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Abstract: The paper reveals some remarkable form-invariance features of the ‘Jacobi-reference’ ca-
nonical Sturm-Liouville equation (CSLE) in the particular case of the density function with the sim-
ple pole at the origin. It is proven that the CSLE under consideration preserves its form under the
two second-order Darboux—Crum transformations (DCTs) with the seed functions represented by
specially chosen pairs of “basic’ quasi-rational solutions (q-RSs), i.e., such that their analytical con-
tinuations do not have zeros in the complex plane. It is proven that both transformations generally
either increase or decrease by 2 the exponent difference (ExpDiff) for the mentioned pole while
keeping two other parameters unchanged. The change is more complicated in the latter case if the
ExpDiff for the pole of the original CSLE at the origin is smaller than 2. It was observed that the
DCTs in question do not preserve bound energy levels according to the conventional supersym-
metry (SUSY) rules. To understand this anomaly, we split the DCT in question into the two sequen-
tial Darboux deformations of the Liouville potentials associated with the CSLEs of our interest. We
found that the first Darboux transformation turns the initial CSLE into the Heun equation written
in the canonical form while the second transformation brings us back to the canonical form of the
hypergeometric equation. It is shown that the first of these transformations necessarily places the
mentioned ExpDiff into the limit-circle (LC) range and then the second transformation keeps the
pole within the LC region, violating the conventional prescriptions of SUSY quantum mechanics.

Keywords: rational Sturm-Liouville equation; Liouville transformation; classical Jacobi polynomials;
form invariance; shape invariance; SUSY partners

MSC: 34B24

1. Introduction

Half a century ago, the author [1] constructed the two families of “implicit’ potentials
exactly solvable in terms of hypergeometric or confluent hypergeometric functions. Below
we refer to them as Jacobi-reference (JRef) and Laguerre-reference (LRef) potentials ac-
cordingly, keeping in mind that they are quantized via classical Jacobi and classical La-
guerre polynomials, respectively, with degree-dependent indices.

The cited paper was later used by Cooper et al. [2] to demonstrate that the Darboux
transformation (DT) using the nodeless eigenfunction as the transformation function (TF)
converts the JRef potential into a completely different rational function referred to by us
[3-5] simply as ‘CGK potential’. This illustration implied that the exactly solvable poten-
tial discovered in [1] is not shape-invariant, contrary to Gendenshtein’s [6] renowned as-
sertion that any exactly solvable potential must be shape-invariant. A thorough examina-
tion of the rational formulas derived in [2] revealed [3] that the ground-energy eigenfunc-
tion has the ‘basic” form
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which assures that its analytical continuation into the complex plane remains finite at any
regular point of the JRef canonical Sturm-Liouville equation (CSLE) where the subscript
0 indicates that the corresponding ‘quasi-rational’ [7] solution (q-RS) is composed of the
Jacobi polynomial of degree 0. In following our early study [8] on DTs of centrifugal-bar-
rier potentials (published long before the birth of the supersymmetric (SUSY) quantum
mechanics [9-11]), we found it convenient to identify the four possible types of basic so-
lutions (1) by the letters t = a, b, ¢, and d; namely, the labels a and b are used to identify
principal Frobenius solutions (PFSs) near the lower and upper ends of the quantization
interval [0, 1], whereas the g-RS of type d diverges near both singular endpoints (types I,
II, and III in Quesne’s terms [12]). Alternatively, we will specify the type of the given g-
RSs by the double indices

t-=a,—-+=b,++=¢,——=d

specifying signs of the exponent parameters At () and A;.t (. For our purposes, a cer-

tain advantage of the four-letter labeling comes from the fact that two q-RSs formed by
Jacobi polynomials with an identical positive degree m may be of the same type if the
Sturm-Liouville problem in question has less than m-1 eigenvalues. In this case, we mark
the q-RSs in the second sequence (not starting from one of the basic solutions) by prime.
For example, it will be shown in Section 2 that, in addition to the eigenfunctions, the radial
potential of our current interest has the distinguished pairs of q-RSs vanishing at the
origin which are labeled by us as |a,m) and |a’,m), with the sequence |a,m) starting
from the basic solution |a,0).

It was originally proven in [3] and then more scrupulously analyzed in [13] that the
ground-energy eigenfunction |c,0) of the JRef CSLE is accompanied by three other basic
solutions |a,0), | b,0), and |d,0) if the polynomial numerator of the density function

Thlzzr]
1Pz Ty ] =—S= >0 @
4z°(1-2)
the so-called [3-5] ‘tangent polynomial” (TP),
T[z;zr]=a3(z— 21 1z —2T:2) ©)

with Zy :=2z71,1,21,7, has a positive discriminant. Excluding the simple-pole density

function [14]

1
z|]=—>0 (0<z<l 4
1P02] 22(—2) ( ) (4)
associated with the Darboux/P&schl-Teller potential [15,16], we (for the reasons explained
in [13]) define the TP leading coefficient via the condition

T,[LZr]=1. )

Concurrently with [2], Rudyak and Zakhariev published their pioneering study [17]
on the so-called [18] ‘generalized” DTs of the generic CSLE, which (for the reasons ex-
plained in Section 5) are referred to below as the Liouville-Darboux transformations
(LDTs). Our analysis [3] of Rudyak and Zakhariev’s reciprocal formula for the TF of the
companion intertwining operator
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then revealed that the resultant rational CSLE (RCSLE) may have new poles only at TP
zeros. Since the TP degree cannot exceed 2, the rational DT (RDT) of the JRef CSLE using
each of the basic solutions (1) as its TF generally leads to the Fuchsian RCSLEs with five
regular singular points (including infinity). Their common remarkable feature (compared
with the general case examined in [19,20]) is that the eigenfunctions of the RCSLEs con-
structed in such a way are expressible in terms of finite sequences of polynomials referred
to by us as ‘Jacobi-seed” (JS) Heine polynomials, though it is worth mentioning that the
coefficient functions of the first derivative in the corresponding Fuchsian equations gen-
erally depend on the polynomial degree (in contrast with the standard definition of Heine
polynomials [21-23]).

If the TP has a zero at one and only one regular point of the JRef CSLE outside the
quantization interval [0, 1], then the constructed quartet of solvable RCSLEs turns into the
quartet of Heun equations written in the normal form [24] such that the associated poten-
tials of Heun class [25] are quantized by polynomials. Since at least one of the ‘exponent
parameters’ [24] depends on the polynomial degree, the given polynomial solutions of the
Heun equation are not the Heun polynomials in the conventional sense [26,27].

There are three types of TPs which fall into this category:

(i) Second-degree TP with one zero at the origin (radial JRef potential [28-34]);
(ii) Linear TP (LTP) [3,9];
(iii) Double-root TP (DRtTP) with zero discriminant [35,36].

In Ishkhanyan’s classification scheme [37], the corresponding Liouville potentials
represent the Lemieux-Bose potentials [38] of types (1, 1/2, -1/2), (1, 1, -1/2), and (1, 1, -1)
with 7] =1, Zp =0 under some additional constraints allowing one to express the ei-

genfunctions in terms of polynomial solutions of the Heun equation.

Since the TP discriminants for the instances (i) and (ii) are positive, there are four
basic solutions in both cases. However, as already proven for the radial Heun-reference
(HRef) potentials in [34] and explicitly demonstrated below for the LTP with a negative
zero, this quartet of exactly solvable HRef potentials can be split into sibling pairs such
that the potentials in each pair are interrelated by two sequential LDTs. As a consequence,
we have only two sibling Lemieux—Bose potentials for both instances (i) and (ii).

On the other hand, each of the two exponents specifying the basic solutions (1) is
determined by roots of the cubic polynomials for the DRtTP [36], contrary to the general
case [13] with each exponent determined by one of the four real roots of the corresponding
quartic equations. (It has been proven in [13] that there is a unique way to relate each root
of one quartic equation to the corresponding root of the second equation.) As a result,
there are only three basic solutions for the instance (iii), and therefore, the quartet of the
sibling SUSY partners solvable by polynomial solutions of the Heun equation collapses
into a triplet.

The main purpose of this paper is to demonstrate that the double shape invariance
of the Liouville potentials associated with the instances (i) and (ii) is the intrinsic feature
of the given CSLE rather than the potential itself. It is a natural extension of our approach
[39] to translationally shape-invariant (TSI) potentials of groups A and B [40], where we
introduced the concept of the translationally form-invariant (TFI) rational CSLEs
(RCSLEs). In the particular case of the JRef CSLE, the TPs in question have the following
form:

Tlzak:;kK-k]=z5@z-D8" k=K =0,1,2). %)

It was demonstrated that the two TSI potentials, namely, Morse and hyperbolic
Poschl-Teller (h-PT) potentials, can be alternatively included either in Group A or Group
B depending on the choice of the TFI CSLE for their rational representation. Specifically,
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the h-PT potential can be included either in Group B or Group A by choosing k=K =1
[1] or alternatively (k =1, K =2) performing the Liouville transformation [41-44] of the

CSLE with single-pole density (4) on the infinite interval [1, «), as originally suggested in
[45,46] and then broadly adopted in the physical literature in following the renowned re-
view [47] by Cooper et al. and their textbook [48].

In Section 2, we extend our results for the radial JRef potential [33] to the instance (ii)
by extending the corresponding JRef CSLE to the positive semi-axis. Depending on the
location of the TP zero

zp(k)=1-1/x (8)

outside of the interval [0, 1],
zp(k)>1 if k<0 or zp(x)<0 if O0<k<1
and the density function

1p(z:K) = ——————>0 ©

remains positive either on the interval (-, 1) or on the positive semi-axis (0, *).

It has been demonstrated in [33] that there are four infinite sequences of q-RSs un-
ambiguously specified by the roots of two quadratic equations with positive discrimi-
nants. The range of the definition for these q-RSs is now extended to the infinite intervals
(=e0, 0) and (1, <°).

In Section 3, we again group the four basic solutions into the two pairs chosen in such
a way that the two solutions from the given pair are specified by the roots of the same
quadratic equation. We then use the paired basic solutions as seed functions for the sec-
ond-order Darboux-Crum [49] transformation (DCT) making use of Schnizer and Leeb’s
general formula [18,50] for the Darboux—Crum transforms (DC8s) of the generic CSLE. It
was proven that the only effect of both second-order DCTs on the JRef CSLE is either the
increase or decrease in the exponent difference (ExpDiff) for the pole at the origin by 2.

It is worth mentioning in this connection that the reference to Krein's paper [51] in
[17,50] was obviously an overkill. The distinction between the Crum Wronskian (CW) [49]
and the Krein determinant (KD) [51] arises only for the CW of more than two seed func-
tions, and Leeb never discussed the solutions of the ‘double-step” SLEs which indeed re-
quire the computation of the CW of three seed functions.

To our knowledge, the rigorous extension of the notion of the KDs to the theory of
the DCS8s of CSLEs was first formulated in our works [52,53]. It was shown that the CW of
seed solutions of a CSLE and the corresponding KD differ by either a half-integer or inte-
ger power of the density function. As expected, this factor disappears for the Schrodinger
equation since the density function is identically equal to 1. The distinctive feature of the
KDs is that they, in contrast with the CWs, are formed only by the seed functions and their
first derivatives. In Section 3, we explicitly replace the CW of three seed functions with the
corresponding KD to avoid the computation of the second derivative of the hypergeomet-
ric series under consideration.

After the CWs of three seed functions have been replaced with the KDs, the DC8s of
the principal Frobenius solution (PFS) can be represented as the first-order differential
expressions for the hypergeometric series in question. In Section 3, we explicitly confirm
these differential expressions using the renowned contiguous formulas for hypergeomet-
ric functions. While our analysis of these differential equations in [33] was focused mostly
on the DCT increasing the ExpDiff for the pole at the origin, here we treat both DCTs in a
parallel way as far as the ExpDiff in question is larger than 2. On the other hand, if its
value is smaller than 2, then the DCT generally decreasing the ExpDiff by 2 converts the
given PFS into a non-principal FS of the transformed CSLE. This anomaly constitutes one
of the most interesting results of this paper.
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In Section 4, we formulate the Dirichlet problem with the boundary conditions im-
posed at the ends of the finite interval [0, 1] and show that the DCT decreasing the ExpDiff
by 2 does not preserve the existent energy spectrum if the value of the ExpDiff is smaller
than 2, in violation of the conventional rules of SUSY quantum mechanics [47,48].

In Section 5, we decompose the second-order DCTs under consideration into two se-
quential LDTs and then examine the action of the first LDT on the JRef CSLE. It is proven
that (as stated above) these LDTs result in the four Heun equations written in their canon-
ical form. It turns out that each CSLE constructed in such a way also preserves its form
under two sequential LDTs and, as a result, the quartet of HRef CSLEs can be split into
the two pairs such that the CSLEs in each pair differ only by the values of the ExpDiff for
the pole at the origin.

In Section 6, we finally reveal the source of the mentioned anomaly for smaller-than-
2 values of the mentioned ExpDiff. It is shown that the LDTs of our interest either decrease
or increase this ExpDiff by 1. If the value of the ExpDiff lies between 1 and 2 (i.e., if the
pole of the initial JRef CSLE at the origin is the limit point (LP) singularity), then the LDT
decreasing the ExpDiff by 1 brings the ExpDiff of our interest into the limit circle (LC)
region of the HRef CSLE, while keeping it within the LC region if the original value of this
ExpDiff is smaller than 1. As a result, the pole of the resultant HRef CSLE at the origin is
necessarily within the LC region. The second LDT then keeps this pole within the LC re-
gion. On the other hand, it has been proven by the author in a separate article [53] that the
LDTs keeping the ExpDiff within the LC range violate the conventional rules of SUSY
quantum mechanics (see [14,54] for more examples). As a direct consequence of this anom-
aly, the second-order DCT in question brings us to the JRef CSLE with a completely dif-
ferent energy spectrum if the initial value of the ExpDiff under consideration is smaller
than 2.

2. Radical Formulas for Energies of q-RSs in Special Case of Density Function with
Simple Pole at Origin

Regardless of the choice of the density function, the reference polynomial fraction
(RefPF) of the JRef CSLE [13]

2

d

d_2+ IIO[Z;}\’O’HO]+818(Z;K) 19[z 510,105 K;€] =0 (10)
z

has the following common form:

2 2
1-2%g n 1 " Ho

4221 -2) 4(1-2)% 4z(1-2)

11°023 20, 101 = (11)
Here, the energy measurement point is chosen via the requirement that the charac-
teristic exponents (ChExps) for the pole of CSLE (10) at z =1 are both real iff € <0. In this
paper, we restrict our discussion solely to the JRef CSLE with the density function (9).
It is crucial that the TP of our interest vanishes at z = 0 and, as a result, the ExpDiff
for the pole of the CSLE at the origin becomes energy-independent. Setting

1 (=
81zn 2=z 23D g 2EHD (12)

and restricting our analysis solely to negative energies, we can represent the correspond-
ing Frobenius solutions (FSs) near the poles at 0 and 1 for an arbitrary negative energy ¢
as
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1CDE)_L[Z§)V0aHo;K;8] = S[Z;J_rko,—\/__g]x

Flot( g o3 16 —V=8),B(FAg Lo k=€ )1 £ 4o 7] (13)
(-1<z<0or0<z<1)

and
IQ%[Z;KO,MO;K;S] = 8[2;—7»0,i\/—_8]><

Flo(—Ag» o K EV=8) B(Agtos ks E— ;1 24 —g;1-2] (14
(0<z<lorlcz<2)

respectively. By definition, a(A,[;%K;E) and B(A,p,;Kk;E) are two roots of the in-

dicial equation

X2+ Z+DX+ V(A +Z+1) —p2(ng:xE2) =0 (15)

with
|E[=4/e] (16)

and
u(uO;KEZ):: ug+KEZ 17)

standing for the ExpDiff for the pole of the CSLE at infinity; i.e., by definition,

oA, Bos K E)+B(A,pgssE) =A +E +1. (18)
Also [1]
B(h o3 5E) = a(hllg; K3E) = Pko; KEZ) > 0 (19)
Combining (18) and (19) gives
(b osGE) = VITA+ B +1-p(pgs k)], (20)
_ _ —2
BOhboisE) = VAT +E+1+ p(ngikE)] @1

and therefore,

ahpoi B Bhpoi ki E) = V[ +E+ D2 —p?(ueikEh)]  (22)

in agreement with (15).
If

(Fho,Hos KB4 ym) =—M (23)

then both FSs (13) and (14) at the energies

€t,u,m = "2F y.m (24)

become quasi-rational:
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+r . o + . c1e]- . =
1®0 [Z37\’O9“‘O’K’ 8+,U,m] = 1(I)U’m[z,7\,O,MO,K] = S[Z,iko,d_ho,m]x
(25)
F[—m,iko+Ei’0,m+m+l;lik0;z],

where m stands for an arbitrary nonnegative integer and the index L =+ will be specified
below.
Making use of (18.5.7) in [24],

(-D)™Mm!

(1)

Fl-mA+ZE+m+1LA+1z]= Pr(nE’}“)(2Z—1), (26)

we can then represent the g-RSs in question as

(-D™Mm!
(1£20)

Combining (18)—(20) and (23), we come to the following pair of the quadratic equa-
tions:

+ - © s Fho)
I(I)U,m[Z; Ao Ho3K]= 8[z; £k, -:i,o,m]Pm Hom ° (2z-1) (27)

[Zi om £ho +2m+112 =2 + Kai’ojm 28)

Setting E+ y, m =Ay,m(Fho,Ho;K) and re-writing the quadratic equations (28)
in the standard form
(1-x) k%’m (Fho o3 K) +2(Fho +2m + DAy m (Fhg,HosK) +

(29)

(+ho +2m+1)%2 —p2 =0

we find that their roots are given by the radical formulas
Jov.m (el 3 K) = [u% Am (koK) —X—Zm—l]/(l—K) (L=1) (30)
with the positive discriminant
A (Fhgubio; k) =4[k 2m + 1+ 40)% +(1— 1) ] @31)
for 0SK<1

We therefore proved the following:

Theorem 1. CSLE (10) with the density function (9) has four infinite sequences of g-RSs (29)
unambiguously specified by roots (30) of two quadratic equations (29), if the corresponding TP has
a negative root (0 < x <1).

On the contrary, all four sequences of the q-RSs (27) are finite if the non-zero TP root
is larger than 1 (x < 0); namely, the number of the g-RSs in each pair of the sequences
(A ==%Ay) isequalto

Miax =| 1= 1/ K10 - 15 (122,0)] (32)

Since both quadratic equations (29) have positive leading coefficients, we conclude
that each equation has two real roots of the opposite sign iff

0<2m<py—»Ay-—1. (33)
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Below, we refer to the q-RSs (27) simply as |+,u,m) with the label v specifying the
sign of the Jacobi index (30) as far as the polynomial degrees restricted by the constraint
(33). This is the range of the polynomial degrees where the type of the g-RS can be unam-
biguously specified by the label t = a, b, ¢, or d mentioned in the Introduction. (In partic-
ular, this is true for the quartet of the basic solutions |t,0) assuming that the potential has
the discrete energy spectrum.) For larger m values, the q-RSs |++,m) diverge at z=1, and
therefore, we mark them as |a’,m). Similarly, if each quadratic equation has a positive free
ter,m then the g-RSs |—+m) diverge at both 0 and 1, and therefore, we refer to them as
|d’,m).

3. Double-Step Form Invariance of JRef CSLE (10)

Let us now consider the double-step DCT using a pair of basic seed functions

— +
190,002 E00, 21 v 0]= 1¢U,0[Z§ AosHosK]

(34)
Iz %i%xo -z |%+%x0’0(ﬂo,uo;1<) .
The RefPF for the transformed CSLE
d2
— + %[z k0 Hos k| £,+,0;%,— 0]+ &1 oz Ty ]
dz (35)
19[Z ;10,105 T €[ £,+,0;£,—-,0]1 =0
can be represented in the standard way [18]
1°1Z; A0, o3 K| £+, 052, —,0] = I°[Z3 £ Ao, o 1+
ld A : 36
2 1p[Z, K]i 1W[Za 05“05](] ( )
S N Y
where
A EVMTIEN VAT EVTIEN BT EVMTISN (37)

Substituting (34) into (37) shows that the Wronskian of the selected pair of the basic
solutions is given by the simple formula

A_ o o3 K) =2y oA o3 K) )
2(z-1) (38)
l¢+,0[z; 7\'9 Hos K] 1¢—,0[Z; 7\‘9 Hos K],

WIZ A, ngs 6] =

which represents the core of our derivation. Combining it with the general formula for the
derivative of the Wronskian of two solutions of the generic CSLE

. 1¢+,0[Z§7¥,H03K] 1¢—,0[Z§7%H0;K]
1 Wz o3 k] =
oo o0 (39)
104 0lz 0 nm05x] 19 glzi ks posx]

= [8+,o(l, HosK)-€_ (A, uo;K)] 1012 6] x
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19+,0[z5 A nos k] 19— o[z 4, 103 K] (40)

one can represent the logarithmic derivative of Wronskian (38) as

k[z—z7(x)]

1d W[z M, o3 K] =[Ay oAy 13 60)+A_ o(A o3 K)]
2z(z—-1)

(41)

where we also made use of (24) to express the energy difference in terms of the ExpDiffs
for the pole at z=1:

0,0 (Ao, HpiK) = e v 0 (Mo, M3 K) = _xlz)’o(iko,uo;'{) (42)

By definition, A o (A,pn,;Kk) aretwo roots of quadratic Equation (29) with £,
replaced by A, and therefore,

2(h+1
A0 koi )+ Ao (Rsbosio) = (K—l) (43)

We can consequently re-write (41) as

A+1 » Z—ZT(K)

d{W[z;\, 13 K] =
W[z posx] zr(x) z(z-1)

(44)

Consequently,

A+1 1 z-zr(k) z-zp(k)

21(0) | 2z=1) 22z-1) 2z-1)>

ld \W[z; ), 155K] = (45)

Representing the second summand in (36) in the rational form

d Id IW[Z;iA‘O’“O;K] :21;11 IW[Z'i}\IQ MO.K]

2 [iplzl <
= fiplz
- (46)
—ld 1 plz;x]ld \W[z; £ Xy, Lg; K],

taking into account that

1 1 2
ld ;K) = ———
IE(Z ©) z—z7(x) z z-1 (47)

and substituting (44), (45), and (47) into the right-hand side of (46) then gives
142,

P[z3hg, o3 | £,4,0:5,—,01 = 11°[23 A0, Mo 1+ —
z°(z-1)

(48)
=11z ko £ 2, 10 I-

Note that representing the summand (46) in its rational form makes the derivation
applicable for the whole real axis, in contrast with [33], where our analysis was artificially
restricted to the finite interval 0 <z < 1. This modification of the arguments also helped the
author to eliminate an erroneous shift [33] in the energy measurement point for the trans-
formed potential in the original version of (48).
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Note that the DCT decreasing the ExpDiff for the pole at the origin in general changes
itfor2—- A, if0< A, <2.Thisresultsin the anomaly which makes the latter region very

special. We shall come back to the discussion of this anomaly in the next section.
We thus proved the following;:

Theorem 2. Putting aside the mentioned anomaly, the DCTs using the pairs of the basic seed
functions *,+,0 and *,—,0 preserve the form of the given [Ref CSLE while changing by 2 the
ExpDiff for its pole at the origin.

The derived Formula (48) constitutes the cornerstone of this paper. It allows us to
assert that the DCTs in question generate the first-order differential expressions in the
space of hypergeometric series provided that the CWs [49] are replaced by the correspond-
ing KDs [51] as outlined in the Introduction. In the next section, we directly confirm these
expressions taking advantage of the renowned contiguous relations.

4. Dirichlet Problem for the Finite Quantization Interval [0, 1]

Our next step is to investigate the spectral problem for the SLE defined on the finite
interval (0, 1). The analysis of the supplementary spectral problems on the infinite inter-
vals (-0, 0) and (1, =) was postponed for a separate publication. As outlined in Section 7
below, the Liouville transformation on the finite interval results in the Schrédinger equa-
tion with the radial potential [28-31,54] while its counterparts on the infinite intervals lead
to the Schrodinger equation with the LTP potential on the line [3,13].

To formulate the Sturm-Liouville problem of our interest we introduce the so-called [53]
‘prime’” SLE

d d
—Plzl———alzko.nol+e 1 WMz k] W[z ko, uosk56] =0 (49)
dz dz =

By definition, it is obtained from the JRef CSLE (10) by the gauge transformation

_1
Wlz; kg, Hos K3E] =P A[Z]‘D[Z;xoa“m'{;s] (50)

chosen in such a way that the ChExps of the Frobenius solutions of SLE (49) near each
singular endpoint have exactly the same absolute value but opposite signs. Note that the
weight function for SLE (49) has the form

Wizl =1 plz k]plz] (51)

regardless of the particular choice of the leading coefficient function @[z]. In our case,
we choose [5,53]

@lz]=z(1-2z). (52)
It has been demonstrated in [5] that the free term
1 1
Zihos o l=—[2z]1°[z; Mg, g ]+ — + ———
Alziko.pol=—@lz] "z ko 1o l+ -2 (53)

has the simple poles in the finite plane, and therefore, the corresponding indicial equa-
tions do not have linear terms. The latter requirement ensures [5] that the sum of the
ChExps for both singular ends of the interval (0, 1) is equal to 0, as asserted.

We thus affirm that the PFSs in question are unambiguously selected by the Dirichlet
boundary conditions (DBCs):

lim W y[z;Ay;Tg;e]=0 (£ =0,1). (54)
z—>1{
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One of the advantages of formulating the spectral problem in such a form is that we
can automatically adopt the rigorous theorems proven in [55] for the generic SLE solved
under the DBCs.

Prime SLE (49) has two infinite sequences of quasi-rational PFSs near the origin:

1Wa,mlZ oo K1i= (W2 [z, Ho3 K]

_n\n 1 /= = =9)
_ D m m’zék"(l—z)é“t"m P(“+"’m’7‘°)(2z—l)
(1420) "

and

Nt 1 /= = by
lwi,m[z;ko,uomhmz@“’|1—z|/2 rorm pConme o) o, 1) (s6)

(1+ko>m

An examination of the linear term of the quadratic equation (29) specifying the PFSs
near the origin reveals that the positive root exists iff the given quadratic polynomial has
a negative free term, i.e., the infinite sequence (56) is composed of the eigenfunctions

WenlZihostos k1= (Wi n[Z ko, Mo k] for n<npax (57)

and
1Wa' mlZ oo Mo K= 1WE mlZ Ao, Hos K] for m > npay, (58)

with
Nmax =| (o —ho —1D/2]. (59)

Let us now apply the second-order DCTs discussed in Section 3 to the PFS in the pair
(13). Making use of Schulze-Halberg’s [56] general formula for solutions of the generic
CSLE undergoing an arbitrary DCT, we can represent the DC8s of the PFS marked by a
superscript ‘+" in {13) as follows:

19 [2: )0, 103 K€ | £,+,0,%,—,0] =

60
W{ 04 o[z 0 tos k] 10— 02 Mabtoi k] 1@ [z ko Hosiie]} )
1212;x]1 W[z A, 103 ]
Converting the CW to the KD gives
W{040[2 Aobigi K] 10— o[22, ko3 K], 1D [2: 0, 105 k58] =
(61)

—1o[z 1 X[z, 1o 18],

where
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1 X[z, 1 K €] =

1940022, 103 K] 19— o[22 13 K] 1Dz 00,1051 €]
194,0[z2 o3 K] 19— o[z o3 K] 120, o5 K]
£+00 03190104 0B o3 K] & 0(hbigs )10 0[B A ko3 K] €1 D[Z A0, s K E]
62)
= 19+,0[z2, 1o K] 10 0[Z A, ho3 K] X
1 1 19[Z; g5 Mo K; €]
ld194, 00 1o5x]  ld1d_plzhpgix]  1P[ZAg, o3 K;E]
=2 (hobioi) =32 )(bo3) 810 houHoiiE]
Note that the density function disappeared from the denominator of the fraction
Klz;tA 3K
1D[Z3 00, o3 Ks8| £+, 0;£,—,0] = (2500, Hoi 2] (63)

IW[Z; * }\'09 Mo K]

This is one of the additional advantages of the KD representation compared with the
Crum formula. It directly follows from (38) and (62) that fraction (63) does not have a pole
at the TP zero zp (k) as expected from the fact that RefPF (36) is regular at this point.

Making use of (38) and introducing the first-order differential operator

2
DA pyK5e) = z(z-1)
1 :M s Iy
Bhoborisc) A0 (hsbio319) =y 0 (s o3 )
I 1 Cll (64)
19+ 0lzhHoik] 19— o[z tho.poik]
S NS B SN CRUSIO B

we can represent the solution (63) of RCSLE (35) as follows:
-1
1P0[2: A, Mo K5€ | 1, 4,0, -, 01 =2 1D{ho, 1os k5 8) 1Pg[Z A, o K3E] (65)
Let us formally represent the solution (60) as

12 (0 -1 12 (—J-€+1
ol i 6| 4,055, 0] 2/ 240 D 1 2OV,
1Folz kg, g Ks€| +,+,0,1,—,0]  (0<z<]1),

(66)

where
1Folzihglos K€ | £,4,0;%,—,0]:= D {XO,MO;K;—J—_a}x
Fla(hg,tos 65—~ —€),B(hg, Moi 5 ——€ iAo +1;2]  (0<z<1),

with the corresponding first-order differential operators defined as follows:

(67)



Axioms 2024, 13, 273

13 of 26

1D6 {XO,HO;K;E}:z

1 0 |
- d (68)
z Ay, 0(ho,HosK) 1 :+2(Z_1)d_
z
_}bi,OO‘O’HO;K) 2o +1)/(1-x) _=2
and
100 {hosHos kG E} =
1 0 .
= d (69)
= 7\4-}-,0(_)\40,“0,]()2 Z EZ+2(Z—1) 7\'0+Zd_
z
_xi,O(_}‘O’“OQK) 2(1-2g)/ (1-1x) _g2

bearing in mind that
Ay obos )+ A oA ko3 k) =2(A+1)/ (k=1). (70)

We will refer to functions (67) and to the first-order differential operator (68) or (69)
as the "‘Darboux—Crum—Krein transforms’ (DCK3s) of the hypergeometric functions and
as the ‘DCK’ generators, respectively.

Theorem 3. DCK generators (68) or (69) respectively increase or decrease by 1 the first two pa-
rameters of the hypergeometric function on the right-hand side of (66) while respectively increasing
or decreasing by 2 the third parameter.

Proof of Theorem 3. Let us first present the explicit expressions for the coefficient func-
tions of the DCK generators (68) and (69). Namely, again taking into account that we deal
with the two roots (30) of quadratic Equation (29), coupled with (17), one finds

(1—K)1D6{x,uo;K;a}=zAz<E;x,uO;K)+4(x+1>z(1—z)j— 1)
yA
and
_ _ _ d
(1-x) 1Dy {ko,uo;K;:}= A2(~5;_7“0sH02K)+4(1_7‘0)(1_Z)(}”0 +Zaj> (72)

where the quadratic polynomial in = is defined as follows:

A (B3 ko) = (1=10)[E=hy oA o IX[E=A_ oA, po; )] (73)

=% (no:kEH) ~ (E+2+ D2 (74)
Making use of (18) and (22) with A = A, gives
A2 (Eshg,Ho3K) = —40(hg, Hos K E) PR, Mos K5 E) (75)

On the other hand, setting A = —A, in (43) and A = A in (18) shows that the re-
sultant value of quadratic polynomial (74) is related to (75) via the simple shift

Ay (Es—hg,Hos ) = A2 (Eshg, Lo K) +4ho (E+1). (76)
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Substituting (75) into the latter relation gives
A2 (F5hgs o3 K) = 4[R5 o3 GE) =g [X[Bho o G E) =Ag |- (77)

Our next step is to explicitly confirm that the DCK$ of the hypergeometric function
generated by operator (68) has the double zero at the origin as expected from the fact that
the DCT in question increases by 2 the ExpDiff for this pole of the CSLE while keeping the
parameter p, unchanged. First bearing in mind that

Ao +D(a+B-Ay-D=aBf-(rg+1-0)(Ag+1-P) (78)

we represent contiguous relation (13) in §33 in [57] as

(7~o+1)(1—Z)%F(G,B;7»o+1;Z)=OLBF(OL,B;7»0+1;Z)—

(79)
(a=2o=D(B-2g —l)[F(a,B;XO +1;2)—F (o, B Ao +2;Z)] (Iz1<1).
Also note that making use of contiguous relation (9) in the cited monograph
[K0+z(;ij F(OL, B;Ao +l;z) = XOF(OL,B;XO;Z) (Izl <1) (80)
z

coupled with the conventional formula for the derivative of the hypergeometric function
a
d—F(oc Biho +2;2) = 7[31:(0( +1,B+ 1A +3;2) (IzI<T) (81)
dz Ao+2

one can re-write the difference between the hypergeometric functions in the second term
in the right-hand of (79) as

B
F(o,B;hg +1,2)—F (o, Bs g +2;2) = “ zF(a+1,B+1;A, +3;2)
© ° (ho +D(Ng +2) ° ©2)

(lzl <1).

Consequently, function (67) for the DCT in question takes the form
2 2
1Folz: Mo Hos k€[ +,+, 054, =, 0] = [(ho =/l €|+ D)7 =7 (o3 k[ €]
(0o Hos K5V 81 =ho —1IX[B(ho, o3 5 —yIED) —Ao 1]

(k= D(ho + (ko +2) ®
ZzF(OLOxO,HO;K;—«H e))+LBMAg, s —/| €]+ LAy +3;z) (0<z<1)
which completes the proof of Theorem 3 for DCK generator (68).
Coming back to DCK generator (69), let us show that
(*o —1)(1—2)(%0 + ZijF(a,B;ko +1;2) =Ao (Ao —DF(a—1,-1;Ay —1;2) —
dz (84)
(Ao —)(Ag —B)zF(a,B;1o +1;2) (12l <1).
and therefore, function (67) for the DCT in question takes the form
4ho(hg —1
1Folzhg, Mos 5€ | =, +,05—,—, 0] =°(—°1)><
T (85)

F(a(—Ko,uo;K;—J@)—LB(—XOMO;K;—\/E)—I;KO —I;Z) (0<z<1)
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as anticipated. Indeed, making use of contiguous relation (9) in §33 in [57], one finds
d
(7“0+Zd_j FoBsho +152) = Lo F(a,Bihgs2) (Izl <1 (86)
z

while decreasing A, by 1 in (81) and substituting the resultant expression into contigu-
ous relation (13) in the same paragraph of [57] brings us to another contiguous relation

af(l-z)F(a+1,B+ 11, +2;2) =aBF(a,B;A +1;2)—

(87)
(=2 —D(B-2g _1)|:F(G,B;}LO +1;2)—F(a,B;Aq +2;z)] (Izl <1).
not listed in {57]. Taking into account that
Ao +D(@+B-Ay-D=aBf-(rg+1-0)(Ag+1-P) (88)
we can then re-write (87) as
(1-z2)F(o+1,B+ LAy +2;2) =F(a,B;Ag + 1;2) —
(Ao +1-a)(hg +1-P) (89)

[F(a,B;hg +1;2) = F(a,B; Ao +2;2)] (12l <1).
op

Substituting (82) in the right-hand side of (89) and replacing o +1,B+1, and
Ao +2 with a,B,and A, respectively, we finally come to the sought-for contiguous
relation
Ao(ho —D(A-2)F(0,B;rhg;2) =ho(hg —DF(a—1L,B—1;Ao —1;2) —
(90)
(Ao —a)(ho —B)zF(a,Bi Ao +1;2) (121 <1),

which, coupled with (88), brings us back to (85). This completes the proof of Theorem 3
for the second DCK generator (69). o

Combining (66), (67), (83), and (85) we come to the conclusion that the functions

_1
1Polz:hg,1gs 658 +,+,0;+,—,0] =p A[Z]lq)o[Z;xo,Mo;K;S|+,+,0;+,_,0]

L (0o +2 _1/ =
[0~ ol 12 (g6 D]2 20D gy 2

(91)
[0(hos Mo k5= 8 1) o = 11X [BChos o3 ksl ED =26 =11
(k=1)(hg + (kg +2)
F(0hos o315 —[E )+ 1, B0k o3 15— &) + g + 3:7)
and
1¥0lz A, 1o K5 €| = +,0,—,—,0]:= A[Zh@o[z;?»o,uo;K;SI—,+,0;—,—,0]
_1/ /-
_ Moo -1 /(x 2) _2) Aﬁx o)

k-1

F(a(-oshos €N = LB(osbos €D -1 ~ Liz),

with A, >2 in the latter case, are the solutions of the prime SLEs
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d
@[Z]——q[z AosMos x| +,+,0;%,—, 0]+ Wz k] ¢ x
dz - (93)
I\PO[Z;}\'oauo;K;Sl—i— + 0)—9 )O]ZO
satisfying the DBCs
lim ¥ [Zak > 1 ;K;8|ia+a0;i7_90]=09
s TR (94)
where by definition
A[z:h0,105K | £,+,0;%,-,0]:= —@[2]1° [2:hg, R K | £, +,0;%,—,0] +
1 1 (95)

_J,._
4z 4(1-2)

Again, note that the solution (92) infinitely grows near the origin if 0<A, <2. We

shall come back to this puzzling issue in Section 6.

Note that all the results were obtained by us with no reference to the Liouville trans-
formations leading to quantum-mechanical applications. To be able to apply the devel-
oped formalism to quantum-mechanical problems, one simply needs to convert the
$Ref CSLE to the radial Schrodinger equation by the Liouville transformation on the

finite interval [0, 1] as thoroughly elaborated in [33].

5. Decomposition of Second-Order DCT into Two Sequential LDTs
To understand the source behind the anomalous behavior of the solution (92) in the
region 0<Ay <2, let us decompose the given second-order DCTs into two sequential

LDTs.
Let ¢;[z;Ay;T] be anodeless solution of the generic CSLE

2
{ d 2+IO[Z;A0;T]+.Sp[z;T]}(1)1.[2;A0;T;8]:0 (96)
dz

atan energy € (A ;7). We define the LD3 of CSLE with the TF, ¢.[z;A;T], as the
CSLE with the solution

* —V 97

Oz A TI=p 72[zT]/ o[z Ag: T] ©7

at the same energy. As originally pointed out by Rudjak and Zakhariev [17], the zero-
energy free term of the resultant CSLE has the form

ld A
1°[z;Ao:T |t =1°[z; Ao T 1+ 24/l d Al pz[z T]T +§{plziTl},  (98)

where the so-called [53] “universal correction” is defined via the following generic formula [18]:

§{f1} = 15 /fn 12 ij[—n (99)

In [4], we identified this transformation as the following three-step operation:

(i) The Liouville transformation of the generic CSLE to the Schrédinger equation by the
change in variable z(x;7") determined up to a constant shift by the following first-
order ordinary differential equation (ODE):
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dx !

= 1,04[2;71]; (100)
dz

(if) The Darboux deformation of the Liouville potential with the TF

1
Yelz(XT); AgsT) =W¢T[Z(X;T);AO;T]; (101)

(iii) The reverse Liouville transformation of the Schrodinger equation with the deformed
potential to the new CSLE with the original density function p[z;T].

It should be stressed that our definition of the LDT is given with no relation to the
corresponding Darboux deformation of the associated Liouville potential. However, the
mentioned interrelationship between the LDTs of the generic CSLE and conventional DTs
of the Schrodinger equation makes it easier to apply our scrupulous mathematical analy-
sis of some remarkable features of the LDTs to the one-dimensional SUSY quantum me-
chanics. We shall come back to the discussion of this dualism between the two approaches
in Section 7.

Let us now consider the four LDTs using the basic solutions (34) as their TFs. These
LDTs formally result in the quartet of the new exactly solvable CSLEs which have the
quasi-rational functions

2 FUA V=V ho.0(Ehg HosK
||Z| A 0|1—Z|A A U,O( 0-Ho ) (102)

T¢U,O[Z;iko,uo;K]=—
Jikz+1-x

as their solutions. An examination of these functions reveals [34] that these SLEs must
have the form of Fuchsian equations with five poles (including the pole at infinity). It is
crucial that the positions of the two poles outside of the interval [0, 1] are independent of
the parameters specifying the JRef PF. We thus come to the following Heun equations
written in the canonical form

2
d
—2+110[Z;7\,0il,uo;K|i,U,0]+81p(Z;K) X
dz - (103)
19[z ;Ao =1, pg;5%5€ | £,0,0] =0,
with
o o 3 3
1Mzshg £ Lpgs x| £,0,0] = IV [z; A £ 1, pg; K] = +

Az-z7())  dz(z-1)
(104)
. I+ ho +(1=1)[Ay,0(FAg, oK) —2]+1
2xz(z—1)[z -z ()] '

Theorem 4. The quartet of the PFs (104) can be split into two pairs such that the RefPFs in each
pair represent the same HRef CSLE form-invariant under two sequential LDT5.

Proof of Theorem 4. Let us first re-write (104) as
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1Lz £ Litg i £,0,0] = 1°[z g £ Ltgir] - —— 4
4z—z7(x)] 4z(z—-1)
(105)
N U\/Ao(iko,uo;lc)/2 +2k -1
2xz(z—-)[z-zp ()]
where
A0 (Fhos oK) =4[k (hg £1)2 +(1- k)] (106)

is the discriminant of the quadratic equations (29) for m = 0. Setting *A, ==L, +1 gives

11902 %R, o5 K | +,0,0] =

2 L 1-x)u? _1(107
110023 %h g, 1o 6] — 3 L3 +U\/K*7\'0+(1 K)ug + 2k —1107)
—zr (P d2(z- 2x2(2= D[z =27 (%)]
Az-z7(x)]” 4z(z-1) KZ T
and
11012500, o3 6| = 0,0] = 1125 %0 — 2,105 K| +,0,0]. (108)

The derived expression confirms one of the most important results of this paper: the two
sequential LDTs with the TFs ﬂ{q)o olz;*hg —Lng;x] and 1¢U,0[Z;1 —*ho>Hos K] ac-
cordingly decrease by 2 the ExpDiff *A, >2 for the pole of the HRef CSLE at the origin while

keeping two other parameters p, and K unchanged.o

It should be stressed that Theorem 4 fails if the ExpDiff for the pole of the HRef CSLE
at the origin lies between 0 and 2. We shall come back to the discussion of this issue in
Section 6.

6. Breakup of SUSY Rules for Radial Potential with Centrifugal Barrier in LC Range

As pointed out at the end of Section 4, the solution (92) is not the PFS of the corre-
sponding RCSLE (35) near the origin if 1, <2 . This is the direct consequence of the fact

that one of the two sequential LDTs necessarily converts the given LC region of the given
RCSLE into the LC region of the transformed RCSLE if both TFs are represented by non-
principal solutions near the origin.

Let us start from the instance 1 <A <2. Under this restriction, the LDT of JRef CSLE

(10) with the TF I(I)U,O[Z;}“m Lgo; K] places the given spectral problem into the LC re-
gion of the HRef CSLE (35) with the ExpDiff of our interest, *A, = A, —1, lying between

0 and 1 while the second LDT with the TF T¢U,O[Z§2 —AXg,>Hqs k] keeps this ExpDiff

within the LC region, changing its original value A, for 2 -, with the absolute value

smaller than 1. As proven in [53], the LDTs of such a kind result in the violation of the
conventional rules of SUSY quantum mechanics. On the contrary, the DTs using the PFSs
as their TFs always convert the LC region outside of the LC region of the transformed
CSLE.

If A, liesinthe LC range of the JRef CSLE (10),i.e.,if 0< A, <1, then the LDT with

the TF [ ¢y, o[z;Aq,1o;k] keeps the ExpDiff within the LC region of the HRef CSLE,

*Lo =1—MAy, while the second LDT with the TF ¢, ¢[2;Aq,1o; K] converts the latter
region into the LC region of the JRef CSLE (10), bringing the ExpDiff back to its original
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value ), <1.Each LDT results in the violation of the conventional rules of SUSY quan-

tum mechanics.
In particular, the solutions (92) at the energies & =€, (Ag,MUq;K),

l\wb,n[zﬂw) —2,up;K]

W{1¢+,O[Z;_7‘oa Hos k], 19— 0[Z— Ao o3 K], 1Wenlz Ao, Hos K]}
1P K11 W[Z =g o3 K]

4%0(7u -1) /(7& _Z)_%\/_gcn(lmuom) « (109)

F(—n—l,n—k0 —\/—scn(Ko,uo;K);Ko —l;z),

for 0 <Ay <2

do not satisfy the DBCs at the origin and therefore do not represent the eigenfunctions of
the prime SLE (49). The latter are given by the supplementary relation

1Wenlz Ao, o3 K] o€

W{ld)—i-,O[Z;_}‘o:Mo;K]a 1¢—,0[Z;_}‘*0:H0;K]a 1¥b,nl2 hosMos K]}
12211 W[z, = o5 o5 ]

(110)

for 0 <Ay <2

and the energy spectrum of the resultant Sturm-Liouville problem is given by a com-
pletely different formula,

2
€+ +,n (2=AgsHosK) = _}\'+,+,n (2=AgsHosK)
(111)

for 0<Ao <2 and 0<n<|(ug+io—3)/2],

compared with the energy spectrum of the initial potential,

: 2 :
&4 +.n(MostosK) =A% 1 n(hoslosk) 0Sn<| (uo—ho—-1)/2]. (112)
Similar arguments explain the anomalous behavior of the HRef CSLE for 1< *A, <

2. In this case, the LDT with the TF Tq)o 0lz;*\o — 1,1 x] places the given spectral
problem into the LC region of the JRef CSLE (10), 0 <A, <1, and the next LDT with the
TF 1¢y,0[2—2gs M5 K] keeps the CSLE within the LC region.

If 1<), <2,thenthe ExpDiff *A, =L, —1 of the HRef CSLE obtained from the
JRef CSLE by the LDT with the TF |\, g[z;—Ay,Hq;K] lies within its LC range:

0 <*\, <1. However, it remains unclear whether there exists any LDT which would

place the given spectral problem into the LC region of the JRef CSLE.

7. Discussion

Before proceeding to the examination of the presented results, let us remind the
reader how our advancements [53] in the singular Sturm-Liouville theory are related to
the renowned recipes of SUSY quantum mechanics. First, the gauge transformation
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5 b7
Yoz, 105 158] = 1 0742 K] D[Z5 g, o3 15 E] (113)
brings us to the (self-adjoint) SLE
d -1 d 1 1
—1P A[Z;K]——1pA[Z;K]V[Z;7»o,uo;K]+81PA[Z;K] X
dz -~ dz '~ - (114)

‘I’S[z;ko,uo;K;S]:O

termed in [53] as the “algebraic’ Schrodinger equation. Note that both the leading coeffi-
cient function and weight for this SLE are represented by the square roots of positive ra-
tional functions, whereas the rational function

_1
Viz;hg,los K] = —lé)—l[z;K]Io[z;ko,uo]—%Schw{lg A[Z;K]} (115)

coincides with the quantum-mechanical potential expressed in terms of the variable z,
with the change in variable r[z] defined by the ODE

dr JE+(1-x)/z 116)

dz 2(1-2)
on the interval [0, 1) with the boundary condition r[0] = 0. The so-called [53] ‘Schwarzian’
Schw{f[z]} = f[z] f[z]- 5 (£[2])* (117)
turns into the conventional Schwarzian derivative [41] if we set
_1
flz]=1p A[Z;K]. (118)

It has been shown in [33] that the Schwarzian (118) for the density function (9) has
the following rational form:

2
Schw{le_%(z;K)}z— 3(1-2) _ 2 + 2k(1-2)

2z(kz+1-x) kz+1-x (1<z+1—1<)2

(119)
k(-2 5k(l-x) (1-2)°
2kz+1-Kk)2  2kz+1-x)

As outlined in Section 5, the LDT of the generic CSLE witha TF  ¢.[z;A, o5 K] is
defined by us in such a way that the DT with the TF

1
VR [Z:ho, Moi K] = 1gA[z; K10[Z; 20, Mo K] (120)

converts the potential (116) into the Liouville potential of the transformed CSLE:

_1
V[zhg, s K| T]= —le_l[z; K112 10, Mg | r]—%Schw{l/g A[z; ]y, (12D

This trivial interrelationship between the two techniques allows one to easily imple-
ment the new mathematical scheme in quantum-mechanical applications when necessary.
In this paper, we focused solely on the Liouville transformation on the finite interval
(0, 1) which results in the radial Schrodinger equation. Alternatively, this transformation
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can be performed on the infinite interval (—, 0) or (1, «) which results in the Schrodinger
equation on the line. The corresponding change in variable x[z] is obtained by integrating
the ODE

d_x: lk+(1-x)/z]| (122)
dz 2|z—1]|

either from —e to 0 or from 1 to . It directly follows from the arguments presented in
Section 3 that the resultant Liouville potentials on the line must be double-step shape-
invariant.

Note that the reciprocal transformation

z(x) = z_l(x) (123)
satisfies the ODE
Je+(1-
d_X:_Ld_X:M (0<z<1) (124)
dz  ,2dz 2z(1-2)
associated with the LTP density function
1P(z;K) = % >0 (0<z<1) (125)
4z°(1-2)

if 0<x <1.It can be easily verified that one comes to a similar LTP density function

l-x-2z
1P(2;1) = ————>>0 (0<z<1) (126)
4z (1-2)

by using the variable

2(x) =X

g (127)

if K <0.We infer that the LTP potential on the line [13] must be also double-step shape-
invariant regardless of the position of the zero of the first-degree polynomial in the nu-
merator of the density function (126) or (127).

The very important element of our approach is the concept of the “prime’ SLE chosen
in such a way that the two ChExps for the poles at the endpoints differ only by sign. As a
result, the energy spectrum of the given Sturm-Liouville problem can be obtained by solv-
ing the prime SLE under the DBCs. This in turn allows one to take advantage of the
rigorous theorems proven in [55] for eigenfunctions of the generic SLE solved under the
DBCs.

It has been explicitly demonstrated that the JRef CSLE in the particular case of the
density function with the simple pole at the origin has two pairs of quasi-rational solutions
such that their analytical continuations do not have zeros at any regular point of the com-
plex plane. It is essential that the absolute values of ChExps for the pole at the origin co-
incide for all four ‘basic” solutions which can be thereby grouped into the pairs via the
requirement that the paired solutions share the same characteristic exponent for the men-
tioned singular endpoint. Each pair of the basic solutions was then used as seed functions
for the second-order DCT on the positive semi-axis. It is proven that both transformations
simply shift by 2 the ExpDiff for the pole of the CSLE at the origin while keeping two other
parameters unchanged.

In Section 5, we decomposed the second-order DCT into two sequential DTs. The two
separate Liouville transformations on the finite interval (0, 1) and on the infinite interval
(1, inf) then result in the supplementary pair of double-step shape-invariant potentials
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defined on the positive semi-axis and on the real axis, respectively, and solvable by poly-
nomial solutions of the Heun equation.

In theory, the quantization can be also performed on the infinite interval (—e, zT)
and on the finite interval [z, 0). In this sense, the classification of the Lemieux—Bose

potentials suggested in [37] is inconclusive. It is not sufficient to simply specify the order
of the TP zeros—one must also indicate which poles are selected as the endpoints for the
quantization interval.

In this paper, we focused mostly on the HRef CSLEs associated with the ‘radial’ CGK
potential and its ‘surviving’ SUSY sibling exactly solvable by polynomial solutions of the
Heun equation. (Remember that CGK potential [2] generally has the three SUSY siblings
[3-5], but the two pairs of these sibling potentials merge into the pair of the double-step
shape-invariant potentials in the limiting case of the TP vanishing at the origin.) One can
extend the arguments presented in Section 5 to prove the double-step shape invariance of
the CGK potential in the LTP limit and its (‘surviving’) shape-invariant SUSY sibling also
exactly solvable by polynomial solutions of the Heun equation (regardless of the position
of the TP zero outside the interval [0, 1]).

Our analysis [53] of the solutions of two prime SLEs related by an LDT allowed the
author to conclude that conventional rules of SUSY quantum mechanics fail in the LC
regions of the corresponding Liouville potentials iff the DLT in question converts one re-
gion into the other (see [8,54] for some examples). In particular, this happens if the ExpDiff
for the poles of the JRef CSLE (10) or the two HRef CSLEs (35) at the common singular
endpoint z = 0 is smaller than 2 and, as a result, at least one of the sequential LDTs turns
the centrifugal barrier of the radial rational potential into the infinitely deep well. If the
second DT turns the well back into the centrifugal barrier, then the barrier height is nec-
essarily within the LC range.

8. Conclusions

As stressed at the end of Section 3, the major results of this study are based on Theo-
rem 2 asserting that the two second-order DCTs under consideration preserve the form of
the CSLE, only changing the ExpDiff for its pole at the origin (putting aside the anomalous
case mentioned in the theorem). It is essential that the derivation of the core Formula (48)
was performed using only logarithmic derivatives of the rational density function (9), not
the derivative of its square root as in [33]. As a result, the theorem is automatically applied
to all three quantization intervals (-, 0), (0, 1), and (1, ). The Liouville transformations
performed on these intervals then lead to the three different quantum-mechanical poten-
tials shape-invariant under the DCTs in question.

As the direct corollary of Theorem 2, we conclude that the mentioned second-order
DCTs generate the first-order differential expressions in the space of hypergeometric func-
tions after the CWs [49] are replaced by the KDs [51]. Using the conventional contiguous
relations for hypergeometric series, we explicitly confirmed the predicted differential
equations for the PFSs near the origin.

The mentioned anomalous case presents a remarkable example of the breakup of the
conventional rules of SUSY quantum mechanics for DCTs between the LP and LC regions.
The source of this anomaly was explained by decomposing the corresponding second-
order DCT into the two sequential LDTs and demonstrating that the first LDT places the
ExpDiff into the LC range while the second LDT keeps its value within the same range.
As it has been proven in [53], the LDT keeping the given spectral problem within the LC
region necessarily violates the conventional SUSY rules.

This paper also has much more general implications than the brief outline of its re-
sults presented above. It presents a very specific illustration of the recently advanced
SUSY theory of the so-called [4] ‘Gauss-reference’ (GRef) potentials representing the Li-
ouville potentials for either two Fuchsian RCSLEs with three second-order poles (includ-
ing infinity) or the confluent RCSLE with a single pole in the finite plane (commonly
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placed at the origin). We refer to these three Liouville potentials [1,43] as ‘Jacobi-reference’
(JRef), ‘Routh-reference’ (RRef) and ‘Laguerre-reference’ (LRef) CSLE, where the terms
‘JRef” and ‘LRef” have a slightly different meaning compared with their simplistic defini-
tion in the Introduction. Namely, we refer to the RCSLE as ‘JRef’, ‘RRef” or ‘LRef" if it has
g-RSs composed of (‘generalized’ [58]) Jacobi, Routh [59-62], or (‘generalized’ [63]) La-
guerre polynomials. The difference between the two definitions comes from the fact that
the RRef CSLE is quantized in terms of finite orthogonal sequences of Roma-
novski/pseudo-Jacobi [64-66] polynomials (‘Romanovski-Routh’ [60-62] polynomials in
our terms), while the eigenfunctions of the JRef and LRef CSLEs are composed of infinite
sequences of classical Jacobi and classical Laguerre polynomials (with the polynomial in-
dices generally dependent on the polynomial degrees in all the three cases).

From our perspective, the concept of the LDTs advanced in [4,53,61,62] provides the
rigorous mathematical grounds for SUSY quantum mechanics of the rational potentials
under consideration. In [39], we showed that the GRef Liouville potentials are shape-in-
variant in Gendenshtein’s sense [6] iff the corresponding RCSLEs preserve their form un-
der the LDTs using the basic solutions as the TFs. In this paper, we extend the concept of
form-invariant RCSLEs to the g§Ref CSLE (10) with the density function (9). As men-

tioned in the previous section, the Liouville transformation can be independently per-
formed on the three distinguished quantization intervals (0, 1), (-, 0), and (1, o), which
brings us to the three Liouville potentials: the radial potential discussed here and two
branches of the LTP potential on the line which turned out to be shape-invariant under
the action of the second-order DCTs using the pairs of the basic solutions as the seed func-
tions. The only effect of these DCTs on the CSLE under consideration is that they shift by
2 the translational shape-invariance parameter represented by the ExpDiff for the pole of
the CSLE at the origin.

As discussed in [4,53], a similar technique can be advanced for the rational SUSY
partners of the £Ref potentials [1,67]. By analogy with the three families of the HRef po-
tentials mentioned in the Introduction, there are three families of their confluent counter-
parts (c-HRef potentials) obtained by the ‘basic’ LDTs of the three LRef potentials:

(i) Radial LRef potential [28,29,54,68];

(i) Confluent LTP potential with the parabolic barrier at infinity [67];

(iii) DRtTP LRef potential on the line [69] transformable to its rational form by the Lam-
bert W-function [70].

Again, we selected the latter potentials via the requirement that the corresponding
TP has a single zero outside the interval [0, 1]. Each family of the c-HRef potentials con-
structed in such a way represents conditionally exactly solvable reductions of the conflu-
ent Lemieux—Bose potentials [38,71,72] with the eigenfunctions expressible in terms of the
polynomial solutions of the confluent Heun equation.

By analogy with the two double-step form-invariant JRef potentials discussed here,
we expect that both the radial LRef potential and parabolic-barrier potential well are dou-
ble-step shape-invariant under two sequential LDTs with the ‘basic’ TFs (i.e., with no zeros
at the regular points after being analytically continued into the complex plane).

One of our top priorities will be to re-examine the latest study by Lévai [73] on the
solvable-by-polynomials potentials of the confluent Heun class [25], keeping in mind the
progress achieved in our recent studies [4,53,54,67,74] not mentioned in the paper.

We hope that the presented sketch of possible extensions of our analysis of the exactly
solvable Fuchsian SLEs to their confluent counterparts helps the reader to realize the full
might and comprehensiveness of our approach to the SUSY theory of rational potentials.
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Abbreviations
ChExp characteristic exponent
CSLE canonical Sturm-Liouville equation
CW Crum Wronskian
DCT Darboux—Crum transformation
DC§ Darboux—Crum transform
ExpDiff exponent difference
FS Frobenius solution
HRe Heun-reference
JRef Jacobi-reference
]S Jacobi-seed
KD Krein determinant
LC limit circle
LP limit point
LDT Liouville-Darboux transformation
LP limit point
LRef Laguerre-reference
PFS principal Frobenius solution
q-RS quasi-rational solution
RCSLE rational CSLE
RRef Routh-reference
TF transformation function
TP tangent polynomial
SUSsYy supersymmetric
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