type,
h(z)Λ, then gives the pgf for the total number of observable mutants in the final population.

2.4. Dilution Step

We have previously shown [18] that a slight modification of an experimental protocol
initially proposed by Jones [19,20] can significantly increase the accuracy with which
mutation rates are estimated and the statistical power to distinguish between different
mutation rates. The protocol requires that cultures be grown to as large a size as possible;
the numbers of observable mutants in the final populations will be very large and will
require a dilution step to obtain a number of mutants that can be counted on the selective
plates (see Figure 1). To account for the dilution step, we simple compose pgf F(z) with the
pgf for Bernoulli sampling:

σ(z) = (1 − p) + pz ,

where p is the fraction of the final population to be plated (i.e., it is the inverse of the
dilution factor). The composition F(σ(z)) is, thus, the pgf for numbers of mutants observed
on plates.

2.5. Simulated Data

Our overall goal is to use the analytical results described above to estimate the under-
lying mutation rates in populations that have been propagated as described in Section 2.2.
To test this idea, we generated simulated data using three independent approaches.

In the pure-birth process simulation, we simulated a pure-birth process for the pop-
ulation growth. A random individual in the population was chosen to replicate and was
replaced by two daughter cells. If the parent individual is a wild-type cell, each daughter
can independently mutate to the marker or mutator phenotype. If the parent carries the
marker mutation, daughters can further mutate to the marker–mutator phenotype, while
if the parent is a mutator, the daughters have a higher probability of mutating and can
likewise mutate to the marker–mutator phenotype. The birth process is repeated until
the population reaches a specified final population size. The pure-birth process simula-
tion is computationally expensive, but offers a direct simulation of the stochastic process
described by the analytical approach. See Appendix A.3 for a detailed description and
the pseudocode.

In the graphical model, the occurrence of possible mutations in a growing population
was simulated by generating uniformly distributed random points on the rectangle [0, t f ]×
[0, 1]. The expected growth curve of the wild-type population was then computed and
normalized by the final population size, N. This normalized growth curve was used as a
discriminant function; in particular, points in the rectangle described above that fall below
the growth curve indicate mutations in the wild-type strain, as shown in Figure A1. This
process was repeated for both types of possible mutations to the wild-type (marker and
mutator mutations). The resulting mutant lineages were then, in turn, subject to the same
procedure to identify mutations to lineages carrying both marker and mutator mutations.

The graphical model, named after the graphical selection of mutations described
in Figure A1, was implemented because it is relatively straightforward to understand
and computationally efficient at biologically realistic mutation rates. This model has
the disadvantage, however, of generating redundant information since cells of all types,
in particular mutators that do not display the marker phenotype, are tracked, despite our
interest in cells carrying the marker phenotype only. For a detailed description, including
the pseudocode, see Appendix A.1.

As an alternative method, we employed the standard inverse CDF method—which we
will call the “quantile method”— for generating random numbers from a given probability
distribution, in which a random number is generated in the interval [0, 1] and is mapped



Axioms 2024, 13, 117 11 of 37

onto the CDF to generate the random number. In this case, the CDF employed was simply
the normalized growth curve of mutant cells (i.e., normalized so that the minimum is
0 and the maximum is 1). In other words, we employed the growth curve as if it were
the CDF. Since the probability of a mutation appearing in some individual is directly
proportional to the number of individuals present, this methodological extrapolation is
entirely natural. This procedure was employed in a nested manner in order to simulate not
only the appearance of mutator lineages, but also to simulate the appearance of observable
mutant lineages within the mutator lineages.

Unlike the previous two methods, the computational execution of the quantile method
does not produce redundant information, making it the fastest alternative among the
presented computational methods. However, since the mathematical underpinnings of this
method are not as intuitively clear as for the other two approaches, we implemented all
three approaches for validation.

For a detailed description of the quantile method, see Appendix A.2. Both the graphical
and quantile methods were developed in an R package available at https://github.com/
isaacvazquez1/EstimatingMutationRates, accessed on 31 January 2024.

Before proceeding with the parameter estimation, we first tested the validity of these
three approaches in creating simulated data. Using the simple case of a single bottleneck
and no mutators as a test case, we compared that datasets produced by the three approaches
to each other and to the Luria–Delbrück distribution, as described in detail in Section 3.1.

2.6. Parameter Estimation

After validating the three simulation approaches, we used the simulated data to
test whether our analytical model can be used to estimate the underlying mutation rates,
in particular the mutation rate to the mutator phenotype. To do this, we developed three
methods to estimate the mutation-to-mutator rate from the simulated data.

In the direct estimation method, the distance between the empirical probability-
generating function defined in Equation (A25) and its theoretical counterpart displayed in
Equation (9) is minimized by applying the least-squares method, finding the best estimate
for the rate of mutation µm. In particular, we directly minimized the mean square error of
the pgf to provide estimates of Λ = Nµ, Λm = Nµm, and µ′. Assuming N is known, this
yields the desired estimate of µm.

The power of this method relies on the simplicity of the ideas underlying the widely
known least-squares methodology. Nevertheless, bootstrapping was employed to build
the (1 − α)100% confidence interval, a statistical technique that could fail when heavy-
tailed distributions are concerned [29]. This approach to directly estimating the underlying
mutation rates is described in detail in Appendix B.1.

In addition to direct pgf-based parameter estimation, we developed two related ap-
proaches to parameter estimation based on maximum likelihood estimation (MLE).

In the MLE approach, an approximation of the probability mass function (pmf) of
the random variable whose pgf is given in Equation (9) was obtained by using the fast
Fourier transform (FFT), as presented in Equation (A29). This method then uses maximum
likelihood methods to fit the empirical pmf to the approximated pmf, so that the maximum
likelihood estimators of Λ, Λm, and µ′ can be computed.

This method was included because, in many contexts, MLE methods are known to be
more accurate (and sometimes, more computationally efficient) than pgf-based estimation
methods (but, please see [24] and the references therein, which may lead to updated and
improved methods here).

In our approaches, it was assumed that there are only two possible mutation rates,
namely µ and µ′ = kµ, where the parameter k ≥ 0 is the “mutator strength” and is assumed
to be constant and known.

The above simplification aids in streamlining the computational execution; however,
any error in the estimate of k may induce bias in the estimated parameter value. Ideally, we
would like to be able to leave k as an additional parameter to be estimated. In theory, this is

https://github.com/isaacvazquez1/EstimatingMutationRates
https://github.com/isaacvazquez1/EstimatingMutationRates
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possible, but given the amount of data typically acquired from the lab, an ability to further
estimate k seems dubious. Indeed, if the lab produced enough data, it would in theory be
possible to estimate a distribution of the random variable K representing mutator strength.
These considerations serve to illustrate the constraints on the methodologies we present
owing to experimental limitations.

Both of the MLE approaches are described in detail in Appendix B.2. All of our
parameter estimation methods were developed in an R package available at https://github.
com/isaacvazquez1/EstimatingMutationRates, accessed on 31 January 2024.

3. Results
3.1. Model Reliability

We first validated the reliability of our data simulation approaches, both by com-
paring them against each other and by comparing the simulated data to the known
Luria–Delbrück distribution.

A cell population where only observable (marker) mutations are allowed, such that
no mutators or marker cells with mutator phenotypes appear, can be simulated in the
pure-birth simulation by setting µm = 0 and can also be modeled with the graphical model
(described in Appendix A.1) and the quantile function model (described in Appendix A.2),
stopping them at Equations (A5) and (A18), respectively.

For each of the final population sizes N ∈ {20,000, 40,000, 60,000, 80,000, 100,000,
200,000, 300,000, 400,000, 500,000, 600,000, 700,000, 800,000, 900,000, 1,000,000}, 100 sim-
ulations were generated by the pure-birth, graphical, and the quantile function models,
respectively. Goodness-of-fit tests were carried out to determine whether the null hypoth-
esis, H0: the datasets are drawn from the same distribution, can be rejected. Pairwise
two-sample Kolmogorov–Smirnov tests for discrete distributions [30] were performed,
as used in [25]).

As shown in Figure 2, the distributions associated with the simulations generated
by pure-birth, graphical, and quantile function models were not significantly different
(p > 0.05) for all final population sizes tested.

Moreover, histograms of the number of mutant cells reported in the datasets built by
the quantile, graphical, and pure-birth models were examined for a visual goodness-of-fit
analysis. To illustrate the case when the p-value is approximately one for all three compar-
isons, as shown in Figure 2a–c, N = 700,000 was chosen; in this case, the smallest p-value
attained was 0.9062064 (see Figure 2b). The comparison of the distributions is displayed
in Figure 2d. In contrast, to present the worst-fit case in any of the three comparisons,
N = 800,000 was chosen since the smallest p-value obtained was 0.28096 (see Figure 2b);
the comparison of the distributions can be found in Figure 2e.

Furthermore, the distribution underlying the datasets is known since the number of
mutants produced by wild-type cells has the Luria–Delbrück distribution [27] (Equation (15)).
For each dataset with a final population size N = 1,000,000, used for Figure 2, analysis using
the web tool bz-rates [31] was performed.

The bz-rates platform provides visual verification of the fitting of datasets to the Luria–
Delbrück distribution, an estimation of the mutation rate, and the 95% confidence interval
for the mutation rate. In addition, a χ2 goodness-of-fit test was performed to determine
whether the null hypothesis, H0: the dataset was drawn from a Luria–Delbrück distribution,
can be rejected.

As shown in Figure 3, it was not possible to reject the null hypothesis that the datasets
were drawn from a Luria–Delbrück distribution, with the Luria–Delbrück and dataset
distributions not being statistically different (p > 0.05); see Table 3.

https://github.com/isaacvazquez1/EstimatingMutationRates
https://github.com/isaacvazquez1/EstimatingMutationRates
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Figure 2. Statistical comparison of dataset distributions. Given a final population size N, N ∈
{20,000, 40,000, 60,000, 80,000, 100,000, 200,000, 300,000, 400,000, 500,000, 600,000, 700,000, 800,000,
900,000, 1,000,000}, 100 simulations were generated with each of the models. For the three models,
the parameters were µ = 10−7, µ′ = 0, and µm = 0; hence, only mutant cells produced by wild-type
cells were allowed. The horizontal red dashed line shows the upper bound of the rejection region
(p = 0.05) for the null hypothesis H0, which states that both datasets come from the same distribution.
A Kolmogorov–Smirnov test was performed per final population size, reporting the p-values, plotted
as open circles, associated with (a) distribution comparisons between the datasets of the pure-birth
and graphical models, (b) distribution comparisons between the datasets of the pure-birth and
quantile function models, and (c) distribution comparisons between the datasets of the graphical and
quantile function models. Additionally, given a final population size, histograms of the number of
mutant cells reported in the datasets of the quantile, graphical, and pure-birth models are displayed
in red, blue, and green, respectively. Here, (d) shows the histograms corresponding to N = 700,000
and (e) shows the histograms corresponding to N = 800,000.
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(a) (b)

(c)
Figure 3. Fitting datasets of mutants produced by wild-type cells to the Luria–Delbrück distribution.
Datasets for final population size N = 1,000,000, used for Figure 2, were used to visually verify their fit
to the Luria–Delbrück distribution. The blue dashed line shows the cumulative distribution function
associated with the Luria–Delbrück distribution, and the black dots show the empirical cumulative
distribution function associated with the dataset. (a) Fitting of the pure-birth process simulations.
(b) Fitting of the graphical model simulations. (c) Fitting of the quantile function model simulations.

Table 3. Parameter estimation analysis on bz-rates. Datasets of mutants produced by wild-type cells
in a final population size N = 1,000,000 with mutation rates µ = 10−7, µ′ = 0, and µm = 0, used for
Figure 2 were taken.

Pure-Birth Graphical Quantile Function

Estimate of µ 2.05063 × 10−7 1.841444 × 10−7 1.237306 × 10−7

Estimation error 1.05063 × 10−7 8.4144 × 10−8 2.3730 × 10−8

95% confidence interval lower
bound 1.262 × 10−7 1.098 × 10−7 6.346 × 10−8

95% confidence interval upper
bound 2.839 × 10−7 2.585 × 10−7 1.840 × 10−7

Pearson’s χ2 value 1.6333 4.1370 1.0446
p-value 0.8027 0.3877 0.9029

3.2. Reliability of Parameter Estimation

By inspection, it was noted that considering more than one growth cycle provided
no estimation improvement. Thus, we present the estimates and confidence intervals for
the first growth cycle only, obtained by three methods, described in detail in Section 3.2:
(1) bootstrap confidence interval and point estimation [32] (Chapter 13) applied to the
direct estimation of µm (direct estimations bootstrap), (2) the likelihood-based confidence
region [33] (Equation (14)) [34] applied to the maximum likelihood estimation of µm (MLE),
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and (3) the likelihood-based confidence region, where the mutator strength was fixed,
applied to the maximum likelihood estimation of µm (two-variable MLE). See Figures 4–7.

To standardize the estimation methods, given a mutation rate η ∈ {µ, µ′, µm}, we
define the interval J ∈ {I, I′, Im} as

J = [log10(η)− 2 , log10(η) + 2]. (10)

Moreover, parameter p∗ was set as 20 and since only the first growth cycle will be
considered c∗ = 1.

Three datasets were created to test the estimation methods, with r∗ = 125 replicates
for the dataset built with the pure-birth simulation and r∗ = 150 replicates for the datasets
built with the graphical and quantile function models. The first dataset was built with the
pure-birth simulation (parameters: N = 233, t f = 33, µ = 10−7, µ′ = 5 × 10−5, µm = 10−4);
the second one was built with the quantile function model (parameters: N = 233, t f = 33,
µ = 10−7, µ′ = 5 × 10−4, µm = 10−5), and the last one was built with the graphical model
(parameters: N = 233, t f = 33, µ = 10−7, µ′ = 5 × 10−5, µm = 10−6).

For the direct estimations bootstrap method, a total of 500 estimations were performed,
maintaining the dilution parameters as δB = 220/233 = 0.0001220703 for dilution due to
bottlenecks between growth cycles and δP = 0.00001 for dilution used for plating and
counting mutants.

For the MLE method, a single estimation was performed setting δB = 220/233.
Lastly, for the two-variable MLE, a single estimation was performed setting δB = 220/233,

and µ′ was taken as kµ, where k > 1 denotes that the mutator strength was chosen to be
k = 500 when the datasets built with the pure-birth simulation and graphical method were
used to perform the estimations and k = 5000 when the datasets built with the quantile
method were used to perform the estimations.

Given a dataset, a performance comparison between the three methods was conducted.
For comparisons related to the dataset built with the pure-birth simulation, the quantile
function method, and the graphical method see Tables 4–6, respectively.

Table 4. Estimates and 95% confidence intervals for a dataset built with the pure-birth simulation.
For the dataset, the following parameters were considered: N = 233, µ = 10−7, µ′ = 5 × 10−5,
and µm = 10−4.

Method Estimate of µm 95% Confidence Interval

Direct estimations
Bootstrap

1.25197 × 10−4 (1 × 10−6, 8.575959 × 10−4)

MLE 5.858058 × 10−3 (1 × 10−6, 1 × 10−2)
Two-variable

MLE
8.157906 × 10−6 (1 × 10−6, 3.434776 × 10−4)

Table 5. Estimates and 95% confidence intervals for a dataset built with the quantile function model.
For the dataset, the following parameters were considered: N = 233, t f = 33 µ = 10−7, µ′ = 5× 10−4,
and µm = 10−5.

Method Estimate of µm 95% Confidence Interval

Direct estimations
bootstrap

1.958892 × 10−4 (1 × 10−7, 1 × 10−3)

MLE 3.704046 × 10−7 (1 × 10−7, 7.416085 × 10−4)
Two-variable

MLE
2.604188 × 10−6 (1 × 10−7, 1.416185 × 10−5)
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(a)

(b)
Figure 4. Contour graph of the log-likelihood function and likelihood function, respectively. Given
the dataset built with the pure-birth simulation used for Table 4, (a) shows the log-likelihood function
log(L1), where the mutator strength was fixed (two-variable MLE), was constructed, while (b) shows

the likelihood function multiplied by the scaling factor
(

max
ω∈Ω

{L1(ω)}
)−1

. All parameters remain

unchanged except for p∗ = 150, instead of p∗ = 20, for better image resolution. The red dot shows
where the maximum of the function was attained; the blue point displays the actual mutation
rates; the region between the black curves represents the 95% confidence region.
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(a)

(b)
Figure 5. Contour graph of the log-likelihood function and likelihood function, respectively. Given
the dataset built with the quantile method used for Table 5, (a) shows the log-likelihood function
log(L1), where the mutator strength was fixed (two-variable MLE), was constructed, while (b) shows

the likelihood function multiplied by the scaling factor
(

max
ω∈Ω

{L1(ω)}
)−1

. All parameters remain

unchanged except for p∗ = 150, instead of p∗ = 20, for better image resolution. The red dot shows
where the maximum of the function was attained; the blue dot displays the actual mutation rates; the
region between the black curves represents the 95% confidence region.
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Table 6. Estimates and 95% confidence intervals for a dataset built with the graphical model. For the
dataset, the following parameters were considered: N = 233, t f = 33, µ = 10−7, µ′ = 5 × 10−5,
and µm = 1 × 10−6.

Method Estimate of µm 95% Confidence Interval

Direct estimations bootstrap 4.446193 × 10−6 (1 × 10−8, 1.165914 × 10−5)
MLE 8.652343 × 10−7 (1.874255 × 10−7, 1 × 10−4)

Two-variable MLE 1.656201 × 10−5 (2.168967 × 10−6, 9.211989 × 10−5)

(a)

(b)
Figure 6. Contour graph of the log-likelihood function and likelihood function, respectively. Given
the dataset built with the graphical method used for Table 6, (a) shows the log-likelihood function
log(L1), where the mutator strength was fixed (two-variable MLE), was constructed, while (b) shows

the likelihood function multiplied by the scaling factor
(

max
ω∈Ω

{L1(ω)}
)−1

. All parameters remain

unchanged except for p∗ = 150, instead of p∗ = 20, for better image resolution. The red dot shows
where the maximum of the function was attained; the blue dot displays the actual mutation rates; the
region between the black curves represents the 95% confidence region.
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Additionally, the consistency of the estimation methods presented herein was explored
by taking the datasets used for the tables above to perform each method, as previously
described, a total of 100 times. Replicates of estimations for the datasets used for Tables 4–6
are shown in Figures 8–10, respectively.

Table 6 led us to conjecture that the estimates obtained using the data generated with
the graphical model were the most consistent. Therefore, in Figure 7, the behavior of the
estimates of µm and the confidence intervals was studied; all the parameters were kept
except for µm, which varied, taking values of {10−9, 10−8, 10−7, 10−6, 10−5, 10−4}.
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Figure 7. Estimates of µm and the corresponding 95% confidence interval for datasets built with
the graphical model with µm varying. All model and estimation method parameters are as used in
Table 6, while µm = 10q, where q ∈ {−9,−8,−7,−6,−5,−4}. Each estimation method was applied a
single time per dataset using (a) the direct estimations bootstrap, (b) the MLE, and (c) the two-variable
MLE methods, respectively. The red dot shows the real value of µm; the mutation rate estimations are
displayed as black dots, while the respective 95% confidence interval is shown vertically.
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Figure 8. Replications of the 95% confidence interval for the dataset built with the pure-birth simula-
tion used in Table 4. A total of 100 replications were performed per estimation method, (a) replicates
using the direct estimation method, (b) replicates using the MLE method, and (c) replicates using the
two-variable MLE method. The red dashed line shows the real value of the mutation rate (µm = 10−4);
the mutation rate estimations are displayed as black dots, while their respective 95% confidence
interval is shown vertically.
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Figure 9. Cont.
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Figure 9. Replications of the 95% confidence interval for the dataset built with the quantile model
used in Table 5. A total of 100 replications were performed per estimation method, (a) replicates
using the direct estimation method, (b) replicates using the MLE method, and (c) replicates using the
two-variable MLE method. The red dashed line shows the real value of the mutation rate (µm = 10−6);
the mutation rate estimations are displayed as black dots, while their respective 95% confidence
interval is shown vertically.

Replication

9
5
%

 C
I 
o
n
 l
o
g

1
0
  
s
c
a
le

1 20 40 60 80 100

−
8

−
7

−
6

−
5

−
4

(a)

Replication

9
5
%

 C
I 
o
n
 l
o
g

1
0
  
s
c
a
le

1 20 40 60 80 100

−
8

−
7

−
6

−
5

−
4

(b)

Replication

9
5
%

 C
I 
o
n
 l
o
g

1
0
  
s
c
a
le

1 20 40 60 80 100

−
8

−
7

−
6

−
5

−
4

(c)
Figure 10. Replications of the 95% confidence interval for the dataset built with the graphical model
used in Table 6. A total of 100 replications were performed per estimation method, (a) replicates
using the direct estimation method, (b) replicates using the MLE method, and (c) replicates using the
two-variable MLE method. The red dashed line shows the real value of the mutation rate (µm = 10−6);
the mutation rate estimations are displayed as black dots, while their respective 95% confidence
interval is shown vertically.
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4. Discussion

Our results suggest that a feasible experimental protocol—a variant of the famous
Luria–Delbrück experiment—for estimating the rate of mutation to mutator phenotypes
may not be out of reach. To assess this possibility, we explored a parameter space within
which we know the relevant parameters lie. There is, however, one parameter that presents
us with a potential caveat; somewhat vexingly, this parameter is precisely the one that
we are most interested in, namely the rate of mutation to mutator. The reason for this
caveat lies in the fact that we pointed out at the very beginning of this manuscript: aside
from hand-wavy gene-counting arguments, we have little a priori knowledge of what a
range of plausible values might be for the rate of mutation to mutator. This is of course
not a problem for assessing our methods by comparison with simulation. It is a problem,
however, when assessing the practical feasibility of our proposed protocol in the lab: if
the rate of mutation-to-mutator is in fact extremely low (very doubtful, but possible),
the population sizes required for its estimation may become experimentally unfeasible.

We proposed and analyzed different numerical estimation methods for the estimation
of three different mutation rates, of which primary interest is centered on the mutation-to-
mutator phenotype, as the title of this article implies. The different methods have different
pros and cons, but estimation accuracy is similar across the different methods. Further
studies are required to optimize the methods and perhaps reach a verdict on which of the
estimation methods provides the most-accurate estimates and the greatest statistical power.
Our MLE methods can be improved upon, which directly fit the pgf’s to their empirical
counterparts. We have not yet explored some of the refinements of the later developed by
Ycart and others [24,25,35–38].

In general, the estimations provided by our methods are encouraging, yet wanting.
Regarding the direct pgf estimation methods, they tend to overestimate µm and require a
considerable amount of computational time. With respect to the MLE and the two-variable
MLE methods, they provide estimates of µm faster with comparable accuracy.

One parameter whose effect we have not explored is the bottleneck size: we only
employed a bottleneck size of 220. With this bottleneck size, we found that applying more
than one growth cycle did not yield much improvement in the estimates. It may be that
for a different bottleneck size, estimates can be improved by performing more than one
growth cycle.

The present manuscript has provided a springboard from which we hope ourselves
and others will “take the baton”, so to speak, and run with these ideas towards something
that is informative (and concretely useful to applied scientists working in infectious diseases,
oncology, etc.) under experimentally reasonable conditions. The challenges that lie ahead
are both experimental and theoretical. For example, how might we leverage the concepts of
MCMC and importance sampling to improve the accuracy of our estimates and/or require
fewer experimental data? In a context of somatic cell growth and evolution, how might
detailed-balance and Metropolis–Hastings sampling improve our forecasting and analysis
of the onset of cancer? There are many applications and many more remaining questions.
We hope, however, that the work presented here will provide both the foundation and the
motivation to explore these many avenues.
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The following abbreviations are used in this manuscript:

MLE maximum likelihood estimation
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Appendix A. Simulations

Appendix A.1. Graphical Method

Here, we describe a simple rejection method, based on a graphical representation of
mutations on a plane, that greatly reduces computation time when the final population size
is very large.

Suppose we grow a bacterial population inside a flask, where diet and space require-
ments are fulfilled for up to N cells and no cell dies. Taking N as the carrying capacity and
considering a constant per-generation growth rate r = log2 associated with each individual
in the bacterial population, we have a pure-birth process where the reproduction of each
member acts independently of the others, i.e., we have a stochastic process called the Yule
process, a continuous-time homogeneous Markov chain [39].

In this continuous-time setting, the population size reaches the carrying capacity N in
t f generations and the population grows no further. Here, as in many biological contexts,
time is measured in generations; i.e., t f ∈ R is such that 2t f = N. Additionally, let us
suppose µm is the mutation rate to mutator phenotypes and µ′ is the mutation rate of
mutator cells to the marker phenotype.

With the above assumptions, the expected number of mutations to the mutator pheno-
type occurring from the beginning of the experiment until time t f is

Nt f µm, (A1)

according to [23] (Equation (6)). Moreover, if M is a random variable modeling the number
of mutations occurring in the time interval [0, t f ], M follows a Poisson distribution by the
law of small numbers theorem [40] used as in [23], so

M ∼ Poisson(Nt f µm). (A2)

The Yule process stochastically characterizes the lineage size of cells as individuals,
e.g., see Equation (A4). This notwithstanding, our framework leads to the following simpli-
fication: bacteria as a whole population grow deterministic as an exponential function; this
is, given t ∈ [0, t f ], then ert, with r = log(N)

t f
, denotes the population size at time t.

https://github.com/isaacvazquez1/EstimatingMutationRates
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Let f : [0, t f ] → [0, 1] be the function such that

f (t) =
ert

N
. (A3)

Hence, f (t) denotes the population size at time t compared to the final population,
as a fraction.

Let C = (T, F) be a random vector, where T ∼ Uniform(0, t f ) and F ∼ Uniform(0, 1),
then C represents a cell birthed at time T with a mutation or, equivalently, a mutant cell that
appeared at time T and belongs to the fraction F of the final population. By considering
a random sample of size M from C, C1 = (T1, F1), C2 = (T2, F2), . . . , CM = (TM, FM)
and scattering them within [0, t f ]× [0, 1], we obtain feasible and not feasible mutants, since,
regarding f as a probability density function, all feasible mutations lie under the graph of
f , and disregard them otherwise.

Figure A1 shows an example of the above-described method.
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Figure A1. Graphical model for selecting feasible mutations. M ∼ Poisson(Nt f µm) mutations were
generated as random points C1, C2, . . . , CM on [0, t f ]× [0, 1]. The parameter for the final population
size was N = 233, for the wild-type mutation rate was µm = 10−7, and for the final time was

t f = log2(N) ≈ 29.89735. The graph of f (t) = 1
N exp

(
log(N)t

t f

)
(black curve) played a discriminant

role since all points below the graph of f (red points) represent actual mutations, while the rest of the
points (blue points) were disregarded.

Let Mm be the number of actual mutations from wild-type to mutator cells. With-
out loss of generality, let us suppose Ci = (Ti, Fi) is the mutant cell associated with the ith
mutation, i = 1, . . . , Mm. Let us note that each mutant cell Ci, appearing at time Ti, has
t f − Ti units of time to give rise to its clonal linage, i.e., a subpopulation of size Xi ≥ 1.
Now, in a Yule process, the clone population size that starts with j > 0 individuals, each
one with growth rate λ, has a negative binomial (NB) distribution with parameters j and
e−λt ([39] (pp. 377–378); [41] (Equation 3.15); [42]).

Therefore, Xi is a random variable such that

Xi − 1 ∼ NB
(

1, e−r(t f −Ti)
)

, ∀ i ∈ {1, . . . , Mm}, (A4)

since Xi − 1 denotes the number of cells in the linage of cell Ci, excluding the initial cell Ci.
This is due to the support of the negative binomial distribution we are computationally
working with [43] (func. rnbinom), {0, 1, 2, . . .}. When the support of this distribution is
{1, 2, . . .}, as in ([39] (pp. 377–378); [41] (Equation 3.15); [42]), Equation (A4) should be
rewritten as

Xi ∼ NB
(

1, e−r(t f −Ti)
)

, ∀ i ∈ {1, . . . , Mm}.
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Furthermore, in both cases, the total number of mutators in the population at time t f is

X =
Mm

∑
i=1

Xi. (A5)

To incorporate mutant cells with mutator phenotypes, let us suppose they appear
as the result of mutations within the mutator cells’ subpopulation. Then, mutant cells
with mutator phenotypes can appear only along the growth cycle of each mutant cell Ci,
i = 1, . . . , Mm.

Let i ∈ {1, . . . , Mm} be a fixed index. We know there are exactly Xi mutator cells
that have been raised by mutator cell Ci = (Ti, Fi), and if any mutant cell with a mutator
phenotype, i.e., a mutator cell with a marker mutation, is appearing will be in the time
interval [Ti, t f ]. Setting Xi as the carrying capacity, mutant cells with mutator phenotypes
have t f − Ti units of time to appear, which happens with frequency µ′.

Consequently, under a similar reasoning for Equation (A2), we have that the number
of mutations leading to mutant cells with mutator phenotypes is a random variable Mi
such that

Mi ∼ Poisson(Xi(t f − Ti)µ
′). (A6)

Let Ci,1 = (Ti,1, Fi,1), . . . , Ci,Mi = (Ti,Mi , Fi,Mi ), with Ti,j ∼ Uniform(0, t f − Ti) and
Fi,j ∼ Uniform(0, 1), a random sample of size Mi. Hence, each Ci,j, j ∈ {1, . . . , Mi} is
a random point on [0, Ti] × [0, 1], representing a potential mutant cell with a mutator
phenotype, i.e., a mutator cell with a marker mutation.

Analogous to Equation (A3), function fi : [0, t f − Ti] → [0, 1] defined by

fi(t) =
erit

Xi
, (A7)

with ri =
log(Xi)
t f −Ti

, plays the discriminant role for the Mi mutant cells with mutator pheno-
types, where, as before, all points except those below the graph of fi were disregarded since
they represent actual mutant cells with mutator phenotypes.

Let Mm,i be the number of actual mutant cells with mutator phenotypes that ap-
peared along the growth cycle of mutator cell Ci. Without loss of generality, let us
say Ci,1, . . . , Ci,Mm,i represent mutant cells with mutator phenotypes, then, for each j ∈
{1, . . . , Mm,i}, the mutant cell with a mutator phenotype Ci,j has t f − (Ti + Ti,j) units of
time to give rise to its offspring of size Xi,j, which, according to Equation (A4), Xi,j is a
random variable such that

Xi,j − 1 ∼ NB
(

1, e−ri(t f −Ti−Ti,j)
)

, (A8)

for every j ∈ {1, . . . , Mm,i}.
By repeating this process for each i ∈ {1, . . . , Mm}, we have that the total number of

mutators in the population at time t f is

Y =
Mm

∑
i=1

Mm,i

∑
j=1

Xi,j. (A9)

Furthermore, we can study the distribution of the numbers of mutator cells and mutant
cells with mutator phenotypes, as shown in Figure A2.

For a pseudocode description of the graphical model, see Algorithm A1.
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Algorithm A1: Graphical model pseudocode
Input:
• N: Final population size.
• µm: Mutation rate to mutator phenotypes.
• µ′: Mutation rate to mutants with mutator phenotypes.
• t f : Final time.

1 g_r= log(N)t−1
f

2 M a random sample of size one from M ∼ Poisson(Nt f µm).
3 T array of a random sample of size M from T ∼ Uniform(0, t f ).
4 P array of a random sample of size M from P ∼ Uniform(0, 1).
5 C an array of couples (T[i],P[i]) such that P[i]< N−1 exp(T[i]g_r).
6 actual_mutations number of couples in C.
7 time_difference 1×actual_mutations array.
8 Mutators 1×actual_mutations array.
9 Total_mutators= 0.

10 Total_mutant_mutators= 0.
11 for i =1 to actual_mutations by steps of 1 do
12 time_difference[i] = t f−C[1,i].
13 Mutators[i] = 1+nb, nb a a random sample of size one from

X ∼ NB(1, exp(−g_r time_difference[i])).
14 Total_mutators = Total_mutators+Mutators[i].
15 g_ri= log(Mutators[i]) (time_difference[i])−1.
16 M_i a random sample of size one from

Mi ∼ Poisson(Mutators[i] time_difference[i] µ′).
17 T_i array of a random sample of size M_i from

Ti ∼ Uniform(0, t f − time_difference[i]).
18 P_i array of a random sample of size M_i from Pi ∼ Uniform(0, 1).
19 C_i an array of couples (T_i[j],P_i[j]) such that

P_i[j]< (Mutators[i])−1 exp(T_i[j]g_ri).
20 actual_mutations_i number of couples in C_i.
21 time_difference_i 1×actual_mutations_i array.
22 Mutant_mutators 1×actual_mutations_i array.
23 Total_mutant_mutators_i= 0.
24 for j=1 to actual_mutations_i by steps of 1 do
25 time_difference_i[j] = time_difference[i]- C_i[1,j].
26 Mutant_mutators[j] = 1+nb_i, nb_i a random sample of size one from

Xi ∼ NB(1, exp(−g_ri time_difference_i[j])).
27 Total_mutant_mutators_i=Total_mutant_mutators_i+Mutant_mutators[j].

28 Total_mutant_mutators=Total_mutant_mutators+Total_mutant_mutators_i.
Output: Total_mutators; Total_mutant_mutators.
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Figure A2. One thousand simulations of graphical method. (a) Histogram of the number of mutants
on log scale and (b) histogram of the number of mutators on log scale. Given the parameters in
Figure A1 and a mutation rate to mutator phenotype µ′ = 10−5, we simulated 1000 cultures in
354 s (printing plots) and in 5 s (printing no plots) of the described method. The distributions of the
numbers of mutants and mutators were heavy-tailed, as expected.

Appendix A.2. Quantile Function Model

Let us recall that, given a function g : A → B, we say it is invertible if there exists a
function g−1 : B → A (called the inverse function of g) such that

g−1(g(a)) = a, ∀a ∈ A, and

g(g−1(b)) = b, ∀b ∈ B.

Definition A1 (Quantile function). Let F : R → [0, 1] be a cumulative distribution function.
The quantile function F− : [0, 1] → [−∞, ∞] of F is defined by

F−(x) = inf{y ∈ R : F(y) ≥ x}, (A10)

0 ≤ x ≤ 1.

Quantile functions generalize the concept of the inverse of a function g when g is
a cumulative distribution function. Now, quantile functions have a remarkable applica-
tion, often called the inversion method, which is often employed to simulate random
variables [44] (Proposition 2), as will be used in the following method.

Under the assumptions and using the notation of the graphical model, given t ∈ [0, t f ],
ert denotes the population size at time t. Then, µmert denotes the expected number of
mutant cells at time t, which, as a function, can be regarded as a probability density
function. Furthermore, let k = r/(N − 1)µm, then h : [0, t f ] → [kµm, kµmN], given by

h(t) = kµmert (A11)

is a probability density function, where its cumulative distribution function is H : [0, t f ] → [0, 1]
defined by

H(t) = kµm
ert − 1

r
. (A12)

Hence, its quantile function is H− : [0, 1] → [0, t f ] given by

H−(u) =
1
r

log
(

ur
kµm

+ 1
)

. (A13)



Axioms 2024, 13, 117 28 of 37

So, if U ∼ Uniform(0, 1), then

V =
1
r

log
(

Ur
kµm

+ 1
)

=
1
r

log(U(N − 1) + 1)
(A14)

is such that V ∼ H, by the inversion method.
Applying the inversion method as above, only actual mutations leading to mutator

phenotypes and their respective time of appearance are provided (see Figure A3). Thus,
instead of asking for the expected number of mutations, as in Equation (A1), it is sufficient
to ask for the expected number of mutators in the population, which is

Nµm. (A15)

Therefore, Equation (A2) is rewritten as

M ∼ Poisson(Nµm) (A16)

Then, we can get the time of appearance of M mutator cells by generating a random
sample from V of size M, V1, . . . , VM. Note that, with this framework, there is no need
to disregard any point. Therefore, the number of actual mutations Mm coincides with M,
which implies Equation (A4) is rewritten as

Xi − 1 ∼ NB
(

1, e−r(t f −Vi)
)

, ∀ i ∈ {1, . . . , M}, (A17)

and then, the total number of mutators in the population at time t f is

X =
M

∑
i=1

Xi. (A18)
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Figure A3. Comparison between simulated data and actual probability density function. The
parameters were the same as in Figure A1. Data for the histogram of the time of appearance of mutant
cells were simulated by the inversion method and Equation (A14). The graph of h(t) = kµmert (black
curve) was included for reference since the simulated data have distribution h.

To incorporate mutant cells with mutator phenotypes, we proceed as in Equation (A15).
For each i ∈ {1, . . . , M}, the expected number of mutants within the ith mutator’s offspring
of size Xi is Xiµ

′. As a consequence, the random variable, Mi, counting the number of
mutations leading to mutant cells with the ith mutator phenotype, is such that

Mi ∼ Poisson(Xiµ
′). (A19)
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Now, given i ∈ {1, . . . , M}, a fixed index, let ki = ri/(Xi − 1)µ′, then hi : [0, t f − Vi] →
[kiµ

′, kiµ
′Xi], defined by

hi(t) = kiµ
′erit (A20)

is the probability density function whose quantile function H−
i : [0, 1] → [0, t f − Vi] is

given by

H−
i (u) =

1
ri

log
(

uri
kiµ′ + 1

)
. (A21)

Thus, if Ui ∼ Uniform(0, 1), then

Wi =
1
ri

log
(

Uiri
kiµ′ + 1

)
=

1
ri

log(Ui(Xi − 1) + 1)
(A22)

is such that Wi ∼ Hi, where Hi(t) =
∫ t

0
hi(τ)dτ.

Let Wi,1, . . . , Wi,Mi be a random sample from Wi, then Vi + Wi,j denotes the time of
appearance of the jth mutant cell with the ith mutator phenotype. Therefore, analogous to
Equation (A17), the size of their offspring is a random variable Xi,j such that

Xi,j − 1 ∼ NB
(

1, e−ri(t f −Vi−Wi,j)
)

, ∀ j ∈ {1, . . . , Mi}. (A23)

This implies that the number of mutant cells with mutator phenotypes is

Y =
M

∑
i=1

Mi

∑
j=1

Xi,j. (A24)

For a pseudocode description of the quantile function method, refer to Algorithm A2.
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Figure A4. (a) Histogram of the number of mutants on log scale and (b) histogram of the number of
mutators on log scale. The same parameters of Figure A2 were used to simulate 1000 cultures in two
seconds using the quantile function method.

Appendix A.3. Description of the Pure-Birth Process Simulation

We started the simulation with a single individual referred to as a normal cell (neither
a mutator, nor antibiotic-resistant). In order to simulate a pure-birth process, a single
individual was chosen at random from the population to reproduce. This individual
divides into two equal daughter cells, and the mother cell is removed from the population.

At each birth event, each normal daughter cell may mutate to the antibiotic-resistant
phenotype at mutation rate µ or to the mutator phenotype at rate µm. Individuals with the
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mutator phenotype have a mutation rate that is k-times higher than the normal mutation
rate. When either mutation happens, all subsequent offspring inherit the new phenotype.

We note that the mutator phenotype does not have antibiotic resistance directly, but its
offspring can develop antibiotic resistance in the future. In particular, daughters of a
mutator cell develop antibiotic resistance with mutation rate µ′ = kµ, while daughters
of an antibiotic resistant cell become mutators at rate µm. Consequently, the population
consists of four types of individuals: normal cells, antibiotic resistant cells, mutator cells,
and individuals exhibiting both antibiotic resistance and the mutator phenotype.

Algorithm A2: Quantile function model pseudocode
Input:
• N: Final population size.
• µm: Mutation rate to mutator phenotypes.
• µ′: Mutation rate to mutants with mutator phenotypes.
• t f : Final time.

1 g_r= log(N)t−1
f

2 M a random sample of size one from M ∼ Poisson(Nµm).
3 U a random sample of size M from U ∼ Uniform(0, 1).
4 V 1×M array.
5 time_difference 1×M array.
6 Mutators 1×M array.
7 Total_mutators= 0.
8 Total_mutant_mutators= 0.
9 for i = 1 to M by steps of 1 do

10 V[i] = g_r−1 log(U[i](N − 1) + 1).
11 time_difference[i]=t f−V[i].
12 Mutators[i] = 1+nb, nb a a random sample of size one from

X ∼ NB(1, exp(−g_r time_difference[i])).
13 Total_mutators=Total_mutators+Mutators[i].
14 g_ri= log(Mutators[i]) (time_difference[i])−1.
15 M_i a random sample of size one from Mi ∼ Poisson(Mutators[i] µ′).
16 U_i a random sample of size M_i from Ui ∼ Uniform(0, 1).
17 W_i 1×M_i array.
18 time_difference_i 1×M_i array.
19 Mutant_mutators 1×M_i array.
20 Total_mutant_mutators_i= 0.
21 for j = 1 to M_i by steps of 1 do
22 time_difference_i[j] = time_difference[i]-W_i[j].
23 Mutant_mutators[j] = 1+nb_i, nb_i a random sample of size one from

Xi ∼ NB(1, exp(−g_ri time_difference_i[j])).
24 Total_mutant_mutators_i=Total_mutant_mutators_i+Mutant_mutators[j].

25 Total_mutant_mutators=Total_mutant_mutators+Total_mutant_mutators_i.
Output: Total_mutators; Total_mutant_mutators.

In summary, the simulation proceeds by choosing an individual at random to repro-
duce, removing that individual, and determining which types of daughters are added in
its place, as described above. This process is repeated until the population size reaches
the desired final size (e.g., 233). We can also simulate repeated growth phases and popu-
lation bottlenecks by randomly sampling the final population to achieve a desired initial
population size (e.g., 220) and repeating the procedure above. See Algorithms A3–A5 for a
detailed pseudocode description.
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Algorithm A3: Pure-birth simulation pseudocode

1 for ireps = 0 to nreps
// Initialize Variables.

2 NAMB[0] = Ninit; NAMB[1]=0; NAMB[2]=0; NAMB[3]=0;
// For loop for the growth phase.

3 for ireps = 0 to nreps
4 if igrowth > 0 then

// bottleneck before growing except for the first growth
phase.

5 Set bottle = 2pinit[igrowth]/Ntotal;
// For loop for random sampling of individuals.

6 for i = 0 to 3 do
7 Set NAMB[i] = Binomial(bottle, NAMB[i]);

// Compute the total population size.
8 Ntotal = NAMB[0]+NAMB[1]+NAMB[2]+NAMB[3];

// Calculate cumulative frequency of each type.
9 cumsum[0] = NAMB[0]/Ntotal;

10 for i = 1 to 2 do
11 cumsum[i] = cumsum[i-1] + NAMB[i]/Ntotal;

// While loop for growth phase, only daughters mutate.
12 while Ntotal < N do

// Choose which type reproduces based on random number.
13 if (r < cumsum[0]) then

// Normal cell reproduces.
// The mother cell is removed from the population.

14 NAMB[0] =NAMB[0]-1;
// If this random number is greater than the sum of the

mutation rates for antibiotic resistance and mutator,
a normal cell is produced.

15 if ((r2 = r/cumsum[0]) > µ + µm) then
16 NAMB[0] = NAMB[0]+1;

// If it is greater than the mutation rate for mutator,
the mutator reproduces.

17 else if (r2 > µ) then
18 NAMB[2] = NAMB[2]+1;

// Otherwise, the resistant type reproduces.
19 else
20 NAMB[1] = NAMB[1]+1;

// This process is repeated for the second daughter cell
in the same pattern.

21 if (r3 >µ + µm) then
22 NAMB[0] = NAMB[0]+1;

23 else if (r3 > µ) then
24 NAMB[2] = NAMB[2]+1;

25 else
26 NAMB[1] = NAMB[1]+1;
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Algorithm A4: Pure-birth simulation definitions
Input:
• µ = 10−7: Mutation rate from wild-type to antibiotic resistance.
• µm = 10−6: Mutation rate from wild-type to mutator.
• µ′ = 10−5: Mutation rate from mutator to antibiotic resistance.
• N = 233: Final population size.
• Ntotal: Current population size, total of all types.
• NAMB[0], NAMB[1], NAMB[2], NAMB[3]: Numbers of each of four types of

individuals including normal cells, antibiotic-resistant cells, mutator cells,
and individuals including both antibiotic-resistant and mutator phenotype
respectively.

• nreps = 1000: Number of replicate lines.
• cumsum: Cumulative frequency of each type in the population, set

cumsum[3] = 1.
• pinit = [0,20,20,20]: (see below)
• Ninit: initial population size for each growth phase, = 2pinit.
• bottle: Bottleneck sampling fraction.
• r, r2, r3: Random numbers.
• ngrowths = 4: number of growth phases.

Appendix B. Estimation Methods

In previous works dedicated to estimating the mutation rate from wild-type to mutant
cells [45–52], methodologies with high accuracy have been developed. In this study, we
relied on this literature, which is primarily based on the probability-generating function
and its empirical counterpart [53]. Additionally, we discuss the methods we developed
to estimate the mutation rate from wild-type to mutator phenotypes. The first method
implements direct fitting techniques using the least-squares method, minimizing the dis-
tance between the probability-generating function and the empirical probability-generating
function to produce the desired estimates. Meanwhile, the second method takes greater
advantage of the dilution process proposed as part of the experimental protocol, utilizing
the fast Fourier transform and maximum likelihood methods to generate the estimations.

Appendix B.1. Direct Estimations

Let X be a discrete real-valued random variable with support S, probability mass
function p(x) = P(X = x), for all x ∈ S, and let GX be the probability-generating function
of X, defined as:

GX(θ) = E
(

θX
)
= ∑

x∈S
p(x)θx. (A25)

We note that GX is defined on some region R ⊂ C and that R contains the unit disk
R0 = {θ ∈ C : |θ| ≤ 1} because, for any arbitrary and fixed complex number θ such that
|θ| ≤ 1, it holds that

∑
x∈S

|p(x)θx| ≤ ∑
x∈S

p(x) = 1.

The comparison test implies GX converges absolutely on R0, which proves the statement.
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Algorithm A5: Pure-birth simulation pseudocode, continued

// Antibiotic-Resistant cell reproduces.
27 else if r < cumsum[1] then

// The mother cell is removed from the population.
28 NAMB[1] = NAMB[1]-1;

// Both daughter cells become antibiotic-resistant.
29 if (r2 > 2 × µm × (1 − µm) + µm × µm) then
30 NAMB[1] = NAMB[1] + 2;

// Only one of them becomes antibiotic-resistant while
the other becomes a mutator.

31 else if (r2 > µm × µm) then
32 NAMB[1] = NAMB[1]+1; NAMB[3] = NAMB[3]+1;

// Otherwise, both cells become an individual exhibiting
antibiotic-resistant and mutator.

33 else
34 NAMB[3] = NAMB[3] + 2;

// Mutator cell reproduces.
35 else if r < cumsum[2] then

// The mother cell is removed from the population.
36 NAMB[2] = NAMB[2]-1;

// Both daughter cells become mutator.
37 if (r2 > 2 × µ′ × (1 − µ′) + µ′ × µ′) then
38 NAMB[2] = NAMB[2] + 2;

// Only one of them becomes mutator while the other
becomes resistant mutator.

39 else if (r2 > µ′ × µ′) then
40 NAMB[2]=NAMB[2]+1; NAMB[3]=NAMB[3]+1;

// Otherwise, both cells become resistant mutators.
41 else
42 NAMB[3] = NAMB[3] + 2;

// Otherwise both daughter cells become resistant mutators.
43 else
44 NAMB[3] = NAMB[3]+1;

45 Ntotal = Ntotal + 1;

However, when working with the Luria–Delbrück probability-generating function, it
is customary to consider the set {θ ∈ R : 0 ≤ θ ≤ 1} exclusively; i.e., the interval [0, 1]. This
is primarily due to biological considerations. Values close to zero, approaching from the
right side, reflect the effect of observing small quantities of mutant cells, while values close
to one, approaching from the left side, reflect the influence of large quantities of mutant
cells in cell cultures [24].

In works such as [24,31], the study of the probability-generating function has been
restricted to the points θ ∈ Θ, where Θ = {0.1, 0.8, 0.9}, to generate estimates of µ. However,
to estimate µm, we considered the points θ ∈ Θ∗, where Θ∗ = {0.4, 0.5, 0.6, 0.7, 0.8, 0.9}.

This choice was made because we will be using the probability-generating function
for the sum of the random variable counting the number of mutant cells produced by
wild-type cells and the one counting the number of mutant cells produced by mutator cells.
Since we expect to observe small quantities of mutant cells sporadically, considering the set
Θ∗ allowed us to reflect this framework.
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Let us assume that r∗ replicates of the experiment have been considered, each with c∗

growth cycles. Let mi ∈ Rr∗ , where i = 1, . . . , c∗, be a vector whose jth entry, j = 1, . . . , r∗,
represents the sum of the number of mutant cells produced by wild-type cells and the
number of mutant cells produced by mutator cells.

To incorporate this information into the dilution process of the experimental protocol,
let us define the vector ni ∈ Rr∗ , where i = 1, . . . , c∗, such that its jth entry, j = 1, . . . , r∗,
corresponds to a realization of the random variable Sj

Sj ∼ Binomial(mi,j, δi),

where mi,j and δi ∈ (0, 1) represent the jth entry of the vector mi and the dilution factor
considered for the ith growth cycle, respectively.

Before introducing the estimation method, we propose intervals I = [l, u], I′ = [l′, u′],
and Im = [lm, um] such that

log10(µ) ∈ I,

log10(µ
′) ∈ I′, and

log10(µm) ∈ Im.

For computational purposes, the approach above provides greater accuracy in the
estimation process.

To work with a finite number of possibilities, the intervals will be partitioned to
consider only (p∗ + 1)3 points within the set Ω := I × I′ × Im. Thus, instead of working
with the interval [a, b], where (a, b) ∈ {(l, u), (l′, u′), (lm, um)}, we will work with the set
of points {

a
(

b
a

)q/p∗

: q = 0, 1, . . . , p∗
}

⊂ [a, b]. (A26)

Let F1 : Θ∗ × Ω → R be defined as

F1(θ, ω1, ω2, ω3) = h(θ)ω1 h(h(θ)ω2)ω3 , (A27)

and let Fi : Θ∗ × Ω → R be given by

Fi(θ, ω1, ω2, ω3) = h(Fi−1(θ))
ω1 h(h(Fi−1(θ))

ω2)ω3 , (A28)

for i = 2, . . . , c∗.
In this way, the estimators p∆i, pµ′

i, and x∆mi for ∆, µ′, and ∆m in the ith growth cycle,
respectively, are those that satisfy

∑
θ∈Θ∗

(
Fi(θ, p∆i, pµ′

i, x∆mi)− Gi(θ)
)2

= min
(ω1,ω2,ω3)∈Ω

∑
θ∈Θ∗

(Fi(θ, N10ω1 , 10ω2 , N10ω3)− Gi(θ))
2,

for i = 1, . . . , c∗.

Appendix B.2. Maximum Likelihood Estimations

Applying maximum likelihood methods requires working directly with probability
mass functions. In this case, it would involve dealing with the explicit expression of the
Luria–Delbrück distribution, which admits no explicit analytic expression [33].

However, by considering the direct approach, outlined up to Equation (A28), sufficient
information is provided to recover the probability mass states of the Luria–Delbrück
distribution and implement maximum likelihood methods. This can be done by employing
the fast Fourier transform as in [54,55] (Equation (5)).
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The Luria–Delbrück distribution, in its simplest form (i.e., the Lea–Coulson formula-
tion that we employ here), has no finite moments; hence, its moment-generating function is
not analytic. Its characteristic function, on the other hand, is analytic, and it is F(eiθ). We
leveraged this fact to obtain the probability mass function defined by the inverse Fourier
transform of F(eiθ).

Let di = max
j∈{1,...,r∗}

ni,j, where ni,j is the jth entry of the vector ni, for i = 1, . . . , r∗.

In other words, di is the maximum number of mutant cells present in the ith growth cycle
after dilution.

In this way, given ω = (ω1, ω2, ω3) ∈ Ω and defining Fi(θ; ω) := Fi(θ, N10ω1 ,
10ω2 , N10ω3), the real part of the fast Fourier transform of Fi:

qFi(k) =
1
di

di−1

∑
l=0

Fi

(
2πil

di
; ω

)
exp

(
−2πilk

di

)
, (A29)

where i2 = −1, approximates the value of

pXi (k; ω) = P(Xi = k; ω), (A30)

for k = 0, 1, . . . , di, where Xi is the random variable whose probability-generating function
is Fi. In other words, Equation (A29) provides an approximation to the probability of
observing k mutants on the ith growth cycle after the dilution.

Therefore,

Li(ω) =
r∗

∏
j=1

pXi (ni,j ; ω)

denotes the likelihood function associated with the ith growth cycle.
This implies that the maximum likelihood estimators p∆∗

i , pµ′∗
i , and x∆m

∗
i for ∆, µ′,

and ∆m in the ith growth cycle, respectively, are those satisfying

Li(p∆∗
i , pµ′∗

i , x∆m
∗
i ) = max

ω∈Ω
Li(ω). (A31)
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