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Abstract: This paper presents an overview of cosine and sine Apostol-type Frobenius—Euler-Fibonacci
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partial derivative operator to the generating functions, the authors obtain derivative formulae and
finite combinatorial sums involving these polynomials and numbers. Additionally, the paper estab-
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polynomials, and the Stirling-Fibonacci numbers of the second kind. The authors also provide com-
putational formulae and graphical representations of these polynomials using the Mathematica program.

Keywords: Golden calculus; cosine-Apostol-type Frobenius-Euler-Fibonacci polynomials;
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1. Introduction

Formal research on special polynomials and their associated special numbers has
been conducted by numerous scholars. Specifically, the generating functions of these
polynomials have been utilized to derive various identities, sum formulae, and symmetric
formulae containing these polynomials. Recently, several researchers [1-5] have developed
generating functions for new families of special polynomials, including Hermite, Bernoulli,
Euler, and Genocchi polynomials. These authors have established the fundamental prop-
erties of these polynomials and derived a variety of identities and relationships between
trigonometric functions and two parametric kinds of special polynomials using generating
functions. The partial derivative operator has been employed to obtain derivative formu-
lae and finite combinatorial sums that involve the mentioned polynomials and numbers.
Additionally, these special polynomials facilitate the straightforward derivation of several
important identities.

Forany u € C,u # 1 and ¢ € R, the Apostol-type Frobenius—Euler polynomials

Hz(g‘ ) (& u; A) of order a € C are defined (see [3,6-8]) as follows:
A
In <u> ’ (1)

1—u \* & dv
& _ (@) (= .
(/\ed — Ll> 4 wEZOHw (G u;A) w!’ d| <
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For & = 0, Hgﬁ‘ )(u; A) = ]HI,(,',X ) (0;u; A) are called the Apostol-type Frobenius—Euler
numbers of order a. From (1), we see that

Den) = 1 (4 )E e, @

5=0

and

Y (& -1;4) = B (&), ©

where E ({f A) are the wth Apostol-Euler polynomials of order a.
The generalized A-Stirling numbers of the second kind S(w, s; A) are provided by
(see [9])
(Ae? —1)8 & N
— = wZ::OS(w,s,A)a, 4)
for A € Cands € N={0,1,2,---, }, where A = 1 yields the usual Stirling numbers of the
second kind given by (see [4,10])

s!

(ed _ 1)5 _ 00 qw
= WZ::OS(w,s)a. (5)

With reference to (4), the A-array type polynomials S(w, s; §; A) are given by (see [11])

(Ae? — 1)° e
s!

i ( ) qv
= S(w,s;GA) —. (6)
w=0 w!
The Apostol type Bernoulli polynomials B (§ A) of order , the Apostol- type Euler

polynomials E (é‘ A) of order «, and the Apostol-type Genocchi polynomials G (§ A)
of order « are introduced by (see [5,9])

(/\edd1> ot = ZBw & A (|d+10gA|< 2m), (7)
2\ _ @ a4
<Aed+1) ¢ —EoEw (&) (ld+logA|< 7), (8)
e 24 \* S o
(MH) egd:EOGg)(C}A)a/(Id+logx\|< ), ©)
respectively.

Obviously, we have
B (A) = BYY (0;4), B (1) = B (0;4), G (A) = G (0; A).

The field of Golden calculus, also known as F-calculus, traces its origins back to the
nineteenth century, when its diverse applications in areas like mathematics, physics, and
engineering came to light. The concepts and notation used in Golden calculus are derived
from various sources [12-15].

The Fibonacci sequence is introduced as follows:

Fo=Fy1+Fy2 w=>2
where Fy = 0, F; = 1. Fibonacci numbers can be written explicitly in terms of

Pw:qbw*lpwr
p—y
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where ¢ = % and ¢ = %; ¢ ~ 1.6180339 - - - is called the Golden ratio. In many
different disciplines of science and mathematics, the Golden ratio is a number that occurs
frequently. The various properties of the Golden ratio have been extensively studied by
Pashaev and Nalci [14]. Other references include Pashaev [15], Krot [16], and Pashaev and
Ozvatan [17].

The definition of F-factorial is

FBF - Fy = Fl, (10)
where Fy! = 1. The binomial theorem for the F-analogues, also known as the Golden
binomial theorem, is expressed as

w
Eru=@rvE= 1 (7) (n9e an

using Golden binomial coefficients, known as Fibonomials

(w) R
1) EonBY

with w and I being nonnegative integers, w > I. The Fibonomial coefficients have the

following identity:
w l w w—m
(Z>F<W>F_(m>1:(l—m)f (12

The F-derivative is introduced as follows:

o F(9E) - f( %)
52 @) =~

(13)

(14)

and

Er(@) = 3o (-n® L 15

where

o= @rop =Y (1) (0 (16

1=0
Shortly, we use the following notations throughout the paper:

[ee] Cw
=) =
w=0"W*
and
()= Y (-)®
w=0 w-
respectively.

The expressions er (&) and Er(¢) satisfy the following identity (see [13]):

e%EV _ (C+V)F (17)
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The Apostol-type Bernoulli-Fibonacci polynomials ]B%gi % (&; A) of order w, the Apostol-
type Euler-Fibonacci polynomials IEZ(;X 3? (&; M) of order &, and the Apostol-type Genocchi—
Fibonacci polynomials (Gz(‘f‘ }(g ; A) of order « are defined by (see [18-20]):

o
d & oo o) av
e =) B (GA)—, (18)
() = v
2 Vo S e (19)
Aed 1) B = BT RY
and y . N o
gd _ (@) (.
ey = G SA)—, 20
() # - Besion, “
respectively.

Clearly, we have

Bl r(1) = B p(04), Egr(1) = EGHO:A), Gr(4) = Gi(0:2)

In [19], Kizilates and Oztiirk defined two parametric types of the Apostol Bernoulli-
Fibonacci polynomials, the Apostol Euler-Fibonacci polynomials, and the Apostol Genocchi—
Fibonacci polynomials of order « and obtained some properties for these type of polynomi-
als using Golden calculus. In [21], the authors introduced the generalized Apostol-type
Frobenius-Euler-Fibonacci polynomials and numbers using (14) and (15). With this defini-
tion, the authors defined Frobenius—Euler-Fibonacci polynomials of the Apostol type in
two variables, but in this paper, we give a different generalization of these polynomials.

Given the aforementioned studies, we propose a new class of two-variable polyno-
mials, which includes those defined by Equation (1) through the application of Golden
calculus. We introduce the use of generating functions to define parametric Apostol-
type Frobenius-Euler-Fibonacci polynomials using the principles of Golden calculus. By
employing the associated generating functions and functional equations, we establish
numerous properties for these particular polynomials. We present several properties of
this polynomial family, such as recurrence relations, summation formulae, and derivative
relations, by utilizing their generating function and functional equation. Furthermore,
we establish connections between parametric kinds of the Apostol-type Frobenius—Euler—
Fibonacci polynomials of order « and various other polynomial sequences, including the
Apostol-type Bernoulli-Fibonacci polynomials, the Apostol-type Euler-Fibonacci poly-
nomials, the Apostol-type Genocchi-Fibonacci polynomials, and the Stirling-Fibonacci
numbers of the second kind. Finally, we give zeros and graphical illustrations for the
parametric kinds of Apostol-type Frobenius—Euler—Fibonacci polynomials.

2. Two Parametric Kinds of Apostol-Type Frobenius-Euler-Fibonacci Polynomials

According to Krot’s definition [16], the Fibonomial convolution of two sequences
involves the following: Let a, and b, be two sequences with their respective generat-
ing functions

00 du] 0 dw
AF(d) = 2 Hnﬁ and Bp(d) = Z bnﬁl
w=0 w* w=0 w:

then their Fibonomial convolution is defined as

Y (w
Cw = Ay * by = Z (k) arby,_;.
F

I=0
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Therefore, the generating function takes the form
CF (d ) A 1: 2 Cw

Let ¢, v € R. The functions elf”;t cosp(vt) and e%t sinp(vt) are defined by Taylor series
as follows:

e% cosp(vd) Z Cur(Ev) F ' (21)
and - p
ef sing(vd) = ) Sur(6,v) 5. (22)
w=0 w+
Here
2 k(W w—2k, 2k
Corlen) = 1 (-1 (5y) & %0, @)
k=0 F
wF g 1/ Z ( 1 <2k+1> €w72k711/2k+1. (24)

By means of the above definitions of C,, (¢, v) and S, (¢, v) and the numbers Hz([,x ) (; 1),
we can define two parametric types of the Apostol-type Frobenius—-Euler-Fibonacci poly-
nomials of order a, as follows.

Definition 1. Let w > 0. Two parametric kinds of cosine-Apostol-type Frobenius—Euler—Fibonacci
polynomials HE; ';) (&, v;u; A) and sine-Apostol-type Frobenius—Euler—Fibonacci polynomials
Hg‘;) (&, v;u; A), are defined by

1—u &d dav
(vd) H A 2
(Ae%—u) ey’ cosp(vd) Z wP évu >Fw! (25)
and
L—u |\ () (& 1 d®
()\edp — u) ey sinp(v Z HwP (& v; u,)\)m, (26)
respectively.

Note that, for w > 0, we get

H& (0,013 ) = Hiy (13 A) 27)

w,

and ()
Hey s’ (0,0;u;A) = 0.

Remark 1. For ¢ = 0in (25) and (26), we get

w

/4
1—u d
—— | cosp(vd) ]HI (v, u; A)— 28
()\e‘é—u) F( Z Fw (28)

and
w

14
1—u d
("l—u> sing(vd) Z HwP viu; M) F L (29)

et w:
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respectively. Moreover, it is clear that
HUH (0;10;4) = Hp(u34), HOE (0;4;4) = 0, (w > 0).
We commence with the fundamental properties of these polynomials.

Theorem 1. Let w > 0. Then, we have

(a,c) 2] w v 20
) iid) = Y (50) (172 o) @0
v=0 V) F
and
(a s) [wz—l] w
Hyw (i A) = ) (20+ 1) (—=1)? v* T Hyy_op—1,p(1; A). (31)
=0 F

Proof. By (28) and (29), we can derive the following equations:

14
w _
ZHwF v;u; A II—% <1du) cosp(vd)
u

v! Aer —u
— - ) ﬁ = v 20 d
() Eor-2)
o [%] w ) qw
“ 32 () U7 B (i) | £ )
w=0 \ v=0 w+

and

4
av 1—u .
Z HZUF v,u, /\ F , = (M) SlnF(Vd)

BP—M

dw

oo [zuz—l w
— —1)? v Hy gy 1 p(A) | == 33
u;()(.(;o <ZU+1>F( ) v w—20 l,F(u ) Fw! ( )
Therefore, by (32) and (33), we get (30) and (31). O

Theorem 2. Let w > 0. Then, we have

Yo lw
HO (2, v;u;A) = kz <k>P H) (13 4) Coop (6, 0) (34)
=0
and
H(Nfs)(g cuA) = < w H(I’C) ‘A S 35
w,F VU, )_kzo k F k’F(u/ ) w—k,F(C/V>- ( )

Proof. From (21) and (27), we have

4
dav 1—u &d
ZHwP (&,v;u; A)F | = </\e‘l’l:—u> e}’ cosp(vd)

w

[e9) w o d
=L (k (Z,S)FH,E}(u NCo (& v))le,
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which proves (34). The proof of (35) is similar. [
Theorem 3. Let j > 0. Then, we get
w w—k
wF NE+rv;u;A) = ) ( ) ( 2 )H,(j‘;)(é,v;u;/\) rok (36)
k=0
and as) W (wfk) (@)
FE+rvuA) =) (k) (D) 2 JHS (& v A) (37)
k=0 F '
Proof. By changing ¢ with ¢ + r in (25), we have
dv _ [ 1—u " e
ZHwP (+rvimd) g o Rl — er " 'F cosp(vd)
oo w w
(Z B € v ) & ) (ZH)(Z) , ;_j)
w=0 'LU w=0 w-
o (v (@ Ok o) oy k) 4°
= Z (Z (k) <_1>( 2 )Hk,F (Q’,v,u,)\)rw m/
w=0 \k=0 F
which complete the proof (36). The result in (37) can be similarly proved. [
Theorem 4. Let w > 1. Then, we have
5 gmg;;; (& v;;A) = FHY (&, v;15), (38)
dr (vcc (as) o
30 (G vuA) = —F,H, " (S, v; u;A), (39)
FV ’
0
5 %HM (& v A) = FHU™) (&, v;u;0), (40)
and 5
SEHLY (6 viuA) = FaHY) (8 v ). (41)
F s ’

Proof. Equation (25) yields

- F w,c av . 1—u aF zd (ac qw+1
ZBWngu/\)F’_<Ae§—u> 37('56 cosr (vd) = ZH évu)\)F

w

HuféciF(g v u; A)FZU l'

I
3 im8

H(“C N qw
EFW wlFévu )Fw!'

proving (38). Other results (39)-(41) can be similarly derived. O

Theorem 5. Let w € N. The following formulae hold true:
AHSE (1, v;;A) — uBHg) (0,v;154) = (1— w)HE - (0,v;1; 1) (42)
and

)\]I-H;fi’;)(l,v; w;A) — u]HIT(f”Fs) 0,v;u;A) = (1 — u)Hz(lfi;l’s)(O, v;u; A). (43)
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Proof. Using Definition 1, we can easily prove Equations (42) and (43). We omit the
proof. [

Theorem 6. The following formulue for the parametric kinds of cosine-Apostol-type Frobenius—

Euler—Fibonacci polynomials H<

polynomials HE; ’;) (&,v;u; A) hold true:

and

H(‘Hﬁc (& v;u;A) i <w> H r(Cvu M) Hg;(u A),
H(“Jrﬁs (&, v;u;A) (

w> ]HI (G vup M) Hifj_-(u;/\),

H P (& vu0) = (w) H) (& vu;A)H P a),

/55 (& v;uA) = Z( ) o mF((;‘vu)\)H( ﬁ)(u/\)

Proof. Using Definition 1, we can easily obtain (44)-(47). O

Theorem 7. Let ¢, v, and r be any real numbers. Then, we have

(i)

(ii)

HEE (€ +r)pv;u0) + HED (@ = 1e v A)
=0

HOS ((F 4+ 1) v A) + HOO (= r)p, v )

Z() D@ (B (@ v A) + () HY (@ v ).

L 1
=) (?) F(—l)(z)rl (Hz(ff,),p(ﬁ, v;u;A) + (—1)’Hz(l’ffl)f(§, Vi A)),

©" (&, v; u; A) and sine-Apostol-type Frobenius—Euler—Fibonacci

(44)

(45)

(46)

(47)

(48)

(49)

Proof. By substituting (¢ + r)r into ¢ in the generating function of cosine Apostol-type
Frobenius-Euler-Fibonacci polynomials, we have

Z ]HI ((E+7)pv;u; A) d < 1d_ " > el(td@ﬂ)’:) cosr(vd)

Aep —u

_< 1d—u ) e%dcoslr(vd)Egr

Aep —u
[() 1
2 H(M (& v;u; /\) d 2(—1)@1*1?'
" 1=0 !

In a similar method, we find the following equation:

®
av 1—u - .
Z HwF — 1) VU A)— i = (Aed - u) el(:d(é )E) sing (vd)
' F

(50)
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1 u
(Aed_—uu> e%d sinp(vd)E;d’
F
qv & / dl
Z HwP (C,v;u;A)— ol g(_l)(Z)(_l)lrlﬁ
o w w (a5) (,) Iy qw
=X, FHw,l,p(é‘,V;u;/\)(*l) GV o (51)
w=0 \I=0 ws
By adding (50) to (51), we can derive result (i) of Theorem 7.
(ii) We also can find the following equations:
geq
o dv 1 ’
—u (d(C+7)F) o
; wF (E+1)Fr vy A)Fw! (Ae‘i-—u) er Fsing (vd)
_ (1= aedg sing (vd) EY (52)
/\ef: —u F F F
(e) (¢ @ (1—u\" o
ZH E—1)pv; u,)\)F—w!— (Ae%—u) ep Fleosp(vd). (53)
By virtue of (52) and (53), we can find result (ii) of Theorem 7. [J
Corollary 1. Let j > 0. Then, we have
Hyt (@ +1)pviwA) + Hop (= r)p v )
w
=) ( ) Ok (B (6 viwA) + (“D)MH (G, v ) ) (54)
k=0
and
Hy? (2 + 1) viu ) + Hy? (6 = r)p v A)
=L ( ) 1) & (B (@ vu0) + (1) HG) (@ v ). (55)
Corollary 2. For r = 1 in Theorem 7, we have
Hg‘]"f (E+1D)pv;u; M) +H$’;)((<§ — 1), v;u; M)
W w k o, «,
=% (3) 0O (B v + (O ) 69
k=0
and
HY3 (@ + Dp v A) + BEE (6 - Ve viw )
w w w—k w—
=) (k)F<—1)< D (HE (@ v 0) + (1) H @ v ) ) (57)

k=0

3. Summation Formulae for Parametric Kinds of Apostol-Type
Frobenius—-Euler-Fibonacci Polynomials

In this section, we explore the Apostol-type Frobenius-Euler—Fibonacci polynomials,
specifically focusing on their parametric forms, as well as examining connections with
other polynomial sequences, such as Apostol-type Bernoulli-Fibonacci polynomials, Euler—
Fibonacci polynomials, Genocchi-Fibonacci polynomials, and Stirling-Fibonacci numbers
of the second kind.
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Theorem 8. For o = 1, the following results hold true:
- (W (©)
(2u—1)];) " FHkF(g 0;u; A)Hy (0,051 — u; 1)
= uH L (8, v;u0) — (1= w)H L (8, v;1 — u;A) (58)
and
- (@ (s
(2u _1),(;) " FHkF(g 0;u; A)HL, (0,01 — u; A)
= uHS L (&, v;u:0) — (1— w)HS (&, v;1 — u; A). (59)
Proof. We set
(Qu—1) 1 1
(Aefh —u)(Aed — (1 —u)) B Aeh —u At —(1—u)
From the above equation, we see that
2u—1) (1—u)ef? (1 — (1 — u)) cosp(vd)
(el —w)(Aef — (1—u))
(A —uw)eucosp(vd) (1 u)ed cosp(vd)(1 — (1 —u)) 0)

Aedt —u Aelt — (1 —u)
which, on using Equations (60) and (25) in both sides, we have

dw
(2u—1) (I;)H”gow\ F|><ZH (0,v;1 — /\)Fw>

w

—uZH Cvu)\)d——l—u ZHngvl )F'

w=0

Using the Cauchy product rule in the aforementioned equation and then comparing
the coefficients of similar powers of 4 on both sides of the resulting equation, assertion (58)
is established. Equation (59) can also be proven utilizing a similar method. [

Theorem 9. For o = 1, the following relations hold true:

uH (& viu;A) = A 2 ( )F (& viu;A) — (1= u)Cop (&) 61)
and
WL (8 viu;A) = A 2 ( > H}j} (Ev;A) — (1= 1) S (E1). (62)

Proof. Consider the following identity:

w11
Ared —u)ed  (Aet —u)  Aef

Evaluating the following fraction using the above identity, we find

u(l-— u)e%d cosp(vd) (1 u)e%d cosp(vd)  (1-— u)e%d cosp(vd)

A(Aed — u)ed B Aeth —u Aed
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oo o & dt e 4o
uZHwFCvu/\) AZO ((’fvu)t)Fw Fi —(1—u) Zo wp(tfv)F'
w= k=0 ° w=

Using the Cauchy product rule in the aforementioned equation and then comparing
the coefficients of similar powers of d on both sides of the resulting equation, assertion (61)
is established. Equation (62) can also be proven utilizing a similar method. O

Theorem 10. For a = 1, the following relations hold true:

1 & (w
HeY @ viwA) = 17— ) (k) ML (0 VHLE (8 vi3.0)
k=0 F

i (1 M (&, v;50) | (63)

and
H (&, v;u; M)

Z( ) [/\Hw k(1 )\)H V(& v;u;0)
— e p(u; A)Hk‘fﬁs) (& v;u; /\)} . (64)

Proof. Considering generating function (25), we have

w

ad d
ZHwF Cvu/\)

w=0 Fy!

1—u /\e%—u 1—u &d
= e3 cosp(vd
<Ae§—u>< 1—u ><Ae§—u> F F(vd)
14
A (Lo ':d 1-u ¢t cos (vd)
T—u\Aef—u Aedh —u F F

[
u 1—u 1—u &
— ez cosp(vd).
1—M<Ae%—u> (Ae%—u) F F(vd)

Simplifying the above equation and using Equations (25) and (27), we find

ZH CvuA)dw— A iH (u/\dz ZH §vu/\)dk
w ( Fo!  T—u =P VR = F!

k

dv d
1_MZHWF”)‘F12H ffvu)x)
—0

Using the Cauchy product rule in the aforementioned equation and then comparing
the coefficients of similar powers of 4 on both sides of the resulting equation, assertion (63)
is established. Equation (64) can also be proven utilizing a similar method. [

Theorem 11. The following relations hold true:
w+1 w1
B vy = 3 (1) AZ (1), Bne@h) - Busteo)
k=0

<H), | p(0,v;11) (65)
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and

Hgff’;)(é,v;u;)t) :uil <w+1> (A): ( > By, r(GA) — Bk,F(C})\)>

k=0

XH$f11+1,F(O’ viu; ). (66)

Proof. Considering generating function (25), we have

w

Z HO (2, v;u; /\)d

4
[ 1—u &d d )\e%—l
— (e%—u) ey cos;:(vd)()wdp_l>< 7

1 0c) v & k& dr
:d</\ZHwF (0,v AF,Z]B%kFg)\F'ZP,

_ZH%)(O,V;L{/\ EIB%kch/\ F,> (67)

w=0

On equating the coefficients of same powers of d after using the Cauchy product rule
in (67), assertion (65) follows. Equation (66) can be similarly obtained. O

Theorem 12. The following relations hold true:

H—]I(” (& v;u;A) = ;i ($>F<AZ () Exrr /\)“‘Ek,l-"()\)>

k=0

xHEjflz,F(g, v;u; ) (68)

and
1& /w k. rk
pr Eviud) =5 Y <k> ( ) <r> Ex—rp(A) +]Ek,P()‘>>
k=0 F r=0 F
xH,” Sle((',‘ v;u; ). (69)

Proof. Consider generating function (25), we have

w

ZH<“C(gvuA)d

w=0 Fy!
1—u ) 2 Ae +1
_ — ¢d r
= ey cosp(vd
() post! )<Ae¢+1>< 2 )
1 dk ©qr
:2<A2pr (jvu/\l:'z K F(A > F
H(“ ) dv OOE dk 70
+2 (€ viu; F'Z KF(A F' (70)

On equating the coefficients of same powers of d after using the Cauchy product rule
in (70), assertion (68) follows. Equation (69) can be similarly obtained. O
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Theorem 13. The following relations hold true

E (1), (), oo a)

HwF (&,v;u;A) = P
k=0 r=0
<H) | (@ v ) (71)
and )
1% rw+1
m @vun) =5 L (0 (AZ (), it >+Gk,p<A>>
k=0
x]I-]IZ((f‘ Sk+1 p(& v A). (72)
Proof. Consider generating function (25), we have
(a,0) w
Z HZUF (C,V,u,/\)ﬁ
w=0 w
4
. 1—u &d 2d )L(:’F +1
a <Ae;i_.— ) °r COSF(Vd)(AedF+l>< 2d
(ac qv dk 0o gr
2d /\Z]H[ (& v;u; 1) puZGkF F'ZF,
zxc) av & dk
+ Z H, 7 (& v;u; A) Z;Gk,p()\)rk! . (73)

On equating the coefficients of same powers of d after using the Cauchy product rule

in (73), assertion (71) follows. Equation (72) can be similarly obtained. O
HL (8, v;u30)

Theorem 14. Let a and «y be nonnegative integers. The following relation holds true

of order a holds true:
1—u\“ L (w (a,0) A
Cur(,v) =a! 2 ] H,~ IF(C v, A)Se( L a; = ), (74)
u = F u
_ 3 w
(*5) Surter)=ard (7) B0V @vmnse (1esl), o9
u 1=0 F ’ u
B (v A)
T w e A
- 71<1 ! ) y (3”) B (2, v;11) S (l = ) (76)
U= F
and
HU (&, v;u;0)
B u \"& (w (a5 A
7!(1_u> 12()<Z>FleF(§uuA)sp<l u). (77)

Proof. By using generating function (25), we have

14
1—u &d dv
<Ae?s— ) e} cosp(vd) ZHWF cfvu)\)F—w!
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. 0 dw p (ac qv
(1—u) ZCw,p(é‘,v)—': ()\ep—u) ZH (CviwA)
= Fy! Fy!
Aed —1)"
PR i) .
RN A A S
( u ) L CorEn = L Hor vy
which, on rearranging the terms using Equation (21) and the following expansion as:
A d _ k) oo w
(eFi) — 2 Sp(w,k;)t)d—, (78)
k! o Fy!

becomes

- (1) Leweng,

B (we) dv & AN d
ocIZ]HI CvuAFw'ESplzx E

which, on rearranging the summation and then simplifying the resultant equation, yields
relation (74).
Again, we consider the following arrangement of generating function (25) as:

(a—=",c) dw

ZHwF (& v;u; /\)

« Ad v
1—u & u v |(HEF_1)
pr— . 7
(Ae%—u) ey COSF(Vd)(l_u> 04 T (79)

which, on use of Equations (25) and (78) and applying the Cauchy product rule and
then canceling the same powers of d in resultant equation yields relation (76). Other
assertions (75) and (77) are similarly obtained. O

4. Approximate Roots for Cosine Apostol-Type Frobenius—Euler-Fibonacci Polynomials
and Their Application

In this section, certain zeros of the two parametric kinds of cosine-Apostol-type
Frobenius-Euler-Fibonacci polynomials ]I-]I( 7’ (¢, v;u; A) and beautifully graphical repre-

sentations are shown.
—1\*%
HiE (Gvii) = (=7 )

A few of them are
wi(FE) E(FE) 7 a(3E)

—u+A —u—+A —u+A

7

HS (8 viu;A) =

(—u+A)?

() s’

2(—u+A)? —u+A

B « B « U 1+u A
Hé’f}c)(@,v;u;/\) = 52( 1+u) —1/2( 1+u> + (u A)
2
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and
1au\®
Hgaéc)(é‘,v;u;)\) = §3< 1+Au> 2§U2<1_+Au>au2:<<uu?\)\33/\
2““2(_1[1—7)“)‘2 “( 1+u) A3 ﬁ(ﬁ)"‘)\a
T Cur AP T BCur A T (CutAp
as( 1+u) A3 2u§a( 1+u) A €a< l+u) 22
TBCur Y T T Cura (—u+ )2
+§zx( 1+u) A2 252 ( 1+u) /\+2u a( 1+}\u> /\‘
(—u+A)2 —u+A —u+A

We investigate the beautiful zeros of the two parametric kinds of cosine-Apostol-type

Frobenius-Euler—Fibonacci polynomials ]HI (§ v;u;A) = 0 using a computer. We plot
the zeros of the two parametric kinds of cosme-Apostol type Frobenius-Euler-Fibonacci

polynomials H;‘Jx;) (&, v;u; A) = 0 for w = 10 (Figure 1).

40 T T 40

20 20 .
m@ o —@ @ i@ o —.—*7
-20F E| -0 .

Re(§) Re(§)

40 T T 40 T
J °

20+ 4 20+

my o .—i im0 ';

-20f 1 -20f

1 e

. -40 .
-200 -100 [) 100 200 200 -100 0 100 200
Re(§) Re(§)

Figure 1. Zeros of Hz(j"f) (&, v;u;A) =0.

In Figure 1 (top-left), we chose &« = 20, A = 3, u = 40, and v = 7. In Figure 1
(top-right), we chose &« = 20, A = 3, u = 40, and v = % In Figure 1 (bottom-left),
we chose « = 20, A = 3, u = 40, and v = % In Figure 1 (bottom-right), we chose
x=20,A =3, u=40,andv = 7.

Plots of real zeros of the two parametric kinds of cosine-Apostol-type Frobenius—Euler—
Fibonacci polynomials ]I-]Iiff ’l_f) (&, v;u; A) = 0for 1 < w < 40 are presented (Figure 2).
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4Hfe . o, . o 4fe o o, ¢ ®
f . D) ) f ) (X
) ) ) 0
8, °,
() D)
30+ 30+
Wk w0
10 10
-2x108 “1x108 0 1x10° -15x10° -1.0x10° -5.0x107 0
Re(¢) Re()
e R o, 4fe . wg
f ] () f .
) )
* *
[ % [ )
0+ 0+
Wk Wk
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.
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Re(§) Re(¢)

Figure 2. Real zeros of Hgﬁ’;) (&v;u;A) =0.

In Figure 2 (top-left), we chose « = 20, A = 3, u = 40, and v = 7. In Figure 2
(top-right), we chose & = 20, A = 3, u = 40, and v = % In Figure 2 (bottom-left),
we chose « = 20, A = 3, u = 40, and v = % In Figure 2 (bottom-right), we chose
x=20,A =3, u=40,andv = 7.

Next, we calculated an approximate solution satisfying the two parametric kinds
of cosine-Apostol-type Frobenius-Euler-Fibonacci polynomials ]I-]Igf ’l_f) (&, v;u; A) = 0 for
® =20, A =3, u =40,v = %. The results are given in Table 1.

Table 1. Approximate solutions of ]HIZ(: ’Ff) (&, v;u;A) =0.

Degree w 4

1 —1.6216

2 —0.81081-1.11721i, —0.81081 + 1.11721i

3 —2.5527, —0.3453-1.3890i, —0.3453 + 1.3890i

4 —2.1149 + 1.2065i, —2.1149-1.2065i,

—0.3176-1.6486i, —0.3176 + 1.6486i

5 —4.9923, —1.0243 +2.8171i, —1.0243-2.8171i,
—0.53363-1.25377i, —0.53363 + 1.25377i

6 —6.6054, —2.8798, —1.4002 + 4.3170i,

—1.4002—-4.3170i, —0.34373 +1.21593i, —0.34373-1.21593i
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Table 1. Cont.

Degree w g
7 —11.829, —2.4479-7.1055i, —2.4479 +7.1055i, —1.8300 + 1.8696i,
—1.8300-1.8696i, —0.34829 +1.18791i, —0.34829-1.18791i
8 —18.525, —4.0494, —3.8525-11.4136i,

—3.8525 + 11.4136i, —1.5458-2.4681i, —1.5458 + 2.4681i,
—0.34158 + 1.072751, —0.34158-1.07275i1

9 -30.369, —6.302 +18.517i, —6.302-18.517i,
—3.8166 + 3.2636i, —3.8166-3.2636i, —1.9475-2.3368i,
1.9475 +2.3368i, —0.31715 + 0.97703i, —0.31715-0.97703i

5. Approximate Roots for Sine Apostol-Type Frobenius-Euler-Fibonacci Polynomials
and Their Application

In this section, certain zeros of the two parametric kinds of sine-Apostol-type Frobenius—

Euler-Fibonacci polynomials H(

are shown.

7 (¢, v;u; A) = 0 and beautifully graphical representations

A few of them are
HY (&, v;151) =0,

n
H%ﬁs)@, Vi A) = 1,< ul-l—/\u) ,

an(G) ()0 ()
—u+A —u+A —u+A

HIY (&, viw ) = —

4

1 «
1+u> ., (1+u>"‘+2w“(ﬁ) A

B @ vin) = 20 T ] i
W( 1+u) A2 wx2( 1+u) A2 ng( 1—|;\u) A
— +
(—u+A)2 (—u+A)2 —u+A

and

[
3ulya( =1EL) A

R A o ANy S AN ( )

Hy (G viu;A) = 351/(“_/\) 3vil - CutAp

6uva? ( 1*”) A2 wx( 1*”) A3 3ua? ( ‘)’X)x3

(Cu+A) Cut AP T CarAp
_wx3< 1+”) A3 +6u§w¢( 13”) A  3fvan?

(—u+A)3 (—u+A)2 (—u+A)2
+3§1/zx (55) 2 6§2va(;lle“)“A N 3%a( )"

(—u+A)? —u+A —u+A

We plot the zeros of the two parametric kinds of sine-Apostol-type Frobenius—Euler—
Fibonacci polynomials ]I-]IE;X ’;) (&, v;u; A) = 0 for w = 11 (Figure 3).
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Figure 3. Zeros of ]HIZ(;,’;) (&v;u;A) =0.

In Figure 3 (top-left), we chose « = 20, A = 3, u = 40, and v = 7. In Figure 3
(top-right), we chose &« = 20, A = 3, u = 40, and v = % In Figure 3 (bottom-left),
we chose « = 20, A = 3, u = 40, and v = % In Figure 3 (bottom-right), we chose
x=20,A=3, u=40,andv = 7.

Stacks of zeros of the two parametric kinds of sine-Apostol-type Frobenius-Euler—
Fibonacci polynomials Hz(g ’;)
presented (Figure 4).

In Figure 4 (top-left), we chose « = 20, A = 3, u = 40, and v = 7. In Figure 4
(top-right), we chose & = 20, A = 3, u = 40, and v = % In Figure 4 (bottom-left),
wechoseaw =20, A =3, u = 40, and v = % In Figure 4 (bottom-right), we chose
x=20,A=3, u=40,andv = 7.

Next, we calculated an approximate solution satisfying two parametric kinds of sine-

(&, v;u;A) = 0 for 3 < w < 40, forming a 3D structure, are

Apostol-type Frobenius-Euler-Fibonacci polynomials I[-]IE;X ’;) (&, v;u;A) =0fora =20, A =
3, u = 40,v = J. The results are given in Table 2.



Axioms 2024, 13, 348 19 of 21

O
[ J
L]
® o
® o
o
o ®9
L /
-
T .
| —
[ |
/ | )
\ | / -6x107 |
-1x10° | |
-5x107 | / /
Re(®) o \ Re(§) -2x107 \
I/
%107 0
4x107 4x107.
AT . A®
Im(§) 2x107 - Im(§) 2x10 |
|
0~ // | ¢ — } ‘ )
- ) 7 |
—2x107/. ‘ ° -2x10] L ‘
S —axaol
-4x107 ‘ L4 / | -t “
40 & 4 [ \" °
L) / \ - |
\ — \ |
30| B 30 |
| |
/- \ //
w / w /
20 / 20 /
[ / |
e b L I |
) /
10 S/ | 10 \ Y, |
[ | v
L 7 Y [
| \
. | ~<_ I}
73)(107\\\\ | / —2.0x107 T |
— |/ o |
g | -1 0x10\\\
Re() —1x107
\J Re($) -5.0x10° \
0

Figure 4. Zeros of H;’f”;) (&v;u;A) = 0.

Table 2. Approximate solutions of Hif ’;) (&v;u;A) =0.

Degree w g

2 —1.6216

3 —0.8108-1.4270i, —0.8108 + 1.4270i

4 —2.3585, —0.4424 +1.7622i, —0.4424-1.7622i

5 —1.8208-2.1580i, —1.8208 + 2.1580i,
—0.6117 + 1.8334i, —0.6117-1.8334i

6 —3.7216, —1.6884-3.8944i, —1.6884 + 3.8944i,
—0.5048-1.5492i, —0.5048 + 1.5492i

7 —3.1006 + 2.3894i, —3.1006-2.3894i, —2.9654-5.8498i,

—2.9654 +5.8498i, —0.4205-1.5019i, —0.4205 + 1.5019i
8 —6.5500, —4.6320-9.7962i, —4.6320 +9.7962i, —2.2337 +2.8199i,

—2.2337-2.8199i, —0.3998-1.4437i, —0.3998 + 1.4437i

—7.590-15.664i, —7.590 + 15.664i, —6.9050-3.07831,
—6.9050 + 3.0783i, —2.1598-2.9826i, —2.1598 + 2.9826i,
—0.3719-1.3842i, —0.3719 + 1.3842i

10 —13.328, —12.221-25.464i, —12.221 + 25.464i,
—6.2140 + 5.1861i, —6.2140-5.1861i, —2.1195-2.7752i,
—2.1195 +2.7752i, —0.34922 +1.33983i, —0.34922-1.33983i
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6. Conclusions

The employment of special polynomials in scientific fields is extensive and diverse,
encompassing areas such as signal processing, geoscience, engineering, and quantum
mechanics. These polynomials play a crucial role in numerical analysis and computational
techniques, facilitating the resolution of intricate issues spanning various scientific do-
mains. In numerous studies, researchers in the field of applied mathematics have utilized
generating functions and function equations of special polynomials to investigate various
topics. The results of these investigations have been documented in numerous research
papers. In this article, we aim to introduce the F-analogues of the Apostol-type Frobenius—
Euler polynomials defined by Kilar and Simsek [22], using Golden calculus. We have
obtained several fundamental properties of these newly established polynomials. Some of
the main results in the paper generalize the recently published paper [23]. Furthermore, we
have provided zeroes and graphical illustrations for the parametric kinds of Apostol-type
Frobenius-Euler-Fibonacci polynomials. The results of this article have the potential to
motivate researchers and readers to conduct further research on these special numbers
and polynomials.
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