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Abstract: Let X, Y be two Banach spaces and f : X — Y be a standard coarse isometry. In this paper,
we first show a sufficient and necessary condition for the coarse left-inverse operator of general
Banach spaces to admit a linearly isometric right inverse. Furthermore, by using the well-known
simultaneous extension operator, we obtain an asymptotical stability result when Y is a space of
continuous functions. In addition, we also prove that every coarse left-inverse operator does admit a
linear isometric right inverse without other assumptions when Yisa L,(1 < p < o) space, or both
X and Y are finite dimensional spaces of the same dimension. Making use of the results mentioned
above, we generalize several results of isometric embeddings and give a stability result of coarse
isometries between Banach spaces.

Keywords: coarse isometry; linear isometry; C(K) space; L, space; finite dimensional space; Banach
space

MSC: 46B04; 46B20

1. Introduction

In this paper, we study the relationship between the coarse isometry and linear
isometry of Banach spaces by using the coarse left-inverse operators. Throughout this
article, we consider X and Y as real Banach spaces. We first recall the definitions of coarse
isometry and coarse left-inverse operator.

Definition 1. Let f : X — Y be a mapping. Put

{I1f (1) = f(w) || = lwy —wall[}  fors >0.

sup
wy,wEX, ||wy —ws || <s

ef(s) =

(1) f is said to be a coarse isometry if li_)m ¥ is) =0;
S—00

(2) We say that f is an e-isometry if e = SILIEO gf(s) < oo

(3) f is called an isometry if e¢(s) = 0 for all s > 0;

(4) f is called standard if f(0) = 0.

Definition 2. Let f : X — Y be a standard mapping, « > 0, and let T : Yy = Spanf (X) — X be
a bounded linear operator satisfying || T|| = 1 and

ITf(v) — o §zxsf(||v||) forall v e X. (1)

(1) T is called a coarse left-inverse operator of f if f is a coarse isometry;
(2) T is said to be an e-left-inverse operator of f if f is an e-isometry;
(3) We say that T is a Figiel operator of f if f is an isometry.
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Isometry, e-Isometry and Linear Isometry In 1932, Mzaur and Ulam [1] gave a
remarkable result which says that every standard surjective isometry f : X — Y must be
linear. Further, in 1968, Figiel [2] showed that every standard isometry f : X — Y can
admit a Figiel operator.

In 2003, Godefroy and Kalton [3] obtained a result concerning isometry and linear
isometry with the help of the Figiel operator. They proved that the Figiel operator T
has a linearly isometric right inverse if X is separable. That is, there is a linear isometry
U : X — Y satisfying TUv = v for all v € X. However, even if X is a non-separable Hilbert
space, they can construct a Banach space Y and a nonlinear isometry f : X — Y such that
no subspace of Y can be linearly isomorphic to X. This implies that there cannot exist
an isometric right inverse for T that preserves linearity. In 2015, Zhou et al. [4] obtained
a necessary and sufficient condition for the existence of linear isometric right inverses
of the Figiel operator. For more details on isometry and linear isometry, see [5-8] and
references therein.

In 1945, the concept of e-isometry was first introduced by Hyers and Ulam [9]. They
posed the following question: given two Banach spaces X,Y and a positive constant 4,
is it possible to find a surjective linear isometry U : X — Y that corresponds to every
standard surjective ¢-isometry f : X — Y, such that ||f(x) — Ux|| < ae? After the fifty
years’ efforts of many mathematicians (see, for example, [10-12]), Omladi¢ and Semrl [13]
finally answered this question in the affirmative with the sharp estimate &« = 2.

In 2013, Cheng, Dong and Zhang [14] derived a remarkable result called the weak
stability formula, which is inspired by the Figiel theorem [2] and other important results on
non-surjective e-isometries (see [15,16]). It has attracted considerable attention from many
researchers (see [5,14,17-21]); for instance, by means of the invariant mean techniques and
the weak stability formula, Cheng and Zhou [5] showed that, if Y is reflexive, then there
exists a linear isometry U : X — Y for every standard e-isometry f : X — Y. Further, by
using the e-left-inverse operators, Zhou et al. [22] investigated the connection between the
e-isometry and linear isometry of general Banach spaces.

Coarse Isometry and Linear Isometry The large perturbation function, first studied
by Lindenstrauss and Szankowski [23] in 1985, is defined as

Pr(s) = sup {|If (w1) = f(wa) || = lwy —wall|} fors >0,
w,wr€X, || f(w1)— f (wa) [ Alwr —wa|<s

and the following asymptotic stability result is obtained.

Theorem 1. (Lindenstrauss and Szankowski) Let f : X — Y be a surjective standard coarse
isometry. If
© Pr(s)
/1 2 ds < oo, (2)

then there exists a linear surjective isometry U : X — Y such that

[1f(v) = Uo[| = o([|o]])  as [[o]| = co. (€)

Meanwhile, they constructed two non-isometric uniformly convex spaces X, Y and

a coarse isometry f : X — Y with [] = %; ) ds = oo. This reveals that a coarse isometric

embedding does not imply an isometric embedding when (2) is invalid. In addition,
0 llJf( 5)

s2
even for coarse isometries of the Euclidean plane R? onto itself (see [24], on page 367).

Further, Dolinar [25] proved that Theorem 1 also holds if the condition [ > lpfs
substituted by a weaker condition

Benyamini and Lindenstrauss showed that conclusion (3) may fail when f ds = o0

ds < oois

/1m£f<>ds<oo @)

52
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This implies that, in order to establish the connection between coarse isometry and linear
isometry, the integral convergence condition (4) is essential.

In 2019, Cheng et al. [26] first gave a stability result of non-surjective coarse isometries
between uniformly convex spaces. Recently, Sun and Zhang [27] studied the relationship
between weak stability and the stability of coarse isometries of L,(1 < p < o) spaces.
Further, they also proved that the surjective assumption in Theorem 1 can be removed
when X and Y are both finite dimensional spaces with equal dimensions (see [28], on
page 1496).

In this article, we mainly study the relationship between the coarse isometry and linear
isometry of varieties of Banach spaces by using the coarse left-inverse operators. This paper
has the following structure.

In Section 2, inspired by Zhou et al. [22], we prove that the existence of linearly isomet-
ric right inverses for coarse left-inverse operators is closely related to a continuous linear
projection with respect to weak star topology under the integral convergence condition (4).
Using this result, we generalize an isometry result which was established by Zhou et al. [4]
and obtain a stability result of coarse isometries.

For a standard coarse isometry f : X — C(K), where K is a compact Hausdorff space,
in Section 3, we show that, with condition (4), if T* (Bx~) N (ext(Bc k- ) |yf) # @, then there

exist a non-empty closed subset K contained in K and a linear isometry ¢ : X — C(K)
satisfying
If@)g —g@)]l < aes(lol) for all v e X.

In addition, if K is metrizable, we obtain that E o ¢ : X — C(K) is a linear isometry and

IE(f(0)|g) — E(g())]| < ags([lo]]) for all v e X,

where E : C(K) — C(K) is a simultaneous extension operator. These results generalize
several known results in [29,30].

Let (), X, u) be a measure space. In Section 4, by means of the properties of a free
ultrafilter on N, we prove that for a standard coarse isometry f : X — Y where Y is the
Ly,(Q,%,u)(1 < p < o) space or dim X = dim Y < oo, every coarse left-inverse operator of
f corresponds to a linearly isometric right inverse. The conditions about continuous linear
projection with respect to weak star topology and (4) can be removed.

In this paper, all symbols are standard. Y denotes spanf(X) and X* is the dual space
of X; the letters Sx and By denote the unit sphere and the closed unit ball of X, respectively.
The symbol T* represents the conjugate operator of a bounded linear operator T and R (T*)
denotes the range of T*. In addition, we say that R : X* — Y* is w*-to-w* continuous if R
is continuous with respect to the weak star topology on X* and Y™.

2. Right Inverse of General Banach Spaces

In the following, we give two lemmas.

Lemma 1. Let f : X — Y be a standard coarse isometry and let T be a coarse left-inverse operator
of f. Then, T* : X* — Y is a w*-to-w* continuous linear isometry.

Proof. Given z* € Sx-, we have ||T*z*|| < 1 because of | T|| = ||T*|| = 1. On the other
hand, to each § > 0 corresponds a point xj in Sx so that (z*, xp) > 1 — 4. Due to (1), we
obtain

HTf(nxO) _
n

x| >0 as n— oo.

Then,

ez, 2y — s = e, THER) g < L) 0
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So, there exists M € N so that |(T*z*, @H > 1—0 for all n > M. This implies
IT*z*|| > 1—6. In fact, if ||T*z*|| < 1 — 4, then [(T*z*,v)| < 1— 6 for each v € By,. It
follows that there exists « > 0 such that |(T*z*, (14 a)v)| < 1— 6 foreachv € By,. Since f
is a standard coarse isometry, we have

H|f nxO |H || OH)

— 0 as n— oo. (5)

This implies that f(r;lioom) € By, (0,1+ ) for some ng > M. Then, [(T*z*, ﬂnTOOXO)H <1-¢;
this is a contradiction. Since ¢ is arbitrary, we have || T*z*|| > 1. Consequently, | T*z*|| =
1 = ||z*||. This means that T* : X* — Y* is a w*-to-w* continuous linear isometry. [J

The following lemma presents a stability result for functional equations, known
as the Hyers—-Ulam—Rassias stability, which was established by Gavruta [31]. For more
information on this topic, see [32,33] and related references.

Lemma 2. (Gdvruta) Let G be an Abelian group, Y be a Banach space and let ¢ : G x G — [0, 00)
satisfying

Z @(2kwy, 2kw,)

wl’ w2 2k+1

< oo forall wy,wy € G. (6)

If a function h : G — Y satisfies
|h(w1 +w2) — (h(wy) + h(w))|| < @(wy, wp) forall wy,w; € G,
then there is a unique additive function A : G — Y so that

[|h(u) — Aul|| < ®(u,u) forall u € G,

h(2"u)

where Au = lim —%5;

n—o0

The following results of coarse isometries are inspired by Zhou et al. [22] (Theorem 2.1).

Proposition 1. Let f : X — Y be a standard coarse isometry and let T be a coarse left-inverse
operator of f. If there is a linear isometry U : X — Yy such that TU = idx, then T*U" : Yjﬁ —

R(T*) C Y§ is a w*-to-w" continuous linear projection and | T*U*| = 1.

Proof. According to Lemma 1, T* : X* — Yf* is a w*-to-w* continuous linear isometry. It
follows that T*U* : Y}‘ — R(T*) C Y}‘ is w*-to-w* continuous with || T*U*|| = 1. Moreover,

(T*uU*)(T"U*) = T(TU)*U* = T* (idx)*U* = T*U".
Thus, T*U* is a linear projection. The proof is completed. O

Theorem 2. Let f : X — Y be a standard coarse isometry and let T be a coarse left-inverse operator
of f. If there is a w*-to-w™ continuous linear projection P : Y}k — R(T*) with ||P|| = 1 and

/.00 Ef(ZS)dS <o,
1 S

then there is a linear isometry U : X — Y such that TU = idx. Furthermore, if f is almost
surjective, i.e.,
litminfd(ty,f(X))/|t| =0 forall y €Sy, )
— 0



Axioms 2024, 13, 157

50f 15

then the above linear isometric mapping U is unique and P = T*U*. In addition, if Py, P; : Y}‘ —

R(T*) are two w*-to-w* continuous linear projections with ||Py|| = ||P2|| = 1 and Py # DP,, then
Up, # Up,.

Proof. Step I. First, we define the mapping ] : X — Y with
(v*,Jv) = (Py*, f(v)) forall v € X, y* €Y}. 8)

Indeed, since P : Y}‘ — R(T*) is a w*-to-w* continuous linear projection, (Py*, f(v)) is w*-
continuous for each v € X. This entails that Jov : Y}‘ — Ris w*-continuous. Then, Jv € Y.
On the one hand, by the definition of |, we have

I72ll = supy-ep; 1", Jo) = supyep; [Py f@NI S NFEINIPES ol +egdliel)- - ©)
On the other hand, T* is a linear isometry by Lemma 1. Then, for each z* € Bx+,

1ol = sup (" Jo)l = (T72", Jo)| = (P(T"2"), f(0))| = KT"2%, f(0))| = [{z", Tf(0))].
y*<By

f

It follows from [(z*, Tf(v) —v)| < || Tf(v) — v|| < aef(]|v]|) and the inequality above that

lJoll = sup,.cpy [z, Tf(0))] = sup,.cpy [(27,0)| —aeg(l[ol]) = [lo]] —aer([o])- (10)
By comparing (9) with (10), we obtain
[oll = aef(lloll) < [lJoll < [loll +ef([lo]]) forall ve X. (11)
Next, we prove that ] : X — Y satisfies the following functional equation
1T (w1 4+ w2) = (Jwy + Jwo) || < 2a(ef(2flwr ) +ef(2[[w2|])) forall wy,ws € X. (12)

Given each wy, w; € X, we can choose ¢ € S’{,f such that

(¢, (w1 +w2) — (Jwi + Jwz)) = ||J(w1 + w2) — (Jwy + Jwa)|-

Since T* : X* — R(T*) = P(YJ}*) is a surjective linear isometry, there exists ¢ € X* such
that T*p = P and ||| = [[Po|| < [[P|[ ¢l = 1. Because of (8), [|Tf(u) — ul| < aes([|ul)
and the increasing nature of ¢¢(s), we have

(¢, J(w1 + w2) — (Jwy + Jwz)) = (P, f(wr +w2) — (f(w1) + f(w2)))
= (T, f(w1 +wp) — (f(w1) + f(w2)))
= (¢, Tf(w1 +w2) — (Tf(w1) + Tf(w2)))
= (¢, Tf (w1 +wp) — (w1 +wp))—
(W, (Tf(w1) —w1) = (Tf(w2) — w2))
< | Tf (w1 +wa) — (w1 +w2)|| + || Tf(w1) — w]
+ [ITf(w2) — wo|
< agg([lwr +wal|) +aep([Jwr]]) +aep(wall)
< amax{es(2|w1]), ef(2flwal])} + aep([[wr]) + aep(flwall)

< 2a(ep(2f|wr]) +ef(2f|w2l]))-

Thus, (12) holds.
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Step II. We show that the limit

Uu = lim J(2"u)

n—o00 n

exists for each u € X and that U : X — Y is a linear isometry with TU = idx.

Firstly, we prove that nlgn I (i’:’u) exists for all u € X. Let

Z qD w1,2kw2)

p(wy,ws) = 20(e; 2llwi]) +ep2lwal)) and  D(wy,wz) = L

Since f s ds < oo and, for each nonzero element u € X, there exists g € N such that

00 k
oo sf /Zk“lul ef(s . er(28ul)
/ Z = Ry

k
2u] o

This implies

© ¢ (2K||u
kzof(2k+|1||)<oo forall u € X.

Qa2 Juf)
Therefore, ®(wy, wy) < coand ®(u,u) = Y, s for each u, wy, wp € X. Due to (12)
k=0

and Lemma 2, there is an additive mapping U : X — Y satisfying

_ i J(2M)
= Jim F25

and ;
& wep (2 |ul])
1

[Ju = Unl| < ®(u,u) = ¥

forall u € X. (13)

In what follows, we will prove that U is a linear isometry and TU = idx. Note that,
for each wy, wy € X,

[[Jwr = Jwa || = SUPy By, (", Jwi — Jwz)| = SUPycp,. |(Py", f(w1) = f(w2))] < [|f(w1) = f(w2)]-

Then,
. 2w My
|Uwy — Uw,|| = lim H]( 1) n]( 2) |
n—oo 2
< lim Hf(znwl) _f(znw2) H
~ n—oo on
|21 — 2wa) + (2" n — wal])
< T
s 5
= [Jwy —wa|.

This entails that U is a 1-Lipschitz mapping and then U is a continuous linear operator.
From (11),

e o 2] = ae 2 ul)

n T n—oo n

|Uul| = lim = |ju|| foreach u € X.
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Consequently, U is a linear isometry. Moreover, by means of the definition of T and |, we
obtain that, for each u € X,

U~ u] = Jim 7/

—uf

n
lim sup |(z%, T](2 4)
n*)OOZ*EB * 2

(

**]znu *
= lim sup [(T"z%, o >>—<Z u)|

o0
n— Z*EB *

Jim 177

—u)l

= lim sup [(P(T*z"), f(2”u)> — (z"u)|

nHOOZ*EBX* 2”
= gim sup (10, LE) — gz
OOZ*EB *
2w
= Jim, sup I(2" ]
z*e *
on we (2™ u
< tim TE2 ) < i 2D
n—oo0 n n—oo0 on

Then, TU = idy.
Step III. We prove that P = T*U* under the almost surjective assumption condition (7).
Giveny € Sy,, by (7), there exist {t,} C R with [t,| /* coand {v,} C X satisfying
,}g{}od(tn%f(vn))/”n‘ =0.

It follows that lim f (tv"> = y and then
n—o0 n

Yr =spanf(X) =Y. (14)

Since f is a coarse isometry and ,}ESOHf(U”)H = oo, wehave lim |y || = oo and nh_r&% =
1. Note that, for each y* € Sy}f and u € X,

((T°U = P)y™, f(u))| = [{U™y", Tf(u)) = (Py", f(u))|
(Wy", Tf(u) —w)| + {U"y", u) = (Py", f(u))|
ITfu—ull + [{y", Uu) = {y*, Ju)]
we p(flull) + U = Jull

e, e p (24 [ul])

< aeg(lul) + Y o
k=0

<
<
<

Since f o ) s < 09, the above inequality implies that

&, aep (2 oa )

(reu — pyye, L0y < el

— 0 as n — oo.
" loall [[onl = 25 ol
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Consequently,

(U — Py, y)| = Tim [((TU* — P)y, L)y,

n—sco ty

o Y A T R Ty
= fim, (MW =P D T el )
=0.

Then, T*U*y* = Py* for each y* € Syf*. Thus, P = T*U*.

Step IV. We first prove that the linear isometric mapping U : X — Y is unique. If not,
there are two linear isometries Uy, Uy : X — Yy with Uj # Up such that T*U; = P = T*Uj;.
We can find x € X with Ujx # Upx. Then, there exists y* € Y}‘ such that (y*, Ujx) #
(y*, Upx). This implies (Ujy*, x) # (U;y*, x) and then T*Ujy* # T*Ujy* since T* is a
linear isometry. This is contrary to T*U* = P = T*V*.

In addition, suppose that P, P, : YJ’I — R(T*) are two w*-to-w* continuous linear
projections with ||| = [[P,|| = 1and Py # P, then T*Up = Py # P, = T*Ujp,. This
entails that Up, #* Up, and then Up, # Up,. O

In particular, if f : X — Y is an e-isometry for some ¢ > 0, Theorem 2 also holds when
we weaken the almost surjective condition (7) to €0[f(X) U —f(X)] =Y. For the proof one
can refer to Zhou et al. (see [22], on page 756). Furthermore, if e¢(s) = 0 foralls > 0, f
is a standard isometric mapping. We obtain the following result without the surjectivity
condition (7).

Corollary 1. [4] (Theorem 2.1) Suppose that f : X — Y is a standard isometry and that T is a
Figiel operator of f.

(M IfU = X — Yy is a linear isometry with TU = idy, then T*U* : Y; — R(T*) is a
w*-to-w* continuous linear projection and | T*U*| = 1.

(2)IfP: Y}* — R(T*) is a w*-to-w* continuous linear projection with ||P|| = 1, then there
exists a unique linear isometry U : X — Yy such that

TU =idx and P=T"U".

Furthermore, if Py, P> : Yjﬁ — R(T*) are two w*-to-w* continuous linear projections with
leH = ||P2H = 1and P, # Py, then Upl #* Upz.

Proof. (1) It can be proved by Proposition 1.
(2) By the proof of Theorem 2, we just need to verify P = T*U* without the almost
surjective assumption condition (7). For each y* € Sng andv € X,

[(T°U" = P)y", f(v))| = (Uy", Tf (v)) — (Py", f(0))]
< [{Uy*, Tf(0) = o) + [{U"y", v) = (Py*, f(0))]
< |ITf(v) = ol + [y, Uv) = {y*, Jo) |
< agg([[ol]) + |Uo = Jo||

&, aep (2 o))

< ags(lol) + Y

k=0
=0.
This implies [((T*U* — P)y*,y)| = 0 forally € Yy. Thus, P = T*U*. O

This section concludes with a stability result for coarse isometries using Theorem 2.
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Theorem 3. Let f : X — Y be a standard coarse isometry with (7) and let T be a coarse left-inverse

operator of f. If
/00 ngs)ds < 0,
1 s

then there is a surjective linear isometry U : X — Y such that

| f(v) — Uv|| < oasf(||v||) forall v e X.

Proof. Firstly, we prove that T* is surjective, i.e., R(T*) = YJZ‘. Otherwise, R(T*) is a
proper w*-closed subspace of Y by Lemma 1. We choose ¢ € Sy}« \R(T*) and y € Sy,
so that

(p,y) =0 forall ¢ € R(T*) and (¢,y) > 0.

Due to (7), there exist two sequences {v,} C X and {t,} C R with lijrl |ty| = oo so that
n—o0

Ly~ f@)]
n—00 |t
This entails that lim @)l — 1. For the sequence {v, } above, let z;; € Sx- with (z;,,v,) =
n—eo |tnl n n

[lon || and let ¢, = T*z}. Then,

aeg([[onl]) = Tf(vn) —vnll = (25, 0n) — (Pn, f(vn))
>onl| = (P, f(n) — tay) — (P, tny)
>loall = [If (vn) — tayll-

[Lf (@)l

Since lim Y2/ — 1, we have lim loall — 1 Thus,
oo |onll n—soo |tn

wep(lonl) -y Ifton) ~ tayll
[[on | [[on |

Putting n — oo in the inequality above,

051 tim @) —tayl _ gy W) —tuyll

n—y00 ||vn|| n—ro0 |tn|

This is a contradiction. Then, Y; = R(T*).
LetP = idy;. Note that P : Y}‘ — Y}‘ is a w*-to-w* continuous linear projection with
| P|| = 1. By Theorem 2 and (14), there is a linear isometry U : X — Yy =Y such that

TU =idx and idy- =P = T*U".
This implies U = T~ 1. Consequently, U : X — Y is surjective and
|f(v) — Uo|| < aef(|o]]) forall ve X.
O

3. Right Inverse of Spaces of Continuous Functions

In this section, K is a compact Hausdorff space and C(K) represents the set of all
continuous functions on K with real values, equipped with the supremum norm. For each
s € K, let &5 be the point mass at t; then, (Js, ) = ¢(s) for all € C(K). We use ext(Bx) to
denote the sets of all extreme points of Bx. Note that ext(Bc(k)«) = {+0s : s € K}. Given a

topological subspace K C K and ¢ € C(K), the notion | g denotes the restriction of ¥ to K.
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First, we give a weaker condition than the existence of a continuous linear projection
with respect to the weak star topology.

Proposition 2. Suppose that f : X — C(K) is a standard coarse isometry and that T is a coarse
left-inverse operator of f. If there is a w*-to-w* continuous linear projection P : Yf* — R(T*),

then T*(Bx+) N (ext(Bc(K)*)|Yf) 7 @

Proof. Since P : Y}‘ — R(T*) is a w*-to-w* continuous linear projection, there exists a w*-
closed subspace M of Y}‘ such that T*(X*) & M = YJ’?. If T*(Bx+) N (ext(Be(k)+) |yf) =Q,it
follows from Lemma 1 that {44, |yf} C M. This entails that M = YJZ‘ by the Krein-Milman
theorem. Then, T*(X*) = {0}; this is a contradiction. O

Theorem 4. Let f : X — C(K) be a standard coarse isometry and let T be a coarse left-inverse
operator of f. If T*(Bx+) N (ext(BC(K)*)|yf) # Q@ and

/OO Ef(zs)ds < 00,
1 s

then there is a non-empty closed subset K C K and a linear isometry g : X — C(K) so that

1f(@)g = 8@ < agp(llofl) forall veX.

Proof. Since T is a coarse left-inverse operator,

sup [(x",0) —(T"x", f(v))| = sup |[(x", Tf(v) —v)| = [[Tf(v) —ol| < aes(][])

X*EBX* X*GBX*

for all v € X. Note that T*(Bx+) N (ext(BC(K)*)\yf) # @; there exist z* € Bx+, s € Kand
A € {£1} such that T*(Az*) = 55|yf. It follows that

[(Az",0) = (ds, f(0))| < aep(|[v]]) forall ve X. (15)
Let

K={teK: 3 z* € Bxs and A € {£1} so that (16)
[(Az%,0) = (&, f(v))] < aer([|v]]) for Vo € X}.

From the discussion above, we have K # @. Next, we prove that K is closed. Indeed,
for each net {t,}oep C Kwith t, — ty € K, there existanet {z}ocn C Bx+and A, € {£1}
such that

[(Aazy, ) = (O, f(0))] < aep(|[v]]) forall v e X.

Since Bx+ is w*-compact, there exist a subnet {Aﬁzz} gen’ of {Auz} }aen and zj € Bx+ such

that Aﬁzz i) z;. Therefore, for each v € X,

(20, 0) = (01, f(0))] < aeg([[0])-

Note that zj and ¢ are independent of x. This implies tg € K. Hence, K C K is closed.
Given s € K, there exist z* € By~ and A € {=£1} such that, for each w1, w, € X,

[(0s, f (w1 +w2) = (f(w1) + f(w2)))]

[(0s, f(w1 +w2)) — (Az*, w1 + wa)| + (35, f(w1)) — (Az*, w1)| + |(&s, f(w2)) — (Az*, wa)|
aeg([lwy +wal) +aes(llwr|]) + aep([Jwa])

amax{er(2[|wr]), ef(2l[wal))} + aef([lwr]]) +aer(([w2]])

20(ef(2)lwr]l) +ep(2fwal]))-

INININIA
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Thus,

| f (w1 +w2)|g — (f(w1)|g + f(w2)[R)]]
sup |(ds, f (w1 +w2) — (f (w1) + f(w2)))]

seK
< 2a(ef(2f|wr]]) +ef(2l|wz|)) forall wy,wy € X.

According to the proof of Step II in Theorem 2 and Lemma 2, we can conclude that the
function g : X — C(K), defined as

g(v) = lim fi(Z”v)\Iz

n—oo n i’

(17)

is a continuous linear operator with ||g|| < 1.

Now, we shall prove that g : X — C(K) is an isometric mapping. Let v € X; there
exists z* € Sx« such that (z*,0) = ||v]|. Due to (15), there exist s € K and A € {+1}
such that

[(Az",0) — (05, f(0))] < aeg(|[0]])-
This implies that

(27,0) = (ra, L2y < 2D
Then, |(z*,v) — (Ad;, §(v))| = 0. This implies that [|g(v)|| > |(Ad;, g(v))| = |(z*,0)| = ||o]].

Therefore, g : X — C(K) is a linear isometry.
Finally, we prove that

1f(0)lg — (@)l < aes(||0]]) forallve X.

According to (16), for each s € K, there exist z* € By and A € {41} such that
[(Az%,v) — (&5, f(0))| < ags(|[v]]) forallve X. (18)

Then,

lim [(A2",) — (8, L2y < tim o L0220

n—s00 n n—s00 on

This entails that
f(2"0) >

271

=0 forallve X.

(Az",0) = lim (4, = (05,8(0))- (19)

Combining (18) and (19), we have

1f(@)|g = g(@)|| = sup [(s, f(v) = g(v))| < ags(([o]) forallve X.

seK
O]

If f: X — C(K) is an isometry, T is a Figiel operator of f. By Theorem 2.4 in
reference [21], for each z* € By-, there exist s € Kand A € {£1} satisfying (Az*,v) =

(s, f(v)) for all v € X. This entails that all conditions of Theorem 4 are satisfied naturally

f@")[g
i

when f is a standard isometry. At the same time, the linear isometry g(v) = 1i_r>n
n—oo

is actually the restriction of f to K, that is, g(v) = f(v)|z. Then, we obtain the following
result by Theorem 4.

Corollary 2. [29] (Theorem 1.1) Let f : X — C(K) be a standard isometry. Then, there is a
non-empty closed subset K C K such that f| : X — C(K) is a linear isometry.

In the following, we recall the definition of simultaneous extension operators.
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Definition 3. Let E : C(K) — C(K) be a continuous linear operator, where K C K is a ‘non-empty
closed subset. We say that E is a simultaneous extension operator if, for every g € C(K), E(g) is
an extension of g from K to K.

Lemma 3. [24] (Theorem 1.21) Let K, K be as a@ove and assume that K is metrizable. Then, there
exists a simultaneous extension operator E : C(K) — C(K) with ||E|| = 1and E(1) = 1.

Note that the operator E in Lemma 3 is a linear isometry if K is metrizable. But
Lemma 3 is not necessarily true when K is not metrizable, see [34,35]. Then, the following
result is presented.

Theorem 5. Let K be a compact metric space. Suppose that X, f, T, K, g are as in Theorem 4, and
that E corresponds to Lemma 3. Then, E o g : X — C(K) is a linear isometry and

IE(f(0)g) = E@@)Il = [If(0)[g — g@)] < agg(|lo]]) forallve X.

From Theorem 5 and Corollary 2, the following result, established by Villa, can
be derived.

Corollary 3. [30] (Theorem 2) Assume that K is a compact metric space and that f : X — C(K) isa
standard isometry. Then, there is a non-empty closed subset K C K such that Eo (f|z) : X — C(K)
is a linear isometry.

4. Right Inverse of L, (0, Z, 1) (1 < p < o) Spaces and Finite Dimensional Spaces

In this section, we will show that every coarse left-inverse operator has a linearly
isometric right inverse without other additional conditions when target space Y is the
Ly(Q,Z, 1) (1 < p < o) space or dim X = dimY < oo, where (Q), %, ¢ is a measure space.

To begin with, we give the following lemma of L, (Q), X, i) spaces which was proved
by Sun and Zhang (see [27], on pages 10-11).

Lemma 4. [27] (Theorem 2.12) Let (Q), %, u) be a measure space. Assume that f : X —
Ly(QZ,u)(1 < p < o) is a standard coarse isometry and that for each z* € Sx- there ex-
ists ¢ € Sy« satisfying

(2", u) — (@, f(u))| = o([[ul]) as |lul| — oo. (20)
Then, there exists a linear isometry U : X — L,(Q, X, u) such that
|f(u) — Uul| = o([[ul]) as [[ul] — .
By using Lemma 4 above, the following result can be shown.

Theorem 6. Let (Q), X, ) be a measure space. Assume that f : X — Lp(Q, %, u)(1 < p < )
is a standard coarse isometry and that T is a coarse left-inverse operator of f. Then, there exists a
linear isometry U : X — Ly(Q), X, u) such that

TU = idx.
Proof. Since T is a coarse left-inverse operator of f,

sup [(z", Tf(v) —v)| = [|Tf(v) —v|| < aef(|[v]]) forallv e X.

Z*GSX*
Then, for each z* € Sx+,

(T*2% f(v)) = (2", 0)| = [(z", Tf(v) —0)| <aes([lo]]) forallve X.
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Put ¢ = T*z*. Then, ||¢| = ||z*|| = 1 by Lemma 1 and then (20) holds. By Lemma 4, we
obtain a linear isometry U : X — L,(Q), X, i) with

Uv = lim M

r—oo T

forallv € X.

Then,

ITUD — || = tim T2 _
r—00 r
o [T = o]
r—o0 |r|

wer(||ro
< lim M =0 forall veX.
r—oo |r|
O

For the case of finite dimensional spaces, we first recall some definitions of free
ultrafilters.

Definition 4. Let I be a non-empty set and let U be a family of subsets of T.

(i) We say that U is a free ultrafilter on I if the following conditions are satisfied. (1) @ & U;
(2 if A BelU, then ANBeU;(3)if BCACTandB e U, then A € U; (4) Nacy A = O;
(5)if A C T, then either A€ UorT \ A € U.

(ii) Given a topological space D, we say a mapping h : I — D is U-convergent to some w € D
and denote

limh =w,
u

if =Y (W) € U for every neighborhood W of w.
The following property is fundamental for free ultrafilters.

Proposition 3. Let I, U and D be as in Definition 4. If the topological space D is compact, then
every mapping h : I' — D is U-convergent.

For more details of free ultrafilters we refer to [36]. In what follows, we will be
interested in T’ = N.

Theorem 7. Let f : X — Y be a standard coarse isometry with dimX = dimY = m < oo
and let U be a free ultrafilter on N. Suppose that T : Yy = spanf(X) — X is a linear operator
satisfying || T|| = 1 and

liz/r{n ||T@ —el| =0 forall ke {1,2,..,m}, (21)
where {ex} ', is a basis. Then, there is a surjective linear isometry U : X — Y such that

TU = idy.

Proof. Given v € X, since f is a standard coarse isometry, we obtain

+ o]l = ||v|| asn — oo.

Hf(Zv)H < 5f(|’|77|l|||v||)
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References

This implies {@} is bounded and then {@} is relatively compact. Thus, the mapping
U: X — Y defined by

Uv = lim
u n

is an isometry. Indeed, for each v, w € X,

[1f (nv) — f (nw)|| — [[no — nw]]|

n

Er(N||O—W
< lim Al D _,
u n

e = Uzl - flo - w]]| = lim

Since X is complete, U(X) is a closed subspace of Y. According to the domain invariance
theorem, U(X) is also an open subspace of Y and then U(X) = Y. This means that U is a
surjective standard isometry and then U is linear. Combining (21) and (22), we have

TUek = e forallk € {1,2,...,111}.
Then, TU = idx. The proof is completed. [
Remark 1. Note that (21) is weaker than the condition that T is a coarse left-inverse operator of f.

Corollary 4. Let f : X — Y be a standard coarse isometry with dim X = dimY = m < oo and
let T be a coarse left-inverse operator of f. Then, there is a surjective linear isometry U : X —'Y
such that TU = idy.

5. Conclusions

Lindenstrauss and Szankowski [23] noted that a coarse isometry between infinite-
dimensional uniformly convex spaces cannot result in a linear isometry without additional
conditions. Therefore, when studying coarse isometric embeddings and linear isometric
embeddings, an additional assumption is usually made. This paper explores the rela-
tionship between coarse isometries and linear isometries of various Banach spaces under
the assumption of coarse left-inverse operators. Our conclusions generalize some well-
known isometric results, for example, see Corollary 1 ([4] Theorem 2.1), Corollary 2 ([29]
Theorem 1.1) and Corollary 3 ([30] Theorem 2).

As a future research direction, we suggest the following:

1. What is the class of coarse isometries that has a coarse left-inverse operator?

2. If f : X — Yis a coarse isometry, is there another condition that guarantees the
existence of a linear isometry from X to Y?

3.If f : X — Y is an e-isometry, does there exist an isometry from X to Y?

4. We will extend our results to the case where Y is a Bochner space.
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