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Abstract: In this paper, we present a general theory for fractional-order sequential differential
equations with Riemann-Liouville nabla derivatives and Caputo nabla derivatives on time scales.
The explicit solution, in the case of constant coefficients, for both the homogeneous and the non-
homogeneous problems, are given using the V-Mittag-Leffler function, Laplace transform method,
operational method and operational decomposition method. In addition, we also provide some
results about a solution to a new class of fractional-order sequential differential equations with
convolutional-type variable coefficients using the Laplace transform method.
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1. Introduction

Continuous fractional calculus theory has been studied for more than 300 years; now,
it has evolved in a respected mathematical discipline with numerous applications in many
fields of science and engineering (see, for example, [1-4], and the references contained
therein). However, the study of discrete problems and discrete models is still a relatively
new field. The pioneering works [5,6] about fractional operators were introduced for
g-calculus and difference calculus, respectively. It was not until the early 21st century
that this topic further developed. The papers on this topic [7-10], which are required
reading in order to deeply understand the background of discrete dynamic behaviors,
obtained some interesting results by applying discrete fractional calculus to discrete chaos
behaviors. In [11-14], the delta-type discrete fractional calculus was studied. In [15,16], the
nabla-type discrete fractional calculus was studied. In order to unify differential equations
and difference equations, Hilger [17] proposed was the first to propose the time scale. PR.
Williams [18] provided a definition of fractional integrals and derivatives on time scales to
unify three cases of specific time scales, which improved the results in [19]. N.R.D.O. Bastos
provided a definition of fractional A-integrals and A-derivatives on time scales in [20]. The
application of delta fractional calculus and Laplace transform on some specific discrete time
scales were also discussed in [21-23]. In light of the above work, we further studied the
theory of fractional integrals and derivatives on general time scales in [24-26], where the

V-Laplace transform, fractional V-power function, V-Mittag-Leffler function, Riemann-
Liouville-type, and Caputo-type fractional V-integrals and fractional V-differentials were
studied. The A-power function and fractional A-integrals and fractional A-differentials on
time scales were, respectively, defined. Some of their properties were discussed in detail.
After that, through using the Laplace transform method, the existence of the solution and
Attribution (CC BY) license (https://  the dependency of the solution upon the initial value for a Cauchy-type problem with
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from the application of fractional equations to practical problems in time scales [3,27-32].
However, the theory of fractional linear differential equations is the foundation of the study
of nonlinear fractional differential equation theory; thus, deeper theoretical research, such
as [33-36], should not stagnate.

Inspired by these results, in this paper, we will continue the work we started in [24,25]
by presenting a general theory for sequential differential equations of a fractional order
on time scales. The aim of this paper is to present a general and unified theory to study
the continuous and discrete sequential differential equations of a fractional order on time
scales. Specifically, we will provide the explicit solution, in the case of constant coefficients,
for both the homogeneous and the non-homogeneous problem using the V-Mittag-Leffler
function, Laplace transform method, operational method and operational decomposition
method. In addition, we studied a class of new fractional sequential differential equations
with convolutional-type variable coefficients; in addition, some results about the solutions
for this kind of fractional sequential differential equation are given using the Laplace
transform method and convolution method.

The structure of this paper is as follows: In Section 2, we provide some preliminaries
about time scales, convolution, etc., and we also detail definitions of nabla generalized
power functions, fractional nabla integrals and fractional nabla derivatives on time scales, as
well as a definition of the V-Mittag-Leffler function, which is an important tool for solving
fractional differential equations. Then, in Section 3, the basic conception of sequential linear
differential equations of a fractional order on time scales and the structure of a general
solution are presented. In Section 4, we introduce a method, one that is independent of
the Laplace transform, for obtaining a fundamental system of solutions for the equation
Lnay(t) = 0, which yields an explicit expression for the general solution to the non-
homogeneous equation Ly,y(t) = f(t). In Section 5, we first prove a fact that the nabla
generalized power function is positive, which is also an open problem (see [37]); then,
we introduce the concept of a-analyticity on time scales and detail some results about
a solution for fractional sequential differential equations with convolution-type variable
coefficients using the Laplace transform method.

2. Preliminaries

First, readers can refer to reference [38] for some well-known definitions and theorems
about equations on time scale T, where T is an nonempty, closed subset of real numbers.
Next, we will briefly introduce some of the results of our previous research [24,25], which
are important for the research in this article.

Definition 1. (see [24]) On time scales, we define the fractional generalized V-power function as

ot t0) = £y Ly MO (@ > 1),
where z € C\{0},t > to. Ifa > 0, then
hu(to, to) = 0. 1)
Definition 2. (see [24]) Let f : [tg, 00) — C, then the solution of the shifting problem is

uvf(t,p(r)) = —uvf(t, T),LTeT,t>1T2>t,
u(t,ty) = f(£),t € T, t >t

which is called the shift of f and is denoted by f.

Definition 3. (see [24]) Let f,g: T — R, then f g is defined by

()0 = [ Ftp(o)gmvrieT,
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where f is the shift that was introduced in Definition 9.

Definition 4. (see [24]) On time scales, the fractional generalized NV -power function fi(t,s) is
defined as the shift of h (£, ty), which is

—_~—
~ ~

ha(t,8) = hy (-, t0)(£,8)(E > s > tg).

Lemma 1. (see [37]) Let T be an isolated time scale and r > —1 be a rational number. Then,
there exists a unique power function h,(t,s) on a time scale such that h,(t,s) > 0 for t > s and

hr(t/ tO) Vto{zr+l}
Further, in accordance with the results in [24], we have the following lemma.

Lemma 2. Let T be an isolated time scale, and let « > —1 be a real number. Then, on a time
scale there exists a unique power function hy(t,s) such that hy(t,s) > 0 for t > sand hy(t,ty) =

V to{za+1 }

In this paper, we always denote Q) := [t, t1]T as a finite interval on a time scale T
(supT = o).

Definition 5. (see [24]) Assume that t,tg € ). Define the Riemann—Liouville fractional V-
integral I, , f of order a > 0 as

1§, f(8) = ha1(t t0) * f(t)
tp(7))f(T)VT
)F(T)VT (t > tp).

Definition 6. (see [24]) Assume that t,tg € ). Define the Riemann—Liouville fractional V-
derivative Dy, , f of order a > 0 as

Vi f (1) = DyIg,  f(t) (m=[a]+1;t> to).

Definition 7. (see [25]) Assume that t,ty € Q). The Caputo fractional derivative of order
« > 0 is defined via the Riemann—Liouville fractional derivative by

m=1__ "
DY 4, f(8) 1= DYy [£(1) = Y (b, t0) f¥ (t0))(t > ko), 2
k=0
where
=a]+1 fora ¢ N;m=a fora € N. 3)

Definition 8. (see [18]) A subset I C T is called a time scale interval if it is of the form I = ANT
for some real interval A C R. On a time scale interval I, f : I —> R is said to be left dense and

absolutely continuous if for all € > 0 there exist 6 > 0 such that Z |f(bx) — f(ar)| < € whenever
a disjoint finite collection of sub-time scale intervals (ay, b] ﬂ ']I‘ C Ifor1 < k < n satisfies
|bk — ai| < 8. This was then denoted by f € ACy. If f¥" ' € AC, then we denoted it as
AC”’

\HH M=

The following properties can be deduced from the above definitions.

Property 1. (see [25]) Let & > 0 and m be given by (3). If f(t) € ACG(Q), then the Caputo
fractional derivative CD"‘V,t0 f(t) exists almost everywhere on Oym.
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(a) Ifa &N, CD"‘v,tof(t‘) is represented by

DY f(t) = hua1(tto) x fV (£) = I, “DEF (1), @)

where m = [a] +1, then a ¢ N, D, f(to) = O (where the notation “DY, | f(to) denotes

Zhe limit ofCD"‘V,tOf(t) as t — tar). In particular, when 0 < « < land f(t) € ACy(Q2), we
ave

DY (1) = hoalt to) = f¥ (1) = IG S FV (8). ©)

(b) Ifa = m € N, then CD“‘v,tof(t) is represented by CD@,tof(t) = fV"(t) (m € N). In
particular, we have

DY f (1) = F(1). (6)
Throughout this paper, we denote fV" = DX vf =Dy, fineN

Lemma 3. (see [24]) Assume that « > 0,m —1 < o« < m(m € N)and f : Q — R for
to,t € Qym with ty < t. Then, we have the following:

(1) Iff € Ly,,(Q), then

Lo {1 W f(O}(2) = S Lon FD} ), @)
(2) andif f € ACZ(Q), then
Loa D8 f (0} (2) = 2 Logy (F(O}(2) — Y27 D%, £(t0) ®)
j=1

for those regressive z € C satisfying tli_)n;{D%I@;()”‘ (t)és,z(t,t)} =0,j=0,1,---,m—1.

Definition 9. (see [24]) The V-Mittag-Lef fler function is defined as
vEp(Aitito) = 1 Mhajpa(t o) ©)
j=0

provided the right hand series is convergent, where o, p > 0,A € R.
3. Fundamental Conceptions and the Structure of General Solutions on Sequential
Linear Differential Equations of a Fractional Order

In this section, let us first introduce a few necessary definitions.

Definition 10. For n € N, we defined a linear sequential fractional differential equation of order
no with equations of the form

Y bty (1) = £(1), 10)
k=0

i i 0 — k .— Pk —
whe.re by (t) are given real'functzons, y(. (1) = y(t), and y(*ke(t) := Dg",toy(t).(k = 1,2,.- . -,.n)
(which represents a fractional sequential derivative). For example, for the Riemann—Liouville
derivative, D"‘v tY is

Dlxvtoy‘_ avtoy’ 1
D, y:= D, DE Vy(k=2,3,-,n);
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for the Caputo derivative, D, , v is

. C
D‘xv,toy T Davltoyl
Dk, =D, DY Uy (k=2,3,- -, n)
V,toy‘ V,to =V ko y el , 1)

In the following section, we mainly discuss Riemann-Liouville derivatives since the
study of them is similar to the study of Caputo derivatives.

If Vt € [to, t1]T, bn(t) # O, then Equation (10) may be expressed in its normal form for
the Riemann-Liouville derivative as follows:

n—1 n—1
Lnay(t) := Dy yy(t) + k;) ax() D,y (1) =y (1) + k;) a(y () = f(1). (D)

Note that Equation (11) reduces to

Dy, Y(t) = A(t)Y(t) + B(t), (12)
where
0 1 0 0
0 0 1 0
A(t) = ' _
1
—ap —ap —az —Aan-1
and
0 ya(t)
0 ya(t)
B(t) = ;Y(t) = '
f(t) Yn(t)

apply by just changing the variables
yi(t) =y(t); Dy yi(t) =y () (=12 n—1).

Definition 11. For a > 0, we call the a-Wronskian of n functions u;(t)(j = 1,- - -, n) those
that have fractional sequential derivatives up to order (n — 1) in interval V. C (to, t1]T with the
following determinant:

uq (t) uy () uy(t)
ul* (1) ul (1) ull (1)
W) u) 2 ()

[Wa(u, -+ un) (£)] =

To simplify the notation, the above will be presented as |Wy(t)].
We will use W, (t) for the corresponding Wronskian matrix.
Definition 12. We defined a fundamental system of solutions of Equation Lp,y(t) = 0 in

V C [to, t1]T as a family of n functions, which are the solutions of this equation and are linearly
independent in V.
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Definition 13. The term general solution of the fractional differential equation Ln,y(t) = f(t)
refers to any solution to this equation (which only depend on n-independent constants).

Through using the similar iterative approximation method used in [24], we can prove
the existence and uniqueness of the global solutions of (12). From these, we can obtain the
following two theorems on the existence and uniqueness of global solutions to Equation
Lnay(t) = f(t) with certain initial conditions.

Theorem 1. Assume that y’é € Rk = 0,1,--- ,n — 1) has been given real numbers, and
let aj(t) € Ciylto, t1]r(j = 0,1,---,n—1) and f(t) € Cilto, t1]T be given left dense and
continuous functions on [to, t1]1. Then, there exists a unique left dense and continuous solution

y(t) € Cyylto, t1]T of the Cauchy problem

Lnay(t) = f(1),
Dkv""toy(t) = y(k“(to) — y’é(k =0,1,---,n—1).

Theorem 2. The initial value problem

Dkva to¥ (t) :=
has only the trivial solution y(t) = 0.
Proposition 1. Any linear combination of solutions of the homogeneous equation
Loay(t) = 0 (13)
is also a solution to this equation.
Proof. The result is immediately evident when keeping in mind the linearity of Ly,. O
Proposition 2. If u;(t)(j = 1,2,-- - ,n) are linearly dependent in [to, t1]1, then |[Wy(t)| = 0.

Proof. Since u;(t)(j = 1,2,---,n) are linearly dependent in [ty, t1]T, then there exists n

constants {¢; }” j—1, of which not all are zero, such that

w.t)| [ =0 (14)

has a nontrivial solution; thus, |W,(t)| =0. O

It follows from Proposition 2 that we can obtain the following Proposition 3.

Proposition 3. If there exists a t* such that [Wy (t*)| # O, then u;(t)(j = 1,2,- - -, n) are linearly
independent in [to, t1]r.

Assume u;(t)(j = 1,2,---,n) are n solutions to Equation (13) and that the linear
dependency of them are closely connected with the corresponding Wronskian matrix.

Proposition 4. u;(t)(j = 1,2,- - -, n) are linearly dependent if and only if there exists a t* such
that [W, (t*)| = 0.
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Proof. As the necessity was proven in Proposition 2, we will now prove the sufficiency.
Suppose t* # ty, as well as consider the equation

W, (t")C =0, (15)
where
1
c2
c=| |#o
Cn

Then, as [W, (t*)| = 0, the equation has a nontrivial solution ¢;(j = 1,2, - -,n). As such, we
will construct a function using the following constants:

n
u(t) =y cju;(t),
=1
and we obtain that u(t) is a solution to Equation (13). From (15), we obtain that u(t) satisfies
the initial value condition
u(t*) = ul(t) = ull=De() = 0,

However, u(t) = 0 is also a solution to the equation, satisfying the initial value condition.
Via the uniqueness of the solution, we have

n
Z C]'u]'(t) =0;
=1

thus, u;(t)(j = 1,2,--- ,n) are linearly dependent. [

Proposition 5. If {u;(t) j—1 18 a fundamental system of solutions to the equation L,y (t) =0

in a certain interval V- C (to, t1|T, then the general solution to this differential equation in V is
given by

n
yg(t) = Y cxug(t),
k=1
where {cy }}_, are arbitrary constants.

Proof. Since y(t) is a solution to (13), we need only show that any other solution is a
special case of y,(t). Let u(t) be a solution to Equation (13), which satisfies, for a given
6 € (to, t1]T, the following conditions:

u® () =ub e R (k=0,1,---,n—1).

Since {u;(t)}"

i1 is a fundamental system of solutions, |[W,(0)| # 0, as well as the equation

cru1(0) + coun(0) + - - + cuttn (0) = u
crul(0) + coul™(0) + - - - + coulf(6) = ul

el I0) + cui VN O) 4 - eV (0) =
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n
has a unique solution of ¢1, ¢y, - - -, ¢, It is evident that Y. cyuy(t) satisfies the initial condi-
k=1

tion u(k“(Q) = u’é (k=0,1,---,n—1). Then, through using Theorem 1, we have

n
ut) = ) ciu(t),
k=1
which proves the theorem. [

Proposition 6. The set of all solutions of the differential equation Ln,y(t) = 0, in a certain
interval V' C (to, t1]1, is a vector space of n dimensions.

Proof. The result follows directly from Proposition 5. [

Proposition 7. If y,(t) is a particular solution to the equation Lin,y(t) = f(t), then the general
solution to this equation is given by

Yg(t) = yn(t) +yp(t),

where yy,(t) is the general solution to the associated homogeneous equation Lnay(t) = 0.

Proof. The result is evident. [

4. The Solution of Sequential Linear Differential Equations with Constant Coefficients

This section introduces a general theory to solve Riemann-Liouville sequential linear
fractional differential equations for fractional cases. Some general methods were developed
for the purpose of obtaining the general solution to linear sequential fractional differential
equations with constant coefficients, and this was achieved using the roots of the character-
istic polynomial of the corresponding homogeneous equation, or in finding a certain Green
function in the non-homogeneous case.

4.1. The Solution of Integral-Order Differential Equations in the Homogeneous Case

To provide a method or inspiration to solve linear sequential fractional differential
equations, we firstly and predominantly undertook a discussion on integral-order differ-
ential equations with constant coefficients in the homogeneous case. First, we studied the
following second-order differential equation:

DZy(t) +aDyy(t) + by(t) =0, (16)

which is denoted as Ly(t) = 0.
We then sought a solution of the form

y(t) =ex(t to),

where we can derive
Dyen(t, tg) = Aex(t, to)

and
D26, (t,to) = A%ex(t,to).

By substituting them into (16), we can obtain the characteristic equation:
P(A) =A% +aA+b=0.

If we suppose the characteristic roots are A1, Ay, then there the following two cases present
themselves:
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(1) When Ay # Ay, the linearly independent solutions of (16) are

ya(t) = ey, (t to), ya(t) = e, (t to).
(2) When Ay = Ay = A, itis evident that y1(t) = €, (¢, to) is one solution of (16). But, how
does one derive another solution y;(#) that is independent of y1 (¢)?

If we take the derivative of y1(t) = €, (¢, to) for A, then there is

L| 22| = P o)) = 5 POV 6 )] = P ()80 1) + P

aé}\ (t/ tO)
oA

Since A = A; = A, is a double root of P(A) = 0, P(A) = P'(A) = 0, and thus

oey (t, ¢
y2(t) = 7%/\ o)

is the solution of (16), then apparently y; (t) and y,(t) are linearly independent and therefore
we have the following calculations:

Theorem 3. For differential Equation (16), if A1, Ay are characteristic roots of
P(A) =A% +aA+b=0,

then we have the following:

(1) When Ay # Ay, the linearly independent solutions of (16) are
ya(t) = e, (£ to), y2(t) = &, (£ to)-
(2)  When Ay = Ay = A, the linearly independent solutions of (16) are

~ 0e, (t,t
() = 8 (1, 10), yale) = ZAL10),

For a general linear homogeneous differential equation, we can utilize the following:
Lly(t)] = Dyy(t) + a DG 'y(t) + - - + w1 Dyy(t) + any(t) = 0, (17)
Theorem 4. For the differential Equation (17), its characteristic equation is
PA)=A"+a A" L pa, A 4a, =0. (18)
(1)  If there are m distinct roots A1, Ay, - - -, Ay for the characteristic Equation (18), then

yi(t) = ey (t to), ya(t) = €y, (t to), - - - ym(t) = €y, (t to)

are the fundamental solution system of Equation (17).
(2)  If Ais a root of multiplicity k of the characteristic Equation (18), then the functions

P ~9ey(t, k) et to) AR
yi(t) =ex(t to), ya(t) = T,yz(f) =z SYk(t) = ok

are linearly independent solutions of Equation (17).

Proof. The proof of (1) is evident.
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(2) We only need to prove (forl = 1,2,- - -k, L[y;(t)] = 0, where y;(t) = al;i\#) as
A is a root of multiplicity k of the characteristic Equation (18),

P(A) =P (A) =---=Pk1(A)=0,P0 (1) £0, (19)

as well as

-1 I-1—j5
I—1\ iy, .0 " 7Tex(t t)
=) P\ AL f0)
j=0 ( j ) W) oA

From (19), we have L[y,(t)] = 0,1 = 1,2,---,k, thatis, y;(¢t),] = 1,2,-- -k, which are
linearly independent solutions of Equation (17). [

In general, when the characteristic root is a multiple, we have the following theorem:
r
Theorem 5. Let Ay, Ay, - - -, Ay be ¥ distinct roots of multiplicity ki, kp, - - -, kr (L kj =n) of the

j=1
characteristic Equation (18). Then, the functions

- ey, (ko) %8, (L) ey, (L)
1 1 R 1 .

e/\l (t/ tO)/ a)Ll 7 a)% 7 7 a/\]{ 7
Ry, (Lho) %8y, (Lh) G, (Lh) |

é\/\z(t/ to), P a)% PR a/\g ;

~ 02y, (b)) 9%Ey, (Lty) oke, (ko)
E)\r (t, tO)/ 5/\7 s ar)\$ 7ty ar)\}r(

are linearly independent solutions of Equation (17).

4.2. General Solution of Sequential Differential Equations of a Fractional Order in the
Homogeneous Case

As we were inspired by the thinking of solving integral-order differential equations,
we will discuss sequential linear differential equations of a fractional order in this section.
Let

Lnay(t) :== DYy 2 ”va Y (1), (20)

where the coefficients {a; }” , are real constants.
As in the usual case, we shall seek the solution of (20) in the form y(t) = vFx(A;t, tg),
where v F,(A;t, 1) is defined as

vE (At 1) i= vEoa(Ait ) = Y A¥hgga1(t to).
k=0

In the following, we first give a lemma for ¢ Fy(A; ¢, to).
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Lemma 4. For vFy(A; t,tg), it is valid that

D%,to VF“ ()\’ t/ t()) = )\VFDC(/\/ t/ tO)/
0 —~
R VFa()L; t, fo) = h,xfl(f, to) *y F‘x(/\,‘ t, to).

Proof. According to the definition of v F,(A; ¢, tg), as well as by taking D, tofl“—l (t,t9) =0
(see Formula (85) of Property 1 in [24]) into account, we have

DY, vE(Ait to) = DYy Y Aharaa(t to)
k=0

~

= D“V,to <htX1<t/ tO) + Z )\ki’l\ak+a,1(t, tO))
k=1

= ) Mg (t, o)
k=1

[e0]

= 2 Ak+lhak+a71 (t/ tO)
k=0

= A Z )\kil\ak-&-a—l(tl tO)
k=0

= A Vth(/\; t, to).

For the proof of the second formula, through using the convolution property of the general-
ized polynomial h, (t, ty), we have

d 0 &
—vEMtt) = == Y Mg, 1t to)
oA oA =)
= Z /\kilﬁakJrafl(tl to)
k=1

= M1 (4, t) * g1 (£, £0)
=1

~

[e¢]
= Tt to) x Y Ay (4 1)
k=1

= ha1(t, to) xv Fu(As 1, to).
The proof is thus completed. O
From Lemma 4, we have
D, vE(Ait to) = AvFa(At to),
D, vE(Att) = A Fa(Ast ),
DY, vE(Ast o) = NG Fa(Ast, o).

i (IS
2 VAt t) = (H *hy—1(t, to)) *v Fu(Ast, to),

i=1

[N ~ ~
where TT *hy_1(t,tg) = ha_1(t,tg) * - - - * hu_1(t, 1), that is, the m time convolution of
i=1

g1 (t,to). It follows from (20) and the equalities detailed above that

Ling [VFa ()\; £ tO)] =Py, ()\)VFN()L; t tO)/
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where
Pu(A) = A" + 5L gk (21)

is the characteristic polynomial associated with the equation Ly, [y(t)] = 0, and the root
of P,(A) = 0is called a characteristic root. Thus, y(t) = vFx(A; £, 1) is the solution to
Equation (20) if and only if A is the root of (21).

Theorem 6. For the differential Equation (20), there are the following two cases for a characteristic
root that corresponds to the characteristic equation:

(1)  When all of the characteristic roots are simple, that is, if there are n-distinct roots A1, Ay, ..., An
for the characteristic polynomial (21), then

yi(t) = vR(Ajit, ko) (j=1,2,...,n)

are the fundamental solution system of Equation (20).
(2)  When the characteristic root is a multiple, that is, if A is a root of multiplicity k(1 < k < n)
of the characteristic polynomial (21), then the functions

i
(H *hﬂlfl(tl tO)) *V Fﬂt ()\/ t/ tO)/ (] = O/ 1/ 2/ /k - 1)
i=1

are linearly independent solutions of Equation (20).

Proof. The result of (1) is evident, and so we only provided a proof for (2). Since A is a root
of multiplicity k of P,(A) = 0, we have

/

Pa(A) = P,(A) = - = BV (1) = 0,0 (1) £0. (22)

In addition, it follows from Ly, [vFx (At £9)] = Pu(A)wFa(A;t, tp) and the classical
Leibniz rule that, for j = 0,1, - -,k — 1,
o/ o
Lmlx[ﬁ VFlX(/\/ t/ tO)] = WLDIX[VFIX(A/ tr tO)]
= g [Pa(A)vEu(A;t )]
= Yo P (W) [T R (A, 40)] 0,

and, using (22), we have

L [agif vE(Ait )] =0,/ =0,1,2,...k — 1.
Since |
9 Fy(Ast, o) (H*h,x 1(t, to ) w9 Fu(Ast, to),
hYAY
we have

I
Lma[(l—[ *hkfl(t, to)) *y F,X(/\,' i’, to)] = 0,] = 0, 1,2,...,k —1.
i=1

The result then follows. [

When there are several multiple roots for the characteristic equation, we have the
following results.
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k
Theorem 7. Let {/\j};;l be k-distinct roots of multiplicity {‘u]'};.(:l (1 <pp<n, jgl = n) of
the characteristic polynomial (21). Then, the functions

sy Fu(A1;t, t0);

~ m=1
vE(Astto),  ha-1(t to) *v Fu(Ast to), -, ( I_Il *hy 1 (t, to)
1=

—~ pa—1
vE(A2tto), ha—1(t to) * vE(A2t,t0), -+, ( I—[1 *hal(t,to)) * vFu(A2;t, to);
i=

~

=1
vFE( At to), ha—1(t to) * vFa(Ait to), -+ <Hl *hal(t1t0)> * vFu(Ag;t, to)
i=

are linearly independent solutions of Equation (20).
Proof. The result follows from Theorem 6. O

Example 1. 1. The fractional differential equation y2*(t) — y(t) = 0 has the following fundamen-
tal system of solutions:
{VFa(l; f, to),v Fa(—l; f, to)}.

This result follows from Theorem 6 if we take into account that Ay = 1 and Ap = —1 are the
roots of the characteristic polynomial Py(A) := A2 —1 = 0.

2. The fractional differential equation y'®*(t) — 2y\*(t) 4 y(t) = 0 has the following funda-
mental system of solutions:

{VFa(l; tto), a1 (£ to) v Fx(1;1, to)}.

Since Ay = 1is the root of multiplicity two of the characteristic polynomial Py(A) := A> —2A +1 =
0, then Theorem 6 yields the above result.

4.3. General Solution of the Sequential Differential Equations of a Fractional Order in the
Non-Homogeneous Case

Consider the following non-homogeneous linear differential equation of a fractional
order:

Lnaly(5)] = f(1), (23)

which is defined by (11). As in the case of ordinary differential equations, the general
solution to this equation is a sum of a particular solution to Equation (23), as well as a
general solution to the corresponding homogeneous Equation (20).

First, we applied the operational method to derive a particular solution y,(t) of (23).

Theorem 8. Let {/’\j};;l be k-different roots of multiplicity {;1]-};‘:1 (Z;-‘:l pj = n) of the char-

acteristic polynomial P,(A) = 0, which is associated with the equation L, [y(t)] = O (where
ylke () = D"V"‘,toy(t)). Then, the particular solution to Equation (23), with a given function f(t)
on (tg, t1]7, is given by

k )
vp() = [TTCL A VM) (24)

j=1 n=0

provided that the series in the right-hand side of (24) are uniformly convergent.

Proof. We can consider the inverse operator to the left for Ly, in the form
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Ll = H;'(:l[(D“V,tO —A)
—1) Hj
k
= H]'_l{ {D%,to (1- AfI%,to.)} }
=) +1 i
_ H;(:1 (ano /\7 I(Vn/to‘ )06)}1],

which yields the formal solution to Equation (23) in (24). Applying the operator
k .
= H D th j y]
j=1
to the function y,(t) in (24), as well as when using the uniform convergence of the series

considered, we derive that y,(t) is the solution to the equation Ly, [y(t)] = f(¢). O

Second, we applied the Laplace transform method to explicitly derive a particular
solution for the non-homogenous equation

Lna[y()] = (1)

Via Lemma 1, the Laplace transform Ly 1, of Dy, , f(t), for a suitable f(t), is given by

Ly 1, {DY 4, f (D)} (2) = 2°L{f}(2);

therefore,

Ly {DG, f(D)}(2) = 2" L{f}(2).

Theorem 9. A particular solution to the non-homogenous linear fractional differential Equation (23)
with y*ke(t) = Dkv”‘,toy(t) is given by
koK
yp() =) 3 cim(gjm* F)(8), (25)

j=1m=1

where

m—1
gim(t) =LY () = (m i i (I} w1 (t, fo)) *v Fua(Ajit to)  (26)

1
(z* = 7))

and ¢j, (j=1,2,...,k;m =1,2,..., u;) are constants that are defined by the following decomposi-
tion into simple fractions:

1 1 k
_ _ _, 27
P”()L) H] 1(/\ /\ Hi ]21 mzl ( )

where (g * f)(t) represents the convolution of g(t) and f(t).

Proof. In applying the Laplace transform to Equation (23), we have

L{Lnaly(t)]} = Pu(2") L{y ()} = L{f (1) }.
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Using (27), we can obtain

koW i
L{y)} = ) ). 5{5_1 (,X]m> }E{f(f)}
— — (z A])

kK
yp(t) = Z Z Cj,mﬁ ! <(Za_)\])m> * f(t)

j=1m=1
Hj

= Z Z Cj,m(gj,m * f)(t),

j=1m=1
where gj , (t) = L7 W }(t). Through using Theorem 40 in [24], we obtain

- 1
giml) = £ 1{m}(f)
1 am—l 1
(m - 1)! oAm—1 (Z’X _ )\) |/\:/\j}(t)
m—1
N (Ti’l i 1)! aa)tmfl E_l{ (le 1_ )\) }|)‘:)\j(t)
1 am—l
m— Doty

1 (ml
T (m—1n (E *ho—1(t, t0)> *v Faa (At o).

= LY

Ast,to)[a=a, ()

This yields the result in (26). The proof is thus completed. [

Lastly, we applied the operational decomposition method to derive a particular solu-
tion for some non-homogenous equations.

Theorem 10. Let f(t) be a ld-continuous function. Then, the linear differential equation

y (1) = Ay(t) = £(1) (28)
has the general solution
yg(t) = vE(At, t) "’]/p(t)r
where y*(t) = DS 1, (1) L yp(t) = vFa(Ast to) * f(t), which is a particular solution to (28).
Proof. Via Theorem 6, y(t) = yFy(A;t,tg) is the general solution to the corresponding
homogeneous equation y*(t) — Ay(t) = 0. Therefore, it is sufficient to verify that yp(t)isa

particular solution to (28).
Let y(¢) be a solution of (28), we then have

DY, (1 AT, y(t) = (1)
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therefore,
« 1
() = (1-A1,) 1, f()

> i+1)a 4 i
= Y s
j=0

_ i)y(z(,.ﬂ)a_l(t,to)*f(t))
£

= vE(Ast o) * f(t) = yp(t).

Thus, y,(t) is a particular solution to (28). The proof is then completed. [

Theorem 11. Let {Aj};.;l be k-distinct roots of multiplicity {(7]-};(:1 of the characteristic polynomial

(21) for the following non-homogeneous differential equation

k

Lualy(t)] = [ T(D%4, — A)Ty(t) = £(1).

j=1

Then, the particular solution is given by

Yyp(t) = (Gux f)(1),
where G, (t) is given by
k Jj
Ga(t) = H * *VF,;‘,,X (/\], t, to).
j=1 1=1

Proof. Let
k

yi(t) = E(D%,to —A) Ty (t),
i

then Equation (29) can be rewritten as

(DY — M)y () = f(1).

By successively applying the result of Theorem 10, we can obtain

yl(t) = (Ul *VFa,a(/\l; t, to)) *f(t)
I=1

Let
k .
vi(t) = T (D%, —A)7y(t),1=23,--- k-1,
j=1+1
ye(t) = y(t),
then

(D%, — M) () = yia (8,1 =2,3,- -, k.

As it is similar to the proof of (32), we can prove that

0]
yi(t) = (H sy Fyn (A t0)> xy;_1(t),1=2,3,-- -,k

I=1

(29)

(30)

(31)

(32)
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Thus, we have

k O
[T 1wt ffo)}*f(t)
1 :

y(t) = {
=

= (Gax f)(1).
The proof is thus completed. [

5. Solution of Fractional Sequential Differential Equations with Convolution

In this section, we analyze the solutions of the homogeneous equation Lnay(t) =0,
with variable coefficients expressed by a convolution, where

Lnay(t) := thO )+ Z a(t *Dv oy (F). (33)

First, we needed to prove that the power functions are non-negative on general time
scales, as well as introduce the concept of a-analyticity.

Let P, = {to,t1,- - -, tn} C [to, t]T be a partition of [to, t]T, where tg < t; < -+ < t, = L.
We denoted ||P, || = max{t; —tj_1 : tj_1 < p(t;)} foranyi € {1,2,---,n}, as well as either
ti—ti_q < ||Pu||, ort; —ti_q > ||Pu||, and t;_1 = p(t;). | Px|| can be viewed as an isolated
time scale; thus, we denoted the graininess function on P, by vp,. The Laplace transform
on Py is denoted by Ly 4 p,, and the power function on P, is denoted by ﬁa, p, (£ t0).

Lemma 5. Let é,(t, to) be the nabla exponential function on time scale T and é, p, (t,to) be the
nabla exponential function on time scale Py. It then holds that

(l) hran H_>O éz Py (t to) (t, to),
(i) forany a > —1,hy(t, t) > 0.

Proof. Via the definition of the nabla exponential function on a time scale (see [38]), we
can obtain
e (t, ty) = ef’to b (VT _ eél i fon (0
and
é,p,(tty) = efto gUP (OVT ei)z:l féi] EUP" Ve
If t; is left-scattered in T, and when || P, || is small enough, we have t;_1 = p(t;). This implies
that

i 1
/1;1'—1 CUPn(T) (T)VT = UPn (t )Log( — ZUp, (ti)) " Up, (ti)

- _U(lti)Log(l —zvu(t;)) - v(t;)

ti
/t CU(T)(T)VT'

i—1

If t; is left-dense in T, then v(t;) = 0 and &, (v)(t;) = z. Since lim,_, o+ Log(1—xz) =z,
for any € > 0, there exists a § > 0, such that

-1
‘xLog(l—xz) —z| <e0<x<é.

Thus, if | P, || < 6, then one can infer that
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b b
/to CU(T) (T>VT - /fo gUP,, (T)(T)VT

~

o) (T) = oy () (D) VT

IA
Ng

IA
g

EU(T)(T) —Z‘VT'F /t:il

Z—Eupn(r)(T)‘VT}

This shows that

5
N
N
=
—
Nl
~+
o
~—
|

é‘\Z(tl tO)

holds, which means that Conclusion (i) holds.
It follows from Lemma 2 that &, p, (t,t9) > 0 applies for any « > —1. Then, through
using Definition 7 and Lemma 5, we have

~ 1
. . . -1
| pljﬁi Jap, (b)) = | pl,fﬁ’l o Lvnr Az ()

) 1 ctico 1 A
= B3 i b0
1

ctico 1 p
= — ——¢&,(t,tg)dz
271 /c—ioo zot1 =t to)

_ 1
= Ev}to{zaﬁ}(t)

= 7/l\oé(tr tO) Z 0/

which shows that Conclusion (ii) holds.
The proof is thus completed. O

Definition 14. Let « € (0,1], f(t) be a real function defined on Q). Then, f(t) is said to be
a-analytic at to if there exists an interval N (tg) = [to, to + 6], such that, for all t € N (to), f(¢)

~

can be expressed as Y ;> 1 Cnlpy—1(t, to)(cn € R).

Since DEXH (t,tg) = Ex(t, tg) and ﬁ“(t, to) > 0, for any &« > —1, we can obtain E‘(t, to),
which increases for any « > 0. This implies that there exists a p > 0, such that the series

~

Yoo Cnhug—1(t, to) is absolutely convergent for any t € [to, tg + p), and is divergent for
any t > tg+ p. We called p the convergence radius of the series.

Definition 15. A point t( is said to be an a-ordinary point of the equation L,y (t) = 0 if the
functions ai(t)(k = 0,1,...,n — 1) are a-analytic at t.

The following properties are clear.

Property 2. Let a € (0,1]. I f(t) is a-analytic at to, with the convergence radius p(p > 0), then

%,tof(t) = %/to <Z Cnil\mx—l(t; tO)) = Z CHD%,tOil\na—l(t/ to).
n=1

n=1
Property 3. (seealso [24,25]) Let « € (0,1],t > to. Then,

D%,toﬁﬁ(t/ ty) = i/l\‘Bfrx(t/ to), VB > a — 1. (34)
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and
CD'XV,tohﬁ(t/ to) = hp_a(t, to), VB > a — 1. (35)

5.1. Solutions Around an Ordinary Point of a Fractional Differential Equation of Order «
In this section, we analyze the existence of solutions for the equation

Lay(t) = y\(t) + p(t) + y(t) = 0

around an a-ordinary point ty € ), with p(t) defined in (). We separately consider the
cases where y(*(t) represents the Riemann-Liouville and Caputo fractional derivatives
of an order « of the function y(t). Since f( is an a-ordinary point, p(t) can be expressed
as follows:

[e9)

p(t) = Y pultna—1(t to), (36)

n=1

where this series is convergent for t € [to, ty + p)r, with p > 0.
Theorem 12. Let a € (0,1] and ty € Q) be an a-ordinary point for the equation

Lay(t) == Dy, y(t) + p(t) xy(t) = 0. (37)

Then, there exists a unique function

y(t) = Y auhyi1)e (L to),
n=0

which is the solution to Equation (37) for t € (to,to + p)r and satisfies the initial condition
% = lim [y ha( o) | (1),

Proof. We sought a solution of (37) as follows:

y(t) = Y anhy 1)1 (t to). (38)
n=0

~

If y(t) is given by (38), then when using (34), (36) and D%,toha,l(t, tg) = 0 (see Formula
(85) in [24]), we have

DY, y(t) = D%y Y anhiy1yi(t to) (39)
n=0

= Dy, (“Oﬁfxl(t' to) + Z anﬁ(n-l—l)a—l(tr fo))
n=1

= Z anﬁntx—l(t/ to)
n=1
o ~
= Z an+1h(n+1)txfl (t, tO)
n=0
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and

oo

Prltn—1(t to) * Y anh\(n+1)1xfl(tl to) (40)
n=0

[7e

p(t) xy(t) =

)
Il
-
B
|
—_

Pk (n—t)a—1(t t0) * agh 191 (£ to)

Il
=
HI 3
—_
T
_ O

Pnfkakil\(n-&-l)zx—l (tto).

I
agk

=
i
I\
T
[e)

Through substituting (39) and (40) into (37), we can obtain
VY (E) + p(8) * y(t)

= Z an+1h(n+1 Jau— 1 t tO Z Z Pn— kakh (n+1)a— 1(t tO) =0.

Thus, we have the following recurrence formula, which allows us to express a,(n > 0) in
terms of ag as follows:

n
ay =0,a,41 = — Z Pn—kap,n=1,2,---
k=0

When the following equation does not apply

y *E—a(‘,to) =ag+ Z “nh\na(tr tO)/
n=2

then we have ag = }L%i [y * 71\70(('1 to)} (t)-
0

If we select a,, with the above formula, then (38) is a solution of (37). The proof is thus
completed. O

Theorem 13. Let « € (0,1] and ty € Q) be an a-ordinary point for equation
Lay(t) := DY,y (b) + p(t) = y(t) =0, (41)

where p(t) is defined in Q). Then, there exists a unique function y(t) = Y5 g anfiua (t, to), which
is the solution to Equation (41) for t € (to, to + p)1 and satisfies the initial condition y(tg) = a.

Proof. We sought the series representation for the solution in the form

= 3 w10 2)
Using (34) and (36), we obtained
‘DY, y(t) = DY, Zan na(t, to) (43)
= DY, (ao + Zlanﬁm(t, t0)>
=

= Z aﬂfl(nfl)rx(t/ tO)
n=1

ad A
= Y anihua(t to)
n=0
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and

p(t)*y(t) = Z Pn na—1(t,to) * Zﬂnhna (t,to) (44)

= 2 Z Pt (n—k)a—1( to) * ahy (¢, o)
n=1k=0

oo n—1 N
= Z Z pnfkakhna(t, to)

n=1k=0

Through substituting (43) and (44) into (41), we obtained
DY 1 y(1) + p(t) y(t )
o n—

= Z an+1hna (t to) + Z Pn— kakﬁna(t/ ty) = 0.

n=0 n=1k=0

Thus, we obtained the following recurrence formula, which allows us to express a; (n>0),
in terms of ay, as follows:

n—1
ay=0,a,41 = — Z Pn—kig.n=12,---
k=0
If we select a, via the above formula, then (42) is a solution of (41). The proof is thus
completed. O

5.2. Solutions Around an Ordinary Point of a Fractional Differential Equation of Order 2a
In this section, we shall consider the solutions around an a-ordinary point ty € () to
equation
Laay(t) := y @ (1) + p(8) + y* () + () * y(1) = 0, (45)
where p(t) and ¢(t) are defined on 3, and y(®* and y(® represent the Riemann-Liouville or

Caputo sequential derivatives of order 2a and « of the function y/(t).
Since fg is an a-ordinary point of (45), then

p(t) =), Pultna—1(t,to) (t € [to, to + p1]T, 01 > 0) (46)
n=1
and .
= Y Qultua1(t,t0) (¢ € [to, to + p2lT, p2 > 0). (47)
n=1

Theorem 14. Let « € (0,1] and tg € Q) be an a-ordinary point of equation

Lowy(t) = DR,y (t) + p(t) + Dy 1,y (1) +q(t) x y(t) = 0. (48)
Then, there exists a unique function that is formed as

[e9)

Z n+la 1 ttO)

for t € (to, to + p) with p = min{py, p2 }, which is a solution to Equation (48) and satisfies the
following initial conditions:

hm[y*h Wt )}(t):ao

t—to
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and R
tim DYy + o, 0)] () = .

Proof. We sought the solution to Equation (48) in the form

oo

y(t) = Z anﬁ(;pr])“,l(t, to).
n=0

Through calculating D”‘V,t0 y(t) and Dzv"‘, t y(t) and taking (34) into account, we obtained

lxv,tol/“) = Dav,t(] (‘loﬁtxl(t/ to) + Z aﬂﬁ(n—i—l)a—l(tl tO))
n=1
= Z anﬁntx—l(t/ tO)
n=1

and

[0
DZVa,tOy(t) = “V,to E Anhpg—1 (t/ tO)
n=1

= D%,to (alﬁzx—l + Z anﬁna—l(f, t0)>

n=2
0 ~
= anh(y1)u—1(t to)
n=2
0 ~
= Ant2h (4 1)a—1(t to)-
n=0

Through using (34), (46) and (47), we obtained

Pni/l\mxfl (t,to) * Z ani/l\nafl (t,to)

n=1

agk

p(t) * DG y(t) =

3
I
—_
3
|
—

Pt (n—kya1(E to) * Al 1 (¢, to)

|
(agk

=
Il
N
Tl
_ e

Pn—karhua—1 (t/ tO)

|
[7e

3
U
N
=~
Il
—_

pn-i—l—kakhna—l (t/ tO)

I
[7e
1=

3
Il
—_
>
Il
—_

and

Q(t) * y(t) = Z qnh\ntxfl(t/ to) * Z ﬂni/l\(nJrl),x,l (t,t0)
n=1 n=0
n—1

= Y Y Guilinrpe(tto) * a1y 1 (ko)
n=1k=0

oo n—1
= Z 2 qnfkakh(n-&-l)tx—l(t/ to)-
n=1k=0

When substituting these values into Equation (48), we have
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D1 y(8) + p(t) * DG 4,y () +q(t) * y(t)

o) n
= Z A2l nya 1 (b o) + Y Y pust—ktltna—1(t o) + Z Z k@K (1101 (£ to)

:0.

n=1k=1 n=1k=

Thus, we arrived at the following recurrence formula for the coefficients a, :

n

In+2 = — Z(pn—kak—i-l + qn—xax), a2 = 0.
k=0

Through using these a,, we can obtain

y(t) =), anh\(n+1)1x71(tl to),
n=0

which is a solution of (48). The proof is thus completed. [

Theorem 15. Let « € (0,1] and ty € Q) be an a-ordinary point of equation

Loay(t) := D&, y(t) + p(t) x D, y(t) +q(t) * y(t) = 0. (49)

Then, for any given number ag, a1 € R, there exists a unique function that is formed as
y(t) = Z ”nil\mx(tr to) (50)

fort € (tp, to + p)1 with p = min{py, p2 }, which is a solution to Equation (49) and satisfies the
following initial conditions:

n—1

a3 =0,a012 = — Y (Pn—kaks1 + Guri),n = 1,2, --
k=0

Proof. We sought a solution to Equation (49) in the form y(t) = ¥ @yl (t, to).
n=0

. When calculating CD“V,tOy(t) and CDZV"‘, 1,¥(t) and taking (34) into account, we can
obtain

CDV toy( ) = CD%,tO (110 + Zlanil\mx(t/ tO))

n=

Z il\n 1)a t tO)
and
“D¥, y(t) = CD% <a+iaﬁ (tt))

Vtoy V.to 1 n (nfl),x s k0

n=2

= Y anhy o)t to)

n=2

0 ~
= Z Api2hna(t, to).
n=0
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When using (34), (46) and (47), we obtain
p(t) = CDav,tol/(t) = Z Pnil\ntkl(t/ to) * Z anil\(n—l)tx(t/ to)
n=1 n=1
oo n—1 N =R
= Y ) Puihn—iya—1(t to) * agh_q),(t to)
n=2k=1
oo n—1 N
= Z Z pn—kakh(nfl)tx(t/ tO)
n=2k=1
00 n—2 N
= Y Y Puk—1@ks b u—1)a(t to)
n=2 k=0
n—1 .
= Z Z Pn—kk1hna(t, to)
n=1k=0
and
q(t) xy(t) = Zq nlettO Zan na(t, to)
n=1
oo n—1 N .
= ) ) dntu—pa(t to) * aghia (t to)
n=1 k=0
oo n—1 N
= Y ) Gukarhna(t, to).
n=1k=0
This shows that (50) is a solution of (49) if and only if
CDZy () + p(t) * DYy y(t) +q(t) xy(t)
-1 -1
= Z g2l to) + Z Z Pk s 1hna (£, o) + Z Z Gk hina (£, to)
= n=1 k=0 n=1k=

= a+ Z Z [pn—kak+1 + qn—kak]/ﬁna(t/ to) = 0.
k=0

Thus, we arrived at the following recurrence formula for the coefficients a, :

n—1

ay =0,an12 = — Y (Pu—kltkr + Gnrt), n = 1,2, - -,
k=0

When using the above a;,, we can obtain (50), which is a solution of (49). The proof is thus
completed. O

6. Applications and Conclusions

Fractional differential equations have a wide range of practical applications. For
example, in reviewing Equation (20), which we discussed earlier, when t € T =R,
Equation (20) is the fractional-order equation of continuous variables. Whent € T = Z,
then Equation (20) degenerates into the usual difference equation. When T selects different
closed sets in R, our equation corresponds to different fractional-order equations or dif-
ference equations with different step lengths. Therefore, it can be seen that the results we
obtained have a wide range of applications. In addition, fractional-order equations are also
used in many specific fields in real life, including population models, infectious disease
models, heat conduction models, wave equations, etc.

In recent years, an increasing number of researchers have focused on fractional-order
infectious disease models [39-42]. The global epidemic in recent years has made the
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research on fractional-order COVID-19 [43-45] an exceptionally hot topic. The traveling
wave solution characterizes the problem of the speed of transmission of infectious diseases
during their spread. In recent years, the discussion of the spread and speed of transmission
of infectious diseases has become a hot topic, especially since the outbreak of COVID-19,
which has once again sounded an alarm for humanity. Inspired by [46,47], we present the
following wave equation system, which corresponds to a fractional-order SIR infectious
disease model:

cDES() = dDES(t) < ) — ﬁsfjgf;” — uS(#),
£I(t

+
eDYI(t) = dDR (1) + B 4 oR (1) — (+ $)I(1), 51)
cD"‘R(t) d3D2R(t) + ¢I(t) — pR(t) — uR(t),

N(t) = S(t)+I(t) + R(t),

where t € T,0 < a < 1; S represents susceptible individuals; I represents infected
individuals; R represents recovered individuals; A represents total recruitment scale; ¢
represents disease propagation speed; d1, d, d3 represent diffusion coefficient; § represents
the infection rate; p represents the relapse rate; u represents the natural mortality rate;
¢ represents the cure rate; and the total population is represented by N. If we choose
dq = dy = d3 = d, via adding the first three equations of (51), we can obtain

cD&[S(t) + I(t) + R(t)] = dD®[S(t) + I(t) + R(£)] + A(t) — u[S(t) + I(t) + R(t)].
By further organizing the fourth equation in (51), it can be concluded that
dDEN(t) — cDEN(t) — uN(t) = —A(t). (52)

It is evident that the form of (52) is completely consistent with (20). Next, we used
the relevant results from Section 4 to solve (52). With (21), we obtained the characteristic
polynomial of (52)

c
Py(A) = A2 = ZA g.

When P>(A) = 0, we can obtain the eigenvalues of (52) as follows:
1/ 4+ 4dy
5 .

AMp =

’

According to Theorem 8, we can obtain the solution to the wave Equation (52)

( + \/C2+4:d ) n+1 0 <§l}i\/cz+4d}l> [(n-HMA

SNOIE (20 5 Vi A1) (53)
n—=

From the practical significance of infectious diseases, N(t) characterizes the speed of dis-
ease transmission in the overall population. We find from (53) that the value of N(t) only
depends on the four parameters ¢, d, y and A. Furthermore, (53) established clear relation-
ships between the four variables, providing a mathematical basis for further quantitative
research on the speed and control of disease transmission. Moreover, T is a general time
scale, and by selecting different types of time scales, it can be used for the study of various
intermittent, seasonal and discontinuous long-term epidemics. Due to space limitations,
we will provide further research in a separate article.

The theory of fractional-order differential equations is a new topic providing many
directions for further research. In this paper, we presented a general theory for sequential
differential equations of a fractional order on time scales. We have given the explicit
solution, in the case of constant coefficients, for both the homogeneous and the non-
homogeneous problem using the V-Mittag-Leffler function, Laplace transform method,
operational method and operational decomposition method. In addition, we proved the
fact that the nabla generalized power function is positive, which is notable as this is also an
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open problem proposed in [37], which is also important for the studying of fractional-order
differential equations on time scales. By introducing the concept of a-analyticity on time
scales and in using the Laplace transform method, we studied the existence of a new class
of fractional, sequential differential equations with convolution-type variable coefficients.
We hope these results will provide a general and unified theory to study the continuous
and discrete sequential differential equations of a fractional order on time scales.
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