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1. Introduction

The Selberg trace formula [1] is one of the most celebrated mathematical results of the
past century. In its original form, it relates the spectrum of the Laplacian on a hyperbolic
surface to lengths of closed geodesics on the surface. It can be viewed as a non-Abelian
generalization of the well-known Poisson summation formula in Fourier analysis, and has
found numerous applications in many fields, for example, in number theory and the theory
of automorphic forms (see Sarnak [2]).

The Selberg trace formula deals with surfaces which can be represented as double
cosets of the form I'\ SL,(R)/ SO, (R), where T is a discrete subgroup of SLy(R). It is
a natural question to work out the trace formula for higher-dimensional matrix groups.
To quote Dennis Hejhal: “Of course, we won't really understand the trace formula until
it is written down for SL4(Z).” While Dorothy Wallace [3] has worked out the explicit
details of the trace formula for SL3(Z)\ SL3(R) / SO3(R), the four-dimensional case remains
mysterious. A further generalization is the so-called Arthur-Selberg trace formula [4],
which plays an important role in the Langlands program. In this regard, it should be
mentioned that an extension of the Selberg trace formulae to higher-dimensional symmetric
spaces I'\G /K over real or complex numbers requires handling quite complicated analytic
issues that do not appear in the original two-dimensional case. It is for this reason that study
of Selberg trace formulae for higher-dimensional special linear groups over finite fields is a
necessary step towards understanding a general trace formula. In this paper, we take a first
step in this direction by proving a Selberg trace formula for a three-dimensional Poincaré
upper half-plane over finite fields. At the same time, our results show that extending this
formula to higher-dimensional upper half-planes for more general matrix groups G would
involve complicated calculations.

Selberg-type trace formulae have been derived for discrete spaces such as graphs as
well. By realizing a k-regular graph as a quotient of the infinite k-regular tree, Ahumada [5]
found such a formula for k-regular graphs. Audrey Terras [6] introduced the concept
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of finite upper half-planes as a finite analogue of the Poincaré upper half-plane model
in which the complex number field is replaced by a quadratic extension of a finite field
[F,;, where g = p" is a prime power. She constructed a family of Ramanujan graphs [7]
using these upper half-planes and developed a representation-theoretic trace formula on

GLy(Fp)\ GLy(IF;) /K, where K is the finite analogue of SO, (R).
The aim of this paper is to present an analogous trace formula for GL3(IF;). Our main

result in this paper is as follows. Consider the pre-trace formula
L ) Tf(0) = ¥ (THialf) W

e {7}eCr

where G is a finite group, I is a subgroup of G, p = Ind¥ 1 is the induced representation
of the trivial representation of I', and I (f,y) is the orbital sum of f at y. These terms are
defined in Section 3, and a proof of the pre-trace formula is recalled there as well. Note that
(1) can be viewed as a representation-theoretic analogue of Selberg’s trace formula [1,6];
the left hand side can be thought of as the spectral side, summing over the irreducible
representations of G and their multiplicities in p, while the right hand side can be interpreted
as the geometric side, summing over conjugacy classes in G. In this paper, to obtain a
trace formula for the finite upper half-space we take G = GL3(FF;) and I' = GL3(F}); also,
f : G — Cis chosen to be a K—bi-invariant function (K is the stabilizer of pg as above), i.e.,
Vk,h € K and Vx € G we have f(kxh) = f(x). One can also think of f as a function on
G/K ~ H, which is invariant under left-multiplication by elements in K.

The rest of this paper is organized as follows. In Section 2, we define an analogue,
denoted Hi, of the upper half-plane for the group GL3(FF;) by considering a cubic extension
of the finite field IF;. We define an action of GL3(F;) on H,, which sets the stage for our
discrete trace formula. In Section 3, we recall a standard pre-trace formula for finite groups.
In Sections 4-6, we compute each term on the right-hand side of the pre-trace formula (5)
(the so-called geometric side) using the explicit description for conjugacy classes of GL3(Fj)
provided in [8]. The conjugacy classes are separated into central, hyperbolic, parabolic, and
elliptic terms. Each of these types of terms is explicitly identified. It would be helpful to
have a more conceptual understanding of these computations. In Section 7, we provide some
simple examples of the application of our formula in which the left-hand side of the pre-trace
formula is known a priori. In Sections 8 and 9, we calculate the left-hand side of the pre-trace
formula by computing the character of the induced representation p = Ind¥ 1, then using this
to compute its decomposition into irreducible representations in the case that 2,3 { n.

2. A Finite Upper Half-Space

To generalize the results of Terras to the GL3(IF;) case, we must first discuss the
generalization of the finite upper half-space. Let p be a prime number and g = p" for a
positive integer 7. The definition of the upper half-space H,; comes from considering the
cubic extension of F;. The construction was first provided by Martinez in [9]. Here, we
describe it explicitly for our special case of GL3(Fy).

Lemma 1. [F; has a cubic nonresidue if and only ifg = 1 (mod 3).

Proof. Let g = p". Consider the cube map x — x3: Fy — F7. This map has as a kernel
the subgroup y;3 consisting of the cube roots of unity in F;. Let a be a generator of F.
Then, if ¢ = 1 (mod 3), we have yz = {1,1x(‘7_1>/3, az(q_l)/3}, in which case there are
(9 —1)/3 cubic residues. Otherwise, y3 = {1}, meaning that each element of F' is a cubic
residue. 0O

From now on, we assume that ¢ = 1 (mod 3). Take a cubic nonresidue ¢ € [, and
consider the cubic extension [F, (%) ~ F 5. Abasis for Fy (\3/5) /Fgis {1, 61/3,52/3} . For

an element &, we write (a1, a3, #3) to denote its components, i.e.,
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o=+ w613 + a352/3.
We define

Xy 3

Hq:{(a,ﬁ)qu(%)xFq(%): 5 b

#ol.

Lemma 2. The following map defines an action of GL3(IF;) on Hy:

a b c
_ (ax+bB+c dutep+f
- (g

Proof. The compatibility of the action with multiplication in GL3(FF;) follows from the fact
that GL3(F,) has an action on the projective space P? (Fg3). Thus, we need to check that the
action is closed in Hj;. This is a routine verification, and can be found in Appendix A. [

Our distinguished point will be py = (62/3,51/3) € Hj. The action of Aff3(F;) <
GL3([F,) is transitive on Hj, where

Aff3(Fy) == { Fl
a ¢ bd
K :=stab(pg) = { [b a cé] }
c b a

o S
—_ S O

o

With this action, we calculate that

Indeed, we find that
a cd b
K5 F (83 (b a ¢ v a+bs/3 4 co?/5.
c b a

In addition, we have the homogeneous space H,; ~ GL3(FF;) /K. As a quick check, we
can note that we have | GL3(F;)| = (7> — 1)(4° — 9)(4° — ¢?) and |K| = 4° — 1 (from the
canonical isomorphism); thus, we should have |Hj| equal to

(-1 -9 — %)
-1

= (@ -1(g-1)¢".
Indeed, from the definition, we have
[Hy| = |GLa2(Fy)| - 4> = (4> = 1)(¢* —9)q* = (4" = 1) (g — D)q".

Remark 1. Observe that the above construction is a natural generalization of the finite upper
half-plane defined by Terras [6] (here, § is a nonsquare in the finite field IF):

H; = {x—i—y\/gzx,yelﬁ‘q,y;éO}.

The condition y # 0 is equivalent to 1 and x + y~/6 being linearly independent elements of

Fq (\/3) over Fq.
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3. Trace Formula
3.1. The Pre-Trace Formula

Our trace formula relies on the interpretation of a known result, namely, the pre-trace
formula. We now derive the pre-trace formula and contextualize it in our setting of the
group G = GL3(IF;). The idea behind the pre-trace formula is to compute the trace of a
specific operator in two different bases. We may construct the relevant information for this
operator as follows:

Suppose that G is a finite group and I' < G is a subgroup. Let f : G — C be a
complex-valued function on G. For a representation « : G — GL(V) of G (where V is
a finite-dimensional complex vector space endowed with a linear G-action), define the
Fourier transform of f at x by

fo) =X fle(s™).
geG

It can be observed that the Fourier transform f(«) is End V-valued. The pre-trace formula
is now obtained by computing the trace of f(p) in two different bases with p = Ind{ 1. First,
we can decompose p as a direct sum of irreducible representations of G to obtain

T (f(0)) = X m(mp) Te(f (). 2)
neG

Here, G is the set of irreducible representations of G and m(7, ) is the multiplicity of
the irreducible representation 7t € G in p. Let

V={f:G=C|f(yg) =f(g) Vrel,geG}=L*I\G).

As G acts linearly on V via right-multiplication, the corresponding representation is
precisely p = Ind{ 1. More concretely, for ¢ € V, g, x € G, we have

[0(g)¢](x) = p(xg)-
Thus,

F(o)¢] (x) = ) fp(wy) = ) £ 1x)g(w).
ye ue
Further, as ¢ is I'-invariant,
Feo]@ = £ X (") o).

yel\G vl

Now, we are ready to compute the trace of f(p) in another way. Consider the indicator
basis {d, }, . of V (fory € T\G, d is the function on T\G which outputs 1 if the input is

y and 0 otherwise). With respect to this basis, f(p) is represented by a matrix where the
entry corresponding to x,y € T\G is Lr f (y~1vx). Therefore,

)] = L L f(x ). ©)
xel'\G vel
We can rewrite the right-hand side as a sum over conjugacy classes in G. Let:

r,= {x er|xlyx= 'y} = centralizer of yin T

G, = {x € G| xlyx = ')/} = centralizer of y in G

{7} = {x_lfyx |x e G} = conjugacy class of 7 in G
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Cr = set of conjugacy classesinT.

Note that there is a one-to-one correspondence between the right cosets I',\I' and
elements of {7} provided by I',x — x~1yx. Because conjugacy classes partition I', we can
rewrite the inner sum as

Y Y=Y Y % f(x_lu_lfyux).
xel'\G yel x€l\G {y}€Cr uel, \I'
Setting y = ux, we can then rewrite this as a sum over right cosets y € I',/\G:
Y YfeThm= Y Y fyw).
xel\G el yel \G {y}eCr

Observing that ', < G,, we can write y = ts for t € I',\G, and s € G,\G:

Y Yfetm= ¥ X ¥ f(sT )= ©

xeT\G el tely\Gy s€G,\G {v}eCr {v}eCr

|G|

T L S, @

s€G,\G

We define the orbital sum Ig(f, ) of f at 7y to be

Is(f.r)= Y, f(s'7s).

s€G,\G

The pre-trace formula now follows from combining (2)—(4):

¥ mim ) T(f(m) = ¥ tg(f,y) 6

e {r}eCr | 7|

where p = Ind® 1 and I¢(f, ) is the orbital sum of f at 7y as defined above. Note that
(5) can be viewed as a representation-theoretic analogue of Selberg’s trace formula [1,6];
the left-hand side can be thought of as the spectral side, summing over the irreducible
representations of G and their multiplicities in p, while the right-hand side can be inter-
preted as the geometric side, summing over conjugacy classes in G. For further references,
see [6] (Ch. 22).

To obtain the trace formula for the finite upper half-space, we take G = GL3(F;) and
I' = GL3(Fp). In addition, f : G — C is chosen to be a K—bi-invariant function (K is the
stabilizer of py, as above), i.e., Vk,h € K and Vx € G we have f(kxh) = f(x). One can
also think of f as a function on G/K =~ Hj, which is invariant under left-multiplication by
elements in K.

Remark 2. The left-hand side of (5) can be expressed solely in terms of the characters x . of the
group G:

e[ ()] = Tr[ » f(g)n(gl)] = LI [(s7)]

8€G geG

= ¥ f@xx(87") = L F@)xx(8) = {f xn)-

geG g€G

Here, (x,y) denotes the usual Hermitian inner product on the complex vector space L2(G):

(x,y) =Y x(8)y(g)

8€G

In Sections 4-6, we compute each term in the sum on the right-hand side of the
pre-trace formula (5) using the explicit description of conjugacy classes of GL3(IF,) pro-



Axioms 2024, 13, 381

6 of 28

vided in [8]. The conjugacy classes are separated into the cases of central, hyperbolic,
parabolic, and elliptic terms. It is helpful to introduce one more tool that will help us
simplify these computations.

3.2. Double Cosets and Fundamental Domains

To calculate the orbital sums, it is convenient to identify G, \G with G,\G/K x K/Z
(when possible), where Z is the center of G (the subgroup of diagonal matrices {al :
a ey }). Let {ti}gz1 be representatives of double cosets in G,\G/K, and consider the
following map:

Gy\G/K xK/Z — G,\G
(Gryi'iK,kZ) — nytik.

We first show that this map is well-defined and onto. If z € Z, then G,t;kz = G,zt;k =
Gy tik, because z € G, (as z commutes with every element of G). Now, let G,x € G\G,;
then, because double cosets G+t;K partition G and are unions of right cosets Gy, we can
find a representative t; € G and k € K such that G,x = G, t;k.

For injectivity, let t;, t; be representatives of two double cosets in G,\G/K and let k, K’
be representatives of two left cosets in K/Z. Suppose that G, t;k = Gt;k’. Because double
cosets are either disjoint or identical, this is only possible if t; = t; while letting ¢ = ¢;. Thus,
we have

Gy = Gtk 171, (6)

which happens if and only if tf'k~1t~! € G,, or equivalently, K'k~! € tG, ¢+~ N K. This
can also be stated as kH = k'H, where H = tht_l N K. Note that Z < Kand Z <
tGyt~1 = Gy,p-1, as Z is the intersection of all centralizers in G; hence, we always have
Z <KNtGyt~! = H.If Z = H, then (6) is equivalent to kZ = k'Z, which implies that the
above map is injective. In our specific example, the centralizers G, contain no non-central
elements conjugate to some matrix in K unless 7 itself is conjugate to a member of K (this
can be seen by, e.g., taking simple representatives 7y of conjugacy classes in G and looking
at the characteristic polynomials and eigenvalues of elements in G, which are preserved
by conjugation).

Thus, we have two cases:

Case 1: 7y is not conjugate to an element of K. Then, we have

L(f,)=Y f6l)= 3 ) flt) k) =IK/Z| ), ft ).

s€G,\G t€G,\G/KkeK/Z t€G,\G/K

The last equality follows from the fact that f is K—bi-invariant. We can identify
G4\G/K with G, \Hj;. In order to calculate orbital sums, we find fundamental domains
for the action of G, on Hy, i.e., subsets of H; which contain exactly one element from each
G, -orbit.

Case 2: vy is conjugate to an element of K. In this case, the above map is not necessarily
injective; however, G, = G or K, depending on whether v is conjugate to a central element
of K or not. Then, G, \G is either trivial or can be identified with H.

4. Central and Hyperbolic Terms
4.1. Central Terms

a 0 0
Let v = [0 a 0] fora € IF; In this case, Gy = Gand I', =T. Thus, I(f,v) =
0 0 a

f(po), and the total contribution from such v is

(P -D(@*-D(g-Dg
(PP =1 (p*-1)p°

'|§|'f<po> (1) =

f(po)-
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4.2. Hyperbolic Terms of the First Kind
a 0 0
Lety= |0 a 0],a #beF;.Here,
0 0 b
x y O
Gy=«¢|w z 0| p~GLy(F,) xFyf
0 0 t
and similarly for I',.
A fundamental domain for the action of G, is provided by
G \H, = {(u+ 63,0+ 6%%) 1 u,v € Fy}. 7)

We verify this in the next proposition for the sake of illustration. In the next sections,
the verification of the fundamental domains is relegated to Appendix A.

Proposition 1. A fundamental domain for G is provided by (7).

Proof. First, to show the uniqueness of each representative, suppose that there exists
m € G, such that

m - (uq + 51/3, U1+ (52/3) = (up + (51/3, Uy + (52/3).

Then, we deduce that y = 0 = w and x = t = z; thus, uy = uy and v; = v,.

Next, to show the completeness of this fundamental domain, we can take an arbitrary
element (a, B) € H,. We wish to find m € G,,u,v € Fy such that m - (u + 61/3,v + 6%/3) =
(a, B). Setting x = ap,y = a3, w = Pp,z = B3, and t = 1, it can be seen that u, v is a solution

w FHIEEH]

which has a solution because the left matrix is invertible. [

Thus,

I(fr)= ) Y. f(() " oy (tu)

teGy\G/KueK/{al}

_ K| -1
= Tan Y

teG,\H,

01 —y 01 «x
=q_ Y fl[T 0 —x|{7|1 0 y|po
=4 ayer, \ {0 0 1 00 1

a 0 (a—D)y
q +q+1) Z f([O a a—b)x]po)
xy€ly 00 b

a a
=@ +a+1) L f(r+ 500y +507%).
x,yGIFq
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Let us define the horocycle transform Hf : GL,(F,) — C of f € L?(K\G/K) by

i G2 x
Hf(x):=Y, Y, f| &2 &2 y|po|,
xy€Fy ge{x} 0 0 1

where the inner sum runs over { € GLy(IF;) in the conjugacy class of k. Thus, this
hyperbolic term is equal to

> -V -9@-1) /a
(q +q+1)a,b§p; (P =D -p)p-1) Hf(bl)

a#b
3 _ 2 2
BN 5 oo
i
(@ -1 -1 (¢ —q)
w-n-p L el
a1

We have shown the full computation for the orbital sums for this case both to demon-
strate the computational technique and to motivate and introduce the horocycle transform.
For the next cases, we omit detailed computations for orbital sums; however, some are
included in Appendix A for the curious reader.

4.3. Hyperbolic Terms of the Second Kind

a 0 0
Lety= 1|0 b 0], withab,c€ IF; being distinct. Here, G, is the set of diagonal
0 0 c
matrices and

Gy\H, = {(x + Y3+ yd3,r +561/% 4+ 62/3) 1 ys £ 1} U {(x + 623, 7 + 613 +56%/3) 1 s £ 0}
U{(x+y0"/3+ 6231 +6"3) ry £ 0y U {(x + 6%,y +5'/%)}.

We have
et = @ +a+0-m(| 0 ])

where a,b,c € F; comes from a change of variables outlined in Appendix A.
The total contribution from the second hyperbolic term is

jrreolih £l 3)) bt 2wl -
a#btc A

ez o)
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5. Parabolic Terms
5.1. Parabolic Terms of the First Kind

a 0 a
Lety=1|0 a 0],ac IF;. In this case,
0 0 a

d y x
Gy = 0 ¢ b :c,dEIFqX,b,x,yEIFq .
0 0 d

Proposition 2. A fundamental domain for G, is
Gy \Hy = {(u6"3,06"% + 6°/%) s u,0 € Fo,u # 0}y L {(6'3 +us®?,6'3) 1 u € F .

Proof. See Appendix A. [

Following the computations outlined in Appendix A, the orbital sum in this case is

Ic(f,7) = (@ +q+ D(HF(I) = f(po))-

In total, the contribution from the parabolic terms of the first kind is

3 2 3(,3
Tq=1" > g =g =1)
5 (g +q+1)(Hf(I) — (p—1)= Hf(I) — .
o1 (4 DD = f(po) - (p 1) = T TE2 (A1) — fpu)
5.2. Parabolic Terms of the Second Kind
a a 0
Lety=10 a a ,aeIF;.Wefindthat
0 0 a
z Yy x
Gy =B= 0 ¢ b :d,c,zeF;,b,x,yEFq )
0 0 d

Here, B is the Borel subgroup of upper-triangular matrices.

Proposition 3. A fundamental domain for B is
B\H, = {(6'3,06'/% + 6%/3) 1 v € F} L {(6*/3,6'3)}.

Proof. See Appendix A. [

We find that the orbital sum (see Appendix A) is

Ic(f,7) = (@*+q+1) (f(52/3 +613,61% 4 1) +Y f((1 —0)8%/% — %13 +1,6%3 + (v + 1)51/3)) :
vel,

Note that the orbital sum is independent of a; therefore, we denote each I (f,y) by
Ig(f). Thus, in total, the contribution of these parabolic terms is
(4-1)7%; P°9-1)?%;

1ol (=1 = Tl
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E 9
apery P
a#b

(q—1)

(p—1)?

5.3. Parabolic Terms of the Third Kind

a 0 0
Lety= |a a 0| witha#b¢€F,. Here,

0 0 b
x 00
Gy=qly x 0| :x,zeF;,yelF,,.
0 0 z

Again, by a change of variables, we find the following orbital sum (see Appendix A):

IG(f,7)=(q2+q+1)'Hf<[a(/)b a}bD'

The overall contribution of these terms is

<q2+q+1)‘Hf<[a(/)b a}b}>_[w_l1))22(q2+’J+l) Z(P—U‘Hf([(c) iD

P(P cely
c#1
50 g )
c#1

6. Elliptic Terms

6.1. Elliptic Terms of the First Kind
Irreducible . The characteristic polynomial of such a v is irreducible in IF, [t]. Recall

that g = p". Depending on whether n = 0 (mod 3), there are two cases to consider.

* n=0 (mod 3). In this case, we have the tower of field extensions Fy/F 3 /F,. Thus,
7 is similar to a diagonal matrix in GL3(IF;). However, the same is not the case
in GL3(F,), which is why this case is different from the second hyperbolic term.
Therefore, G is the subgroup of diagonal matrices over I, while I'y is K with entries
in Fp, ie, |[[,| = p® — 1. Because G, is the same, we can reuse the fundamental
domain for G, from the earlier second hyperbolic case.

& 00
Suppose that 1 is similar to ( 0 &0 ) in GL3(IF;), where &1,82,¢3 € e \[F,. Similar
00

&
to the second hyperbolic term, the orbital sum will be

I(f.v) = |K/Z|- Hf({gl(/)é{r3 52953])

Because ¢1, {2, {3 are Galois conjugates, without loss of generality, §; = 63’.7 and ¢ =

2
Cé’ . Therefore, the total contribution of the first elliptic terms is

1 -1 Pt .
3 pP-1 gq-1 3 Hf(l 0 5’”21])

LZEJF; \IF;

Note that the factor of % here comes from the fact that each -y is counted three times in
the sum.

e 1 %0 (mod 3). In this case, there is no cubic extension intermediate to F,;/IFy; thus,
Fq(él/ 3) is the minimal field (in the sense of containment, of course, not size) over
which the characteristic polynomial of  has a root. Suppose that an eigenvalue of
v is a1 4 12013 + a36%/% with eigenvector x1 + x26'/3 + x362/3, where a; € F, and
X; € Fg Then,
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YX1 = a1x1 + a3dxp + wpdx3,
VX2 = apX1 + w1Xp + a3dxs,
YX3 = a3x1 + apXo + x1X3.
Thus, GL3 (Fq) when viewed in 7 is similar to a matrix in K. Conversely, non-diagonal

matrices in K provide irreducible elements in GL3(FF,). Further, in this case G is
precisely K; thus, G,\G = H,. After identifying elements y € H, with elements

a b c x e po
y=|d e f| e Aff3(F;)andwritingy= [B & &/ |, wecancompute
0 0 1 e B w

Is(f.r) =Y fly "y

yeHy

1 —e b ce—bf|[a e Po|[a b
Y f o d —a af—cd||B a e||d e
abcdefER, “%10 0 bd—ae|le B w 0

1 [x11 x12 x13
f bd — ae X21 X22 X23|Po |,

[ X31 X32 X33

= X

ab,cdefel,

where the entries of the matrix, by column, are as follows:

x11 = a(bd — ae) + B(ab+ cde — bdf) + e(ace — abf — ded)

xo1 = Bladf — a® — cd?) + e(a?f — acd + d*5)

X31 = ﬁd +éa

x12 = B(ce? — bef + b?) + e(bce — b* f — €29)

Xpp = a(bd — ae) + B(aef — cde — ab) + e(abf — bed + ded)

X3p = Pe+¢eb

x13 = B(cef + bc — bf? — ef)

Xo3 = Blaf? — cdf —ac +dé) + e(acf — ac® + dfé — ad)

X33 = rx—l—,Bf-i-sc.

Unfortunately, there does not seem to be an obvious way to simplify this expression
further. When computing this case for a specific field I, it seems that applying this
formula may not be more helpful than computing directly.

(SRR SR IR IR e IR R IR v

6.2. Elliptic Terms of the Second Kind

a b 0
Y= [C d 0] , where g = [Z Z] is irreducible and e € F;. In addition,

0 0 e
a b 0
I, = [b a Olzc(az—bzé)#o},
0 0 ¢

where { is a nonsquare in [,

Again, depending on whether n = 0 (mod 2), i.e., whether 7 is even or odd, there are

two cases to consider.

n is even. In this case, F, C F» C F; and 1 is diagonalizable in GL3(Fy). G, is a
subgroup of diagonal matrices over I;, meaning that the fundamental domain G\ Hj
is the same as for the second hyperbolic case.

7 00
Suppose that -y is similar to ( 0 " 0) in G, where 17,112 € F 2 \Fp and e € F/. Then,

00
(analogously to the second hyperbcilic case) the orbital sum will be
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e =z a7 0 ])

As 171, 172 are Galois conjugates, without loss of generality we may assume that #; = 175J .
Therefore, the total contribution of the second elliptic terms will be

3 (p %(;jz)a 1)’ f—ll Lo L Hf([ﬂée Wpo/eD -

eclF WEIF;Z \Fy

e, 2 ()

776]17;2 \]F;

e nisodd. In this case, y is not diagonalizable in GL3(IF;). In general, it will be conjugate
to an element of the following form:

k 1& 0
I kK O
0 0 m

where k € F,, m, 1, € IF; such that ¢ is a nonsquare in [, (this ensures that the
determinant m(k*> — I2¢) is nonzero). In this case, we have

a b 0
Gyz{[b a 0] : a,b,cEFq,c(az—bzé)yéO}.
0 0 ¢

We seek a fundamental domain for this specific G,.

Proposition 4. A fundamental domain for G is provided by
Gy \Hy = { (x +u6' 40523,y + 81/2) 0 € By, u € Fy |

The corresponding orbital sum is
(¢ ~1)(g* = 1) ({k/m lé’/mD
Ic(f,v) = —F75—H .
=G Y lm k/m
The total contribution from the second elliptic terms in this case is
(4>~ D(q* ~1) ({s té])
—_— H .
CEVEP PR
teFy

A detailed proof of both the proposition and the orbital sum calculation can be found

in Appendix A.

7. Examples

Throughout this section, subscripts under multiplicities indicate which group is the
domain of the corresponding representations. We set p = Ind¢ 1 and « = Ind$ 1.

Example 1. Let f : G — C be the constant one function. The right-hand side of the trace formula
is |G|, while the left-hand side (by orthogonality of characters) becomes

Y. m(mp)c{f xn) = Y, m(mp)c{x1 xx) = |G| -m(1,p)c.

neG neG
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Thus, the trace formula says |G| - m(1,p) = |G|, which is a manifestation of Frobenius
reciprocity:

1 1
m(1,0)c = @ﬂ,lnd? 1)g = = (Res¥ 1,1)r = m(1,1)r = 1.

Example 2. Let f : H; — C be the indicator function 6, which is 1 on py and zero otherwise. It
is K—Dbi-invariant because stab(pg) = K. On the left-hand side of the trace formula, we have

Y mimp)clfixx) = ¥ m(mp)e ¥ f(g- polxn(37") = ¥ m(mp)e ¥ xn(k7) =

neCG neG 8€G el keK
= Z m(an)G<1rX7r>K = |K| : Z m(an)G : m(l,Res% n)K =
neG neG
= |K|- Y} m(m,p)c - m(m,x)c.
et

On the right-hand side, the only nonzero terms are the central terms and the first elliptic terms
when n is not divisible by 3. If that is the case, we claim that for a non-central vy in K we have

Ic(f,v) =3. }
Suppose that vy corresponds to multiplication by ¢ € FF, ((51/ 3) under the isomorphism

X
K~ T, (51/ 3) . When viewed as an element of GL3(IF,), the eigenvalues of -y are the Galois

conjugates of ¢, which are ¢, &1, and qu in our setting. This means that the conjugates of 7y lying
in K are precisely 7 and 7‘72 ; hence, there will be exactly three non-zero terms in each orbital sum

Ig(f, 7)-

The total contribution of the first elliptic terms is

1 g1 _ @@= -9
R i DR e e
TEZ

Thus, we obtain the following cases:
Case 1: n is divisible by 3; then, we have

3(,2 1 -1
E@ m(r, )G - m(m,x)c = ;j:z,((;z _ 1))((23 - 1))

Case 2: n is not divisible by 3; then, we have

PP?—1)(q—1) +q3*q
1
p°—1

E@m(ﬂ'mc'm(ﬂ’m IV

Remark 3. Note that the sum on the left-hand side can also be written as

Y m(mp)e - m(m,x)c = é|<Xp/Xx>.
eG

8. Character of the Representation p = Indf 1

Having effectively computed the right-hand side of the pre-trace formula (5), we now
turn to the left-hand side. For this, we require the character Xp of p, which we now calculate.
We use the usual formula for the character of an induced representation (see [6] (Ch. 16)):

Xp(7) = %| glr(mx”).
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We treat each conjugacy class. By Hy 4, Ha 4, P1 g, - - ., E2 4, we denote the size of various
types of conjugacy classes in GL3(F;). Given a set S, we use 15 to denote the indicator
function for S.

a 0 0
* Centralclass:y= |0 a 0f,a€F;. Becausey € Z(G), we have xyx~! = 4; thus,
0 0 a
G
b(1) = (15, (@)
a 0 0
*  First hyperbolic class: v = |0 a 0| witha # b € FJ. Here, v is similar to an
0 0 b

element of I' only when g, b are roots of a polynomial over Fj,. This occurs only when
a,be F;; for instance, this can be seen by considering the determinant Det(7y) = a%b.
As this is the constant coefficient of char, € F,[x], we have Det(y) € F,, which
implies that Det(y) is invariant under the Frobenius automorphism (as Gal(F;/FF;) is
generated by the Frobenius). Because F; /IF,, is Galois, if a,b ¢ IFj, then they must be
Galois conjugates, i.e., ¥ = b and b¥ = a. However, this forces a?h = (azb)p = b2,
i.e., a = b, which is a contradiction. Thus, by a simple application of the orbit-stabilizer
theorem, it follows that

_ |G Hip
Xp(’Y) = mm (7)-
a 0 0
*  Second hyperbolic class: v = [0 b 0| witha,b,c € IF; distinct. There are three
0 0 c

cases which allow 7 to be similar to an element of I': either all three are Galois
conjugates in '3 /), (only possible if 3 | n), or a,b are Galois conjugates in Fp2/Fp
and ¢ € Fj, (only possible if 2 | 1), or all three belong to IF,,. These cases give rise to
the three terms in the sum:

Gl 2
XP(’Y) = m <E2,p ) ]le3\]Fp(a)5h(aP)(SC(uF’ )+ Eyp- ]lez\]Fp(a)(Sb(aP)]le(c) +Hp - 1F('Y)>-
a 1 0
*  First parabolicclass: v = |0 a 0|,a € Fy.Ifa ¢ Fp were the root of a polynomial
0 0 a
over I, its Galois conjugate a? # a would also be a root, which is clearly not the case.

Thus,
|G| Pp
= — a).

AN
Q- O

1
*  Second parabolic class: ¥ = [O a ] ,a € F. Similar to the previous class,
0

o

G| P2p
=== a).
a 1 0
*  Third parabolicclass: y = |0 a 0| witha # b € . Following a similar argument
0 0 b

as for the first hyperbolic class, we have

_ @P?»P
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w 0 0

*  Firstellipticclass: vy = |0 w? 0| withw € Fp. \F;andr € F7 . Here, 7 is similar
0 0 r

m(a, p)

T

il

to an element of I' if and only if w, w7 are roots of a degree-2 irreducible polynomial
over F,. However, if 2 | n, then sz is an intermediate extension in [, /F},, meaning
that the roots of any degree-2 polynomial over F, are included in ;. Thus, x,(v) = 0
if n is divisible by 2; otherwise,

G| Eq,
X =15 B 1,015, ()15, ().
w 0 0
Second elliptic class: y = [0 w1 02 ,weF, (61/3) \ F,. As for the previous class,
0 0 wf

)(p('y) = 0 if n is divisible by 3; otherwise,

_ |G| E2p

9. Decomposition of p When 2,3 { N

In this section, we compute the decomposition of p when neither 2 nor 3 divide #;

thus, elliptic elements in GL3(FF},) remain elliptic in GL3(F;).

We use the character table for GL3(F;) in Terras [6] (pp. 383-384) and Steinberg [10].

As usual, to calculate the multiplicity m(7t, p) of an irreducible representation 7t present
in p, we compute the inner product of their respective characters. By Hy, Hy, P; ..., E; we
denote the size of different types of conjugacy classes in GL3(IF,), while by Nmg,r we
denote the norm of the field extension E/F.

1.

« is a character of IFqX . Then,

Hj

) a(a®) + Hy ) vc(azb)+? Y. afabe)+Pp ) w(a®) + P, ) w(a?)

X
ae]Fp

a,heIFrf a,b,ce]F; ueIE‘; ueIF;
a#b a,b,c distinct

E

+ P3 Z a(azb) + % Z IX(I’ Nm]Fq2 /F, (w)) + 3 Z OC(Nqu3 /¥, (w))) .

2.

a,beFy; weIsz \Fp wG]Fpg, \Fp
azb refy
We can simplify these sums on the basis of three cases:

o 43 |px # 1. Each of the sums is zero; thus, m(a, p) = 0.
Fp
e a8 |1F; =1lbutwa |JF; # 1. A short calculation yields

1 H E
m(a,p):|F<l—H1+32+P1—0—P2—P —32)(;7—1):0.

* \IF; = 1. Simply,

map) = = Y [{gh =1

R

7Ty, Wwhere « is a character of IF,; .
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m(na,m:;((q%q) Y @)+ (gt DH ¥ al@)+ 2 Y a(abe) +qh ¥ ale)
| | aeIF;; u,beF; a,h,CGF; aEIF;;
a#b a,b,c distinct
E
+0+D5 ), va(uzb)—i—O—?z ) a(Nqus/Fq(w)))
a,beFy we]Fps\IFp
a#b

o 43 F} # 1. Here, all the sums are again zero, leading to m (7, p) = 0.

o 3 |F;: 1, but a \]F;# 1.

1 2 E
(7 ) = 15 <(q2 +4q) = (q+1D)Hi + Hy + P — Py + ;) (r=1)

(g—p)(q—p?
pPp—1>*p+1)(p>+p+1)

L4 IX‘IF;;: 1.

() = o | @+ (p—1) + @+ DH(p—1)(p—2)+ (p— D(p—2)(p —3) 2
IT| 3

+qPi(p—1)+(p—1)(p—2)P — %(p3 —P)>

__ (a-pg+p°—2p
Plr-1p+D(EP*+p+1)

As a sanity check, showing that this is actually an integer is not very hard.

3. 7, where a is a character of qu .

m<”5wP):|11ﬂ|<q3 Y a(@®) +qH Y w(azb)Jr% Y a(abc) +0+0+0

ack; abeFy ab,ceFy
a#b a,b,c distinct
Eq E;
-5 Y. a(r Nmp , /r, (@) + 3 ) a(Nmg /5, (w)) |-
wEsz \]Fp we]Fp3 \Fp

X
rer

e a8 |]F;7é 1. m(mta, p) = 0.
e a8 |]F;: 1, but ‘117;7& 1.

1 1 E
m(7y, p) = |r|<’73 —qH; + 3Hp — ;)(p—l) =

4 D(‘]F;;: 1.
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m(mp) = 15 (q3<p 1)+ q(p = 1)(p—2Hi+ (p - 1)(p—-2)(p — )" 2
— P -1F (- p)’ff)
_(q-p)@+pa+p’—pt—p’—p?)
Plr-10p+D(E*+p+1)
4. m,p for distinct characters « and B of F .
m(Tup,p) = “{ <(q2 +q+1) ZX a(a®)B(a) +Hi ) ) (7 +1)a(ab)p(a) +a(a®)B(b))
a€l, a,zilgp
+ % Y. (B@)a(be) + B(b)alac) + p(c)a(ab)) + (g +1)Py ) a(a®)p(a)
a,h,ceF; aeF;

a,b,c distinct

+P ) a(a®)p(a) +Ps ) (a(ab)p(a) +a(a®)B(b))

ack; abeFy
a#b
Eq
+5 Y, a(Nmg,/p, (w)B(r)+0].
welF z\IFp
p
reF?

o 042’5 |JF,§ £ 1. m(nk,ﬂ,p) =0.
e % |F;: 1, but a? |F;¢ land |F;7é 1.

m(7y,p,p) = |1r| ((qz +q+1)(p—1)—(q+2)(p—1H1 +(p—1)H,

+@+)(p-1)Pi+(p—1)P—2(p - 1)P3>

(9—p)g—p°) '
Pp—1*p+1)(p2+p+1)

o a2 |F;:1and/3\]F;:1,butzx|F;7é 1.

(7t pp) = |;|<(q2+q+1)(p1) (P p+3H ~ (p-1)(p-3) 2

+@+D)(p-DP+(p-1)P+(p—1)(p—3)Ps— (p— 1)2]521>

_ (9—p)(q—p?)
pPip—-1*p+1)(p>+p+1)

L4 “‘H;;Zlandﬁ|mf>;:1
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m(7e,p, p) = |;| <(‘72+‘7+1)(P—1) +(q+2)(p=1)(p —2)Hi + (p — 1)(17—2)(19—3)%

+@+D)(p=DP+(p= DR +2(p —1)(p =2+ (p ~1)(p* - P)?)

qg+p° =20 —p)+p°(p° —2p° — p* +3)
pPp—12(p+1)(p2+p+1)

5. 8 for distinct characters « and g of F .

m(”&,ﬁrp)—|1|<¢7(q2+4+1) Y. a(@®)p(a) +Hy Y ((g+1)a(ab)p(a) + qa(a®) (b))

acFy a,beFy
a#b
+% Y. (B(a)a(be) + B(b)a(ac) + B(c)a(ab)) +qPy Y a(a®)p(a)
a,b,ce]F; HGF;

a,b,c distinct

E
+0+DP5 Y, a(ab)B(a) -1 ) a(Nsz/Fq(w))ﬁ(r)—i-O).
a,beF; weF ,\Fy !
asb refy;

e % |JF,§ £ 1. m(nt’xlﬂ,p) =0.
e % |F;: 1, but a? |F;¢ land |F;7é 1.

m (7t 5, 0) = |1r| (q(qz +q+D)(p-1)—2q+1)(p—1)Hi + (p—1)H,

+q(p—1)P1—(p— 1)P3>

@—P@-r)a+pP+p+1)
Pl-1Dp+Dp*+p+1)

o a2 |F;:1and/3\]F;:1,butzx|F;7é 1.

m(mpp) = 1 <q<q2+q+1><p 1)+ (p—1)(ap— 3¢~ DHy — (p—1)(p ~3) 2

+a(p=1)P = (p—1)Ps + (p_l)ﬁzl)
)

(q—p)a@g+p+D)+p*P*—p*—p-2)
pPp—1)(p+1)(p>+p+1)

L4 “‘H;;Zlandﬁ|mf>;:1
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m(7a,p, p) = |1r| (‘7(’72+‘7+1)(P—1) +(29+1)(p=D(p—2)Hi + (p — 1)(;7—2)(19—3)%

+a(p =D+ (p-1)(p—-2)P = (p =) (p* - P)L;)

(—pla+p+D)+p*Qp-3)(pP*+p+1))
pPp—1*p+1)(p2+p+1) '

6. Tl B,y for distinct characters «, 8, y of IFqX .

m(7l, gy 0) = |11~| ((q +1)(@P+q+1) Y a(@pa)y@)+Hy Y, a(@)p(d)y(c)
ae]F; a,b,cEIF;
a,b,c distinct

+(@+DH ), (a(0)B(a)y(a) + B(b)y(a)a(a) +y(b)a(a)B(a))

a,beF;j
ab

+(2q+1)P ) a(a)Bla)y(a)+ Py ) a(a)B(a)y(a)
acky acFy

+P5 ) (a(D)B(a)y(a) + B(b)y(a)a(a) + y(b)a(a)B(a)) + 0+ 0) :
a,be]F?
a#b

° ‘X,B'Y ‘]}«‘;7& 1. m(”a,ﬁ,’ytP) =0.
*  afy ‘IF; =1, but none of , §, or vy are restricted to the trivial character on ]F;

M (7h,B,9,0) = |1r| ((q +1)(P+q+1)(p-1)+2(p—-1)H,—3(qg+1)(p— 1)H

+(29+1)(p—1)P+(p—1)P, = 3(p — 1)P3>

G-p@-r)a+p+p+2)
pPip-—1*p+1)(p2+p+1)

* uf |]pr =1land vy |]F; = 1, but « and B are nontrivial on F. Note that because

m(na,ﬁm p) is symmetric in &, B, v, the calculation here also holds for the other
two permutations of this case.

M (70,8, 0) = & ((q +D)(P+q+D)(p-1)—(p—1)(p-3)Ha+ (+1)(p—1)(p — 4) Hy

+(2+D)(p-DP+(p—DP+(p—1)(p - 4)P3>

(g—p)ag+p+2)+p*(P’—p*—p-3))
pPp—1*p+1)(p>+p+1) '

e All three of «, 3, y are restricted to the trivial character on IE‘; .
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m( TCo, B,y p) =

|%<(q+1)(q2+q+1)(i9— D+ (p=1D(p=2)(p=3H2+3(7 + 1) (p~1(p~DH

+(2+1)(p—-1P1+(p—1)P2+3(p—1)(p - 2)P3>

(q(q* +29+3p° —p* —p> —6p> =2p) + P> (p° —4p° + p +6))
pPp—12(p+1)(p*+p+1)

7. pay for a as a character of F; and v as a character of quz such that v7 # v (i.e., it is
nondecomposable).

m(Pa,0) = |11-|((q—1)(q2+¢1+1) Y a(@)v(a)+(g—1)Hr ), a(b)v(a)+0

acky abeFy
ab
— P Y a(a)v(a) =P Y a(a)v(a)—P; Y a(b)v(a)
IS acky a,beFy
a#b
-2y a<r><v<w>+v<wp>>+o>-
weF H\Fp

Note that the last nonzero sum can be written as —E1 Y e ,\F, a(r)v(w).
P

X
rEIFp

¢ av |1F;7é L. m(ouy,p) = 0.
e av |F;:1,butoc \F;;«élandﬂﬂr;;é 1.

M (P, 0) = |1r| ((q (@ +q+D)(p-1)—(g—1)(p-1H,

—(p-DP = (p-1)P2+ (p— 1)P3>

_ @=pa-p)a+r+p)
Plr-1p+D(P*+p+1)

. oc\]F;:Lth;s;é 1,butv|F;:1.

m (P, ) = |11~| ((q— D(@+q+D)(p-1D+@-D(p-1)(p—2)H

—(p-1)P = (p—1)Po—(p—1)(p—2)P3 + (p — 1)2E1>

(q—p)@a+p)+PrPE—p*—-p-1)
(p=12p3(p+1)(P*+p+1) ’

° \]nglandv |F><3:1.
P
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m(oav, 0) = Ih((q— D(@+q+1)(p-1)+(q—1)(p-1)(p—2)H

—(p—1)P = (p—-1)P,— (p—1)(p—2)P3— (p—1)(p* — p)E )

_ 9@ +p—pt-p = 2p) + pr(—pt+2p+ 1)
pPlr=1*p+ D +p+1)

8. 0y for y as a character of Fqﬁ such that u7 # p.

m (0, p) = |;|<(11—1)2(q+1) Y u@)+0+0-(q—1)P1 ) p(a)+ P ) p(a)+0

ack, ack, acFy
E2 P pz
+0+=0 ) (w(w) +p(@h) + p(@™)) ).
weIFPg,\]Fp

* M |]1r,§7é L m(oy, p) = 0.
* u |Fx37é 1, but u \F;: 1.
4

m(oy, p) = |1r| ((q —1)*(q+D(p-1)—(g-D(p-1)Pi+(p—1)Pr— (p— 1)E2>

_(-pa-p)a+p+p-1)
pPlp-1p+D(p>+p+1)

L4 ‘H|F><:1

(0, p) ( 4+1)(P1)(ql)(Pl)P1+(P1)Pz+(P3P)Ez>

g —q-p* - +p)+p 0 -p+1)
pPp—1(p+1)(p>+p+1) '
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Appendix A. Fundamental Domains and Orbital Sums

In this Appendix, we provide proofs of fundamental domains as well as some compu-
tations of orbital sums.

. Proof of Lemma 2

Proof.  Observe thatifa, p € Fj; ((51/3), then (a, B) € Hj if and only if {«, 8,1} form
a basis of I, ((51/3> over [F,.

Suppose that («, ) € Hj; and that x,y,z € [F,; are such that we have

can+bp+c cdatef+f
ratsprt U ratspit

The denominator ra + s + t can only be nonzero if r = s = t = 0 (as «, 8, 1 are linearly

z-1=0.

a b ¢
independent); however, that cannot happen, as |d e f| # 0. Thus, we find
r s t

x(ae+bp+c)+y(da+ef+ f)+z(ra+sp+1t) =0

a b c]l«
[x y Z][d e f”ﬁ]=
r s t||1

In matrix form,

a b c
This implies that [x y z] {d e f] =[0 0 0], asa,p,1arelinearly independent
ros t

over ;. Because our matrix is nonsingular, it follows that x = y = z = 0 and

{ Zﬁii’gif, iﬁiigi{ , 1} is a basis of I, (51/ 3) over [y, proving the claim that GL3(IF,)

has an action on Hj; of the above form. [

e Second Hyperbolic Term.

I(fr)= ) Y. f((tu) " oy (tu))

teGy\G/KuekK/{al}
Kl
= Y g
reGm, Hal}]
s 1 r—sx
q371 syl—l 1-sy sy—1 y 1 x
— X—r
- g—1 Z f 1-sy syyfl syjl/ T(Los ripo |t
xy,1,5€F, 0 0 1 0 0 1
ys#1
0 —x 1 0 «x
+q Zf 1 xs—r|y|s 1 r|po|+
q- xrse]Fq 0 1 0 01

:
(i

1 —X+yr 1 vy «x
+q 0 —r 7|0 1 r|po
1= ,yrqu 0 00 1

y#£0
3 1 0 —x 1 0 «x
+ 1= 01 —r|{y|0 1 r|po
1 er]Fq 00 001



Axioms 2024, 13, 381

23 of 28

b—asy  s(a—b) asx—br+c(r—sx)

=( 2404 1) Z f y%b_jZ) asg;sly 7ax+b%1i(x7ry) +
1 q x sk, sy—1 1-sy sy—1 Po
sl 0 0 c
[ a 0 ax — cx
+ (g +q+1) ) f( bs—as b —axs+br+c(xs—r) po)—|—
x,1,s€F, 0 0 c
s#0 -
[a ay—by ax—byr+c(yr —x)
+ (> +q+1) Z f<0 b br — cr ]po)—i-
x,y,r€F, 0 0 c
y#0 )
a 0 ax—cx
+ (P +q+1) Z f({O b br—cr]po):(q2+q+1)(51+52+53+54)
xyely 0 0 c

We simplify each of the four terms separately. We observe that the substitution

7 aorobrbepros 1 [a=c)s c=b |[x
g = | cextbryreem) | T

T sy—1| c—a (b—c)y||r

(a—c)s (bc_cb)y‘ — (a—¢)(b— ¢)(sy — 1) # 0. Therefore,
b—asy  s(a—b)

T—sy sy—1 X b 0 x
Z Z f y(b—a)  a—bsy po |+

T =y po| = Z fL |0 a
x,re]Fq y,se]Fq
b—asy  s(a—b)
1-sy sy—1 x
po | + Z Z f y(b—a)  a—bsy

is invertible, as

<

a

x,1,5€F, 0 0
s#0

R 0 0
0 0 ¢ Bt
ys#1
r| Po
—1 1=
x,r€fFy y,sequX Y Y

b 0 x b s(b—a) x

+ Y, flly@a=b) a rip|+ ) fl|0 a r

xy el 0 0 c c
y#0 e 0 0

We can make a similar changes of variables [

Nt =

} as above, finding that

[ a 0 x]
= Z fll—a)s b r|po
x,rely 0 0 ¢

SGF; - -
[a (a—b)y x]
Y fl 10 b | Po
x,re]Fq 0 0 c
ye]FqX - -

a 0 x
S4: Z f 0 b r po |-
x,ref, 0 0 ¢

Putting together all the above, we find that S + Sy + 53 + S4 is the following sum

S1+5 +S3+54 = Hf(|:aéc b(/)C:|>

ThlS is because each conjugate of [§ ] appears exactly once in the upper 2 x 2 block
in the sum S7 + Sy 4+ S3 + S4.
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Thus, the total contribution is

L R =R
azbrc a#b

= ()]

Q|

*  Proof of Proposition 2

Proof. First, to show the uniqueness of each representative, suppose that there
exists m € G, such that

m - (u10%/3,018%3 + 6%/3) = (163, v26'/% + 62/3).

Then, we can deduce that y = 0, consequently, 11 = u,. In addition, it can be seen that
¢ = d, implying that v; = v,. Next, we suppose that

m- (M1(51/3, 0151/3 + 52/3) _ ((51/3 + u252/3, 51/3)'
However, this immediately forces ¢ = 0, which is a contradiction. Similarly,
m- ((51/3 + M152/3,51/3) — (51/3 + M252/3,§1/3),
directly implies that 11 = uy.

To show the completeness of this fundamental domain, we can take an arbitrary
element (a, B) € Hy. If B3 # 0, then it is observed that

1 a3 w
_aB2ysi3 B2 523 _ .
{8 ﬁ03 [311] ((042 06353)5 '1335 +0 ) (a, B);

otherwise, we must have f, # 0, in which case

1 Ny — 1 o1
0 B B (51/3 + “352/3,51/3) = (a, B).
0 0 1

O

. First Parabolic Term.

I(fr)= ) Y. f((tu) " oy (tu))

teGy\G/KueK/{al}
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= (7 +q+1)

= (" +q+1)

= (7 +q+1)

[ O=I=

")

y f(_v+52/3,1+51/3> .y f<52/3+1,51/3>
u,vel, u u uGF; u
u#0

(H(I) = f(po))

Proof of Proposition 3

a 0 - a 0
Y. fl 0 a & |p|+ X fl|0 a
uvel, 00 a ueky 0 0

u#0

Proof.  First, we check thatif m € B such that mx = y for x,y € B\Hj, then x = y.
Suppose that there exists m € B such that

7’1’1(51/3,0151/3 +52/3> _ (51/3’,0251/3 +52/3)

We can immediately see see that ¢/a = 1; thus, v; = v;. Finally, it is easy to see that
we cannot use B to move elements between the two sets in the disjoint union of B\ Hj,.
Next, we check that for any arbitrary element («, B) € H, (where & = a7 + a26%/3 +
03623 and B = By + 261/ + B30%/3) there exists m € B and x € B\Hj such that
mx = («, B). First, we suppose that B3 # 0.

2
&2——&3%5 N3 N1

0 %3 fgll <51/3,§§(51/3+52/a> — (a,B)

0
If B3 = 0, then
N3 Ny N
0 ﬁz 131 (52/3/51/3) — (DC,'B).
0 0 1

O

Second Parabolic Term.

I(fr)= )Y Yo () Ty (b))

teGy\G/Kuek
K]

/{al}

Y Wf(f_l’ﬂ)

teGy\Hy

1 0 0] [1 0 0O v 1 0] [0 10
01 0{y|0 1 0|po|+ Y fl|1 0 Oyl v Ofpo
0 0 1] [0 0 1 o€l 0 0 1] |0 0 1

a a 0 —av+a —av? a
flL10 a a|po|+ Y f a av+a 0|po
0 0 a vEly 0 0 a

f(82 483,872 +1) + 1 f((l—0)52/3—0251/3+1,52/3+(v+1)51/3))
vel,

Third Parabolic Term.

Gy \H,; = {83 +ub®3 40,1823 +5) 1 r 20 U{(6¥3 4+ 0,163 +5) . r £0}.
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I(fr)= ) Y, f(() (b))

teGy\G/KueK/{al}
Yt
teGy\Hy
. 0 % —$ u 1 v 1 0 —vo
T2 Y 1 -4 ooyl 0 s|p]|+ X f[lo 2 -2
q u,0,r,5€F, 0 O 1 0 0 1 vrs€Ry 0 0 1
r#0 r#0

F r r r
u,v,r,s€ly 0 0 b

a(r+u) a (s+v)
— (qz +q+ 1) ( 2 f _au? ﬂ(Vr—H) _ 7arv+usu+auv+brv bsu Po
r#0

a 0 v(a—">)
+ Z f a g a(s+v)—bs P >
v,r,seIFq 6 0 lr,
r#0

We employ the following change of variables in the two sums.

[ﬂ - % [(u - bl)lr —au ((ba_ab))u] {ﬂ

R P I

The determinants are both (a — b)?/r # 0; hence, the transformations are invertible. It
follows that the above sums reduce to horocycle transforms of parabolic conjugacy

classes in GL, (Fy).

Io(f.v) = (¢ +q+ 1)Hf (W a}bD

*  Proof of Proposition 4.

Proof. ~ We first show that every G,-orbit on Hj,; contains at least one element of the

above form. We let z € Hj, and write

0

a b ¢
z=1|d e f|po
0 1

We want to find 7, s € I that are not both zero and t € IF; such that

r s¢ Ol[a b ¢ v ou x
s r O0||d e fl=1]0 1y
0 0 t][0 0 1 0 01

for some v € F and u,x,y € F;. This amounts to solving the following set of

equations for s, 7, t over Fy.

sa+rd=0
sb+re=1
t=1
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References

a
d
a unique solution for s, 7, t over 5. Moreover, s and r cannot simultaneously be zero.
We now need to show that the domain does not contain any orbit repetitions. Sup-

pose that
r s¢ 0][o u «x o u X
s r 0[|0 1 y|=1]0 1 ¥
0 0 t][0 0 1 0 0 1

Writing up the above equations, we again obtain the following.

. . b|. .
By assumption, the determinant 0| 18 nONZETO; therefore, the above system admits

sv =20
su+r=1
t=1

Asv # 0, we find that s = 0,7 = 1, and ¢ = 1; thus, the first matrix on the left-hand
side is the identity, which implies that x = x’, y = ¥/, u = u/, and v = ¢/, concluding
the proof. [

Second Elliptic Term.

-1
k Ig¢ Ol[o u «x
_(@-1E*-1) £-1 v ou x )
IG(f/’)/)*(p_l)(pZ_l) q_lxz f 0 1 y 1 k 0 0 1 ylpo | =
Y uEF, 0 0 1 0 0 mllo o 1
veF?
(3 1)( 2 1) —_lu+k 1E—1u?  x(—lu+k)+y(1¢—ku)+m(uy—x)
_ B - :
:W ZF ZFf o lutk etk my "
uel, x,ye
ve]Fg ! 0 0 m
We set
k—m—1 _k ]
L LY

7=Ilx+ (k—m)y.

The determinant corresponding to this change of variables is ((k — m)* — 12¢) /v. It
can only be zero if k — m = 0 and | = 0, as ¢ is not a square; however, v would then
be similar to a diagonal matrix, contradicting our assumption. Thus, the orbital sum
can be simplified as follows:

E—m?
3_1 2_1q —lu+k 2 X
IG(f/’Y):% Y L f ol lu+k §|po
(p_ )(p - )MEFq %, y€F, 0 0 m
veF;

k&

Finally, notice that the upper-left 2 x 2 block is similar to the elliptic matrix { 1K

GLy(FF;). Hence, we obtain

:| over

(¢ —1)(q2—1)Hf<[k/m lﬁ/m})‘

I(f,v) = (p—1)(p2—1) I/m k/m

1. Selberg, A. Harmonic analysis and discontinuous groups in weakly symmetric Riemannian spaces with applications to Dirichlet
series. . Indian Math. Soc. 1956, 20, 47-87.



Axioms 2024, 13, 381 28 of 28

10.

Sarnak, P. Class numbers of indefinite binary quadratic forms. |. Number Theory 1982, 15, 229-247. [CrossRef]

Wallace, D.I. The Selberg trace formula for SL(3,Z)\SL(3,R)/SO(3,R). Trans. Am. Math. Soc. 1994, 345, 1-36.

Arthur, J. An introduction to the trace formula. In Proceedings of the Clay Mathematics Proceedings, Toronto, ON, Canada, 2-27
June 2003; American Mathematical Society: Providence, RI, USA, 2005; Volume 4.

Ahumada, G. Fonctions périodiques et formule des traces de selberg sur les arbres. CR Acad. Sci. Paris 1987, 305, 709-712.
Terras, A. Fourier Analysis on Finite Groups and Applications; London Mathematical Society Student Texts; Cambridge University
Press: Cambridge, UK, 1999.

Murty, M.R. Ramanujan graphs. . Ramanujan Math. Soc. 2003, 18, 33-52.

Al Ali, M.L; Hering, C.H.; Schéeffer, . On the conjugacy classes of the general linear group GL(3, q). Bull. Math. Soc. Sci. Math.
Roum. 1994, 38, 105-111.

Martinez, M.G. The finite upper half space and related hypergraphs. J. Number Theory 2000, 84, 342-360. [CrossRef]

Steinberg, R. The representations of gl(3,q), gl(4,9), pgl(3,q), and pgl(4,q). Can. ]. Math. 1951, 3, 225-235. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1016/0022-314X(82)90028-2
http://dx.doi.org/10.1006/jnth.2000.2524
http://dx.doi.org/10.4153/CJM-1951-027-x

	Introduction
	A Finite Upper Half-Space
	Trace Formula
	The Pre-Trace Formula
	Double Cosets and Fundamental Domains

	Central and Hyperbolic Terms
	Central Terms
	Hyperbolic Terms of the First Kind
	Hyperbolic Terms of the Second Kind

	Parabolic Terms
	Parabolic Terms of the First Kind
	Parabolic Terms of the Second Kind
	Parabolic Terms of the Third Kind

	Elliptic Terms
	Elliptic Terms of the First Kind
	Elliptic Terms of the Second Kind

	Examples
	Character of the Representation 
	Decomposition of   When 2,3 N
	Fundamental Domains and Orbital Sums
	References 

