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are shown to exist with weak constraints on the types of viscosity matrices and constitutive equations
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1. Introduction

Since the breakthrough results of P-L. Lions [1-4] and E. Feireisl and co-authors [5-9],
a high-priority problem in mathematical hydrodynamics in recent decades has been con-
structing the theory of the global solvability of boundary and initial-boundary value
problems for equations of the dynamics of compressible fluids and gases. In general, this
theory has been significantly developed but only in the case of single-component media.
However, an important branch of this theory concerning multicomponent media (multi-
fluids) has remained much less developed (for more details on modeling the multifluids
discussed in this article, cf. [10-12]). One of the first multidimensional solvability results is
presented in the work of J. Frehse, S. Goj and J. Malek [13]. The work mentioned shows
the solvability of the Cauchy problem for a system without convective terms in the case
of the general relation between the pressures and densities of the constituents. The same
authors in [14] obtained a uniqueness result for weak solutions to the Cauchy problem
under the additional assumption that the mass forces are missing as well as terms that de-
scribe the exchange of momentum between different components. In the work of J. Frehse
and W. Weigant [15], the existence and uniqueness are proved for a classical solution
to the boundary value problem for a quasi-stationary system without convective terms
and with special boundary conditions. The results on the existence of solutions with the
consideration of convective terms were obtained by A. E. Mamontov and D. A. Prokudin
in [16-19].

The results for similar models of multifluids are obtained in [20-27]. In more detail,
these results are as follows. Reference [20] contains a global solvability result for the
problem of motion of two incompressible capillary fluids in a container. In [21], the Cauchy
problem for a system of equations governing the flow of an isothermal reactive mixture
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of compressible gases is considered. The main contribution is to prove the sequential
stability of weak solutions when the state equation essentially depends on the species
concentration and the viscosity coefficients vanish under vacuum. Moreover, under the
additional assumption of the “cold” pressure component in the regions of small density,
the existence of weak solutions is proved for arbitrary large initial data. In [22], the global-
in-time existence of weak solutions is proved for zero Mach number systems arising in
fluid mechanics with periodic boundary conditions. In [23], a result is obtained for the
global existence of so-called x-entropy solutions to the Navier-Stokes equations for viscous
compressible and barotropic fluids with degenerate viscosities. Reference [24] presents a
study of systems of equations governing a steady flow of a polyatomic, heat-conducting
reactive gas mixture. It is shown that the corresponding system of PDEs admits a weak
solution and renormalized solution to the continuity equation provided the adiabatic

5
exponent for the mixture is greater than ~. In [25], a coupling between the compressible

Navier-Stokes-Fourier system and the full Maxwell-Stefan equations is studied. This
model describes the motion of a chemically reacting heat-conducting gaseous mixture.
The viscosity coefficients are density-dependent functions vanishing in a vacuum, and the
internal pressure depends on species concentrations. By several levels of approximation,
the global-in-time existence is proved for weak solutions on the three-dimensional torus.
Reference [26] discusses the Euler-Cahn-Hilliard system proposed by Lowengrub and
Truskinovsky describing the motion of a binary mixture of compressible fluids. It is shown
that the associated initial-value problem possesses infinitely many global-in-time weak
solutions for any initial finite energy data. In [27], the solvability of the inhomogeneous
boundary value problem for nonlinear equations of radiation heat transfer with Fresnel
conjugation conditions on refractive index gap surfaces is analyzed. The nonlocal single-
valued solvability of the boundary value problem is proved.

The results listed above, however, do not cover cases comprising the general type
of rheological relations, which are the most common forms of viscosity matrices and
constitutive equations for pressures and for exchange terms. This case will be considered
in this paper.

The outline of the paper is as follows. Section 2 contains the differential equations
of the dynamics of a compressible multicomponent medium with non-diagonal viscosity
matrices, the mathematical formulation of the problem to be solved and the main result.
In Section 3, the necessary auxiliary results are formulated and proved, namely, the formu-
lation of the approximate problem, its solvability and further necessary properties of the
resulting approximate solution. In Section 4, we derive uniform estimates of solutions to
the approximate problem, on the basis of which we perform the passage to the limit with
respect to the approximation parameter in Sections 5 and 6. The main result is formulated
in Section 2 in the form of Theorem 1.

In the equations of multicomponent media dynamics, additional indices responsible
for the numbering of the medium components appear. To avoid cluttering the text, it is
worth employing the invariant notation. It excludes explicit mention of vector and tensor
components, which we will adhere to throughout this paper and whose rules we will
specify here in order to avoid discrepancies. Namely, if # and v are vectors (“columns”)
of dimension n (with the components u; , v;), and U and V are tensors of the second rank

(“matrices”) acting in R" (with the entries U;;, Vj;), then
1 Bul
u-v= Zuvl, U:V= Z Vij, dlvu—z

i=1 i,j=1
Uu and divU are vectors (“columns”) with the components

LG . 1 8111]
Uu)l = Z Ul'ju]‘, (leU)]' = Z o ;
j=1 =1 O
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and, finally, UT and u ® v are tensors with the entries (UT)ij = Uj; and (u ® v);; = u;v;,
respectively. When applying these notations in the paper, in most cases, n = 3 (dimension
of the flow), but sometimes, n = N (number of medium components), N > 2.

This paper will use the generally accepted (see, e.g., [28,29]) notations of function
spaces: namely, L, () (W;7 (Q))) is the space of functions integrable in the power of p > 1

(together with the generalized derivatives up to the order I > 0 inclusive); C'(Q0) (C}(Q)) is
the space of functions having continuous partial derivatives up to the order / > 0 inclusive
in Q (with compact supports in Q); C®(Q)) (C*(Q)) is the space of functions which belong
to all C'(Q) (C'(Q))), 1 = 0,1,... (CO%(Q) = C(Q)); C5°(Q) is the space of functions from

C*(Q) whose supports are compact subsets of (); W;,(Q) is the closure of C{°(Q2) in the

space Wll7 (Q). We will not distinguish between the notations of the spaces of scalar-valued
and vector-valued functions.

2. Statement of Boundary Value Problem and Formulation of Main Result

Let us formulate the mathematical problem considered in this paper. Let a multi-
component medium (having N constituents, N = const > 2) occupy a bounded domain
Q of the Euclidean space R? of points x = (x1,x3, x3) with the boundary 9Q of class C2.
The sought values are the following physical quantities described by N + 1 scalar and
vector-valued functions (3N + 1 scalar functions, taking into account vector dimensions)
defined in O): namely, the scalar total density field of the multicomponent medium p(x) > 0
and the velocity vector fields u;(x) = (uj(x), ujp(x), uj3(x)) for each component with the
numberi =1,..., N. To find these quantities, the continuity and momentum equations are
to be solved

div(pv) =0, 1)

div(pjv @ u;) + a;Vp = divS; + J; +pif;, i=1,...,N, )
N

in which the following notations are used: v = Z aju; is the average velocity of the
j=1

multicomponent medium, where a; € R, a; € (0,1), a1 + ... +ay = 1; p; = a;p are the
densities of the constituents; p is the total pressure of the medium which is defined by the
total density p, i.e., the function p(-) is supposed to be prescribed, provided that

1
p € CH0,+o0), C—s%1 —c<p(s)<cis" P4+ and
1

with certain constants ¢y > 3, ¢; > 1 and ¢ > 0 (the simplest example of a situation
when the formulated requirements for the pressure are fulfilled is the polytropic law
p(s) = ¢s7 with a constant ¢ > 0), and Vp is the vector (“column”) with the compo-

nents (Vp);, = % ; S; are the viscous stress tensors of the constituents which are de-
i
N
fined by the equalities S; = ) (2u;jD(u;) + A;j(diva;)I), where I is the identity tensor,
j=1

1
D(uj) = 5 ((V ® uj)T +(V® uj)) is the rate of deformations tensor of the vector field
u;, and the numerical viscosity coefficients A;; and p;; form the matrices A = {A;;} and
M = {p;;} such that
M>0, A+2M>0; (4)
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the vector fields J; = Z a;i(u ) (| — wj* + 1)P describe the intensity of the momentum

exchange between the Components where the constants a;; > 0, a;; = aj;, p € (0,1]; and
finally, the known vector field of the external forces

fieC(Q). ®)

In (4), the expression M > 0 means the positive definiteness of the matrix M, i.e., for all
& € RN\ {0}, the inequality (Mg, &) > 0 holds, and similarly for A + 2M.
Equations (1) and (2) need to be supplemented by boundary conditions for the velocity
fields, e.g.,
Ui |aQ =0, (6)
i.e., the boundary dQ) of the domain () is assumed to be a non-permeable solid wall, and an
additional density condition, which is standardly accepted as follows

/pdx: m, @)
Q

where the positive constant m expresses the total mass of the multicomponent medium and
is assumed to be known.

As aresult, the subject of the research is formulated as the boundary value problems (1),
(2), (6) and (7).

Remark 1. It follows from the conditions (3), in particular, that for all s > 0

1 €1
- G < < = v , 8
cl'ys c2s < p(s) 75 + ¢35 (8)

from which, in turn, it follows that

Bis" —By <s / }915727 dn < B3s” + By, )
1

where the positive constants By, By, B3 and By depend only on c1, ¢ and y. Further on, we will
use By(-), k € N to denote the quantities taking finite positive values and depending on the objects
specified in brackets or listed in the comments.

Remark 2. In view of the equality (see (6))

Z/S (Vou;)dx = Z /ptl] curlu;) - (curlu;) dx

i=1g ij= 1h
N
+ Z /()\1’]‘4-2]41']') (divui)(divu]-) dx, (10)
ij=14
. . N auig‘, 8ui2 N auﬂ auig N auiz auﬂ
in which (curlu;); = <ax2 o , (curlu;), = o 9x , (curlu;)s = v ax )
the conditions (4) provide an important relation
N
5(A,M) Z/|V®ul|2x<Z/Sz (V @ u;) dx. (11)

11(2 110



Axioms 2024, 13, 362

5o0f24

The aim of this article is to construct a weak solution to problems (1), (2), (6) and (7),
understood in the standard way, which is in line with the theory of one-component viscous
compressible media. To be exact, let us formulate the following.

Definition 1. A weak solution to the problems (1), (2), (6) and (7) is a collection of functions

p€Ly(Q), p=0, ueWi(Q),

which satisfy (7) and the following conditions:
(1) The density p satisfies the continuity Equation (1) in the sense that the integral identity

(ZV@pvdx—O

is valid for all ¢ € C*(Q)),
(2) The velocities u; satisfy the momentum Equation (2) in the sense that the integral identities

/ ((Piv @u;): (V) +a;pdiv e,
Q

_Si:(V@z/:l-)+Ii-¢i+Pifi"/’i)dx:O

are valid for all ; € C§°(Q) (the boundary conditions (6) are immediately satisfied in the sense of
the functional class W} (Q)).

Remark 3. As it is well-known from the transport and Navier—Stokes theories (see, e.g., [30-32]), all
weak solutions to the continuity equation in the sense of item (1) of Definition 1 immediately prove to
be so-called renormalized solutions, i.e., they satisfy the renormalized Equation (1), formally obtained
from (1) by multiplying by R'(p) for all functions R of a certain class (namely, with sufficient
smoothness and growth properties at zero and the infinity).

The main result of this paper is summarized below.

Theorem 1. Let QO C R3 be a bounded domain, 0Q) € C?, suppose that the pressure p satisfies
the restrictions (3), the viscosity coefficients forming the matrices A and M satisfy (4), all other
numerical coefficients a; € (0,1), a1 +...any =1, aij > 0,a;; = aj;, B € (0,1], m > 0. Then, for
all input data f; of the class (5), the boundary value problems (1), (2), (6), and (7) possess at least
one weak solution in the sense of Definition 1.

Proof of Theorem 1. This proof is the subject of the remainder of this paper. The proof
follows two main steps. The first step is demonstrating the existence of a strong solution
to the problem while simultaneously obtaining estimates uniform with respect to the
regularization parameter, and this is the focus of the third and fourth sections. The second
step consists of passing to the limit with respect to the regularization parameter on the
basis of the estimates to be obtained at the first step, which takes place in the fifth and
sixth sections. [J

3. Formulation of Approximate Boundary Value Problem and Proof of its
Strong Solvability

In accordance with the above plan for proving Theorem 1, we will seek a weak solution
to problems (1)—(7) as the limit of the approximate solutions, namely, the strong solutions to
the following boundary value problem (we will omit the index ¢ for quantities depending
on ¢ for now) .

, 12
Q) (12)

div(pv) = eAp —ep+ ¢
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1 1
Ediv(piv ®@u;) +a;Vp+ Epi(v -V)u;

€ ea;m ,
+5piti+ Tb‘”i =divS; + J; +pif;, (13)
Vo nlan =0, uilsn=0, (14)

where the parameter € € (0,1] is to be tending to zero later; |(}] is the Lebesgue measure of
); and # is the unit normal vector for Q). In (12), the symbol A means, as usual, the Laplace
operator A = % aa—;.
k=1 ""k

The problems (12)—(14) include an elliptic regularization of the boundary value prob-
lems (1), (2), (6) and (7) with additional terms and conditions, aimed at preserving the useful
properties of the original problem, such as the integral orthogonality of the convective
terms and velocities.

A strong solution to the approximate problems (12)—(14) is understood as follows.

Definition 2. A strong solution to the boundary value problem (12)—(14) is a non-negative function
p € Wi (Q) with certain q > 3, commonly with the vector fields u; € Wg(Q), such that
Equations (12) and (13) are satisfied a.e. in (), and the boundary conditions (14) are valid a.e.
at 9Q).

The existence of a strong solution to the boundary value problems (12)—(14) will be
proved by using Leray-Schauder’s fixed point principle (see, e.g., [33], Theorem 11.3,
p- 280), which we apply to the operator T formed hereafter.

3.1. Formation of Operator T

First, we introduce several intermediate operators, the superposition of which will be
the operator T.

To accomplish this, consider the boundary value problem for the second-order ellip-
tic equation

div(pw) =eAp —ep+¢eg, Vp-nlzn=0 (15)

with an unknown p and the given vector field w and function g.

As it is known (see e.g., [32], Proposition 4.29, p. 213 and [34], Lemma 3.1, p. 795), if
w € WL(Q), wlan =0, g € Le(Q), then the following hold:
(1) There exists a unique strong solution p to the problem (15) of the class Wg(Q) ;
(2) The estimate

lelwziey < Bs(€4,6) (Il llws @) + 1) I8l (16)

is valid;
(3) The equality / gdx = / o dx holds;
Q Q

(4) Ifg>=0ae. inQ), thenp>0a.e in .

Thus, the first intermediate operator is defined as P : Wg(Q) — Wg(Q), where
W;(Q) ={w € W‘%(Q) : wlpn = 0}, which acts as P : w — p, and such that
Vw e qu (Q)), the function p € qu (Q)) is uniquely defined as the solution to the boundary
value problem

m

div(pw) = eAp —ep + ¢ ,
(ow) = ehp —ep + &7,

Vp - nfyn =0. (17)
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It is clear that p = P(w) > 0 a.e. in ) and /pdx = m (note that the space qu(Q) is

embedded into the space C' (}) ). Moreover, for all w1, w; € W,?(Q), the inequalities

7(Bo, 2,0,m,) (w1 llea) +1) (lwzller (@) +1) llwr = w2l ey
3(B7,0,9) (w1l @) +1) (wallea gy +1) s — w2z

o1 —P2|\w,2(0) (18)

N =

<
<

hold, where p; = P(w;). Indeed, for p; = P(w;), the following equalities are valid:

—eA(p1 — p2) +div((p1 — p2)w1) +€(p1 — p2)
. 8(_div(p2(w1 —

o €

wz))), V(p1 —p2) -nlaa =0.

Using that, we directly obtain (18) from the embedding of W7 (Q2) into C' (Q2) and from the
diV(pz(W1 - wz))

€
The second intermediate operator is defined as £ : L;(Q)) — W;(Q), which acts as

£ : g — u, where a given vector g = (g3,...,8y) With the vector-valued components
8; € L;(Q)) is mapped into a unique vector u = (uy, ..., uy) with the vector-valued com-
ponents u; € W; (Q)), which is the solution to the boundary value problem for a strongly
elliptic system of second-order equations

estimate (16) with g = —

N
— Y ((Nij + i) Vdiva + pijAuj) = g5, tilaq =0 (19)
j=1
N
(note that divS; = Z ((/\ij + yij)Vdivuj + yijAuj)). The classic results for elliptic systems
j=1

(see, e.g., [35-37]) imply that for all g1, g» € L;(Q}), the inequality
w1 —wallwz(q) < Bo(g, A M, Q)81 — &2ll1, () (20)
is valid, where u; = £(g;).

Finally, according to the structure of Equation (13), the third set of intermediate
operators D; : W;(Q) — C(Q), i=1,...,N is defined as follows:

1 N
Di(w) = —Ediv (zxm(Z vcjwj> ®wi> —a;Vp

j=1
— %aip ( <Ji uc]-w]-) . V) w; — gtxipwi — %wl
+Z’11] —w;)([w; —wi* + 1P +aipf;, (1)
where a given vector w = (w,...,wy) with the vector-valued components

N
w; € W;(Q) is mapped into the value p = P (Z (x]-wj) € W;(Q) Due to the embedding
i=1

of W7 (Q) into C!(Q0), the conditions w € WZ(Q), p € W;(Q) imply that D; € C(Q).
Moreover, forallwy = (wl,..., wl), wo = (w?,...,w3) € qu(Q) and the corresponding

(sz ) 02 = (Za ) € W2 (Q), the estimates
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IDi(w1) = Di(w2) L, () < Bro(Q @)l Pi(w1) = Di(w2)llc () < Buillor —p2llcr )

N
+B12Z”w11_wi2||cl( ) +Bullezllerq )HP (p1) — (Pz)||c(5)/ i=1,...,N (22)
i=

hold, where By = By (Bio, |willcs myy loallca oy {1 Fille(y o erca N faigh 7).

Bz = Biz (Buo, [willcr (), W2l cr ) ezl @y {13 lleqen) o N o), B,2), amd the
dependence of Bj; and By, on HP1||C1( q) ||p2||C1( q) ”Wl”Cl( o) and [|wal| - (@) is locally
bounded, i.e., the values sup By; and sup By, are bounded over every set of the type
leller @y + lle2ller @) + Iwiller @y + Waller ) < const.

As a result, we define the operator T : qu(Q) — W,%(Q), which acts as
T=E&o(Dy,...,Dn),ie, forallw = (wy,..., wyN) € W,?(Q), we set

T(w) = E(D1(w),...,Dy(w)). (23)

Note that a fixed point u = (uy, ..., uy) of the operator T (provided it exists), together
N

with the corresponding function p = P <Z aju; |, provides a solution to the auxiliary
j=1

problem (12)—(14), since the construction of the image T(w), w € Wg(Q) is solving first
the problem

N
div(pv) = eAp —ep + 8%, v=Y awj Vp-nlpn=0,
=1
producing p = P(v) and then the boundary value problem

N
. 1..
— E (()Li]‘ + ,ui]')levuj + ,lll']'Au]') = —Edw(piv Q@w;) —a;Vp
j=1

1 € ex;m
- *Pz(v -V)w; — Eplwl - mw

+Zaz] —w;) |wz—w]|2+1)ﬁ+sz1, uilan =0,

where p; = «;p.

We are to prove that the operator T meets the conditions of Leray—Schauder’s fixed
point principle.

First, we prove that the operator T is continuous. Let w” = (w!", ..., w}}) € Wz( ),
m € N, w" — w = (wy,.., wy) as m — oo strongly in WZ( )- Then due to the
continuity of P from W‘?(Q) into WqZ(Q) (see (18)), we have that

N N
= P(Z ogw}”) —p= P(Z ochUj),
=1 =1

as m — oo, in the norm of the space WZ(Q) The continuous embedding of W;(Q) into
C'(Q) and the properties (22) of the operators D; imply that

Dy(w") — Di(w),

as m — oo, in the norms of the spaces L,(Q) and C(Q). Finally, the continuity of £ from
L,(Q) into W,;(Q) (see (20)) leads to the convergence

T(w") — T(w)

as m — oo strongly in W;(Q), which means the continuity of the operator T.
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In order to prove that the operator T is compact (completely continuous), let us take
in W; (Q) any bounded sequence w", m € N. Since the embedding of W (Q) into C'(Q)
is compact, the sequence w”', m € N admits the selection of a subsequence (preserving the
initial notation) such that
w" — w strongly in C' (Q)

as m — oo. Thus, the estimate (18) implies that

N N
=P (Z “jW}"> —p=" (Z “f%’)
j=1 j=1

as m — oo in the norm of the space qu (Q)). Tterating the previous argument, we find that
T(w") — T(w)

as m — oo strongly in Wg (Q), which concludes the proof of the compactness of the
operator T.

To complete the verification of the conditions of Leray-Schauder’s fixed point principle
and, thus, to prove the existence of a strong solution to the boundary value problem (12)—(14),
we need just to show that the set of all qu (Q))-solutions to the operator equation

AT(u) =u, A€ (0,1] (24)

is bounded in W,?(Q) In other words, we obtain an a priori estimate of the solutions to
Equation (24) in the space W;(Q) uniformly with respect to the parameter A.

3.2. Problem with Parameter A and First Estimate

To obtain an a priori estimate of a solution to Equation (24) in the space qu(Q)
uniformly in A means to estimate a supposed solution (p, uy, ..., uy) to the boundary value
problem (we omit the index A for the values depending on A)

div(pv) = eAp —ep + S‘mﬁ, (25)
A A Ae Aeoym
5div(piv @ ui) + Aa;Vp + Zpi(v - V)i + —piu; + ﬁ”i
= divS; + AJ; + Apif;,  (26)
Vo nlan =0, uilsn =0, (27)
N
in the space qu(Q), uniformly with respect to A, where v = ) wajuj, pi = wap,
j=1
N 2
Si = Z(Zﬂu () + Aij(divasy)T), J; Z”l] )l = * + 1P,

First, we compose the scalar product of (26) and 2 )\ mtegrate over () and sum over
i=1,...,N, and we arrive at

/ (V@u;) dx+2‘Q| Eal/|ul|2dx+ 2/pl|ul| dx
19

11Q

> =
HMZ

4z 2 al]/\ul—u]| (Ju — w2 +1)P dxe
1] 1

= /pdwv dx—l—Z/ul pif;dx. (28)

11Q
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Then, we integrate Equation (25) over () and obtain the equality

/pdx = m. (29)
o)

Multiplying Equation (25) by the function R’(p) (where R : R — R is an arbitrary
double continuously differentiable function), we obtain the equality

(R (p) — R(p))divo + div(R(p)v) = —eR"(p)|Vpl|*
+ediv(R'(0)Vp) — epR'(p) + EWR’(p)- (30)

p+o
Setting R(p) = (p + 9) / pls) ds in (30) with arbitrary J € (0, 1], we derive

/p(p—i—é)divvdx-é/Wdivvdx#—é/(/ pizs)ds) divo dx
Q Q 1
+9), " p(s)
p(s) em PP P
|Q| (/ )d +|Q| s/p(l/ = ds)dx

/pp (p+9) /P |Vp|2dx (31)

Let us take a closer look at the summands in the right-hand side of (31). The first term
satisfies the estimate (see the conditions (3) and Remark 1)

N
5/p dlvvdx 0B13 (7, B3, By) Z/\V®u1| (0" !+ 1)dx. (32)
1:1Q

The second term in the right-hand side of (31), in view of the conditions (3) and Remark 1,
can be estimated as

p+6 p+d
(5/(/ pi?ds)divvdx—é / (/ P ds)dlvvdx
o \1

{Q: p=1-4, diveo>0}

p+o P
+6 / ( P(zs)ds)divvdx+5 (/ P, )dlvvdx
S
{Q: p=1-4, divo<0} \1 {Q: 0<p<1— (5 divo>0} \1

p+6 p+6
+0 / (/ ps(zs)ds)divvdx—l—é / (/ )dlvvdx
{Q: 0<p<1-4, divo<0} \ 1 {Q: p=0, divo<0} \ 1
N

<5B14 01/7/33,34 Z/ V®u ‘O’Y 1+1)dx+5ln(5 B15 Co 2/|V®ul\dx

= Q 1:10

z

dive
4B, / i 63)
{Q: 0<p<1-4, divo<0}

The third summand in the right-hand side of (31), using (3), Remark 1 and Young’s inequal-
ity, satisfies

p+d
. / ps) ds | dx < Byg(Q), c1,m, 7, By, B3, By) + (L + By /PV dx.  (34)
Q] 2\ 52 4\c1y 2



Axioms 2024, 13, 362 11 of 24

Using Remark 1 and Young's inequality again, we estimate the fourth summand in the
right—hand side of (31) as

pp+5

|Q| p+90

1
< B17<Q/C11C21m17/ Bl) + £< + Bl) /P’y dx‘ (35)
4\ 1y 4

In view of Remark 1, the fifth summand in the right-hand side of (31) satisfies the estimate

p+4
—s/p (/ ps(Zs)ds) dx < B1g(Q), By) — eBy /p” dx. (36)
1 0

Q

Using Remark 1 and formula (29), the penultimate term in the right-hand side of (31) can
be estimated as

W dx < Byg(m, c2) — % /Pv dx. (37)
o)

The last term is (31) non-positive (see (3)).
As a result, from (31), in view of (32)—(37) and the sign of the last term is (31), it
follows that

/p p +06)divodx < —;(1+Bl)/p“rdx+53132/|V®ul|( 714 1)dx
1 i 10
+5Bl4Z/|V®u|( 714 1)dx + 6(Ind) 3152/|v®u1\dx
1= 10 i= 1Q
divo
— 0By dx+Bzo(Bl6, Bi7,B1g, B1g). (38)
{Q): 0<p<1-4, divo<0}

Let us pass to the limit in (38) as § — +0, using Lebesgue’s dominated convergence
theorem, so that we obtain the estimate

/pdivv dx < By — ¢ (1 + B1> /p" dx. (39)
2\ a1y
Q Q
1
Further, the relation (28), in view of (11), (39) and the fact that 1 > 1, imply the in-

equality

B5Z/|V®ul|2dx+2‘0| Zal/\ul|2dx+ Z/pl|ul| dx

el 1 5
+2<C17+Bl>!p7dx+ Z%/W: u]\ (| — ujl +1)Pdx

i,j=1
2 / w; - pif;dx + By, (40)
i= 1Q

from which, in view of the estimates

N
By1(Q), Bs) 2||ul||wl(0 B5Z/|V®ui|2dx,
O

i=1 i=1
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] Mz

/uz pifidx < 21 2” ZH
Q

€ 1 0%
+4(AY+31>||p|| o + B2 (0,00, N, 7,681 B, Uil } )

we obtain the estimate
N
) ||ui||W21(Q) +1lellz, ) < Bas(e1, N, 7, B1, Bao, Bo1, Bao) (41)
i—1

uniform in A. In particular, this implies (in view of the embedding of W3 (Q) into Ls(Q2)) that
[uillLg() < B2a(€Q, Bos). (42)

3.3. Further Estimates

Let us rewrite Equation (25) as
—eAp = div(w) — div(pv), (43)

where the vector field w is the solution to the problem

diviw = —ep + o

, w|aQ =0. (44)
1

From the estimate (41), the properties of solutions to the problem (44) (see, e.g., [32],
p- 169) and the embedding of W, (€2) into C(Q2), it follows that

—ep + < By,  (45)

o) g B Q/ g B Q/ 7 B
lwlle @) < Bas(Qm)llwllw ) < Bas(€, 7, Bas) |Q| Lo
where By; = Boy(Q), m, 7y, Bas, Bag ). In view of (41), (42) and (45), from (25) (i.e., (43)) and
(27), due to the estimates for the solutions of elliptic boundary value problems (see, e.g., [32],

p- 211), it follows that

IVellL ¢, < Bag( e, 7) (Z llomil| 1 o (@) T |w||c(Q)> < By, (46)
W i=1 716

where Bzg = BZQ(N, B23, 324, B27, Bzg), and hence

lollw, () < B3o(Q, 7, B2, Bag)- (47)
7716
Since the space W, (Q) is embedded into the space C(Q)) provided that ¢ € (6,+c0),

776
then in this case

HPHC@) < B31(€2,7, Bao)- (48)

In order to obtain a similar estimate in the case v € (3,6], we repeat the above

argument. Since the space W), (Q) is embedded into the space L ¢, (Q2) provided that
716 o7

v € (3,6), or into the space L1,(Q)) provided that y = 6, then in the case y € (3,6) we have

el ¢, (@) < B32( 7, Bso), (49)

67

and, if y = 6,
ol Ly (0) < Baz(€2, B3o). (50)
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Using the estimates (49), (50), the properties of the solutions to the problem (44) and the
embedding of the spaces W (Q) and W],(Q) into C(Q), we arrive at the inequalities
6=y

&m

lwllc@) < Baa(QMllwllwr (o) < Bss (7, Baa) || —ep +
( ) 67 ( Q
6—7 67 )

< Bsg(€),m, v, B3, Bss), v €(3,6), (51)

em
Q1,0
< B3o(Q),m, B3z, Bsg), ¥ =6. (52)

lwlle (@) < Ba7(Q)llwllyy, o) < Bas(€ Bay) | —ep +

Taking into account (42), (49), (50), (51) and (52), from (25) (i.e., (43)) and (27), in view of
the estimates for the solutions of elliptic boundary value problems, we obtain that

1961z, 0 B4OQ€’Y<2||P”1HL7 +||w|c(0)>

< B41(N, By, B3y, Bss, Byg), v € (3,6), (53)

90l < a0 <2||puz||L4 +||w|c(n))
< Bg3(N, Byy, B3z, B3o, Byp), v =6. (54)

Then
lellwiqy < Baa(7, B, Baz), v € (3,6) and lpllyy1(q) < Bas(Q, Bas, Baz), v = 6. (55)

In view of the embedding of the spaces W1(2) and W} (Q2) into C(Q)), we obtain the
estimate we intended

HPHC@) < Bys(Q, v, Bag, Bss), 7 € (3,6]. (56)
In particular, from (42), (48) and (56), it follows that

lowil| Ly () < Baz(Bas, Bag)- (57)

Let us introduce the notations

€ em
Vi= A(Pifi TPt gttt gi)'

Denote as W;, the solutions to the boundary value problems

leW p(?f v) ]i - gi/ Wi'aﬂ = 0/ (58)

andsetU; = A (— %pv ®@u; —a;pl — Wi) . In these notations, Equation (26) takes the form

—divS; = V; + divU,. (59)
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Since the right-hand side of Equation (58) is bounded in the space L% (Q)) uniformly in

A, then, due to the properties of the solutions to the problems (58) (see, e.g., [32], p. 169),
for W;, i =1,..., N, the following inequalities are valid:

||Wi||wl3 () < Bas (O, N, B, B3, Baa, B31, Bug, {aij} ). (60)
2

As a result, the following estimates hold (here, we use the embedding of W} (Q)) into L3(02))
2
[VillLe) + Uil 0

< By (Q, N, B,m,7y,c1,¢2, Ba3, Bog, B31, By, Bz, Bag, { ||fi||c(6) }, {ﬂij})~

Hence, Equation (26) (i.e., (59)) and the boundary conditions (27), due to the estimates for
the solutions of elliptic boundary value problems (see, e.g., [35-37]) provide that

||ul||W31(Q) < BSO(Q/A/M/N/ B49)/ (61)

and, in view of the embedding of W} (Q) into Ly, (Q2), we arrive at the relations
[24il] 1,2y < B51(€, 4, Bso).- (62)

From (25) (i.e., (43)) and (27), due to the estimates for the solutions of elliptic boundary
value problems, we now obtain that

VoL, () < Bs2(Q, N, €4, B2z, B31, Bas, Bs1), (63)

and hence
||P||W;q(0) < Bs3(Q), q, B31, Bae). (64)

Then, using again the estimates for the solutions of elliptic boundary value problems,
from (25) (i.e., (43)) and (27), we deduce

| Vp||w31(0) < Bs54(Q, N, q,m, ¢, By, Bay, B31, By, Bso, Bs1, Bs2). (65)
Hence
||pHW32(Q) < Bss(Q), B3, Bag, Bsa). (66)
From here, due to the embedding of W2(Q)) into Wzlq (Q)), it follows that
lollwy ) < Bss (€2 4, Bss). (67)

Thus, for the functions V;, U;, we obtain the estimates

IVillLy, ) + Uil ) < Bs7, (68)

where Bs; = Bsy (Q, c1,C2, {”fi”c(ﬁ) }.{aij}, N, B,m,,q, B31, Bss, Bso, 351), which enable
us to write the relations

HulHWL}(Q) < B58(Q/ A/ q/M/ N/ B57)/ (69)
and
[uill o) < Bso (€24, Bsg). (70)

Using these inequalities and the estimates for the solutions of elliptic boundary value
problems, from (25) (i.e., (43)) and (27), we derive that

||p||w5(0) < Boo(€), N, m, q, ¢, By7, B31, Byg, Bse, Bsg, Bso),
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and hence
IVellc@) < Be(©,q, Beo)- (71)
Now, for the functions Uj, the following inequalities are valid:
||d1VUl H Lq(Q) < B62 (Q/ C1,C2, {aij}/ N/ ,8/ Y, l], B31/ B46/ B58/ B59/ B61> . (72)

Finally, from (26) (i.e., (59)), (27) and the estimates for the solutions of elliptic boundary
value problems, it follows that

Huin;(Q) < Be3(Q,A,N,M, g, Bs7, Bgy). (73)

3.4. Solvability of Approximate Boundary Value Problem

All the conditions of Leray—Schauder’s fixed point principle are satisfied; hence, we
can assert the following.

Theorem 2. Under the conditions of Theorem 1, for all € € (0, 1], the approximate boundary value
problems (12)—(14) possess at least one strong solution in the sense of Definition 2.

To prove the solvability of the original boundary value problems (1), (2), (6), and (7)
(see Definition 1), it remains to pass to the limit with respect to the parameter ¢, which
distinguishes problems (12)-(14) from the original problem (1), (2), (6), (7). This limit is
made below on the basis of the estimates which are uniform with respect to this parameter.

4. Uniform Estimates of Solutions to Approximate Boundary Value Problem

Let us obtain the estimates of the solutions to the approximate boundary value problem
which are uniform with respect to the parameter . Integrating Equation (12) over the
domain (), we obtain the equality

/pdx = m. (74)
O

Composing the scalar product of (13) and u;, integrating over 2 (using the boundary
conditions (14)) and summing overi = 1,..., N, we derive the equality

Z/ (Veu;):Sidx+ - 2/|ul| pldx+2|0| szl/|ul| dx

11Q

41 2 al]/\ul—u]| (Ju — w2 +1)P e
1] 1

= /pdwv dx—l—Z/ul pif;dx, (75)

i= 1Q
from which, due to (11) and (39), it follows that
BSZ/|V®uz|2dx+2Q Z“z/‘uz|2dx+ Z/ |uz‘ pidx
i= 1Q ‘ | i= 1Q
el 1
+2<7—|—Bl> /p”dx+ Zla,j/|ul—u] (Ju; — u;? +1)Pdx
Q L

N
<y / ui - pif;dx + By, (76)

11Q
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From (76), in view of the inequalities

N N
Bos(Q,B3) Y i3y ) < Bs Y- [ IV @ udx,
i=1 =14

N

Y [ui-pif e < 28 2 612,33y + Bes (9 Bess Ll filley }) Il e
i=1Q) g
we obtain the estimate
N
Zi HWH%V%(Q) < Bes (B2o, Bea, Bes) <||P||%g(o) + 1)- (77)
=

Composing the scalar product of (13) and 3, where the vector field 3 is the solution
to the problem

divyp = |Q| /p”deer , Plan =0, (78)

and integrating over (), we arrive at the identities

oci/pdex: &(/pdx) (/;ﬂdx)
0 0 o}
+[(gpoeu+s) (Vepdr— [Tyt [ V) -pds
o} o} 0
—/pifi~1pdx+§/piui'1pdx+§% u;-pdx. (79)
Q Q o}

Due to the estimates

1#llg0) + IV @ #llry0) < Ber(Qllell7, (o
1Sill L, ) < Bes(Q, A, N, M, 7, Bgg) (HPHLZW(Q) + 1),
o2 V)il o)+ o0 @ wll Ly < Beo(, N, 7 Beo)llz ) (el ) + 1),
HIiHLg(Q) < B7o(Q, N, B, 7, Bes, {aij}) (lelzﬁ+1 +1>

loifillL,0) < Bn (Q,’Y/{||fi||c@)}) lellL,, ),

which are valid for all i = 1,..., N and uniform in ¢, from (79), it follows that (see (8)
and (74))

41(r-1)

leli;( B72<||P||L2 o * el o +1> (80)

where By, = By (Q, ¢1,¢2,{;}, m, B,7, Be7, Bes, Beo, B7o, B71).
Now, from (80), we obtain the estimate

NIy, () < Bra(v, Br2), (81)
and, due to (77), the estimates
il () < Bra(Q, 7, Bes, Bra)- (82)
Finally, from (12), (14), (81) and (82), it follows that

VeVl ) < Brs(Q, N, m,, B3, Bry). (83)
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Hereinafter, the solutions to the problems (12)—(14) will be denoted using the index e.

5. Limit Everywhere Except Pressure

In view of the estimates (81)—(83), the family p?, uf, of the solutions to the boundary
value problems (12)—(14) admits the selection of a sequence (which will be denoted likewise),
for which, as ¢ = +0, the convergences hold

u; — u; weakly in V\Olzl(Q), (84)

p° — p weaklyin Ly, (Q), p>0 a.e.in O, (85)
eVp® — 0 strongly in Ly(Q2), (86)

p(p°) — p(p) weaklyin Ly(Q), p(p) =0 a.e.in Q, (87)

where p(p) denotes the weak limit of the sequence p(p°) in Ly(Q2).
Note that (84) immediately provides the strong convergences u} ﬁo u;in L, (QY) for
£—>
allp € [1,6).
Thus, we obtain that the limit functions p, u;, satisfy the equation

/vg-pvdx:o VEe () (88)
N
which is the weak form of (1), where v = 2 ajuj; the equations
j=1

[ (o) : (Vo g) +mplo)dive, = Si: (V& )
o)
+]i'1pi+Pifi'lpi) dx=0 V¢, € CF(Q) (89)
which are the weak form of Equation (2) and the boundary conditions for the velocity fields (6),

N
where p; = a;p, J; = Z aii(u; — u;) (|l — wil* + 1)P, S; = Y (23D (u;) + Ay (divwy)I), and
j=1

p(p) replaces p(p) for now, and also the integral condition (7) for the density.

Remark 4. With the accuracy of another limit, it is not difficult to verify that Equation (88) is valid
V& e W, (Q), and Equation (89) is valid V ¢, € W3 (QQ).
53
While passing to the limit as ¢ — +0 in Equation (13), we used the following identities
(the first of which is based on (12)):

S

1. 1 i
Edlv(pfvE ®uf) + Epf(vg -V)uj 2.‘71 ] |Q| u;

s 3
= div(pjv* @ uf) — 5 (Ap})u; + epfuj, (90)
(Bpj)uf = = (Vi - V)uj +div (V) © uf). (91)

6. Limit in Pressure

In order to complete the limit as ¢ — +0, it remains to prove that

p(p) = p(p) a.e.in Q. (92)
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6.1. Preliminary Constructions

Let us consider the so-called effective viscous fluxes for the mixture constituents

N
a;p(p) — Z()\ij + 2p;j)divu;,

j=1

the corresponding values for the regularized problem

z

wip(p®) = ) (Aij + 2pij)diva,

-
Il
-

and their weak limits in L, (Q))

aip(p) — ) (Aij + 2pi)diva;.

L=

]

Let us note that the concept of the effective viscous flux comes from the theory of
single-component fluids [32], where the effective viscous flux looks like p — (A + 2p)divu,
so that it is a scalar-valued function but not a vector as in the multifluid theory. And in
general, we note that the immediate transfer of the results of the theory of compressible
Navier-Stokes equations to multifluid models is possible if

div(divS;) = const; A(divu;),

but in the present case, one has

diV(diV Sl) 2u1r +A1 0 2N+ AN A(divul)
diV(diV SN) 2uN1 +AN1 --- 2UNN +HANN A(diqu)
Let us introduce the operator A~!, defined as (A™1g)(x) = — ﬁ ‘T;y_) [iy, and apply
R3

3
it to the functions g € LP(Q), pE (E’ +oo> , which are defined as zero outside of Q). Itis

well known that A= : L, (Q) — W}%(Q), and Ao A"l =1,
We compose the scalar product of Equation (13) and the function tr®, where
¢ = VA~ 1pf, and
Te (), (93)

and integrate over (). Taking into account (90) and (91), we arrive at the equalities

[ (=85 (Vo (o) + tp(e)p) dx = — [w(piet @uf) s (V@ r) d
(@) Q
— ./.p(ps)VT rfdx + ; /T((fo -V)uf) - rfdx
@) (@)

— [t @) (Vo) @) dx— [T +pif) 1 dx

Q Q

+ s/rpfuf vt /((fo) ©ul): (V& (1)) dx. (94)
@) @)
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On the other hand, if we accept the vector fields ; = 7r as test functions in (89)
(see (93)), where r = VA~ 1p, then the identities

/(—Si (V& (tr)) +T061Wp)dx =— /T(piv®ui) (Ver)dx
) o

—ai/@VTrdx—/(piv@ui) : ((VT)@r)dx—/Tr~(]i+pifl-)dx (95)
Q Q Q

follow.
From (85) and the compactness of the embedding of Wzlﬁr (Q) into C(Q)), it follows that

r* - rase — +0in C(Q).
Subtracting equalities (95) from (94) and passing to the limit as ¢ — +0, we obtain
the relations

Elirﬂo ( —S§ (V@ (tr)) + Tocl-p(pg)p5> dx — /(—Si (V& (tr)) + mimp) dx
0 0

= lim [ (o @u): (Ver) - (o u): (Ver))dy, ©6)

the right-hand side of which contains commutators, which allows us to conclude below
that the right-hand side of (96) equals zero.

6.2. Analysis of Commutative Relations

Let us prove that the right-hand side of (96) equals zero. With this aim, we introduce
the operator Commutator acting as

Commutator(w, g) = g(VdivA~lw) — (V® VA~ 1g)w,

which is known to possess the following properties (see [3,32,38,39]): if w* — w weakly

1 1
in Ls(Q), ¢¢ — ¢ weakly in L;(Q), where ~ + 7 < 1, then Commutator(w*, g*) —

1 1 1
Commutator(w, g) weakly in L,(()), where PR

s t
Let us rewrite the the right-hand side of (96) (taking into account the equality (88)):

lim T((piv Ru;): (Vor)— (piv*@uf) : (V ®rs)) dx
sa+00

= lim0 vs-Commutator(rpfuf-,pg)dx—/v~Commutator(Tpiui,p) dx
e—+
Q

—elirﬂo VA~ div(pfo) - Tofut dx.  (97)
o}

, and hence

From (84) and (85), it follows that pfui — p;u; weakly in Ls(Q)) for all s < 767

+3
2
foralls € (27,11,76:3),wehave

Commutator(tpfu, p°) — Commutator(tp;u;, p) weakly in L,(QQ),
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where r = % Since the embedding of L,(Q) into W, }(Q) is compact (provided
6y

the additional condition s > 53 which is deliberately consistent with the above

conditions), then
Commutator (tpfus, p°) — Commutator(tp;u;,p) strongly in W, 1(Q).

The relations obtained, together with (84), imply the equalities

hr}:o v® - Commutator(tpjuf, p°) dx = / v - Commutator(tp;u;, p) dx. (98)
e
Q Q

Equation (12) gives the identity
VA~ div(pfof) = eVA 1 ApE +eVA~ <|Q p€>,

which makes it clear that the last summand in (97) equals zero. Here, we used the represen-
tation eVA~IAp® = V ® VA1 (eVpf), the relation (86) and the boundedness of the Riesz
operator V®@ VA~ Lin L, (Q) (see, e.g., [31], p. 348).

Thus, from (96) and (97), it follows that

1 _ Q. £ . £\ €
lim [ (=87 (Ve (1r) + tap(p)of ) dx
Q

(—Si (V& (1r) + m,-mp) dx. (99)

D

6.3. Relations for Effective Viscous Fluxes
Foralli=1,...,N, we have

lim [ (V& (1)) : S dx — /(V ® (1r)) : S dx

e—=+0

Q Q
N N
£~>+0]-:1 3 =1 2
al 1
+ EEIEOJZ%(/\I-]- +2pif) / ( £ VT + (AT)A pe) (divas;) dx

|| Mz

/\1]+2y1] / 2r VT + (AT)A™ p)(dlvu])d
Q

+/(v (VT)A~ 1p)) Sidx - lim (V@(VT)A‘lpS)):Sfdx, (100)
O

where the last four integrals eliminate each other, and hence the equalities (99) convert to
the following relations for the effective viscous fluxes of the mixture components:

lim ( a;p(p Z(Al] + 2pij)divas; )Tp

e—+0
Q j=

N
= /( aip(p) — Y ( /\1]+2y,])dlvu]> Todx. (101)

]:

—_
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Using that, we can derive from (101) the following consequence:

: €\ _ i€ € — (A A
egrﬂo (oop(p®) — dive®) Tp® dx /((70 (p) d1vv> Tpdx, (102)
0 0

where 0y = (A 4 2M) aa>0 (see (4)), and & = (aq,...,an)T. In view of the fact that T
is arbitrary (see (93)), the equality (102) expresses the crucial relation

oopp(p) — pdive = oppp(p) — pdive  a.e.in Q. (103)

6.4. Finalizing Analysis

According to Remark 3, the renormalized Equation (1) is valid. In particular, for the
functions R € C[0,00) N C'(0, ) such that

R’(s)‘ < Bps™? Vse (0,1, p<l,

RI(S)’ < Bps? Vse (1, +00), qe (_11’7 - 1]/
the following equations are valid in D’(R3):

div(R(p)v) + (dive)(oR'(p) — R(p)) =0,

which yields
/(divv)p dx=0 (104)
0
provided that R(s) = sIns.
3
On the other hand, multiplying (12) by ﬁ +1In(p® +6), 6 € (0,1], integrating

over (), then using elementary estimates, and finally passing to the limit (first as 6 — 40,
and then as ¢ — +0), we obtain the inequality

/ (divo)pdx < 0. (105)
Q
Combining (104) and (105), we arrive at the inequality
/ ([divo)p - (divo)p) dx < 0. (106)
0

In view of the monotonicity of the function p(-), the pointwise inequality

(p(o°) = p(p))(p° —p) =0

takes place. Due to this and the Formulas (85) and (87), we derive

liminf [ (o°p(0%) — pp(p)) dx
e—+0 V

=lim [ (0° — p)p(p) dx + Liminf [ (p(p%) — p(p)) (" —p)dx >0, (107)

e—0

where V is an arbitrary ball in (), and hence p(p)p > pp(p) a. e. in Q.
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Now, (103) and (107) provide that
(divo)p — (divo)p =0 a.e.in Q.
Employing (106), we obtain
(divo)p — (divo)p =0 a.e.in Q.

Now, from (103), we deduce

p(p)o =pp(p) a.e.in Q.

Finally, treating temporarily the function p as an odd one defined also on (—oo, 0] (preserv-
ing the initial notation), i.e., accepting p(s) := sign(s)p(|s|), in order to apply Lemma 3.39
(p. 188) from [32], we arrive at the required relation (92).

As a result, it is shown that the functions p, u; are a weak solution to the problems (1),
(2), (6) and (7) (see Definition 1). Theorem 1 is proved.

7. Conclusions

The solvability of the boundary value problem for the differential equations of the
dynamics of barotropic compressible viscous multifluids in a bounded three-dimensional
domain with an immobile solid boundary is analyzed. An approximate boundary value
problem with a small approximation parameter is formulated, and the existence of a
strong generalized solution to this problem is proved using the Leray—-Schauder fixed point
principle. Next, the estimates independent of the approximation parameter are obtained
and, on their basis, a weak limit transition is made as the approximation parameter tends
to zero, which allowed finally to prove the existence of a weak generalized solution of the
boundary value problem under the weak restrictions on the viscosity matrices and the
constitutive equations for pressure and momentum exchange. In the process of the limit
transition, alongside the standard methods of the theory of nonlinear partial differential
equations, the method of the effective viscous flux (modified for the case of multifluids) is
used. This method proved effective in the analysis of compressible Navier—Stokes (single-
component) equations. However, it has not been designed for the equations of the dynamics
of multifluids, since the effective viscous flux in this case, due to the composite form of
viscous stress tensors, is not a scalar but a vector and contains absolutely new terms.

The obtained results can be used in further mathematical studies of the boundary value
problems for three-dimensional differential equations of the dynamics of compressible vis-
cous multifluids with non-diagonal viscosity matrices (taking into account the dependence
of coefficients in the equations on the unknown values, non-zero boundary conditions,
non-stationary boundary value problems, etc.). In addition, the considered models and
methods can serve as a basis for the construction of numerical algorithms for solving
the equations of the multifluid dynamics taking into account the intercomponent viscous
friction, which can play an important role in the development of specific technological
processes related to multifluids.
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