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Abstract: This paper explores the inference for a constant-stress accelerated life test under a ranked
set sampling scenario. When the lifetime of products follows the Fréchet distribution, and the
failure times are collected under a maximum ranked set sampling with unequal samples, classi-
cal and Bayesian approaches are proposed, respectively. Maximum likelihood estimators along
with the existence and uniqueness of model parameters are established, and the corresponding
asymptotic confidence intervals are constructed based on asymptotic theory. Under squared error
loss, Bayesian estimation and highest posterior density confidence intervals are provided, and an
associated Monte-Carlo sampling algorithm is proposed for complex posterior computation. Finally,
extensive simulation studies are conducted to demonstrate the performance of different methods,
and a real-data example is also presented for applications.

Keywords: accelerated life test; maximum ranked set sampling with unequal samples; Fréchet
distribution; maximum likelihood estimation; Bayesian analysis
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1. Introduction

Accelerated Life Testing (ALT) is a method that involves testing products under
conditions of stress levels higher than normal in order to predict their reliability under
normal usage conditions. ALT is often conducted in lifetime experiments and reliability
engineering, when the testing products feature high reliability and long life-cycles. Be-
cause accelerated life testing speeds up the product’s failure process, it can reduce the time
and resources needed for long-term tracking of product performance, thereby saving on
testing costs. In practice, accelerated life testing can be categorized by the method of stress
application into constant-stress ALT, step-stress ALT, progressive-stress ALT and random
stress ALT. In a constant-stress ALT, the product or a component is operated at a stress
level higher than normal operating conditions, and the stress level is not increased or
decreased during the test. In a step-stress ALT, the stress level to which a product or a
component is subjected increases at some pre-specified moments, whereas in a progressive-
stress ALT, the stress level continuously increases over time rather than remaining constant.
In a random stress ALT, the stress levels vary randomly throughout the test, simulating
the uncertainties encountered in actual use. These stress levels can be temperature, hu-
midity, voltage, vibration, or any other type of stress that the product may experience
during its normal life cycle. Additionally, to ensure the accuracy and validity of the test
results, it is crucial to ensure that the failure mechanisms under high stress levels are the
same as those under the normal operating conditions in the aforementioned accelerated
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life tests. Various inferences for ALTs have been widely discussed by many authors; see,
for example, some recent contributions of Wu et al. [1], Kumar et al. [2], Wang et al. [3],
Bai et al. [4], Alotaibi et al. [5], Wang and Yan [6] and Nassar et al. [7], among others.
For more detailed information, interested readers may refer to Escobar and Meeker [8] for
a comprehensive review.

In real-life experiments, simple random sampling (SRS) is commonly used to collect
failure data from the population. However, when experiments are constrained by time
and cost, the straightforward method of simple random sampling often proves to be
less efficient. Consequently, based on the specific characteristics of the population and
the objectives of the study, it may be worthwhile to consider other sampling techniques
such as stratified sampling, systematic sampling, or cluster sampling, which might be
more appropriate. Among numerous alternative schemes, the ranked set sampling (RSS)
technique proposed by McIntyre [9] could improve the efficiency of SRS by using fewer
sample resources. The proposed RSS scheme could be described as follows. Suppose that
n? identical units are randomly selected from a population and are divided into n groups
with size n in each group. For the i-th group (i = 1,2,...,n), the test is conducted for
all units, and the associated i-th smallest failure time, namely X (i)ir is selected. Therefore,
sample {X (1)1, X(2)2/- -+, X(n)n} is Observed as the corresponding RSS sample of size .
In this scenario, the schematic diagram of RSS can be described as follows:

Set Ranking RSS
Lo Xap o X o X — Xan
2: Xap  Xaz 0 Xz — X2
n: X(l)n X(2)n T X(n)n — X(n)n

It is worth noting that the RSS scheme may be an easy and inexpensive way to
effectively collect failure information from the population. In addition, various authors
have also demonstrated that the RSS gives more inferential efficiency than SRS from
different perspectives (e.g., Almanjahie et al. [10], Al-Omari et al. [11], Yao et al. [12],
Aljohani [13]). For some recent contributions, one could also refer to the works of Koshti
and Kamalja [14], Sabry and Shaaban [15] and Bhushan and Kumar [16] among others.

Due to the potential advantages of the RSS method in saving experimental time and
costs, as well as improving sampling efficiency, many alternative methods based on this
method have been proposed in practice. For example, some are introduced as median
ranked set sampling (Muttlak [17]), extreme ranked set sampling (Samawi et al. [18]),
multi-stage RSS (Al-Saleh and Al-Omari [19]), as well as quartile RSS (Muttlak [20]), among
others. Recently, Biradar and Santosha [21] proposed maximum ranked set sampling
with unequal samples (MaxRSSU), which has attracted much attention in the literature.
The MaxRSSU scenario is conducted with #(n + 1) /2 units in the sampling procedure. It
is assumed that n(n + 1) /2 units are divided into n groups. For the i-th (i = 1,2,...,n)
group with size 7, the largest observation is selected from each group in the ranking process,
and the MaxRSSU sample is then obtained as { X1y, . .., X(4), }- Similarly, the MaxRSSU
procedure is described as follows:

Set Ranking MaxRSSU
1: X(l)l — X(l)l
2: X(l)Z X(Z)Z — X(Z)Z
ni Xan o Xep o X 0 X

Correspondingly, if the minimum observation is collected by the above procedure, one has
minimum ranked set sampling with unequal samples (MinRSSU) proposed by Al-Odat
and Al-Saleh [22]. In the literature, both scenarios of MinRSSU and MaxRSSU are also
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referred to as moving extreme ranked set sampling (MERSS) in context. From the sketch of
MERSS sampling, it is noted that its size is smaller than that of the traditional RSS scenario.
This improvement reduces the sorting error caused by using the RSS scheme. There are
also many studies for inference with MinRSSU and MaxRSSU schemes, for example, some
recent contributions of Hassan and Alamri [23] and Chaudhary and Gupta [24], as well as
references therein.

Due to the advantages of ALT and the RSS method in saving test time and costs,
the use of the RSS method in ALT may improve the accuracy of statistical inference. Many
scholars have discussed this aspect. For example, Kotb and El-Din [25] discussed the
Bayesian estimation of unknown parameters of the Rayleigh distribution when the test
data are ordered RSS under step-stress ALT. Hashem et al. [26] discussed the Bayesian
inference of progressive-stress ALT based on the exponential distribution under Type-II
censoring for SRS and ordered RSS. The results indicate that the estimates under ordered
RSS are more effective compared to those obtained by SRS methods. Hashem and Abdel-
Hamid [27] analyzed the statistical prediction of progressive-stress ALT using ordered RSS
from Type-II censored data of the Rayleigh distribution, and the results indicate that the
estimates calculated under ordered RSS are more effective than those under SRS.

To the best of our knowledge thus far, no attempt has been made on estimation for
the constant-stress model and random stress model under the RSS scheme in the literature.
However, given that the implementation of random stress ALT requires more sophisticated
equipment and more resources, and that the data analysis is more complex, its application
is limited. In contrast, constant-stress ALT is easier to implement because it does not require
complex stress control equipment and has been widely used and verified. Therefore, this
paper considers the estimation of the constant-stress model under the RSS scheme.

Suppose that X is a random variable from the Fréchet distribution, then the cumula-
tive distribution function (CDF) and the probability density function (PDF) of X can be
expressed, respectively, as

F(x;8,0) = e " and f(x;B,0) = pox— Bt 0x7 x5, (1)

where 6 > 0 and B > 0 are scale and shape parameters, respectively. Correspondingly,
the survival function (SF) and the hazard rate function (HRF) of Fréchet distribution can be
written at mission time x as

Box— (/3+1)679x*f3
T _eox?

)

R(x)=1- exp{—@x*ﬁ} and h(x)

The Fréchet distribution is a well-defined lifetime distribution, and it is commonly used
to characterize variables associated with extreme phenomena like floods, rains and cash
flow among other related fields. The Fréchet distribution has attracted the attention of a
large number of authors such as Castillo et al. [28], Alotaibi et al. [29], Phaphan et al. [30]
and Kanwal and Abbas [31]. For the details of this model, one can refer to Gomez et al. [32].
Due to the advantages of ALT and RSS technique and the potential theoretical and practical
applications of the Fréchet distribution, this paper pursues the inference problem of the
constant-stress model from the Fréchet distribution. Under the MaxRSSU scenario, infer-
ential methods are developed under the classical and Bayesian procedures, respectively.
Some potential contributions of this paper are as follows. Firstly, a new constant-stress
model is proposed, and the MaxRSSU scheme is applied to the constant-stress model for
analysis for the first time. In this context, the MaxRSSU method may allow for more flexible
consideration of sample size allocation at different stress levels, which facilitates a more
accurate modeling of the relationship between stress and lifetime. Additionally, it can en-
hance the sampling efficiency of traditional sampling techniques, particularly in scenarios
where samples are scarce or the cost of sample acquisition is high, thereby contributing
to the improved accuracy of estimates. Secondly, the existence and uniqueness of the
maximum likelihood estimators of model parameters are established, which provides a
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solid theoretical foundation for likelihood-based numerical computations. Finally, the data
analysis and model derivation of this study provide potential application value and a novel
technical path for engineers to perform constant-stress ALT. Specifically, the application of
research results helps to enhance the reliability and durability of products and may provide
a scientific basis for the optimization of maintenance strategies, thereby facilitating the
overall management of the product life cycle in practice.

The rest of this article is organized as follows. The testing procedure and model
assumptions are presented in Section 2. Sections 3 and 4 discuss maximum likelihood and
Bayesian inference for model parameters, respectively. Some numerical simulations and
a real life example are carried out in Section 5. Finally, concluding remarks are given in
Section 6.

2. Model Description
2.1. Experimental Procedure under MaxRSSU

Consider a k stage constant-stress ALT with stress levels sp < 517 < s < -+ < s,
where s is the stress level under the use condition. Under stress level s i (j=12,...,k),

ni{nj+1)

suppose independent and identical 4 (né

the j-th testing group, one divides M units into n; groups, and each group contains
iunits withi = 1,2,..., n;j. Following the MaxRSSU procedure, the MaxRSSU acceler-
ated failure samples denoted as {X]-,n, Xjp2, ey X]-,njn].} are collected under stress level s;,

i.e., the MaxRSSU data from the stress level s; are conducted from the following procedure:

units are put on a life-testing experiment. For

Set Ranking under s; MaxRSSU
1 Xj,ll — Xj,ll
2 Xin X 22 — Xj2

71]' Xj,n]-l Xj,an e Xj,n]-nj — Xj,n]-nj

where Xiiss i=12,...,kis=12,... ,11j represents the s-th order statistics from i-th
groups under the stress level s;. Therefore, the following constant-stress MaxRSSU samples
can be obtained as

{(X111, X122, -+ Xinyny ) (X211, X222, s Xougny s+ - -0 (K11, Xioas -0 Xy ) 3+ (3)

For convenience, it is denoted as Xj; = X;;; for concision.

2.2. Model Assumption

To conduct statistical inference based on the MaxRSSU accelerated data, the following
basic assumptions are given:

AL Under stress levels s;, the lifetime of sample X;; follows the Fréchet distribution with

parameters 6; and f with CDF and PDF as follows:

_g. P
P}(x]l/ﬁ/ej) =€ elxji s j:112/"'/k1i:1/2/"‘/nj/ (4)
_(B4+1) —0x P . .
fj(xji;[i,ﬂj) :ﬁijﬁ(/H ) 0% ,j=12,...ki=12,...,n;

A2. The stress level changes only the scale parameter of the Fréchet distribution. Therefore,

pr=pBr=--=pr =B
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A3. Assume that the acceleration model is a logarithmic linear function of scale parameter
6, expressed as follows:

ln9]:a+b<p(s]), ]:1,2,,]{ (5)
where ¢(s;) is a known function of stress level s;.

3. Classical Likelihood Estimation

In this section, maximum likelihood estimators (MLEs) of model parameters and
acceleration coefficients are obtained, and the correspondingly asymptotic confidence
intervals (ACls) are also constructed by using asymptotic theory and the delta method.

3.1. Maximum Likelihood Estimation of Model Parameters

Let ® = (61,65, ...,6;), the likelihood function of MaxRSSU accelerated sample (3) be
expressed from Equation (4) as

ko ok (kN pr koo
—‘B”Hnj!HGj]<HHx”> exp{—EZinxﬁﬁ}, (6)
! . Ly

j=1i=1

where notation n = Zkzl n;j.
The associated log-likelihood function of ® and 8 can be expressed from Equation (6) as

k

k
0(©,B) =nInp+ Y In(nj) + Y njIn(6;) — (B+1) ZZlnx Z}:z%/ )

j=1 j=1 j=1li= j=1li=

where the coefficient parameters a and b could be incorporated into above log-likelihood
function via life-stress model (5).

From Equation (7), the MLEs 4, and J of coefficients a,b and parameter  can be
obtained through standard procedure as the solutions of the following likelihood equations:

14 14 14
ﬁ_o, %—0 and ﬁ_o,

where ¢ = ((0, ), and the derivative of ¢ can be obtained by direct computation which is
omitted for saving space. Clearly, there are no closed forms of the associated MLEs from
the above likelihood equation. Therefore, numerical iterative approaches like the Newton—
Raphson algorithm should be adopted for computation. However, such numerical methods
sometimes may be sensitive to initial values and encounter convergence problems in this
direct approach. Alternatively, a simpler way called profile likelihood approach is taken
here to find the associated MLEs. Under such a procedure, the estimators that maximize
the profile likelihood function are also the MLEs obtained from the full likelihood function.
The MLEs of model parameters are established below.

Theorem 1. Let the MaxRSSU data (3) follow the Fréchet model (1) with parameters © and B.
For given B > 0, the conditional MLE of 0; can be expressed as

~ 1’l]'

§i(B)=———r, i=12,...,k
] n . —
il lxjiﬁ

Proof. See Appendix A. [
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Substituting 6; = ;(B) into the log-likelihood function ¢(®, f) and ignoring the
additive constant terms, the profile log-likelihood function of 8 can be deduced as

e(ﬁ):nlnﬁ—i”jln<%i’cﬁﬁ> _ﬁiilnxﬁ‘ ®)
]':] i=1

j=1i=1

Theorem 2. Let the MaxRSSU data (3) follow the Fréchet model (1) with parameters © and pB.
The MLE B of parameter B uniquely exists as the solution of equation Q(B) = 0 with

v ix Py, kM
2 Y Y g =0, 9)

njo. P — 4
Zi:l Zxﬁ ]:1 i=1

k
QB) =+ + ;n]-

]

RS IS

Proof. See Appendix B. [J

It is seen from Theorem 2 that the closed-form solution of the MLE 8 does not exist
from the likelihood equation Q)(B) = 0 in Equation (9). Therefore, an iterative approach
termed as Algorithm 1 is proposed to find the MLE of f numerically, where the convergence
of such an algorithm is guaranteed by the Banach fixed-point theorem. In addition, the MLE
éj (j=1,2,...,k) of parameter 0, could be further obtained from Theorem 2 as

9‘_%, ]:1,2,,k (10)

Algorithm 1: Iterative estimation of MLE J.

Step 1 Set initial point 8(0) of g with [ = 0.
Step 2 Calculate g+ = Oy (B(1)) with function

n
ko1 k ixj;ﬁ Inxj;
Y X In(x;) — X on=
j=1i=1 j=1 ix P
,lexﬂ
i=

Step 3 Set! =1+1.

Step 4 For prefixed accuracy level ¢, the iterative procedure stops if |3(+1) — ()| < ¢;
else repeat Steps 2 and 3 until convergence.

In addition, MLEs of the coefficient parameters a and b are obtained via least-square
method based on the estimates of 81, 65, . . ., 0. From the life-stress model (5), the following
expression with respect to 4 and b is denoted as

k

D(a,b) = Y_ [In6; —a—bg(s;)]*. (11)

=i

Then, taking derivatives with respect to a and b and setting them to zero, the MLEs of a
and b are obtained as
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k R k k .k P
Y ¢(s) Ind;| ¥ ¢(s;) — X Inb; Y- o(s))
4= j=1 j=1 j=1 j=1 )
k 2 k 5
L o(si)| —kXo(s)
j=1 j=1
(12)
k k . k A
Y ¢(sj) X Inb;—k L ¢(sj) Inb;
B _ j=1 j=1 5 j=1
k k
L] e f o

Once the MLEs @ and b of the acceleration coefficients 2 and b are obtained, the MLE 6
of parameters 6y under normal use stress level 5y can be constructed based on the invariance
principle as

B0 = exp{a + bp(so)}-
In addition, the MLEs of reliability indices SF R(x) and HRF /(x) under normal use stress

level sy can be obtained as

- (,B+1)e—é03(7‘8
(13)

R(x)=1- exp{féox_ﬁ} and h(x) = ‘890916 T

3.2. Approximate Confidence Intervals

It is noted that there are no closed forms of the MLE for the model parameters when
MaxRSSU data are available. Therefore, the Fisher information matrix and asymptotic
theory are implemented in this part to construct the associated ACIs of model parameters,
acceleration coefficients and reliability indices.

Let A = (©, B)’ with )\j = Gj,j =1,2,...,kand Ay 1 = B, then the second derivatives
of the log-likelihood function ¢(A) can be obtained as

02((A) ni - 9%(A) 2 A L. op
—_— =, = ZZlex lnx , :szu Inx;;,
89]2 9]‘2 op* j=ii= T W0 =V "
and other derivatives are zeros in this case.
Since the density function of X;; can be expressed as
. ﬁ+1) S P
f(x]'i,ﬁ,e) zﬁex ,]—1,2,...,](,1—1,2,...,11]',9(]'1'>0.

Then, the expectations of the negative second derivatives can be obtained as

22(®, B) di=r
I]r_E[—aejaGr = f , J=12..kr=12...k

02((©®, B) U i%yji  nj[ngj]
and
02((®, B) n U 2T k 2(In6;) ;i n;In?6;
RS Ra A M W ki D o Sl LS L)
j=11i=1 j=1
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where constant quantities {j; = Is’ tﬁe_itﬁ lnz(t]'i)dtji, Vi = I tjie_itﬂ' In(t;;)dtj;, and the
detailed computation is presented in Appendix C.
Therefore, the expected Fisher information matrix I(A) can be written as

Iy Ip - Ik L (k41)
Iy Ly o Iy (41
I(A) = : :
I Ly - Ik L (k1)
Ijerayn Tesr2 - Igere Iy

Under mild regularity conditions, the asymptotic distribution of the MLE A = (®, B)
can be constructed as
(A=2) — N(0,17'(})),

where notation I=1(A) is the inverse of the expected Fisher information matrix by substitut-
ing A with its MLE A provided as follows:

- -1

I Lp - I I (ky1)
I Ip e Iy Iy(j11)
=1 : :
I Loy - I Lkt 1)
U Tk T2 0 T Tnyoern) ] s
[ ovar(fy)  cov(B1,8:) - cov(fy,8) cov(fy,B)
cov(By,01)  wvar(By) -+ cov(Ba,0;) cov(Ba, )
cov(By,61) cov(by,6y) - war(b)  cov(by, B)
L cov(B,01) cov(B,B) --- cou(B,B) var(B)

For arbitrary 0 < 7y < 1,a100(1 — )% ACI of A,, is given by

(/A\m - zy/zy/var(;\m), Am +zv/2\/var(f\m)>, m=1,2,...,k+1.

where z, is the upper 7-th quantile of the standard normal distribution.
In addition, let i(A) be the arbitrary function of parameters ® and g, the asymptotic
distribution of () can be constructed by using the delta method as

~

h(A) —h(A) — N(0,V(A)),

where notations /1(A) = h(A) is the MLE of h(A), V(A) = [vhT(A)]I71(A)[Vh(A)] and

~v (Oh(A) Oh(A) oh(A) on(A)\’
wW( 30, ' 96, " a6, | op )‘A=A'

Therefore, the 100(1 — y)% ACI of h(A) can be further established as mentioned. In this
manner, the ACIs of quantities a, b, 6y, SF R(x), HRF h(x) could be constructed conse-
quently; the details are omitted here for concision and saving space.

4. Bayesian Estimation

Bayesian estimation appears to be advantageous in statistical inference, where its
capability of incorporating prior information in decision making and data analysis make it
attractive, especially when the sample size is not large enough. In this section, the Bayesian
approach is presented for parameter estimation under the MaxRSSU scenario.
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4.1. Prior Information

For Bayesian analysis, a flexible family of prior distributions is typically taken into
account. Because of its flexibility, the gamma prior is widely adopted for modelling the
historical information in our study. It is assumed that the parameters 01,05, ...,6; and
have independent gamma priors with densities as follows:

0
i (6;) b 07 e 4> 0,b>0,8,>0,j=1,2,...k (14)
I T (ag) e R =0 =12k
and
dC
mo(B) = Wﬁc’le’dﬁ, c>0,d>0,5>0, (15)

where a;,b;,j =1,2,...,k and ¢, d are positive hyper-parameters, respectively.
From Equations (6), (14) and (15), the joint posterior density of parameters ® and j
can be expressed as

k

7(®, Bldata) = L(©, B)mo(B) [ | 7;(6;)

j=1

B
k k j k
g o (nn,}) exp{ zzmﬁ gbjefdﬁ} (16)
j= =

=1 i=1 j=li=

Therefore, for the arbitrary function h(A) = h(©,B) as defined previously, the Bayes
estimator of h(A) with respect to squared error loss can be expressed as

fip(A) = ﬁ h(A)7(®, Bldata)dA, (17)

where notation §[-]dA = fo . fo fo -]d6y - - - d6rdp. It is noted from Equation (17) that
there is no closed form of the Bayes estimator fig(A). Therefore, a Monte-Carlo procedure
with the Metropolis—Hastings (MH) sampling technique is implemented below to obtain
the Bayes estimate, and the associated highest posterior density (HPD) credible intervals
(Cls) are also constructed consequently.

4.2. Posterior Representation and MH Sampling

From Equation (16), the conditional posterior densities of ® and  can be rewritten as

koo k nj
7(®|B, data) HQ;”M/ ! exp{ Y 6; (Zix];’s + bj> }, (18)

i=1

and

n; p
7(B|®, data) o« B 1(1%1‘[;) exp{ 2219 xﬂﬁ dﬁ} (19)

j=1i=1"1 j=1li=

It is observed from Equation (18) that the parameter 6; (j = 1,2,...,k) follows a condi-
tional posterior gamma distribution, namely 7t(6;|B, data) with parameters n; + a; and
Zlni 1 ix];/3 + b; for given B, whereas the conditional posterior density 77(B|®, data) of the
parameter § cannot be reduced to some well-known distributions, unfortunately. There-
fore, for obtaining the Bayes estimates and the HPD credible intervals, the MH sampling
approach termed as Algorithm 2 is proposed for posterior computation with a normal
proposal. The primary function of this algorithm is to indirectly generate a sequence of
samples conforming to the posterior distribution in cases where direct sampling from the
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posterior distribution is not feasible, by constructing a Markov chain. By employing this
algorithm on the conditional posterior density expressions (18) and (19), samples of ® and
B can be collected, thereby obtaining the corresponding Bayesian estimates. The specific
application process can be seen in the flow of the algorithm. Specifically, when function
h(A) is defined as the unknown model parameters and reliability indices, then one could
find the associated Bayes point and HPD interval estimates in this manner.

Algorithm 2: Metropolis-Hastings sampling technique

Step 1 Given initial guessed value BO) of B, and set I = 1.

a1
Step 2 Generate 9](1),]' =1,2,...,k from Gamma(n]- +a;, 21'11 ile-ﬁ + b]-).

Step 3 Generate f* from normal proposal N(B~1),var(B)), and calculate the
(6" data)

acceptance probabili =min|l, ———~1+~—|.
p P yp m(pU1|6\") data)

Step 4 Generate u ~ U(0,1), if u < p, then accept (/) = p*, otherwise g(1) = (=1,

Step 5 set! =1+1.

Step 6 Repeat Steps 2-5 N times and generate 8(1), ..., (V) and 9](1), ey G;N) for
i=12,...k

Step 7 Discard the first M burn-in samples, and the Bayes estimate of
)\j, j=1,2,...,k+ 1 under squared error loss is given by

AT =12, k+ 1.

-\‘>))
I
Z
|
<
Il
e

Step 8 Order the remaining N — M estimates of parameter Aj=12,..., k+1in

ascending order as )\m, e, /\[N_M]. Then, a series of 100(1 — )% confidence

i j
intervals for parameter A; can be obtained as ()t][l], /\][.HN*M* [a(N=M)+1]] ),

1=1,2,...,|v(N — M)], where |-| denotes the ceil function. Therefore, the

100(1 — )% HPD credible interval of A; can be constructed obtained as the /*-th
one satisfying

A N=M)—lr(N=b)1] 1] ”(rllfﬁ{ﬁﬂ“( A=W~ (N1 31

Step 9 Substituting A](M+1), e ,/\](.N),j =1,2,...,k+ 1into (12), the estimates of
coefficients a and b can be obtained. Correspondingly, the associated Bayes

estimates and HPD intervals will be obtained, and the details are omitted for
concision. Similarly, the reliability indices could be also established in this manner.

5. Numerical Illustration
5.1. Simulation Studies

Extensive simulation experiments are carried out to investigate the performance of the
proposed methods based on the MaxRSSU constant-stress failure times. The accuracy of the
proposed point estimates are evaluated in terms of absolute bias (AB) and mean squared
error (MSE), whereas the interval estimates are compared in terms of average length (AL)
and coverage probability (CP), respectively.

In this study, a two-stage constant-stress model is considered for simulation, three
sets of randomly chosen values of model parameters are used, and the associated hyper-
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parameters are taken due to parameter values in consequence, provided the prior means are
the same as the original means. Therefore, the simulation experiments are conducted based
on 10,000 repetitions, and the criteria quantities ABs, MSEs, CPs and ALs are reported in
Tables 1-3, respectively, where the significance level is 0.95 for interval estimates.

Table 1. MLEs and Bayes estimates for parameters at (§,601,6,) = (2,0.2,0.1) with mission time
x = 0.51.

ML Estimates Bayes Estimates
AClIs HPD Intervals
n ABs MSEs ABs MSEs
ALs CPs ALs CPs

8 8 1.19672 2.68877  2.06849 0.71733 0.28259 0.14013 1.34470 0.96533
15  0.40108 0.29096 1.09342 0.85600 0.21472 0.07788 0.97072 0.95133
0 8 0.10236 0.01638 0.26493 0.74867 0.05753 0.00632 0.27545 0.93767
1 15 0.05109 0.00422 0.20787 0.87033 0.04227 0.00319 0.19831 0.93633
0 8  0.05159 0.00366 0.12427 0.76633 0.03229 0.00196 0.15537 0.93733
2 15 0.02627 0.00112 0.10727 0.86000 0.02321 0.00091 0.10627 0.91833
p 8 267845 14.77436 8.34009 0.81900 1.57326 3.99524 7.67519  0.95000
15 124238 254894  5.73491 0.93967 1.17965 2.20588 5.61009 0.94767
b 8 098203 1.79126  3.15502 0.82967 0.60347 0.58758 2.93674 0.95067
15 046077 0.34762  2.16414 0.94167 0.44774 0.31933 2.12638 0.94633
0 8  0.55282 1.21951 236104 0.72967 0.45655 0.78697 1.95171 0.94567
0 15 0.22915 0.10455 1.12793 0.85900 0.26365 0.19475 1.15103 0.94433
R(x) 8  0.20580 0.06621 0.52491 0.70533 0.14007 0.03198 0.59273 0.91133

15 0.13301 0.02553  0.58123 0.86433 0.12003 0.02248 0.51268 0.91933

Table 2. MLEs and Bayes estimates for parameters at (5, 61,6,) = (2.5,0.15,0.08) with mission time
x =0.52.

ML Estimates Bayes Estimates
ACIs HPD Intervals
n ABs MSEs ABs MSEs
ALs CPs AlLs CPs

8 6 2.40580 9.08201 3.82201 0.79333 0.33814 0.19447 1.85826 0.98533
12 1.06484 2.01319 1.79238 0.81000 0.25839 0.11491 1.32712 0.96800
0 6 0.10552  0.01655 0.20571 0.78400 0.05505 0.00644 0.26488 0.94833
1 12 0.06022 0.00550 0.16093 0.83331 0.03835 0.00265 0.17731 0.94067
0 6 0.05692  0.00395 0.08801 0.75700 0.03199 0.00208 0.15718 0.95267
2 12 0.03195 0.00142 0.08436 0.81533  0.02100 0.00081 0.10300 0.94700
p 6 3.81814 26.61122 10.17289 0.74067 1.84284 5.47131 9.01588 0.96000
12 1.87627 6.82877 6.54270 0.86133 1.33129 279727 6.30431 0.94767
b 6 1.50105 3.71725 3.91648 0.73367 0.70008 0.78997 3.43192 0.95933
12 0.68285 0.83080 2.46944 0.86600 0.49991 0.39858 2.39078 0.94767
0 6 0.77990 12.31113 3.52565 0.76033 0.49121 2.48340 2.04674 0.95267
0 12 0.24100 0.16366 0.97177 0.86267 0.22967 0.15566 0.97607 0.94500
R(x) 6 0.22974  0.07937 0.45319 0.77600 0.15755 0.04055 0.65526 0.91400

12 0.16639  0.04009 0.48933 0.87233  0.13301 0.02808 0.55488 0.91067
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Table 3. MLEs and Bayes estimates for parameters at (8, 61,62) = (3,0.12,0.05) with mission time

x = 0.60.
ML Estimates Bayes Estimates
ACIs HPD Intervals
n ABs MSEs ABs MSEs
AlLs CPs AlLs CPs

8 12 1.59968 4.03583 2.27467 0.86867 0.32355 0.20984 1.58151 0.96067

20 0.67615 0.75702 1.40185 0.89400 0.25448 0.11111 1.21576 0.94967
0 12 0.05586 0.00446 0.11902 0.76333 0.03117 0.00173 0.14553 0.93567

1

20 0.03106 0.00153 0.10593 0.80133 0.02279 0.00090 0.10823  0.94067
12 0.02662 0.00089 0.04588 0.72433 0.01460 0.00038 0.06959  0.93600

62 20 0.01389 0.00028 0.04546 0.73700 0.01068 0.00019 0.05026 0.93533
4 12 2.09716 792246 6.65713 0.81767 1.33725 290862 6.39947 (0.94933
20 1.18365 2.33106 4.98009 091033 1.01904 1.68143 4.93466 (0.94467

b 12 0.82797 112427 256738 0.80367 0.51382 0.42759 2.45578  0.94800
20 0.45373 0.33378 1.90084 091100 0.38945 0.24586 1.87970 0.94700

0 12 0.28369 0.23191 1.05908 0.73533 0.24214 0.20203 1.03337 0.94767
0 20 0.15814 0.05154 0.70910 0.87000 0.15711 0.06342 0.69860 0.94333
R(x) 12 0.20676 0.05767 0.50972 0.74200 0.13868 0.02914 0.58454 0.90933

20 0.14522 0.02882 0.53519 0.78833 0.11939 0.02139 0.52081 0.91400

Based on the listed results presented in Tables 1-3, the following conclusions for point
and interval estimates could be observed as follows:

e  For point estimates, both ABs and MSEs of MLEs and Bayesian results decrease with
the increase in sample size 1, which indicates the MLEs and the Bayesian estimates
feature consistency properties and perform satisfactorily under simulation design
scenarios.

*  For a given n, Bayesian estimates are better than MLEs in terms of ABs and MSEs.

*  When sample size n increases, the ALs of the Bayes HPD Cls and AClIs all decrease in
general, whereas the CPs of the AClIs increase correspondingly.

*  For afixed n, in the vast majority of cases, the AL and CP of the Bayes HPD CIs are
superior to those of the AClIs.

5.2. Real Data Illustrations

This subsection uses a set of real-life data to demonstrate the feasibility of the proposed
method in this paper. The real data come from Stone [33], representing the accelerated life
test data of insulation materials regarding voltage. In this data set, experimental data with
accelerated stress levels s; = 52.5 kv and s, = 55 kv are selected, and the sample sizes
are 20 in each stress level. For simplicity in the analysis, each datum is divided by 1000,
and the transformed data from each stress level are provided in Table 4.

Table 4. Complete accelerated life test data of insulation materials.

Stress  Failure Data

51 4.690 0.740 1.010 1.190 2450 1.390 0350 6.095 3.000 1.458
6.200 0550 1.690 0.745 1.225 1480 0.245 0.600 0.246 1.508
s2 0.258 0.114 0312 0772 0298 0.162 0444 1464 0132 1.740
1.266 0300 2440 0520 1240 2600 0222 0.144 0.745 0.396

Before proceeding further, the goodness-of-fit is adopted to check whether the Fréchet
distribution can be used as a suitable model to fit these data. By direct computation,
the Kolmogorov-Smirnov (K-S) distances for the data under stress levels s; and s; are
0.14486 and 0.12944, and the associated p-values are 0.7428 and 0.8491, respectively. There-
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fore, there is no sufficient reason to reject the conclusion that the Fréchet distribution
provides a reasonable model for these data. Furthermore, the probability—probability (P-P),
quantile—quantile (Q-Q) and the plot of empirical cumulative distribution via theoretical
distribution are presented in Figure 1, which also imply that the Fréchet distribution is
a proper model to fit these real data. Similar works are also conducted by other authors,
for example, Jana and Bera [34] indicated that the Fréchet model is a good fit for this data
set under the estimation of stress-strength reliability perspective.
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Figure 1. Empirical cumulative distribution plot, P-P and Q-Q plots for the Fréchet distribuion under
the real data.

Following the MaxRSSU scheme, we randomly select failure data of sizei = 1,2,3,4,5
from the origin data shown in Table 4 at each stress level and arrange them in ascending
order, and the largest one was selected as the MaxRSSU sample. Therefore, the MaxRSSU
accelerated failure times at each stress level are obtained as follows.
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Set Stress level sq MaxRSSU
1 2.450 — 2.450
2 1.225 3.000 — 3.000
3: 0.35 1.101 1.690 — 1.690
4 0.55 1.190 1.390 1.458 — 1.458
5 0.745 1.390 1.480 1508 4.690 — 4.690
and
Set Stress level s, MaxRSSU
1: 1.464 — 1.464
2: 0.114 1.740 — 1.740
3: 0.132 0.258 2.440 — 2.440
4: 0.300 0298 0.772 1.240 — 1.240
5: 0.162 0222 0.745 1.266 2.600 — 2.600

Following the suggestion of Nelson [35], when the accelerating stress is the volt-
age, the life-stress acceleration model is chosen as the inverse power rate model with
¢(s) = log(s). Therefore, based on the above generated MaxRSSU accelerated failure data,
the model parameter (6, 61, 6>, B) and the coefficient (a,b) and reliability index SF R(x)
are estimated by the proposed maximum likelihood and Bayesian methods with normal
stress level sg = 38kv, where the significance level for interval estimates is taken to be 0.95,
and the hyper-parameter is used as (a1, by, a3, b, c,d) = (12.48,9.12,4.82,4.91,15.18,7.79),
provided that the prior mean becomes the expected value of the corresponding maximum
likelihood estimates. In addition, the Bayes estimates are obtained based on 10,000 repe-
titions with 4000 burn-in time. The associated point and interval estimates are presented
in Table 5, where the interval lengths for interval estimates are also provided in square
brackets for illustration.

Table 5. MLEs and Bayes estimates for unknown parameters obtained using the MaxRSSU method
on real data at mission time x = 2.

ML Estimates Bayes Estimates
MLEs ACIs Bayes HPD CI

B 1.9482 (0.9180, 2.9785) [2.0606] 2.2839 (1.6567, 3.0029) [1.3462]

01 1.3684 (—0.0759, 2.8126) [2.8885] 1.4309 (0.8033, 2.1226) [1.3193]

02 0.9821 (0.0039, 1.9603) [1.9563] 1.0519 (0.4586, 1.7682) [1.3096]

a 28.5494  (—78.1189,135.2229) [213.3418]  25.5273  (—33.8565, 89.9097) [123.7662]

b —7.1288 (—33.8907, 19.6318) [53.5225] —6.3714  (—22.5348, 8.5759) [31.1107]

o 13.7088  (—114.5633, 141.9809) [256.5443]  15.9470 (0.0016, 71.5428) [71.5412]
R(x) 09713 (0.0269, 1.9158) [1.8890] 0.6717 (0.0265, 1.0000) [0.9735]

It is noted from the results tabulated in Table 5 that the point estimates under the
two methods are similar, and the Bayes HPD intervals perform better than the ACIs in
terms of interval lengths. In addition, Figure 2 shows the plot of the profile log-likelihood
function (9) under this real data example, and it is observed that the profile log-likelihood
function is unimodal with respect to §, which is consistent with the theoretical result of
Theorem 2 giving the existence and uniqueness of MLE of the parameter B.
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Figure 2. Plot of the profile log-likelihood function for g under real data.

For the sake of simplicity, we ignore the ordering information here and analyze the
obtained data as a simple random sample. The corresponding estimation results are shown
in Table 6. By comparing the results in Tables 5 and 6, we find that under both the likelihood
and Bayesian methods, the estimation results based on the MaxRSSU method are superior
to those based on the SRS method. Similar findings have also been reported in many
studies, for instance, Almanjahie et al. [10], Al-Omari et al. [11] and Aljohani [13].

Table 6. MLEs and Bayes estimates for unknown parameters obtained using the SRS method on real
data at mission time x = 2.

ML Estimates Bayes Estimates
MLEs ACIs Bayes HPD CI

B 1.9287 (0.8808, 2.9766) [2.0958] 1.2089 (—7.9938, 3.6845) [11.6783]

01 4.1833 (—0.3842, 8.7509) [9.1351] 4.3116 (0.0005, 5.4534) [5.4529]

(3 2.7461 (0.0078, 5.4844) [5.4766] 2.4860 (0.0010, 3.5109) [3.5099]

a 37.2709 (—70.0339, 144.5757) [214.6096] 17.1436  (—229.9244, 86.8048) [316.7292]

b —9.0486 (—35.9614, 17.8642) [53.8256] —4.1648  (—21.5340, 56.3995) [77.9336]

0o 779337  (—657.8230, 813.6904) [1471.5130]  46.5366 (0.0000, 94.7884) [94.7884]
R(x)  1.0000 (0.9998, 1.0000) [0.0002] 0.9057 (0.0002, 1.0000) [0.9998]

6. Conclusions

In this paper, statistical inference of the Fréchet model was conducted using classical
maximum likelihood and Bayesian methods based on a constant-stress accelerated life
test. The performance of different methods was evaluated through simulation research
and a real data example, and the numerical results indicate that in situations with small
sample sizes, Bayesian estimation outperforms traditional likelihood methods. In future
research, we may further expand in the following directions. Firstly, the discussion of data
types could be extended to other ranking set methods, such as the minimum ranked set
sampling with unequal samples and the median ranked set sampling. Secondly, based
on the MaxRSSU, we could further investigate other types of ALTs, such as step-stress
ALT and random stress ALT. Finally, the optimal sampling scheme of MaxRSSU under
accelerated life tests is interesting for future research.
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Appendix A

Proof of Theorem 1. By taking the first partial derivatives of the logarithmic likelihood
function (O, B) with respect to 61,6, ..., 0 and setting them to zeros, one could obtain
the conditional MLE éj of 0;, k=1,2,..., kdirectly with

02((®, B) n;
— =—= <0.
062 ] 92
] 6,=0;

Further, the Hessian matrix of £(®, ) with given p can be expressed as

_— -
02
01 .
o 0
o
H =
0 — 2kl
ek—l
_
2
L Gk n

and then, one could deduce from the extremum principle that the conditional MLEs achieve
the maximum of the log-likelihood function. Therefore, the assertion is completed. [

Appendix B

Proof of Theorem 2. By taking the direct derivative of the profile log-likelihood func-

tion (8), the likelihood equation )(8) = 0 shown in Equation (9) can be obtained as a

consequence. In the following, the existence and uniqueness of the MLE f are established.
Taking limitations at § — 0 and oo, it is noted that

k
Iim Q(B) =00 >0 and lim Q(B Z

B—0 B—o0

] Ms_

In(x;;)] <0,

where x* = min{le- j=12,...,ki=12,... ,nj}. Therefore, the function Q3(B) changes
continuously from positive to negative with respect to parameter §, and then, the MLE
,3 exists.

In addition, since

2
21’1
é (sz Plnx; ﬁ) le (lnx;ﬁ) Z];le3

i=1 i=1 i=1

2
i=1

due to the Cauchy-Schwarz inequality, the function ()(B) is an increasing function with
respect to B implying the MLE f is unique. Therefore, the assertion is completed. [

a0
dl(BIB) = Bz + Z 1j
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Appendix C. Expectations of Negative Second Derivative Quantities

Since the density function of X;; can be expressed as

_ig.x P
f(x]'i,'ﬁ,ej) ,B ﬁ+l i0jx;; ,j:1,2,...,k,i=1,2,...,nj,in >0,

then, the expectations of negative second derivative quantities can be obtained as

826 9', 7 =7
I, = E TGP | 92] J=12..,kr=12...k

009, B) i 1 —i0x; P
Ij(k+1)_1(k+1)f_E[_ 895])[% Z 59/ xi P P In e ™

" 'y]l n;[In ;]

“Lg

1]' Qﬁ/

and

Iestyksr) = E

aﬁz
_n + ki 202 00 *,3( 11 *,3)2 —(B+1) _lg]x]lﬁ 1 d -B
_E ]; iill ]‘B 0 le- —B nle- x]»i W le-
—1i= ji
k i 27 k k 1.1n2 0.
n i“Cji (lnG )7Vji n;In”6;
= E B 2 132 +2 Z Z [32 Z 132 ’
j=1 i=1 j=1i=1 j=1

where constant quantities {j; = I t]-,-e_itf" lnz(t]-i)dtﬁ, Vi = I t]-ie_itﬁ In(t;;)dt;;.
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