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Abstract: We give the Karhunen-Loéve expansion of the covariance function of a family of discrete
weighted Brownian bridges, appearing as discrete analogues of continuous Gaussian processes related
to Cramér —von Mises and Anderson-Darling statistics. This analogy enables us to introduce a discrete
Cramér—von Mises statistic and show that this statistic satisfies a property of local asymptotic Bahadur
optimality for a statistical test involving the classical hypergeometric distributions. Our statistic and
the goodness-of-fit problem we deal with are based on basic properties of Hahn polynomials and
are, therefore, subject to some extension to all families of classical orthogonal polynomials, as well
as their g-analogues. Due probably to computational difficulties, the family of discrete Cramér—von
Mises statistics has received less attention than its continuous counterpart—the aim of this article is
to bridge part of this gap.
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1. Introduction

In [1], Theorem 6.3, we derived a general Karhunen-Loeéve (KL) representation valid
for Jacobi, Laguerre, and Hermite polynomials (see below some basic definitions concerning
the KL representation of a centred Gaussian process and the associated KL expansion of its
covariance function, with respect to a positive measure y). In the particular case of Jacobi
polynomials, it implies that, given « and g > —1, the KL expansion

F@B) (min{x, y}) F“* (max{x,y})
Voo ) o) (x) o) ()

_p L VI AR Ve &R
=1 /\]((”‘r.B) A]((‘X/ﬁ) d}({“rﬁ)

(-1<x,y<1l) (@)

holds, with o(x) =1 — x2. Function f(*#) is the weight associated with Jacobi polynomials
(see [2], pp. 8-9), F(*) and TP it integrals, these three functions being given by

FEP(x) = (1= 2)*(1+x)P,
F@h) (x) = /x

-1

(1—uw)*(14 u)Pdu, f(a’ﬁ)(x) = /1(1 —u)*(1+ u)Pdu.

X

The eigenvalues appearing in (1) are given by

/\I((“ﬁ) =k(k+a+p+1) (k=0,1,...),
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the squared norms by

@p) _ 2T+ D)I(B+1)  wp) _ 2°"PHT(k+a+DI(k+B+1)
dg = P =2 (k> 1)
F(a+p+2) kl(2k+a+B+1)I(k+a+p+1)

and

PP (x) = (;(gk (1—x)""(1+ x)—ﬁ;ifk[(l )" 1+ 0P (k=0,1,.)

is the k—th Jacobi polynomial. Jacobi polynomials satisfy orthogonality relations

PP (x) 4 ploP)
[0 By [ g ORI,
dk, Ak’

where the Kronecker delta is defined by

. 0 ifi#j ..
0ii=0;i(j) = ,J] EZ).
Lj (]) {1 ifi=], (1] )

Jacobi polynomials also satisfy the differential equations

d

LoD (@) 2P ()] = AP ()f P PP (1) (k=01,.). @
About these standard identities, see, e.g., formulae (1.2.1), p. 3, (1.3.4), p. 8,8§1.4.1.1, p. 9
and Table 1.1, p. 11 in [2], or formulae (9.8.2), (9.8.6), and (9.8.10), pp. 217-218 in [3].

In view of the equalities

. 1 (“zﬁ)(x) 1 [P(w,ﬁ)(x)]z (“/ﬁ)(x)
PP (x) =1, L . fod(zx,ﬁ) dx = ﬁ ) L d(“,ﬂ{(’ dx =1,
0 0

these functional and numerical elements associated with Jacobi polynomials enable us
to express the probability density function (p.d.f.) w(“#), the distribution function Q(“#),
)

as well as its tail 0 , associated with Jacobi polynomials as

(wp) @B (x) —(a
a)("‘/ﬁ)(x) — f (x), Q(tx,ﬁ)(x) _ F (x) Q( ’ﬁ)(x) _

e ey ’ =R (-1<x<1). (4

In the particular cases («, ) = (—1/2,—1/2) and (0,0), development (1) reduces,
up to a change of variables (see details below in Section 8.1), to expansions

min{s, t} —st =) % - 2sin(krs) sin(krtt), (5)
= ok
min{s,t} — st _i 1 4(2k +1)/s(1 —s)P (25 — 1)/t(1 — t) Pi( thl ©)
s(A-s)it(i—t) =k(k+1) k(k+1)

fors,t € (0,1), where the standard notation P, = PISO’O) is used for the Legendre polynomial.
These two expansions are familiar to statisticians as they play a key role in the study
of Cramér-von Mises (CvM) and Anderson-Darling (AD) statistics; see Proposition 1
pp. 213-214 and Theorem 1, p. 225 in [4].

This remark motivates the contents of our paper, which is organised as follows:

In Section 2, we recall some basic facts about Cramér—von Mises statistics, highlighting
those we wish to extend to some of their discrete analogues involving Hahn polynomials
and the hypergeometric distribution. In particular, Proposition 1 states a new result
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concerning the optimal local asymptotic Bahadur efficiency of a sub-family of these statistics,
including the cases of Cramér—von Mises and Anderson-Darling statistics.

In Section 3, we introduce the classical hypergeometric distribution w(**"N) and the
associated Hahn polynomials. We define a weighted discrete Brownian bridge process
D (VN associated with this distribution.

In Section 4, Proposition 3 gives the K-L expansion of the covariance function of this
process in terms of Hahn polynomials, a discrete analogue of (1) and (6).

In Section 5, we introduce our new statistic Ty(l” ’V’N), defined either as a discrete

weighted Cramér-von Mises statistic, or as a degenerate V-statistic, with a kernel whose
KL expansion is given.

In Section 6, we provide in Theorem 1 some of the properties of T,S” YN n particular,

Proposition 5 states a result about the probability of a large deviation, a key result for the
subsequent study of Bahadur efficiency.

In Section 7, we study some properties of our statistic under a general alternative,
and Theorem 2 states its local asymptotic Bahadur optimality under a more particular
alternative hypothesis, the latter appearing as a perturbation of the hypergeometric distri-
bution by the first non-constant Hahn polynomial. This result is a discrete analogue for the
hypergeometric distribution of Proposition 1 for some Beta distributions.

Some proofs and various required formulas are postponed to Section 8. For the sake
of simplicity, we will at some places omit superscripts in proofs.

2. Cramér-Von Mises and Anderson-Darling Statistics Revisited

The usefulness of orthogonal expansions such as (5)—(6) is well known in the field of
statistics; see [4], Chapter 5, and the numerous references therein about this topic. In partic-
ular, recall that KL expansions (5)-(6) yield the equalities in law, or KL representations,

B(t) = f % <& - V2sin(kmtt),

k=1

B(t) i 1 g 2v/2k +1/t(1 —t)P{(2t — 1)

t1—t) = Vk(k+1) k(k+1)

where B = {B(f) : 0 < t < 1} is a Brownian bridge process, i.e., a centred Gaussian process
with covariance function (s, t) — min{s,t} —st,and {j,{, ... are independent standard
normal random variables. Let us now introduce some terminology about KL expansions
and representations. Let (T, #) be a measure space and Ly (T, u) be the associated Hilbert
space of real, square-integrable functions endowed with the inner product

(flgh = [ FB)s(

By a u-KL expansion of the bivariate symmetric kernel K : T x T — R, we mean a pointwise
convergent series of the form

=Y f"() (s,teT), (7)

k>1

where the sequences of eigenfunctions (f;), eigenvalues (), and squared norms (cy)
satisfy the integral and orthogonality relations

/TK(S/f)fk(S)dV(S) = cfi(t), (filfo)y = ckdie, with g, ¢ >0 (t € Tand k, £ > 1).
(8)



Axioms 2024, 13, 369 4 0f 23

Recall that the entire law of centred Gaussian process is determined by its covariance
function (see [5], p. 2). Therefore, if {X(t) : t € T} is a centred Gaussian process with

covariance function
K(s,t) = E[X(S)X(t)],

then a corollary of (7) are the equalities in law

vy e B 9

k;m Zk NG (teT) 9)
and

fixtwran) = ¥t (10)

In view of the orthogonality relations (8), we call (9) the y—KL representation associated
with the #—KL expansion (7).

Now, assume that —co < a < b < co and let T = (a,b) be endowed with a positive
continuous p.d.f. w = Q. Consider a kernel K admitting the expression and the w-KL

expansion
K(x,y) = /9(x)q(y)[Q(min{x,y}) — Q(x)Q(y)] = kZluk () fely) (a<xy<b), (11)
/fk Vo(w)w(u)du =bcp (hE=1,2,..), i > pa > >0, (12)

for some weight function q : (a,b) — (0,00). Then, K is the covariance function of the
centred Gaussian process {/q(x)B [Q(x)] : a2 < x < b}, which, consequently, admits the
w-KL representation

VaEB{O()} = Y /% & filx) (a<x<b). (13)

k>1

In this framework, by setting

w=w®P), g(x) =g (x) = (14)

1
o(x)w®h) (x)2’

and using the equality F(&F) / f(@F) = ()(B) /o(*F)  then in view of (2) and (4), expansion
(1) can be seen as an w(®F) KL expansion associated with the w®P) KL representation

B{OOA) (x))

Vo (x)w®@h) (x)

(a,p)
T 12 o doi 1/2 d (B B
1(/\1(?,1%)) Sk (d’(ca,ﬁ)/\]((a,ﬁ)) \/@dek (x) (-1l<x<1). (15)

1) (1) B0 (x)} =

ngk:

k

In this case, the corollary of representation (15) is the equality in law

1 B{Q(“rﬁ)(x)}2 N ot B{Q ( )}2 © @2
ll WW( ’B)(X)dx/la'(x)(“ﬁ)() X = ZlA’((“IT,B)

These developments and identities appear as asymptotic statistical properties of some
goodness-of-fit tests in the following way:

Assume the sequence of independent and identically distributed (i.i.d.) random
variables X, X1, Xy, ... taking values in (a,b) is drawn from a population with positive
continuous p.d.f. wx. Assume we wish to test the null hypothesis Hy : wx = w = (¥
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against the alternative Hj : wx # w. Let us use the w-KL expansion (11) to build a test
suited to this aim, based on a certain statistic associated with w, say T;f A,
The w-empirical process associated with our sample X, ..., X; is

v () = /2 R He ) h;(xm'x) —0x)] =n71/? Z (X, x) —Qx)]  (16)

where H : R x R is the Heaviside function

H(x,y) = 0 ify<ux,
Y= 1 ify>x,

so that x € (a,b) — n~1Y" | H(Xy, x) is nothing else but the empirical distribution
function.
Note for further use that under Hy, we have for x,y € (a,b),
E[H(X,%)] = O(x),
E{[H(X,x) = Qx)][H(X,y) = Q(y)]} = min{Q(x)Q(y)} — Q(x)Q(y).

Under Hy, the convergence in law (denoted by the sign =) and the equality
b 0

(1 o= [ Ve (0 = [ g(BIOM e = Y wd ()
a k=1

hold. Note for further reference that our statistic n~'{T,,""}? equals w%,q defined by [6],
(2.1.9), p. 41. Also recall that given the square summable bivariate kernel K : (a,b) X
(a,b) — R, the statistic

1 n n
(X1,...,Xn) — - 21 Z{K(Xi,Xj)
1= ]:

is called a von Mises functional statistic, or a V-statistic (see [7], p. 39, [8], Exercise 10, p. 172
or [9], §5.1.2, pp. 174-175). If, furthermore, the so-called degeneracy condition

/ﬂb K(x,y)w(x)dx =0(a <y <b)

holds, then the V-statistic is said to be degenerate with respect to w (see [8] (§12.3) or [7]
(84.3)). Now, the second and first equalities, in (16) and in (17), respectively, enable us
to write

(T2 = E Z/ (Xp,x) — Qx)][H(Xm, x) — Qx)]q(x)w(x)dx,  (18)

=1m=1

in other words {T,,""}? is a V-statistic with kernel

L%, X0) = [ THOX,0) ~ QHK 1) - Olgetde 19

In view of the equality
b u b
[ @ —0wlewidy = [ wmdy -0 [ wmdy=o,
Fubini’s theorem implies that

b

b b
| Loy = [(HE ) -0l [ HE,w) - 0wy} g = o,
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which means that {T;,"7}? is a degenerate V-statistic, with respect to w.

The asymptotic distribution of {T;f ’q}2 under Hy being given by (17), we know from
the theory of degenerate V-statistics that the w-KL expansion of L, involving the eigenvalues
appearing in (17), will be of the form

L(x,y) = Y - &(x)gk(y) (a <x,y<b), /Hb gr(u)ge(uw)w(u)du =6 (k,€=1,2,...). (20)

k>1

The statistical interest of this spectral expansion of L stems from the limit theorem satisfied
by degenerate V-statistics, which imply in our case that if

wx(x) = w(@x){1+ Y age(x)} (a1,a2,... € R), then {T,"}* = Y jag,
k>1 k=1

whereas if

wx(x) = w(x) then n{T;"7}?> = ). ke (21)
k=1
Therefore, only if Hy does not obtain, will n{T},""}? tend to infinity almost surely,
and heuristically, the speed of divergence will increase with the value of ) ;7 ; Hkﬂ%- If py is
the maximal eigenvalue, the statistic T,/ is, therefore, expected to be suited for detecting
alternatives of the form

Hy(a1) : wx(x) = w(x){1+a141(x)}, (22)

where a1 # 0 is small enough to ensure that wx(x) is a well-defined p.d.f.

The statistic appearing in (17) is referred to as a (continuous) weighted Cramér—von
Miises statistic. The original Cramér—von Mises statistic as well as the Anderson-Darling
statistic correspond to the uniform p.d.f. f(x) = 1 for x € (0,1), and weight functions
g(x) = 1and gq(x) = 1/[x(1 — x)], respectively. Therefore, they are usually discussed as
tests for uniformity over (0, 1).

Now, our KL expansions (1) enable us to interpret the CvM and AD statistics in
another way. To this end, consider again the family of weighted CvM statistics with p.d.f
and weight function given for x € (a,b) = (—1,1) by

wix) = (), 4x) = D) =

and Vf{’"ﬁ ) denoting the w@P)-empirical process defined above by (16). The corresponding
statistic is

1
{TIS'X//;)}Z _ /71 q(a,ﬁ)(x)vgl"‘fﬁ) (x>2w(“/ﬁ)(x)dx

:/1 P 1 YY LA (X, Xy), (23)
Sl C) R =~ V= R

CvM and AD statistics corresponding to the cases (—1/2, —1/2) and (0, 0), respectively.
They are now associated with the arcsine law w(~1/%71/2) and the uniform distribution
w9, respectively.

The latter association raises the following question: Has T,(Z“’ﬁ ) some optimal efficiency
for some goodness-of-fit test of the null hypothesis Hy = w(*P) against a specific alternative,
and if so, can Jacobi polynomials play a key role in the mathematical study of this efficiency
of this test? Among the different measures of efficiency (see [6], Introduction), we choose
the Bahadur efficiency, so let us recall some facts before addressing our question.
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In the theory of Bahadur efficiency, the central result is [10], Theorem 7.5. Recall its
underlying general principles. Assume (X, ),,>1 is a sequence of i.i.d. random variables
following a distribution determined by a parameter, say 8 € ©. Let 6y € ©. The efficiency
of a test based on the rejection of the simple hypothesis Hy : 0 = 6, against the alternative
Hj : 0 # 6y, for large values of the statistic T, = T,,(Xy,...,Xy), is measured by the
magnitude of a positive coefficient called the slope of the sequence T = (T,), denoted
by cr(0). High values of ct correspond to a good efficiency of the test. The main way to
compute ct is provided by [10], Theorem 7.2, p. 29. Furthermore, an upper bound for cr
is 2J(0, 6y), where J(6, 6y) is the Kullback-Leibler information number ([10], Theorem 7.5,
p- 29). The test is asymptotically optimal whenever this upper bound is reached, or locally
asymptotically optimal if

CT(H) N2](6,60>, 9—)60.

The difficult part in the determination of Bahadur efficiency is always the determina-
tion of some large deviation probability under Hy. In this respect, KL expansions can play
a determinant role in some cases, including the cases we will deal with. The large deviation
probability to be determined is

lim n~tlog P(T? > nt?)
under Hy.

KL expansions enable to compute the exact slope in the case where it coincides with the
so-called approximate exact slope, which means that the large deviation problem associated
with T;; may be replaced by the large deviation problem associated with lim T, given by
(21). The solution of the latter problem is provided by a classical result from Zolotarev
(see [6], (1.2.17), p. 10 and pp. 75-76, in particular, Table 2, p. 76) stating that

. -1 2 2 _tl’i
Jim n logP(k;yk@k > nt?) — 5

Heuristically, we may expect that if

Ty = Y mlhs
k>1

then the asymptotic relation

n~'log P(T; > nt?) ~ n~'log P(Y iy > nt?) — —%1
k>1

will hold.
(0,0)

It is true in the particular case of the Anderson-Darling statistic T, ", and also in the
(

case of Tna’ﬁ ), provided that ¢(*#) is summable. The latter condition is

1 1
(@B) ()0 @B) (x)dx —
[ 8P P (x)dx = [

TR e = Tl<wp <l

When ¢(“P) is not summable, no result is available. These facts justify the hypotheses about
« and B in the following:

Proposition 1. (i)  Assume that |0| € (0,1] and that we wish to test

Hy : wx(x) = 1against Hy : wx(x) = wg(x) =146 cos(mx) (0 <x<1).
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Then, the goodness-of-fit test based on the Cramér—von Mises statistic

1 n 1 n
7=t [ () — 2Py =n [ [ ) H(X, )}~ xPdx
0 m=1 0 =
is locally asymptotically Bahadur optimal, as 6 — 0.
(ii) Assume that |0 € (0,1], =1 < &, < 0or « = B = 0, and that we wish to test
Hy : wx = w®P) against Hy : wx(x) = wp(x) = w®P) {1+ GPl('X’ﬁ)(x)} (-1<x<1).

Then, the goodness-of-fit test based on the rejection of Hy for large values of T,Ea’ﬁ Vi locally
asymptotically optimal in the sense of Bahadur, as 6 — 0.

Proof. We will use [6], Table 2, p. 76, with —A(g, k) from this reference identified with pq
from (11).
(1) One has, for -1 <0 <1,

sin(7tx)

Qu(x) = [ wody = [+ cos(my)dy = x o

On the first hand, the exact slope is given by

2

—71/{09 ()} 2dx = 7t /{esm SIN(T0) 1250 = 92

On the other hand, the Kullback-Leibler information number is given by

J(wq, wp) = /01 wy(x)log [we(x)}dx = /01 [1+ 6 cos(rtx)]log(1 + 6 cos(rtx)]dx

wo(x)
2 2 2
~ /01[1 + 0 cos(7rx)][0 cos(7x) — M]dx ~ GZ 6 = 0),

so that ¢(6) ~ 2J(wy, wy), and the result is established.
(ii) First, note that

PP (x) = “;ﬁ + “+§+2x:> 1< (1) =—p-1<PP 1) =a+1<]1,

(a,B)

so that under our assumptions w, " is a well-defined p.d.f. We will use repeatedly (4).
On the first hand, we have, using [11], 22.13.1, p. 785,

X (,B)
Oe(X)fﬂo(x)=9/_1P1(“”3)(y) (”"”dy—ﬂ/ P ()] (a,s())dy
0

0 f(@+LB+1) (x) gd(()“+1/5+1)w(vc+1,ﬁ+l) (x)

2P 24P
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The exact slope is given by

A [ g (0)[00(x) Qo) PP ()i

“’B aﬁ a+1 ,B-l—l)( ) (@p)
[y Yo

wp [ @R A () Fe) (x)
= Al / dx
1 (=) f@B(9)2 gl P
BZA a,pB)

/ fa—H ,B-l—l)( )dx 92)‘( ﬁ)d(wl,ﬁﬂ)
4d(’" B) '

On the other hand, the Kullback-Leibler number is given by

J(wp, wo) = / 1 o(x )IOg[ E ;}d - / ' [1 4 0P (x)]1og[1 + OPP) (x)]cw(®F) (x)dx

2p(@p) 2 4(@B)
~ pr . A ( ’ 0wk = T 9 0).
)
24"

Therefore, as 0 — 0,

” /\ga,ﬁ)d(()aJrl,/SJrl)

i - (a+1)!(p+1)!
6(9) . i d(()“'ﬁ) B Aga,ﬁ)d(()a-&-l,ﬁ—&-l) B (“"’:B"'Z) 2a+ﬁ+30§a-&-/§7+3)) L,
) 2@ @p) 5. (DB
J(we, wo) 92:(1,/5) 2d; 220 (a+p+3) (a+p+1)!
0

and the result is established. [

Let us now show that these results involving Jacobi polynomials have analogues for
Hahn polynomials.

3. A Discrete Brownian Bridge Associated with the Hypergeometric Distribution

The discrete analogues of (17) are called discrete Cramér—von Mises statistics and were
introduced and discussed only quite recently by [12,13].

The elements appearing in (1), as well as (3), have their counterpart in all other
families of classical orthogonal polynomials, continuous (Laguerre and Hermite), or discrete
(Charlier, Hahn, Krawtchouk, and Meixner). It is, therefore, tempting to introduce the
formal counterpart of (1) for each of these families, and the associated weighted Cramér—
von Mises statistic.

Such statistics were discussed in [14], but dealing only with the continuous case (Jacobi,
Laguerre, and Hermite polynomials).

Let N be a positive integer and let w be a probability mass function (p.m.f.) supported
by [0,N] ={0,1,...,N}.

Assume the sequence of independent and identically distributed random variables
X, X1, Xp, ... taking values in [0, N] is drawn from a population with positive p.m.f. wx.
Assume we wish to test the simple null hypothesis

Hp : wx = w#vN) (24)

where w(#¥/N) is the classical hypergeometric distribution given below by (25), against the
alternative Hj : wx # w(pvN),
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Following [15], (6.31), p. 259, consider for y, v € (—1, o), the classical hypergeometric
probability mass function (p.m.f.) given by

N+py (N 2N -
W) (§) = (VAT CNE) fori € {0,1,..., N}, 25)
0 fori e Z\{0,1,...,N}.
The associated cumulative distribution function (c.d.f.) and its tail are given by
QN (i) = Y N () =1-a"N i) (i e z). (26)

]<l

In the present paper, Hahn polynomials, denoted by H,E” vN) (x) for 0 < k < N, will
be those denoted by Q(x;a, B, N) in [3], §9.5 (see formulas (1.4.1), p. 5 and (9.5.1), p. 204)
witha = —-N—-v—1,=—-N—pu—1,oralso fllgy’v)(x,NJr 1)/ﬁ£y’v)(O,N+ 1) in [2] (see
the first equality p. 53 and Table 2.4, p. 54 ), so that

. E(—k)j(—2N — p— v + k= 1);(~1),
P‘ N _ H j
*Z <—N—v>< N

(0<k<N) (27)

where the Pochhammer symbol (a); is defined to be
(a)o=1, (a)y=a(a+1)---(a+k—-1) (k=1,23...).

These Hahn polynomials satisfy, for 0 < k, ¢ < N, the orthogonality relations
N
N + N + v , ’N . , ,N . y ,N
L (V) (S )HIE”V NN = s d N, 28)
i=

(2N+y+v+172k)(N+y+v—k).(N+v)!(N+y—k)!N!Z'

(29)

See a proof in Section 8.
Hahn polynomials also satisfy difference equations

ﬁ(y,v,N)H]EHrV/N) = A[U(y,v)w(y,v,N)VH,EI/WrN)] — _AI(CP‘/VrN)w(y,v,N) H]EV’V'N), (30)
for 0 < k < N, with
AN KON+ v —k+1),0) () =i(i+p4) (0<ik<N) (31)

(see [2] ((2.1.18), p. 21)), and where for any function f : Z — R, the forward and backward
shift operators are defined by

Af() = fi+1) = f(0), V() = f(i) = fli=1) = Af(i=1) (i€ Z).

For a two-variable function, a subscript will indicate the variable upon which these opera-
tors act, e.g.,

Nif (i) = f+1,7) = fQ.7), Aif (i j) = fi,j+1) = f(i,])-
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The first few Hahn polynomials with their (discrete) derivatives are given by

A" () =1, (32)

HY (x) =1, HP D (x) =1 - 72T L j “x, (33)

HP2 (x) =1, HF? (x) =1 - 42:;’1 t)” X, (34)

HP ) () =1 2 T (et Z?j(i‘;)(vvizl))x(x —U (35)

VH (x) = VH"Y (x) = VH?) (x) = (36)

VH () = 2R ELY, ot (x) - 4:;:/; 37)

In order to avoid problems at the endpoints 0 and N when dealing with difference
operators, any function f : [0, N| — R will be extended, over Z, to a function also denoted
f,in a way that will be specified when it has to. Note for such a non-null function f, the
fundamental property, valid fork =0,..., N,

LN £ — NotrNf e Fee R, Ik € [0,N] : (f,A) = (cHIN, ANy (39

since the sequence (H ,E"'V'N ), )\I(CP‘/V/N ))

value problem

o<k<N forms a complete set of solutions to the eigen-

LEvN) = AN £ (A e R, f:[0,N] = R).
Let us introduce the scalar products

N

N
(fle) = X f()g() = Y f(i)g(i), (f9) = X F(Dg (D)™ N (i) = (flgewlN)) . (40)
i€Z i=0 i=0
Note the identity
(flag) = Y fi)lgli+1) =2 8Ofi=1) = fO] == (Vflg). (1)
icZ icZ
In this setting, noticing that d((]y PN) = (2N 1Y), the orthogonality relations (28) take
the form
(o) o)y G
(H "V IH ), = W(w (0<k¢<N). (42)
0

The orthonormalized sequence of Hahn polynomials with respect to w(*/N) is, therefore,
given by

(u,v,N) d(()%v,N) 1/2 yvN (w,v,N)| , (nv,N)
g = d(”’”’N)) S )y =0 (0<KL<N). (43)
k

Given a Brownian bridge process B = {B(t) : 0 < t < 1}, we define a discrete
Brownian bridge process D("*N) = {D(#VN) (i) : 1 < i < N} by setting

- B{Q(W'N)(i— 1)} .
DN (j) = , ie{l,...,N} (44)
amv) (i) w(rvN) (1)
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M=

I
—_

The process is Gaussian centred, with covariance kernel

F(H,V,N) _ F(H,V,N) _ QwvN) (i— 1)6(%%]\1) (j—1)
7 " (1) (i) 1) () wN) (i) o (0N ()

(1<i<j<N). (45)

We will now give the w#*N)_KL representation and expansion of this process and its
covariance function.

4. Orthogonal Decomposition of the Weighted Discrete Brownian Bridge

First, we shall prove the following orthogonality relations for Hahn polynomials,
an analogue of the second equality in (2).

Proposition 2. Hahn polynomials satisfy

N d(V/VrN)

v)(z: W,N) /. WU,N) /. v . V,N
izlaw V() VHI N (i) VHIN (1w N () = 5 dlEV'V'N) ARPN) (<0 < N). (46)
= 0

Proof. Taking into account relations (30), (40), (41), and o(pv) (0) = 0, we obtain succes-
sively

o) (i) HIN () VHPN (10N (1) = YV HPN ()T HPN ()00 ()0 BN (i)

i€z
= <VHI£F/V,N) |VHEV’V,N)O'(H’V)LU(V,V,N) >

= — (HN) AT HIN) ) o mar N

_ /\éy,v,N) <H]£P'V’N>|w('M’V’N)Hé(P'V'N>>

_ /\éy,v,N) <HIEP'V'N>|H[EV'V'N)>

w

and the result follows from (42). O

Note that the preceding Proposition establishes that the functions (4:,9‘ ’V’N))lgkg N)
defined by

(wv.N)
(mvN) N dy V2 | () (; (wv,N) <<
e OF (/\,((}""’N)d,({”’”’m) oW (@) VE (@) 1<i<N),  (47)
"N (i):=0 (i<0,i>N) (48)
satisfy the orthogonality relations
@ Mgl = b 1<k E<N). (49)

We are now in a position to state.

Proposition 3. The spectral decomposition

N
1LV, 1 W, . 1V, . .o
i N):kszw,v,m oM e G) (1 <ij<N) (50)
=1
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holds. In other words, Hahn polynomials satisfy the identity

QN (- a#eN 1)
o) (i) 1) () coberN) () o (4N )

N dg ™ \Jo ) () THPN () o) (VBN ()

;1 )\ ,Ll v, N : d]((y,l/,N)/\](cy,V,N)

(1<i<j<N). (51)

Proof. On the first hand, we have, foriand j € Z,

diAx

:%i. 0A[o(1)w (i) VH(i)] - Alo(j)w(j) V H (f)]
A A

Ao i;. o (D)) Hi (i) - 7))o () VHel])

% 1 doAewo(i)Hili) - Ao () He ()
=1 M diAg

_ Z dow (1) w(j) H (i) - He(j)

k=1 dy

= w(j)[d;; — w(i)],

the last equality being proved in Lemma 2. In view of Lemmas 1 and 3, we see that there
exist two real functions c and d such that for every i,j € Z,

§ 1 ool V() -0l VH ()
Ak dk/\k

x = Q(min{i,j} — 1)Q(max{i,j} — 1) +c(i) + d(j). (52)

Keeping in mind that ¢(0) = Q(—1) = 0, the particular cases i = 0, then j = 0; then
i = j = 0 provide the equalities

c(0)+4d(j) =c(i) +d(0) =c(0) +d(0) =0 (i,j € Z).

The unique solution is c(i) + d(j) = 0 for any i, j € Z. After substitution in (52), the latter
becomes an equality implying (51). O

Note that (51) can be written with matrices, in the equivalent form,

QN (- 1N (1)
w v N) (i) N) () )E’?%

N d(#,V,N )

(e @Dy (@) -t (HTHIN ()1 <oy (63)
1<j<N

Z ;41/1\] 'dyvN)Al((y,v,N)

Example 1. Let us write explicitly the first spectral expansion, using relations (28), (31), and (35).
For N =1, (53) reduces to

oD@ Moy 1 e @)VKF (). o) (1) v (1)
wmv1) (1) v (1) Agum,l) dgzwfl) Agu,vrl)

7
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XN 0) = 0, XN (i) =

which with numerical values reads

A+ x(+v) 1 ()= s () x 3
(I+v)x(1+v) 2+u+v %X(Z—ky—kv) '

an obviously true relation.

5. A Family of Discrete Cramér-Von Mises Statistics

Let Xj,..., X, be a sample of size n > 1 from a population whose distribution,
with support {0,1,...,N}, has p.m.f. and c.d.f. denoted by wx and Q. The observed
frequencies associated with our sample are

n
ﬁi = Z l{Xm:i} (0 <i< N)/
m=1

the empirical p.m.f. and c.d.f. being denoted and given by
N PN .
@ (i) := #, Ou(i) =) @n(j) (0<i<N), (54)
j=0
respectively. Let E denote the expectation operator under the null hypothesis

Hy: wx = w#N). (55)

For 1 < m < n, one can associate with X, the random (N + 1)—vector V,,,, whose compo-
nents are the random variables

Vin(i) = 1x,<iy — QUPN(@) (0<i<N). (56)
For 0 <i,j < N, we clearly have
Ellyx,<p] = QN(i), (57)
E[1ix, <it1{x,<it] = E[L{x,<min(iy] = QPN (minfi, j} ). (58)
These relations imply, in turn,
E[Viu(i)Vin(j)] = QPN (min{i, j}) — QUM () QN () (0<i,j < N).  (59)
If1 < ¢ # m < n, then Vy and V;, are independent, so that
E[Vi(i))Vin(j)] = E[Ve(DIE[Vin(j)] = O. (60)

By analogy with the uniform empirical process in the continuous case (16), consider the
w#¥N)_empirical process

Un(i) = V{0 (1) — Q0N (i)} = n V2 Y 1,y — QN0 (0 <1< N)
m=1

and the weighted empirical process defined over {0,1,..., N} by

U, (i—1) (61)
o) (i) mvN) (i)
—1/2yn  1q o —0WvN) (i
_n Cm=11x,<i-1) (i—1)] (1<i<N). (62)

o) (i) w(wv.N) (i)
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Proposition 4. One has, under Hy, forn =1,2,...,
BN (@)} = 0, XN ix N )y = 1N (1 <ij <N (63)

Proof. The first equality is straightforward. The second equality follows, keeping (45) in
mind, from (56)—(60), combined with definition (62). [

The discrete Cramér—von Mises statistic, associated with our empirical process, is the

non-negative number, say T,g” ’V’N), defined by

N N pvN) 2
(VN2 _ (N 2 (mv.N) (N2 (v, N) (1) — Uy (i-1)
(TP = IR = R X 00 = L e m o ©9
The statistic Tr(f‘ ¥N) has to be thought of as a test statistic, large values of Tr(l” ) being

significant, i.e., leading to the rejection of Hy. For computations, one can use the equality

A

{0, (i — 1) — nQWvN) (7 —1))2

(1N)y2 _ gt
n(Tn ) = 1221 O'(V/ )( )OJ(V’V N) (l) 7 (65)
to be compared with the widely used chi-square statistic
(wv,N) ()12
]””/N Z{nwn —nw ()} ) (66)

W0 (i)

Remark 1. It is well-known that the chi-square statistic provides a formula for testing the fit of
a sample to any distribution, say w, over {0,1,...,N}. One has only to replace w**N) by w
in (66). The same property holds for our statistic defined, by formula (65), in which w#*N) and
QWYN) should be replaced by w and Q. The difference is that our weight oV/N) (i) = i(i + p)
remains unchanged and the choice of y is arbitrary.

As well as in the continuous case by using (62), our statistic can be seen as the
degenerate V-statistic

N2 _ L S ()
(T, ) :;Z Y LWV (X, Xon), (67)
(=0{ m=1

with kernel

N {1{X1§i71} — O(wv.N) (i— 1)}{1{X2§i71} _ OmvN) (i—1)}

LevN) (X, X,) = ,
(%1, %) l; o) (i) (v N) (1)

(68)

the degeneracy with respect to the p.m.f. w(**"N) being obtained by linearity and the equality
E{l(x<i 1) — QN (i -1}y =0 (i€Z).

6. Convergence and Large Deviations under Hy

(nv,N)

Let us now discuss some properties of T , classical in the framework of Cramér—
von Mises statistics. On the first hand, the Pythagorean theorem with respect to the

orthonormal system (4),9 w:N) )1<k<N gives

(1vN) (N 2 _ Ny )2 (Z)
(T2 < N = 3 e gl = 3 e

— (69)
(wv,N)
k=1 k=1 Ak



Axioms 2024, 13, 369

16 of 23

where the so-called principal components, introduced by [16] for the continuous case, are
given, for1 <k < N, by

Z}EP:’VN) — )\]((y,v,N) <¢]Ey,v,N)|X1(1y,vN \/quy yvN }H/N () (;u/N)( ) (70)

A fruitful expression for the principal components is available in terms of Hahn
polynomials.

Theorem 1. The principal components admit the expressions
n
zN) = 12y N (X)) (1< k< N). (71)

Furthermore, under the null hypothesis (55), the equalities

E(z"Ny =0, Bzl Nz ) = 6 (1< k€< N, neN*) 72)

and the convergences in law

(1) It (N2 v Gk
(Z." Ji<k<n = Nn(0,1), (T =Y Qv N) (73)
’ k=1 )tk”’ ’

hold, where N5 (0,1) denotes an N-variate standard normal random vector, and &1, ..., CN are
independent standard normal random variables.

Proof. As for (71), note first that for n = 1, in view of (49) and (61), we have

VAN g N) N e N) i)

_\/A}H/N ;u/N/d;u/N Z¢ny)()1{X1<1 1} — (VVN)(z—l) (y,v,N)(i>
o) (i) cw(vN) (1)
oy ()
=Y VH"V (D)1 (x, <1y — QWN (i - 1)]
i=1
= Y VHM N ()1, <iqy — QN i 1)
i€Z
- » H}EMVN)( ) {1{x1<1 1 - 1{X1<l}} + ;Z;H %VN)( ) {_Q(#,V,N)(i 1)+ Q(%V,N)(i)]

—HN () 4 (HPN ) = N ().

w =

In view of the first equality in (43), we have proved that

", ,N W, ,N 5{ H, \ \
AI(( " ) <‘ ]E ! ) | % ' ) > Y ky " ( )’
.II Ot}lel WOIdS,

(‘u,y/N) (‘H,U,N) 1{X1§171} — Q(”‘rle) (1 — 1)
A (¢ |
(MV)( )w(;wl\l)( )

% ) w = —l/J;((y'V'N)(Xl)-

The same equality is valid for X;,;, with 1 < m < n, and by summing them we obtain

-1/2 1 , _ (#VN) -1 n
A]((y,v,N) <¢}E}4VN | Z [ {Xpu<i—1} (i )]> "= _p-12 Z lplgy,v,N) (Xm)
o) (1) w(#V.N) (1) m=1
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DAFEDY

which is (71) in view of definition (70). The two equalities in (72) are straightforward
consequences of (71) by using (43).

Vector (lpl(f iN) (X1))1<k<N is, by construction, centred and its covariance is the iden-
tity matrix. Then the multivariate central limit theorem implies (73). [

We are in the case (discrete finite support) where an important result about the prob-
ability of large deviations can be obtained by simply applying [17], completed by [18],
Lemma 2.2. We will use, for reference to their assumptions, their restatement [6], Theo-
rem 1.6.3. Recall that as t — ¢, the notation a(t) ~ b(t) means that functions a and b satisfy

limy—g[a(t)/b(t)] =

Proposition 5. Under Hy, there exists a function f, such that in a neighbourhood of 0, f is
continuous and
( N) )\(P’/V/N)
lim n~'og[P(T,"") > n'/2t)] = —f (1), withf(t) ~ —— > (t—=0). (74)

n—soco 2
Proof. Consider, for 1 < m < n, the random vector Y,, € RNT! with components

1(x,<i-1} — QUWN (i —1)

Y, (0) =0, Yu(i) = (1<i<N).
owv) (i)w(l"er) (1)
Note first that for m = 1, we have
o A 0>(E-12 Y Qi-1)?
20 al 00
w (i) Y1 (i) —; @) +i:§+1 OOk E(exp{t|Y1]w}) < oo, (75)

for every t € R, since this expectation reduces to a finite sum of finite terms. Thus, [6],
(1.6.9) is satisfied.
Let us then prove that

* * * * 1
sup{Vary*(Yy) : y* € (RN+1) Ay llo =1} = W,
1

where (RNF1)* is the dual space of RN*1. Any unit element y* € (RN*1)* is associated
with a vector y € RN*1, such that ||y||, = 1, whose action on Y is given by y*(Y;) =
oy (i)Y (i)

First, we have E[y*(Y;)] = Zfioy(i)E[ng’v’N)(i)] = 0 (i.e., [6], (1.6.8) is satisfied)
and then

N
Var[y* (Y1)] = E[y*(Y1)’] = E{[;O )%} = Ey 1(5)Y1(j)]
N)

() P‘VN) Zy l—(}“/N)'

n other words, the maximal variance, say ¢“, we are looking for, is the maximal value
In oth ds, thi 1 o2 look f thy 1 val

of the quadratic form with matrix l"l(’; ’V’N), over the unit ball. The positive eigenvalues of
l"(” vN) are, in decreasing order, 1/ )\gy ’V’N), L1/ A%”U’N). The maximal variance o will,

L]
therefore, be 1/ /\%V YN Erom ([6], 1.6.3), we infer the existence of f such that

12 AN 2

Jiﬁrr;onfllogP(HY1 + - F+ Yo > nt) = —f(t) ~ 52 = —1# (t —0)
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N N
Yo ) LG (i)

1

=1 ]:

1

and (74) follows from the equality || Y1 + - -+ + Y|l = || \/EX,SM’V’N) lw=+vn TN o

7. Exact Slope under H; and Local Asymptotic Bahadur Optimality under the
Alternative Hy(6)

Let us apply Bahadur’s fundamental result ([10], §7) to the sequence of statistics
T = (T")1.

Given the null hypothesis (55), we will first consider an alternative hypothesis H;
under which the distribution is a p.m.f., supported, as under Hy, by {0,1,...,N}, and de-
noted by (wx (7))o<i<n, the associated c.d.f. being (Qx (i) )o<i<n with Qx (i) = Z§:0 wx (),
0<i<N.

Let us state a first result, recalling that function f was defined above in Proposition 5.
Note that (77) ensures that T,(l” VN is consistent against all alternatives. A row vector
(a1,...,an) € RN will be denoted by a, the zero vector by 0y. Note that (43) implies that
all p.m.f. over {0,1,..., N} can be written in the form (76) below.

Proposition 6. If the alternative hypothesis

Hi(a) : wx (i) = wa(i) = w*N)( (i) {1+ Zaklpk (0<i<N),a#0y (76)

holds, then the convergence in probability

(WvN)y2 _ [Ox(i—1) = QN —1))2 _ al pvN) (3)2
S e N IR Vi (wN = (@) @)
takes place. Furthermore, the exact slope of Ty(l” ) satisfies
cr(a) = 2 (01N (@) ~ A VN @) (2 0y). 78)

Proof. We will use the abbreviation w(**'N) = w. The first equality in (77) follows from the
law of large numbers applied to (65). As for the second equality, let us use the definition of
T, as a V-statistic with kernel L. Setting ag = 1, we can rewrite w, as

N

wa(i) = w(i) ) axye(i).

k=0
First, note the identities

LG DD (w@w() = L (1 <kl <N).

Yo(w(i)w(i) =0, "

=
Mz

Il

-
<.

Il

1

Then, the law of large numbers applied to V-statistics implies that, as n — oo,

n'Ty = 7ZZZLXUX %ZZLU{ZﬂklIJk }{Z”ﬂ/’l’ Jw(j)

i=1j=1 i=1j=1
N
= Z Zaw{zlzL i, DYk (D)pe(f)w (@) ew()) }
k=0 1 Ji
l .. . . . . N ék,ﬂ N a%
= Z Zﬂkﬂz{ Z ZL(lf])llﬂk(l)ll)z(])w(l)w(])} =), Zﬂkﬂz/T =) -k
k=1/=1 i=1j=1 k=1/¢=1 ko k=1

Then, (74) allows us to use [10], Theorem 7.2, and conclude that (78) holds. [
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Let us use the notation w, = wy wheneveray =0 #0anda; = ... =ay =0, and in

this case
b YN (wy) = b(6).

Recall that the Kullback-Leibler information number (introduced by [19]) of w(#vN)
and wy is defined in the discrete case by

J( (wvaN)y = % (i)1 _weli)
wp, w L we(i)log — ") 0’

and that function f was introduced in Proposition 5.
Theorem 2. If the alternative hypothesis
Hl(G) LWy = Wy = w(V’U’N){l + Hlpgyrle)} (79)

holds for some 6 # 0, then

im 172700 N) _ oy — &
nlgrf}on T, =b(0) = N2k (80)
1
Therefore, the exact slope of T,(l” iN) satisfies
cr(0) = 2£(b(8)) ~ 6% ~ 2] (wp, w**N)) (6 — 0), (81)

so that the statistic T,SH VN g locally asymptotically optimal in the sense of Bahadur, with respect
to the statistical problem (55), (79).

Proof. The first result (80) is a particular case of (77). Then, (78), rewritten with b(a)
replaced by b(8) given by (80), leads to the first equality and equivalence in (81).
Finally, Fisher information being at 6 = 0 given by

Yol +Onl}| 1) = el =1

I(V'V’N) = E ([

(see, e.g., Theorem 9.17 and Example 9.20 in [20]), the Kullback-Leibler divergence satisfies
2

I(WGIC‘]O) ~ %I(F"VIN)QZ - 97

5 (6 —0) (82)

(see (2.7) in [19]), and the last equivalence in (81) readily follows. [

8. Useful Technical Results
8.1. Relationship between Identities (1) and (5)—(6)

In the particular case («, f) = (—1/2,—1/2), we have, for -1 < x < land k > 1,

f(_l/z'_l/z)(x) = - 1 =, F(_l/z'_l/z)(x) = arccos(—x), f(il/zﬁl/Z) (x) = arccos(x),
V1—x
4(-1/2-1/2) _ T(k+1/2) d(()q/z,fl/z) A2 g do 2n[(k—1)1?
k S 2k12 7 STk Ay T(k+1/2)2
(~1/2,-1/2),. _ L(k+1/2) d _(-1/2,-1/2),., _  T(k+1/2) sin(karccos(x))
P, (x) = — Uk cos(karccos(x)), aPk (x) = _\/E(k O Vi
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(for Pk(fl/z’fl/Z) see [2], (1.4.3), p. 9). After rearrangement, (1) becomes

arccos(— min{x, y}) arccos(max{x, y})
= ]:il kl—z - 2sinfkarccos(x)] sin[karccos(y)] (-1 <x <y <1).
After setting arccos(—x) = s, arccos(—y) = it and using the equality arccos(x) =
7t — arccos(—x), which implies
arccos(— min{x, y}) = mmin{s, t}, arccos(max{x,y}) = (1 — max{s, t}),
we obtain (5). In the case (¢, 8) = (0,0), we have

FOO () =1, FOO(x) =1+ x, F*V(x) =1 -,

2 d

(00) _ _ (0,0) _
O = d,(fo) =2k +1, A% = k(k +1).

Therefore, (1) becomes
(1 4+ min{x,y})(1 — max{x,y}) i 1 (2k+1)vV1—x2P(x)/1—y?P(y)
(1-x2)(1-y?) o k(k+1) k(k+1)
(-l<x<y<1).

If wesetl+x =2sand 1+ y = 2¢, so that
1—x2=4s(1—s), 1—y>=4t(1—1),

and
1+ min{x,y} = 2min{s, t}, 1 — max{x,y} = 2(1 — max{s, t}),

this development leads to (6).

8.2. Proof of the Orthogonality Relations for Hahn Polynomials

Following [15], §1.1 and [3], §1.3, we use the generalized factorial and binomial
coefficients defined by

rt=T(r+1), (Z) = (—1)k(_r)k (r>—1,keN),

where I is the gamma function, and set

(_kr> - (_1)k<r+i_ 1)/ (r>1keN),

7!

(=) = (—1)km (r>k)

Note the identity

The traditional orthogonality relation for Hahn polynomials given by ([3], §9.5), reads

a+i\ (B+N— (-DF(k+a+B+ )N (B+ 1)kt
§)< )(N )Q"(“"”)Q”(l“”) GkratBrDat DNy =
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With parameters v = —a« — N — 1,4 = —f — N — 1, the above identities give

(zx—;—i) (ﬁ;ﬁl—? _ (—N—vi—1+i) (—N—VN—_lijLN—i>
= (YT e ()

On the other hand,

ON +u+v+1—k)!

(k+a+B+D)n1=(—-2N—pu—v—1)N11 = (—1)N+1(

(N+utv—k! ’ ®3)
(B 1) = (=N = = (0 (s, e D= (N = v = (0 84
(=N = (—1)k(N]‘fk)!, (k+a+B+1) = —2N+p+v+1—2k), (85)

g (-DON@N+pu+v+1—k)!I(N+u)!(N+v—k)!(N —k)k!
FT N+ u+v+1-2k)(N+pu+v—k)!I(N+v)(N+pu—k)IN?2

and (28) readily follows.

8.3. Other Results
Note the identity

Aio AiK(i,j) = Ajo AiK(i,j) = K(i+1,j+1) + K(i,j) = K(i +1,j) = K(i,j +1)  (86)
It is easily seen that
Lemma 1. For any function f : Z x Z — R, the equivalence
AioAif =0 < 3c,d:Z— R:f(i,j) =c(i) +d(j) (i,j€Z) (87)
holds.

In terms of matrices, relation (42) can be written as

N .
dow (i . .
o =Y mymy, my; = ( Odk( ))1/2Hk(l) (0<ik<N).
i=0

The matrix (m;) is the inverse of its transpose, and the expansion of Kronecker’s function
is given by the dual relations

N N d(V/V'N)H(P‘erN) (i)H(P’IV/N) (]) -
8=y mymy; = PN (i) Yo 0 A [ —6; (0<ij<N) (88)
k=0 k=0 a’
The fact that H(()” YN — 1 then implies
Lemma 2. Assume 0 <1i,j < N. Then,
N d(ﬂrV/N)H(HrV/N) (i)H(V'V'N) (])
wvN) (1) kzi 0 k TN k =3;j — wvN) (7). (89)
= k
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Lemma 3. One has,
Ajo Aj[Q(min{i, j} — 1) Q(max{i,j} — 1)] = —w(i)w(j) +  jw(i)

Proof. Let us use identity (86) with K(i,j) = Q(min{i, j})Q(max{i,j}) and L = A; o A;K.
By symmetry, it is sufficient to prove the result in the case i < j.
Ifi <jtheni+1 < jand (86) reads

LG,j) =Q>G(+1)Q>(+1)-Q0)Q(+1) - Q@i+ 1)Q(G) + Q1) Q) = —w(i+1Dw(j+1).

If i = jtheni+ 1> jand (86) gives

L(i,i))=Q>{+1)Q>(+1) —Q(@)Q>i+1) —Q(@)Q>i+1) + Q()Q() = w(i+1) — w(i+1)%

The result follows. O

9. Discussion and Future Research Directions

Hypergeometric distributions, some aspects of which are discussed in our paper, have
various applications. See the already classical treatise [15], §6.9 for a basic list of references.

The fact that the use of hypergeometric distributions to model various problems
remains an active field of research is illustrated by more recent references, such as [21,22]
for theoretical aspects, as well as [23-28] for practical applications.

We have proved that most features of some Cramér—von Mises statistics can be derived
from their connection with classical orthogonal polynomials. This approach enabled us,
on the first hand, to state new results about the local asymptotic Bahadur optimality of
the well-known Cramér—von Mises and Anderson-Darling statistics. On the second hand,
similar properties were proved for the discrete case associated with Hahn polynomials and
hypergeometric distributions.

A first natural direction for future work is to extend our results to the whole family
of classical orthogonal polynomials, discrete or continuous, as well as their g-analogues
(see [2], Chapter 3, and [3], Part II about this topic). The main difficulty lies in the issue of
large deviation probabilities.

A second direction should be the use of simulation to check the power of such tests,
compared to that of standard tests used by practitioners, such as the chi-square test. In
this respect, one should identify the alternatives of interest in practice in different fields.
Whereas common alternatives are mean shifts, our approach privileges alternatives associ-
ated with the first non-constant polynomial of the family associated with a distribution.
In most cases, such an alternative may not reduce to the mean shift, but be of interest in a
way that has to be determined.

A third, more difficult, direction of research, would be to extend our results to the
wider family of the polynomials of the Askey—Wilson scheme. The random variables
associated with these polynomials, as well as their various mutual relationships, via limit
relations, were discussed in [29], where basic references concerning the Askey-Wilson
scheme are given. Since only classical orthogonal polynomials satisfy a second-order
differential equation, another property of orthogonal polynomials, such as, for instance,
the three-term recurrence relation, should be used to carry out such a task.
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