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Abstract: Lie algebra plays an important role in the study of singularity theory and other fields of
sciences. Finding numerous invariants linked with isolated singularities has always been a primary
interest in the field of classification theory of isolated singularities. Any Lie algebra that characterizes
simple singularity produces a natural question. The study of properties such as to find the dimensions
of newly defined algebra is a remarkable work. Hussain, Yau and Zuo have found a new class of
Lie algebra Ly (V), k > 1, i.e., Der (My(V), M(V)) and proposed a conjecture over its dimension
S (V) for k > 0. Later, they proved it true for k up to k = 1,2, 3,4, 5. In this work, the main concern
is whether it is true for a higher value of k. According to this, we first calculate the dimension of
Lie algebra £ (V) for k = 6 and then compute the upper estimate conjecture of fewnomial isolated
singularities. Additionally, we also justify the inequality conjecture &;,1 (V) < 8 (V) for k = 6. Our
calculated results are innovative and serve as a new addition to the study of singularity theory.
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1. Introduction

Academic Editors: Zhigang Wang,

Yanlin Li, Juan De Dios Pérez and

Florin Felix Nichita they are widely used, and in physical phenomena, they arise as symmetry groups. In this
Received: 5 February 2024 regard, Brieskorn established the relationship between Lie algebras and simple singularities.
Revised: 4 March 2024 Recent studies have investigated relations between finite-dimensional solvable Lie algebras
Accepted: 7 March 2024 and isolated hypersurface singularities in complex analysis. In different areas of science
Published: 25 March 2024 and mathematics, singularities have arisen naturally. That is why singularity theory has

become the interlinking path between the various applications of mathematics with its
conclusive parts. As an example, it coordinates regular polyhedra theory and simple Lie
algebra with the optimal caustics investigations, and relates knot theory to wave fronts of
hyperbolic PDE, while it also connects commutative algebra to the theory of solid shapes.
In most problems of singularity theory, the core aim is to determine the dependence of
various physical phenomena while dealing with the geometric objects.
conditions of the Creative Commons Singularity theory has become a remarkably new subject in mathematics. Thus, as
Attribution (CC BY) license (https:// Al €xample, singularities can be considered as arising from a 3-space generic surface in
creativecommons.org/licenses/by/  OTthogonal projections, which is considered an important classical interest. In 1979, their
40/). classification was completed. Singularity theory is viewed as a recent equivalence with

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article

distributed under the terms and

Axioms 2024, 13, 216. https:/ /doi.org/10.3390/axioms13040216 https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms13040216
https://doi.org/10.3390/axioms13040216
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-5559-5951
https://orcid.org/0000-0001-8669-942X
https://doi.org/10.3390/axioms13040216
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13040216?type=check_update&version=1

Axioms 2024, 13, 216

20f13

differential calculus and it also describes its wide applicability and central position. It
began with the basic discoveries of Mather, 1970 [1]; Milnor, 1970 [2]; Brieskorn, 1971 [3];
and Yau, 1982 [4] . Currently, after the development of various new results, more and more
applications of this subject have been achieved. For example, solvable Lie algebras have not
been fully understood as compared to simple Lie algebras. Therefore, there is a pressing
need to build a connection between solvable Lie algebras and singularities. Yau and his
teammates naturally established finite-dimensional solvable Lie algebras [5,6], which have
led these findings to become fruitful in understanding solvable Lie algebras through a
geometric point of view.

The germs of holomorphic functions are widely accepted to be at the origin of C"
and 0. Naturally, the O,, can be used to identify the algebra of n indeterminate power
series. The well-known Mather-Yau theorem [7] is as follows: Let V; and V;, be two isolated
hypersurface singularities and A(V;) and A(V,) be the moduli algebras; then, (V1,0) =
(V2,0) <= A(V1) = A(V,). Yau takes into account the Lie algebras derived from the

moduli algebra A(V) := O,/ (g, a%gl, e, aay—i), where L(V) is defined as Der(A(V), A(V))
and V denotes the isolated hypersurface singularity. Lie algebra L(V) is a famous solvable
finite-dimensional algebra [5-10]. Yau's algebra of V is used in singularity theory to
distinguish L(V') from the other types of Lie algebra [11,12]. The complex analytical set
of isolated hypersurface singularities [13] and the finite set of solvable dimensional Lie
algebras (nilpotent) have many new natural connections that Hussain, Yau, Zuo, and their
research associates have discovered in recent years [14]. They have presented three distinct
methods for connecting isolated hypersurface singularities to Lie algebra. We defined this
new k-th Yau algebra in [15].

These associations are helpful in understanding the solvable Lie algebra (nilpotent)
from a geometric point of view. A substantial amount of work has been performed by
Yau and his research collaborates since the 1980s [16-22]. Let a holomorphic function
g :(C",0) — (C,0) be associated to the isolated hypersurface singularity (V,0), where its
multiplicity is denoted as mult(g). The L, (V) [23] is defined below.

Let ideal Ji(g) be generated by < ayilafgayik
1 <k < m. Then, M(V) := O,/ (g+J1(8) + -+ Jk(g)) is defined as the k-th local
algebra; Li(V) is denoted as the derivations of Lie algebras and its dimension is denoted
as 0 (V). ltis further noted that the £ (V) is the generalization of the Yau algebra. Further
details can be found in [23,24].

In [23], the sharp upper estimate and inequality conjectures are introduced in the follow-
ing pattern:

|1 <iy,---,ix <n>andmult(g) = m,

Conjecture 1 ([23]). Let & ({y]* + - +yn" = 0}) = Ix(ag,---,an), 0 < k < nand
(V,0) = {(yr,y2,- - ,yn) € C" : g(y1,y2,- - - ,yn) = 0}, (n > 2) be an isolated singularity
with weight type (wq,wy, - - - ,wn; 1). Then, 5 (V) < he(1/wy,- -+, 1/wp).

Conjecture 2 ([23]). Using the above notations, suppose that (V,0) is defined by g € Oy, n > 2.
Then
Oy (V) < o(V), k> 1.

Conjecture 1 has been proven for binomial and trinomial singularities when k =
1,2,3,4[20,23,25] and Conjecture 2 has been proven for k = 1,2, 3 [23,25].

The main results of this paper is to prove Conjectures 1 and 2 for binomial and
trinomial singularities for a particular value of k. At the end of Section 1, we list the key
findings of this work. In Section 2, related definitions and proven results are given. The
main results of this work are provided in Section 3. Moreover, in Section 3, we shall first
prove some propositions, and then, using these findings, we shall prove the main theorems.
The key findings of this paper is as follows.
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Theorem 1. For (V,0) = {(y1,y2, - ,yn) € C" :]/i61 +otyy =0 (n>2 0, >7,1<
j<n)

— n

— [ J(a; —6).

I=1

now
56(V) = hglar, -+ an) = 3 2
j=1 %

Theorem 2. For binomial singularity (V,0) defined by g(y1,Yy2), a weighted homogeneous polyno-
mial with mult(g) > 8, and weight type (w1, wy; 1),

1
1 1 2 =72 1
V) < he(—, —) = ! [T(— -
P0(V) < el ) 1:21%1—61=1(wf ?

Theorem 3. For binomial singularity (V,0) defined by g(y1,Yy2), a weighted homogeneous polyno-
mial with mult(g) > 8, and weight type (w1, wy; 1),

d6(V) < d5(V).

Theorem 4. For feunomial singularity (V,0) defined by g(y1,Y2,Y3), a weighted homogeneous
polynomial with mult(g) > 8, and weight type (wy, wy, w3; 1), then

— 3
]‘[ %—6).

]:1 )

B~

3
%(V) < hé(w*1 ;

S‘H

Theorem 5. For trinomial singularity (V,0) defined by g(y1,y2,y3), a weighted homogeneous
polynomial with mult(g) > 8, and weight type (wy, wy, w3; 1), then

d6(V) < d5(V).

2. Preliminaries

In this section, we shall give definitions and important results that are helpful in
solving the problem.

Definition 1. Let f(xy,---,x,) be a complex polynomial and V.= {f = 0} be a germ of an
isolated hypersurface singularity at the origin in C". Let AK(V) = O,/ (f, m*](f)),1 <k <n
be a moduli algebra. Then, Der(AX(V'), AX(V')) is defined as the derivation Lie algebra L*(V'). The
AK(V) is the dimension of derivation Lie algebra L¥(V).

It is noted that when k = 0, the derivation Lie algebra is called Yau algebra.

Proposition 1. Analytically, the series of Type A, Type B, and Type C is the homogeneous fewnomial
isolated singularity g having mult(g) > 3, as follows:

Type Aiyy' +35° + -+ yZ” Sy =1,

Type B: y{'ya + y52y3 + - +yn TYntyn, n>2,

Type C:yy'y2 +¥5°y3 + - Y, A Yn + Yy, > 2.

Corollary 1. Analytically, the series A, B, and C is the homogeneous fewnomial isolated binomial
singularity g having mult(g) > 3, as follows:

A: yl y ,
B: y}( v2 +y§ /
C: vy + Yy

Proposition 2 ([26]). Analytically, g(y1,y2,y3) , mult(g) > 3 is

Typel: yi' + 5 + 3
Type 2: yy'y2 + Y52ys + y3°,
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Type 3: yglyz +ay§‘2ys“+ Y3y,
Type 4: y}j +¥5° + yf’}/l,a
Type 5: y1'y2 + ¥oy1 + Y3
3. Proof of Theorems

Before proceeding to the proof of main theorems, first, we will prove some propositions.

Proposition 3. For (V 0) defined by g = yi' +y2 + - +yu" (ay > 8,1 =1,2,--- ,n) with
weight type (1 1),

al’ﬁéz ’an

n R n
Q; 7

(a7 — 6).
1

Proof. Let [T/, (a; — 6) be the dimension of moduli algebra M¢(V) and monomial basis
to be in the form

{l/lfylzz Y 0<h <a;—7,0<bL<ay—7,-,0<1l, <ay—7},

with the following relations:

4116

Y1 =0y,

0626

=0,y =0,y =0, (1)
This implies

a1 —7 =7 ay—7

- L Z YAl Ry =12, n

ll O 12 ln—O
Using (1), we may determine a derivation of Mg (V) as
Wty ty =00 S <02 =7,0< I3 <037, ,0< y San =7,

2 .
all/O/ZS//“'/ln :O/O§11§a1_7/0§l3§“3_7//0<li’l§al’l_7/
o, =060 <1 =7,0<h <ap =7, ,0< Iy <y —7;

O sty 0 =060 <a;=7,0<b<ap—7,,0< g <ayq—7.

The derivation bases are of the form

Yy oy, 1< < —7,0<h<a-7,0<l3<az—7,---,0<l, <ay—7;

ylllylzz Yy, 0< L <y —71<h<ar—70<lb<az—7---,0<I, <ay—7

YiyR -y, 0<h <a—7,0<h<ay—71<l3<a3—7,0<I <ay—7,
0<Ils<a5—-7,0<lg<ag—7,---,0<, <@, —7

yl]]ylzz yl’laﬂ/0<ll<a1 7/0§l2§042_710313§0‘3_7/zlglngan_7

This implies
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Remark 1. For weighted isolated homogeneous fewnomial singularity (V,0) of Type A, defined by
g =y + 52 (a1 > 8, ap > 8) with weight type (%, a%; 1), Proposition 3 implies that

56(V) = 2mq0p — 13(0(1 + 062) + 84.

Proposition 4. For isolated binomial singularity (V,0) of Type B, defined by ¢ = ytlxlyz + y”f
(a1 > 7, ay > 8) with weight type (=2, L:1),

wyay ” ap’

06(V) = 2a1ap — 13(ay + ap) + 87.
For mult(g) > 8,

20102
2a10y — 13(aq + ap) + 87 < 12— 13(
Ny — 1 Ny —

0610621 + 062) + 84.

Proof. Let aqap — 6(a1 + a3) + 37 be the dimension of

Me(V) = Cl{y1,y2}/ (Syryavivavr Syavayavayar Syrvavayayar Syivrvayavar Syvavivayar Syiyiviviyz)

and monomial basis to be in the form

(1y3.0<h <a1—70<h <ap— 7y °} )
This implies that
061770(2—7 . /) . 6
N1 — .
Dy] - ZZ 12 a;l,lzyllyZZ +all’¢1—6,0y11 s 1= 1’2'
1=0 =0

The basis of L¢(V) is
Y1 Sh <@ =70 b <ar =7 yin0<h<a-71<hb<a—7
v ouy oy 9.
We thus obtain the following formula
06(V) = 2aqap — 13(aq + ap) + 87.
Finally we need to show that

Zala%
Ny — 1

X162

20900 — 13(ay +ap) + 87 <
Ny — 1

+ap) + 84. 3)

— 13

After solving (3), we have a1 (ay — 10) + ap(ag —6) +6 > 0. O

Proposition 5. For isolated binomial singularity (V,0) of Type C , defined by ¢ = y{'v2 + y52y1
(a1 > 7,ap > 7) with weight type ( L ot S 1),

letX271 4 alazfl’

56(V) = 20900 — 13(aq + ) +90; a7 > 8,0 > 8
6 T oap—3; &1 =700 >7.
For mult(g) > 8,

2(aqapy —1)?
(a1 —1)(az — 1)

ap+oap—2

2 -1 < e =
N0 3(ag +ap)+90 < (0 =1 —1)

—13(agap — 1)( ) + 84.
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Proof. The moduli algebra has the dimension aja; — 6(aq + aq) + 38. The monomial ba-
sis of

Ms(V) = Cly1, 2}/ @y Syavavayayar 8y1yayayayar yivivayayar §yrvivivayar Sy1viviviya)

is in the form

{y’fylf,o <h<u—-70<bL<ar— 7;y’i‘1*6;y§‘2*6}. 4)
This implies that
0617704277 . I I . 6 . 6
®1— Ny — .
Dyj= ) ). & LYY e _eoV1 T R0a,—6YyS s i=1,2.
=0 l,=0

The derivation bases are of the form
Yiy21<h <a —7,0< L <ar—7y1y30,0 < <ay—7,1<h <ap—7;

T TP TP Vu e AP i SYRVAL R WAV 8

This implies that
06(V) = 2aq0p — 13(a1 + a2) +90.

For a; = 7,4 > 7, we obtain L¢(V) as
1 —
Y232, 1 < I < ay — 6,52 %91, 11915 192
Next, we will prove that

2(aap — 1)?
(a1 = 1) (a2 — 1)

ap +oap—2

2 -1 < e =
) 3(061 + 062) +90 < (041 — 1)([)‘2 — 1)

—13(aqap — 1)( )+84. (5)

After solving (5), we have

w103 (w2 —5) (1 — 5) — a1 (a2 — 8)] + &3 + 4afaz + 1043 (a1 — 6) + 6142 (a; — 6)
+303 (@ — 6) + maz (@ — 6) + 1541 +2(az — 6) > 0.

Similarly, Conjecture 1 holds true fora; = 7,a > 7. O

Remark 2. For fewnomial surface isolated singularity (V,0) of type 1, defined by g = y1* + 5% +
11 1

yg‘3 (aq > 8,20 > 8,03 > 8) with weight type (ﬂ’ VAT 1), from Proposition 3, we obtain

36(V) = 3aqapas + 120(aq + ap + a3) — 19(wqa + 2103 + apaz) — 756.

Proposition 6. For fewnomial surface isolated singularity (V,0) of type 2, defined by § =

Y12 Fv2ys +y3d (v > 7,00 > 7,03 > 8) with weight type (%, 0;32;31, ,%3;1),

(56(V> = +1200r, — 807; w >7,00 > 8,03 >8

Baqopag — 19(aqan + aqas + apez) + 124(aq + az)
200003 — 901 — 11z +47; a >7,00=7,03 > 8.
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For oy > 7,09 > 8, a3 > 8, we need to prove the following inequality:

Bayaoas — 19(wqap + aqas + apas) + 124(aq + az) + 1200, — 807 <

30(10(%0(% 19( altx%a% aloczzx% oczucg )
(1 —0(3-1—062063)(&3—1) (1—0(34—0(2&3)(0(3 —1) 1—a3+any az—1
4 120(- M1%2%3 4285 4 43) — 756.

1—a3+ara3 az—1

Proof. The moduli algebra has the dimension ajaa3 — 6(aqan + aqas + apas) + 37(aqg +
a3) + 360y — 228. The monomial basis of Mg(V) is in the form

{y?ylzzyé?,o <Lh<a—-70<Lb<a-70<3<a3 —7;y’i‘1_6yl33,0 <Bh<az—7;

yiyR 0 < <ay -7}

This implies that

061770627706377 Lol LX177 ! 6 06377 ! 6
- i 1,023 i 1,43~ i 3,01~
Dyj=3% ) ). & Y1 Y2 Y3 + ). X 0as—-6Y1Y3 T Y Oy —60Y3Y1
1,=0 l,=0 3=0 =0 13=0
i=1,2,3.

The derivation bases are of the form

yiyyba, 1< <y —7,0< L <ap—7,0<l3 < a3 =7y 550, 0< 3 <az—7,
y§2’7y§?81, 1< <az— 7;]/11]/32*681, 0<h <a—-7,

Yiy2yBa, 0< 1l <ay—7,1<l <ay—7,0<l3 <az -7y Cy59,, 0< I3 <az—7,
y’fy"z‘z’éaz, 0<h <wa— 7;ylfy§3*782, 1<h<a-7,

yiyyBa;, 0< 1l <ay—7,0<h <ap—7,1<l3<az—7,yy% %3, 0<h <a; -7,

y'i”iéyé%g, 1<Il3<a3—7.
We obtain
06(V) = Baqapag — 19(aqa0 + aqoes + apaz) + 124(aq + az) + 120a — 807.
For ay > 7,ap = 7,3 > 8, we obtain the following bases:
YL 1 <h < =60 <k <ay—7yiyad1, 0<h <oy =7,

yilyzaz, 0<h <ag— 7;ylfy§3_782, 1< <ay—6
YiyRas, 0< 1l <y —6,1<I3<az -7y, 0< 1) <ay—7.

We obtain
56(‘/) = 2003 — 9 — 11ag 4 47.

For oy > 7,7 > 8,3 > 8, we need to prove the following inequality:

Bayoons — 19(aqan + ayas + apaz) + 124(aq + a) + 120ap — 807 <

3ajadad 19( a3 w03 w03 )
(1—ag +apas)(ag —1) (1—a3+ass)(as—1) 1—ag+apes ag—1
+120(— 17223 1285 4 ws) — 756.

1—a3+aras  az—1
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After simplification, we obtain

(a1 —5)3 (a2 — 7)az + (a2 — 6)aya3( (a3 — 5) (a1 —7) + (a2 — 5) (a3 — 5)) + a2 (3a3 — 6) (a1 —
5) 4+ as(aqg —4) +6 > 0.

Similarly, one can prove that for a1 > 7,0, = 7, a3 > 8, Conjecture 1 holds true. O

Proposition 7. For isolated fewnomial surface singularity (V,0) of type 3 defined by § = y{'y2 +
V2y3 +ytyr (e > 7,00 > 7,43 > 7) with weight type

1—as3+ara3 1—a1+aqa3 1—0(2+0é1062.1

( 1+ajaonz * 1+ageony ~ 1+ ajaons
Baqapas + 124(aq + ap + az) — 19(wgan + aqas + apaz)
—831,‘ 151 2 8, 1% Z 8,0(3 Z 8
56(‘/) = 20003 — 11y — 93 + 51; w =700 >80a3>7
201003 — 9 — 11ag + 51; wy >7,00=7,03>7
20100 — 11y — 9 + 51; w1 > 8,00 >8,a3=7

Assuming that oy > 8,0y > 8,3 > 8, then we need to prove following inequality:

Baqopag + 124 (g + ap + a3) — 19(aqan + aqag + apag) — 831

< 3(1 + 0610(20(3)3 20( 1+ aqapas 14+ aqapas 1+ aqapas
~ (1—as+axe3)(1—aq +aqa3) (1 — an + aqa0) 1—was+apay  1—a;+waz 1—ap+ajap
(1+ ayaa3)? (1+ ajaa3)? (1+ aqap03)?

— 756.

~19 + +
( (1—a3+agas)(1 —ag +age3)  (1—ay +agas)(l—ax+ajap) (1 — a3 +aa3)(1 —an +agan)

Proof. Let (xjap03 — 6(aqap + a3 + apes) + 37(aq + ap + az) — 234) be the dimension of
Ms5(V) and the monomial basis to be in the form

(yRyB,0<h <oy —7:0< b <ap—7,0< s <as— 7y CyB,0< s <z —7;

vy 0 < h <a— 7Yy 0,0 < I < ap — 7).

This implies that
a—7a=70a3—7 G-7 -7
Dy] = Z Z Z “;1,12,13]/111%17-2]/33 + “51#2—6,0}/]11]/02‘276 + Z “261—6,0,13]/?176]/23
1,=0 =0 I3=0 =0 =
=7
+ Y a3y i =1,2,3.
I,=0

The derivation bases are of the form

YiYEYE, 1<h <a —7,0<h <ay—7,0< 13 <as—Zy5y5 *91, 0<h <a—7,
v Y50, 1<l <as—Zyyy 001, 0 <l e — Ty 50, 0< < a7,
yilylfyéfaz, 0<h<a1—=71<bh<a—-70<3<a3— 7;_1/3‘1_6%,332, 0<3<az -7,
y’fy”z‘z’ﬁaz, 0<h<a -7 yllly§3_7az, 1<l <a;— 7;y122y§3_682, 0<h<ar—7,
WYBY505, 0< i <ay—7,0< b <ap—7,1<l3 <37 yy %05, 0< Iy <oy 7,

v Ty30, 1S h <wm = Tiy3ys %05, 0 h <aa = 7iyy ysds, 0< <z 7.

Therefore, we have

36(V) = Baqapas + 124(aq + ap + a3) — 19(aqa0 + 203 + apez) — 831.
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In the case of a1 = 7, 2> > 8,x3 > 7, we obtain the bases as
y§2’7yl3381, 1<l <a3— 6;y1yl3331, 0<l3<a3z—7 y§276a1;y§37632/
1592, 0 < I3 <z — 795> C0y5y500, 1< b < —7,0< 3 <a3—6,
Y3y503, 0<h <ap—7,1 <13 < a3 —6,y19503, 0 < I3 < a3 — 75> 0.
Therefore, we have
56(V) = 20p03 — 11ay — 93 + 51.
Similarly, we can obtain bases for a; > 8,4 > 8,a3 =7and a1 > 7,00 = 7,03 > 7.
For oy > 8,y > 8,3 > 8, we need to prove following inequality:
Baqopag + 124 (g + ap + a3) — 19(aqan + aqag + apag) — 851
< 3(1 + 0(10621)(3)3 n 120( 1+ aqapas 14 aqapas 14+ aqapa3
T (1—a3+apas)(1 —ag +aqa3) (1 — ap + aqap) 1—a3+aras  1—a;+ajaz3 1 —ap+ajar
_19( (1+ aqape3)? N (1+ aaoa3)? . (1+ aqapn3)? ) — 756,
(1 —a3+ae3)(1 —ag +age3)  (1—ag +agas)(l—ax+agap) (1 —a3+a3)(1 —az +agan)

After simplification, we obtain

4(myay 4 apas + aqaz) + g (ao — 7) +ap(az —7) +az(ag — 7) + 4a3[wo(az — 7) + az(ag — 7)]
+ 3a3[ay (a3 — 6) + az(ay — 7)] + 5a3[ar (ar — 7) + ap(ag — 6)] +2(aF + ad + a3) + 3(adar+
was + zxgle) + 2020303 + 5(a10303 4+ ajaoal) + 2a3anas + ayaps[2a; — 11] + a%aZag(%—
7)(ag — 7) + aad(as — 7) (a1ap — 7) + adanad(as + apy — 8) + 3aqaad(wy — 7) + adadaz(az—
7) (a1 — 6) + afad(a; — 7)(aza3 — 6) + adasnz(ay — 7) + afadaz(ag — 6 + (a3 — 7)) + ayadas
(g — 7) (a1 — 6) + w303 (ay — 7) (a3 — 7) +12 > 0.

Similarly, using Conjecture 1, we can prove for a1, a3 > 7,00 = 7,01 > 8,00 > 8,03 =7
andag =7,ap > 8,03 >7. O

Proposition 8. For isolated fewnomial surface singularity (V,0) of type 4, defined by ¢ =
Y Y52+ Y5y (g > 8 a0 > 8,43 > 7) with weight type (=, L, 2-1,1),

ay’ ap’ wps’

J6(V) = 3aqapas + 12401 + 120(ap + ag) — 19(aqap + aqag + apaz) — 781.

Assuming that mult(g) > 8, we need to prove the following inequality:

30(%0(10(3
3wqapns + 12401 + 120(062 + 0(3) — 19(0(10(2 + a3 + 0(2063) —781 < ﬁ + 120(0(1 + ar+
5 —
2
o3 N3 K503
—19 —=— 4+ —=—) —756.
0(2—1) (“1a2+062—1+0(2—1)

Proof. Let (aqapn3 — 6(xqan + aqas + apas) + 36(an + a3) + 3781 — 222) be the dimension
of Mg(V) and the monomial basis be in the form

WyBy2,0<h <ay -70<h<ay—70<I3 <a3— 7y yS %0 <, <ay —7}.
This implies that
w—70r—7 a3—7 w—7

o i Il I3 i I, a3—6 . _
Dyj= 3, Y. Y &, ,n,¥lV505 + ), % 0ae¥i¥s =123
1,=0 [,=0 13=0 1, =0
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The derivation bases are of the form

hob | I s
YiyRyso1, 1<h < —7,0<Lh <a,—7,0<I3 <az—7yly; %91, 1<h <a;—7,
YIY2Y50, 1< <t —71<hb <ay—7,0<l5<az—7Zylyy %9, 0<h <ay—7,
ylzzyl;az, 1<hb<a-70<<az— 7,ylfy”2‘2_783, 0<h<a;—7

yiybyss, 0<h <ay—7,0<h <ar—7,1 <l <az— 7,y %5, 0< <ay—7.
Therefore, we have
36(V) = 3aqapag + 12401 + 120(ap + a3) — 19(aqap + aqa3 + apag) — 781.

Next, we also need to show that when a7 > 8, > 8,43 > 7, then

Ba%a1a3

Baqopag + 12401 + 120(ap + a3) — 19(aqan + aqag + apaz) — 781 < =T +120(a7 + ap +
2
2245 ) — 19(ayag + T2 4+ 255) — 756.

/x271 0(271

From the above inequality, we obtain

a3 (200 — 12)
Ny — 7

6a3 LY [z (a3 — 6) +7]

> 0.
0(2—6 062—6

+ apoz + az(ay —5) +
O

Proposition 9. For isolated fewnomial surface singularity (V,0) of type 5 defined by ¢ = y{'y2 +
Vo1 + 5 (g > 7,00 > 7,03 > 8) with weight type ( w1 -l L.1),

wqp—17 aqoap—17 a3’

Baqopag + 120(g + ap) + 1283 — 19(aqap + aqa3 + apaz)
56(V) = —806; 151 Z 8, 1%) 2 8,063 Z 8
2003 — 130y — 8z + 53; w0 =700 27,03 28

Assuming that a1 > 8,ay > 8, a3 > 8, then we need to prove the following inequality:

Baqapas + 120(aq + an) + 1283 — 19(aqap + aqa3 + apaz) — 806

< Baz(aar — 1)? (aq0 — 1)? az(wap —1)  ag(wgap — 1))
~ (ap—1)(w1 — 1) (ap — 1) (a7 — 1) wp—1 ay—1

— 756.

K1y — 1 K1y —

1
P P +a3) — 19(

+120(

Proof. Let ajapng — 6(aqap + aqaz + apag) + 36(aq + ap) + 3843 — 228 be the number of
dimension of Mg(V) and the monomial basis be in the form
(35,0 <h <1 —70<h < —-70< B <as— 7y *y5,0<h <az—7;

ygz—6yl33,0 < l3 § N3 — 7}.
This implies that

061770(2—7063—7 1)63—7 .

063—7

o i I, b I3 i a1 —6_ I3 i ay—6_ I3

Dy] - 2 2 2 lxll,lz,l?,yl yz y?) + Z DC(X1*6,O,l3yl y3 + 2 ao,ﬂ2*6,l3y2 y3’
11=0 1,=0 I3=0 I3=0 I3=0

i=1,23.
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The derivation bases are of the form

AP0 1<h <a—7,0<h <m—70< 1k <uas =7 550, 0< b <w—7,
Y5 Y501, 0<ls <as—7;y5> y5dr, 0< 13 <a3—7,

y?ylzzyé-aaz, 0<h<m—-71<b<a—-70<I3<az— 7?]/36176]/{3382' Osh=<az—7,
Y5 Y500, 0< s <as—7yy' Y50, 0< 13 <a3—7,

ViyvEy30s, 0<h <a —7,0<h <ar—71<l <as— 7y 0505, 1<l <az—7,

y”z‘réy?ag, 1<l3<az—7.
Therefore, we have
36(V) = Baqapag + 120(g + ap) + 128a3 — 19(aqap + 143 + apaz) — 806.
For g =7,y > 7,&3 > 8, we obtain the following bases:

VY302, 1<h <ay =70 <l <as =7y 3oy, 0< s <as—7,
Y301, 0 < b < a3 =705 Y3, 0< 13 < a3 -7,
ylzzyl;aB/ 0<h<a,—-71<I3<a3— 7;y1yé3azr 0<lh<az—7,
yiy59s, 1<l < az —7.
We have
d6(V) = 2moa3 — 13ap — 8ag + 53.

Next, we need to show that when a7 > 8,4, > 8,a3 > 8, then

3uz(agap — 1)

(a2 —1)(ag — 1)
(aq00 —1)? az(agap — 1) n w3 (agap — 1)

(062—1)(0(1—1) 061—1 062—1

Baqapes + 120(aq + ap) + 1283 — 19(aqap + aqas + apag) — 806 <

N1y — 1 N1y — 1
120 —-19
+ (ocz—l + w1 +a3) (

) — 756.

After simplification, we obtain

a1(ay = 7)(az — 6) (a3 + (v1 — 5)az (w2 — 7)az) + a5 (a3 — 6) (az — 5) + a5aq + 4oy (@ — 6)
+ 4o (061 — 6) + 40(3(0(1 — 5) + 120900 + 140103 + Sapog + 2200 + a1 ap (0(1 — 6)

+ (&1 — 5)062(062 — 6)(063 — 5) -+ (D(] — 6)(0(3 — 7) +22>0.

Similarly, for a1 = 7,42 > 7,a3 > 8, Conjecture 1 also holds true. O

Proof of Theorem 1. The proof of Theorem 1 is the consequence of Proposition 3. O

Proof of Theorem 2. Propositions 4 and 5 and Remark 1 imply Theorem 2 as a
corollary. O

Proof of Theorem 3. Propositions 4-6 and Remark 3 of [23], along with Remark 1 and
Propositions 4 and 5, imply that the inequality d¢(V) < d5(V) holds true for binomial
singularities. O

Proof of Theorem 4. Theorem 4 is the consequence of Remark 2 and Propositions 6-9. [

Proof of Theorem 5. Propositions 6-9 and Remark 4 of [23], along with Remark 2 and
Propositions 6-9, imply that the inequality Js(V) < 65(V) holds true for trinomial
singularities. [
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4. Conclusions

Finding the dimension of an algebra is critical for studying its applications. This work
is the partial proof of the conjecture over dimensions & (V) of k-th Yau Algebra. First of all,
we determine the general formula for the dimension of fewnomial isolated singularities
for L¢(V) in Proposition 3. Then, this result determines the formulas for the weighted
binomial isolated singularities of all the three types listed in Corollary 1 for Propositions 2,
4, and 5. Then, using the general formula for the dimension d¢(V') of L¢(V'), we determine
the formulas for weighted binomial isolated singularities of Propositions 6-9 of all the
five types listed in Proposition 2. Based on all these findings and the dimension of £5(V)
determined in our previous work [27]: we prove the inequality conjecture J¢ (V') < d5(V)
for binomial and trinomial isolated singularities in Theorems 3 and 5.
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