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Abstract: In this paper, we study the spectral properties of a class of degenerate third-order partial
differential operators with variable coefficients presented in a rectangle. Conditions are found to
ensure the existence and compactness of the inverse operator. A theorem on estimates of approxima-
tion numbers is proven. Here, we note that finding estimates of approximation numbers, as well as
extremal subspaces, for a set of solutions to the equation is a task that is certainly important from
both a theoretical and a practical point of view. The paper also obtained an upper bound for the
eigenvalues. Note that, in this paper, estimates of eigenvalues and approximation numbers for the
degenerate third-order partial differential operators are obtained for the first time.

Keywords: third-order partial differential equations; approximation numbers; singular numbers;
eigenvalues; compactness of the resolvent
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1. Introduction

Recently, mathematicians’ interest in third-order partial differential equations has
increased due to the fact that such equations model many real-world phenomena. For ex-
ample, models of the transmission of electric lines and quantum hydrodynamic models
are described by third-order partial differential equations. In papers [1,2], for example,
nonlocal boundary value problems for third-order partial differential equations were stud-
ied, and in [3-8], the properties of solutions to linearized Korteweg—de Vries equations
were studied. In [9], the question of the existence and uniqueness of solutions to the
Goursat-Dirichlet problem was studied. Note that, in these papers, for third-order partial
differential equations, questions about the existence and smoothness of solutions without
degeneracy are studied. However, in such applications, it is often necessary to deal with
such cases when the differential operator degenerates, i.e., at some points, the order of the
differential operator changes [10,11]. As is known, in this case, at the points where the
operator changes the order, the functions from the domain of the operator’s definition do
not retain their smoothness (solutions of the equation). Therefore, various difficulties arise,
which, in turn, affect the spectral characteristics of the operator.

The paper considers the following degenerate third-order differential operator:

Lu + pu = —k( )aB—u—az—u+a( Yuy + (c(y) + p)u (1)
Hu = yax:; ayz Y)ux Y u)u,
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This was initially defined for C§°, (Q2), where QO = {(x,y) : -7 <x < 7,0 <y <1}, 4 > 0.
C&.(Q) is a set consisting of infinitely differentiable functions and satisfying the following
conditions:

u(—m,y) = u(my), ux(—my) = ux(m,y), uu(—70Yy) = ux(7,y), )
u(x,0) = u(x,1) =0. 3)

Further, we assume that the coefficients k(y), a(y), c(y) satisfy the following conditions:
(i) k(y) > 0is a piecewise continuous function in [0, 1] and k(0) = 0;

(i) a(y) > dp and c(y) > & > 0 are continuous functions in [0, 1].

It is easy to see that the operator L + uI defined by equality (1) and boundary condi-
tions (2) and (3); closure occurs in L, (Q2) and closure is also denoted by L + 1.

The above operator L + ul degenerates along the line y = 0, i.e., at these points,
the operator L + uI changes the order. Consequently, functions from the domain of the
operator definition do not retain their smoothness, and these difficulties affect the spectral
characteristics of the operator.

In this paper, for the operator L + y, the following issues will be researched:

- The existence of a resolvent;
- Spectral characteristics, i.e., estimates of singular values (s-numbers) and eigenvalues.

Using W; (Q), we denote the Sobolev space with the norm

2 2 211
lullp1 0 = [uylls + luxllz + llull3]2,
where |||, is a norm in L, (Q)).

2. Main Results
Theorem 1. Let the coefficients of operator L satisfying conditions (i)—(ii) be fulfilled. Then:

(a)  for operator L + ul, for u > 0, there is a bounded inverse operator (L + uI)~" in the Hilbert
space Ly(Q));
(b)  the estimate
[ull2,1,0 < CI(L A+ plull, 4)

holds for any u € D(L), where u € D(L) is the domain of operator L and C > 0 is a constant;
(c)  the resolvent of operator L is compact in Ly (QY).

Definition 1 ([12]). Let Ly, be the collection of all finite-dimensional operators of dimension < n
and let A be a linear completely continuous operator; then, the numbers

Sp+1(A) = I{reuLnHA —K]|,_p, n=0,1,2,...

are called the approximation numbers of the operator A. Here, ||-||,_,, is the norm of the operator
from Ly (Q)) to Ly(Q2).

Theorem 2. Let the coefficients k(y), a(y), c(y) of the operator L satisfy conditions (i)—(ii). Then,
for the approximation numbers (s-numbers) and resolvents of operator L, the estimate

r

Cil 5 <s(L+ul) ' <C, k=1,23,.. (5)
2

=~
M| M

holds; here, C; > 0 and C > 0 are constant numbers.
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Theorem 3. Let the coefficients k(y),a(y), c(y) of operator L satisfy the conditions of Theorem 2
and ensure that the spectrum of o(L + ul) = is not empty. Then, for the eigenvalues Ay of the
operator (L + uI)~! the estimate

Al € =, k=1,2,3.. ©6)

o0

holds; here, C > 0 does not depend on k.

Example 1. In space Ly(Q)), consider the operator defined by the equality

Pu  u 5 ou
(L+ulu(x,y) = Y35~ 2 + (v +1)$ +(y+1)u+uu,

and boundary conditions (2) and (3).

It is easy to see that the coefficients of the operator L + ul satisfy all the conditions of
Theorems 1-3; therefore, for y > 0, there is a continuous inverse operator (L + ul)~! in the
space Ly(QY) and for the eigenvalues of operator(L + ul) ™", the estimate

<

k2’
holds, where C > 0 is independent of k (k =1,2,3...).

Akl < k=1,23.. ?)

Now, consider the case without degeneracy.

Example 2. Let the coefficients k(y),a(y), andc(y) of Equation (1) be constant, i.e., k(y) = 1,
a(y) =1,¢c(y) =1, u > 0. In the space Ly(Q), consider the operator defined by the equality

Pu  %u  u
+ 7x +u+yu,

(L+uhulxy) = =35 572 73
and the boundary conditions (2) and (3).

Since the coefficients of the operator L + ul are constant, using direct calculation, we will
make sure that the domain of definition of the operator L coincides with the space L§’3(Q). L%’s(Q)
is the space of functions obtained by completing the set of functions C*(Q) satisfying conditions
(2) and (3), relative to the norm:

Pu ., u, u 2\2 1
gy = (f (5P + 155+ 155+ P way)E
0

1t is easy to verify that L§’3(Q) C W3(Q) , W2(Q) is a Sobolev space.
Now, using the approximation properties of the space Wz (QY) and repeating the calculations
and reasoning that were used in the proof of Theorems 2 and 3 of this paper, we obtain the following:

C
AL +pD 7 <

k=1,2,.. 8)
From estimates (7) and (8), it follows that degeneration significantly affects the estimates of the eigenvalues.
3. The Existence of the Resolvent Proof of Theorem 1

Lemma 1. Let us assume that k(y), a(y), c(y) satisfy conditions (i)—(ii). Then, the inequality

1
m”(“rlﬂ)u”z > [|ull, )

holds for any u € D(L).
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Proof. Let us consider the scalar product < (L + ul)u,u >, u € Cg (Q). Integrating
by parts and taking into account that the outside integral terms disappear using force

ue CS?H(Q), we obtain the estimate (9). Due to the continuity of the norm, the estimate (9)
is true for all u € D(L). Lemma 1 is proved. [

Through direct calculation, we will make sure that the operator (L + uI) in Ly(Q2),
using the Fourier method, is reduced to the study of the following operator:

(L + uD)z(y) = —2"(y) + (ik(y)n® + ina(y) + c(y) + w)z(y),n = 0,41, 42, ...

With the boundary condition z(0) = z(1) = 0, where z(y) € C§°[0,1], C§°[0,1] is a set
consisting of infinitely differentiable functions.

It is easy to verify that the operator I, + uI admits closure in L, (()), which we will
also denote by I, + ul.

Lemma 2. Let us assume that the coefficients of operator L satisfy conditions (i)—(ii). Then,
the estimate

1
G0+ D) = =), (10
holds for any z(y) € D(l, + pl).

Proof. Letz(y) € C°[0,1]; then, the estimate

1
<(n+ul)z,z >= /0 12> + (c(y) + w) 2 + (in’k(y) + ina(y))|21*dy -~ (11)
holds.

From inequality (11), taking into account condition (i) and using the properties of
complex numbers, we have:

1 1
< Wtub)zz> |2 [P+ )+ IRy > [P+ @+ wlzPldy  (2)
Hence, using the Cauchy inequality, and also taking into account condition (i), we find
1+ pD)zll5 = (4 p) 2]l

From the last inequality, due to the continuity of the norm, the last estimate is true for all
z(y) € D(l,) . Lemma 2 is proved. O

Lemma 3. Let the coefficients of the operator L satisfy the conditions of Lemma 2. Then, there is a
bounded inverse operator (I, + ulI) =1 in the space L,(0,1).

Proof. Lemma 3 is proved in the same way as Lemma 2.3 of [13] and Lemma 2.2 of [14]. O

Lemma 4. Let us assume that the conditions of Lemma 1 are satisfied. Then, the following
inequalities hold:

1
mH(ln +ul)zll, > |lzll2; (13)
m\l(ln +ul)zlly, > |lzll,, n#0; (14)
(Lo + D)zl > [|2'(y) ||,- (15)

(6+p)?
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Proof. From estimate (10), we have

Inequality (13) is proved.
From Equality (11) and using the properties of complex numbers, we find

1
| <Un+plzz>| > I/O (in’k(y) + ina(y))|z|>dy|.

By virtue of conditions (i)-(ii), we note that functions k(y) and a(y) do not change signs.
Therefore, from the last inequality, we can obtain

1
<t pl)z,z> | 2 [ link(y) +ina(y)| - |zdy.
Hence, and given that a(y) > §y > 0, we have
([ (In 4 ul)z[|, = [n[do]|z]l,- (16)

From inequality (16), and according to the definition of the operator norm, we obtain

Inequality (14) is proved.
From inequality (12), using inequality (10), we have

o+, < LI

252 = |n| -6y’

1 2
5 1+ Dzl 2 [

Hence, and according to the definition of the operator norm, we find

< 1

d
—(1 +]/tI)71 < —-:.
de ! 252 (64 )2

Inequality (15) is proved. Lemma 4 is proved. [

Proof of Theorem 1. First, let us prove point (a) of Theorem 1. Lemma 3 implies that

k .
we(x,y) = 3 (n+uD) ™ fuly) - ™ (17)
n=—k
is a solution to Problem (18)—(20):
(LA+puDu(x,y) = filx,y), (18)
) (~m,y) = ugL(m,y), i=0,1,2, (19)
ur(x,0) = u(x,1) =0, (20)

here, fi(x,y) = f(x,y), fe(x,y) = n—i_kfn (y) e, i* = ~1.

From Lemma 1, and given the fundamentality of the sequence { fx(x,y)}, we have

lue(x,y) — um(x,y)||, = 0 as k,m — co.
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Hence, and by virtue of the completeness of the space L,(Q2), we find
Ly (O
ug(x,y) Zg)u(x,y). (21)
Now, using the equalities (18) and (21) we can obtain that, for any f(x,y) € Lo(Q),
u(ey) = (Ltph) " f= 3 (bt pD) " fauly) - ™ (22)
n=—oo

is a strong solution to the following problem:
(L+ulhu=f, u(l)( myY) = u,(f)(n,y), i=0,1,2, u(x,0)=u(x,1)=0. (23)

Definition 2. Let us call function u € Lp(Q)) a strong solution to problem (23) if there is a
sequence {u(x,y)}i>; C C5.(Q), such that

e —ully = O, (L + pDug = fll, = 0, as k — co.

Hence, it is not difficult to verify that formula (22) is the inverse operator to the closed
operator L 4 ul. According to Lemma 1 and equality (23), we can obtain that point a) of
Theorem 1 holds for all > 0. Point a) of Theorem 1 is proved.

Now, we prove the inequality (4) of Theorem 1 From (22), we have

ull5 =2m ! n
=27 ¥ o+ un ], <
< sup] (1) o2me L 1o <
—1 2 2
<sup||(ly + ul) H2—>2 Alf(x )2

{n}

where it is easy to see that, by virtue of the orthonormality of the system {e*}, it fol-

lows that )

=27 Z Il fu(y ||2

2 n=—oo

> fly)

n=-—oo

If(xy)li3 =

Hence, and from the estimate (13), we can obtain

1

7o) Il = Glf )l

lull3 < (

It follows from the last estimate that
[ull, < Cl[(L+ ul)ull, (24)
Here, C; = ﬁ, (L+ul) = f(x,y).

Now;, calculate the norm ||uy/|:

WMb<wﬂml+ﬂl\\ Zlm Maon) <

2
< sup|n| - ||+ D)7 || IF 00

{n}
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From the last estimate and (14), we find

Id

n
2

2 2 ~1)? 2 2 2 _ 2 2
lasll3 < sl |+ u0) 7|, - IS < sup =1 f (x5 < Gl
- {n} 0

{n}
Here, C, = %. From here
[l < Coll (L A+ pl)ul]- (25)
Similarly, using the estimate (15), we have
2

2 1 2
: X, < — X, .
I < eI

2 < ‘dl +ul) !
H”sz—s{‘iI}’ dy(” ul)

From here,
[y |, < CaII(L+ pl)ull,, (26)

where C3 = T
(n+0)2
From inequalities (24)-(26), we finally obtain

2 2 2 2
loexllz + [y [l + llellz < CPI(L + pully,

where C? = max{C%,C3,C3}.
From the last inequality, we find

2
lllz0,0 < CII(L+ phul),

here, ||ull,; ¢ is a norm of W; (€2).

We prove point (c) of Theorem 1.

From point (a) of Theorem 1, it follows that operator (L + uI) has a continuous
inverse operator (L + uI)~!, and from inequality (4) of Theorem 1, it follows that the
domain of values of operator (L + uI)~! belongs to W}(Q). As you know, the space
W} (Q) is compactly embedded in L (). It follows that operator (L + puI)~! is completely
continuous in L, (Q2). Theorem 1 is proved. [

4. Proof of Theorems 2 and 3

To study the singular numbers of operator (L + uI)~!, we need the following lemmas.
We introduce the following sets:

M = {u € Ly(Q) : ||Lull, + [[ull, < 1};
MC] = {u S Lz(Q) : ||MxH2 + HMyHZ + ||M||2 < C1}}

0
Mc = {u € La(Q) : fluxxxlln + H”yyy”z + [luxxll + H”WHz + fluxll, + H”y”z+ [[ull, < Cfl}

Here, C; is a constant number independent of u(x, y).

Lemma 5. Let us assume that the coefficients of operator L satisfy the conditions (i)—(ii). Then, the
following relation is true:

0 ~
0
Proof. Let u(x,y) € M.-1. Then, the following inequalities are true:
1

Pu  u ou
< ||— _
Ieal+ s < [~k 35— S5 + a2+ e

+ [lully <
2



Axioms 2024, 13, 451

8of11
u o%u ou
< (ll= — — <
<(|-w3s] + -5 2+Ha<y>axH2+|c<y>u||2>+||u||2_
u ou %u
< k()| - |51 + A==l + Nully + lully + || 5=
< max [k(y)] ‘8x3 T max )] ‘ax T max le@)l-llullz + llelly ’ayQ ,

Suppose that Cy = { m[ax k(y),a(y),c(y) + 1}; then, from the last inequality, we have:
yelo,

0,1]
ILully + [Jully < Crlluxxxlly + luxlly + lluelly + [|uyyl,). (27)

where C; = max{Cy,1}.

0
From (27) and considering that u(x,y) € M.-1, we have
1

1Lally + el < ol lla + [Jatyyy [l + Notxlla + gy ||, + luexllz + [y ||, + llully) < G- G <1

0
It follows from the last inequality that u(x,y) € M, i.e., Mc-1 € M. The left inclusion
1
is proved.

Now, let us prove the right inclusion. Let u(x,y) € M; this means that u(x,y) € D(L).
Therefore, by virtue of inequality (4) of Theorem 1, we find

el + [yl + lJully < Coll (L + uD)ully < Cr(l|Lully + [ully),

where C; = C(u).
Hence, given that u(x,y) € M, we have

lluxllo + H”y”z +lully < Ci(l|Lully + [Jull,) < Cy.

It follows from the last inequality that u(x,y) € MC] ,ie, M C 1\7IC1. The right inclusion is
proved. Lemma 5 is proved. [

Definition 3 ([12]). The magnitude

di = inf sup inf |[u — v||
(i} uem V<Y 2

is called the Kolmogorov k-widths (diameters) of the set M in space Ly (QY), where yy is the set of all
subspaces in Ly (Q) whose dimensions do not exceed k.

The following properties of the widths follow directly from Definition 3

1) do>dy>dz>..;

@  d(M) < dp(M),M C M, k=1,2,..,
where dj (]\71 ) is the widths (diameters) of the set M; dy (M) is the widths (diameters)
of the set M.

(3) di(nM) = ndp(M),n >0,nM = {x' = nx,x € M}.

Lemma 6. Let the conditions of Lemma 5 be satisfied. Then, the estimate
0 ~
Cyldx < de(M) < Cidy, k=1,23,.., (28)

0 ~ 0

holds; here, C1 > 0 is a constant number; dy, d, dy are the widths (diameters) of sets Mg, and M,
1

Mc,, respectively.

Proof. It is not difficult to verify that the proved Lemma 6 follows from the properties of
(1)-(3) widths. O



Axioms 2024, 13, 451

9of 11

Lemma 7. Let the coefficients of operator L satisfy the conditions (i)—(ii). Then, the estimates

0 ~
Cyldk < Spey1 < Crdy, k=1,2,3,..,,
hold; here C1 > 0 is any constant number, Sy is s numbers of the operator (L + ul )_1, and u >0,
0 ~ 0 -
dk, dy, and dy. are the k widths (diameters) of the sets M, M, and M.

Proof. From estimate (28) and considering equality Sy, = di [12], we obtain a proof of
Lemma?7. O

Let us introduce the following functions:

N(A) = Y 1isthenumber of Sy greater than A > 0;
Skr1>A

0 0

N(A) = ¥ 1is the number of di greater than A > 0;
S{k>/\

N(A) = Y 1is the number of dj greater than A > 0.
de>A

Lemma 8. Let the conditions of Lemma 7 be fulfilled. Then, the inequality is true

N(CIA) < N(A) < NG ). (29)
Proof. Using Lemma 7, we find [14] (Lemma 4.4):
NA)= Y 1< Y 1= Y 1=N(C ).

Skp1>A Crdg>A d>ClA

Similarly,

z%(cl)\): Y 1= ) 1< )Y 1=NQ).

Ge>CiA c;13k>A Sk1>A

Lemma 8 is proved. [
Proof of Theorem 2. It is easy to verify that M C W3 (Q), ]\O/I C W3(Q), where W3 (Q),
and W3 (Q)) are Sobolev spaces. Hence, according to the results of [15-17], for the functions
](\)](/'\), N(A) the estimates

et <N <@, (30)

CIA2Z<N(A) <CA? (31)
hold, where Cj, C is independent of A > 0.
Now, let A = 2zk; when ]Sl(glk) =k k=1,2,3,...and from (30), it follows that

2
3

40 0
Cldr <k<Cdx
From here,
41 0 1
k2 k2
Similarly, from (31) we have
! % 1
C'—<d'<C—, k=1,2,3,.. (33)
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Now, using Lemma 7 from (32) and (33), we obtain that
41 1
C =<5 1 <C—, k=123,.. (34)
k2 k2

Estimate (5) is proved, i.e., Theorem 2 is proved. O

Proof of Theorem 3. According to point (c) of Theorem 1, the operator (L + uI)~! is com-
pletely continuous. As is known, for completely continuous operators, the Weyl’s inequality [12]:

k k
H Aj(A)] < HSJ»(A), k=1,23,.. (35)

holds, where A is a completely continuous operator, A;(A) are eigenvalues numbered
in non-increasing order of absolute values, and S;(A) are singular numbers arranged in
non-increasing order.

From (34) and (35), we have

k k
_1
Ael* <] 1| Al <] 1| Sj < CH(kt) 2.
= i=

Next, using the inequality Kkl > k*(k =1,2,...), we find

[N

IAlk < Ck(k1) =2 < Chedks.
From here, we finally have

A <C-k72, k=1,23,..
Estimate (6) is proved, i.e., Theorem 3 is proved. O

5. Conclusions

In conclusion, here are a few words about the obtained results:

- The existence of the inverse operator was proved for a class of degenerate third-order
partial differential operators;

- The coercivity estimate was obtained;

- The compactness of the resolvent was proved;

- Two-sided estimates of approximation numbers were obtained;

- Upper estimates for the eigenvalues were obtained.

As is known, third-order partial differential equations are one of the basic equations of
wave theory, as well as some macroscopic models of semiconductors that consider quantum
effects, for example, models of the transmission of electric lines. Quantum hydrodynamic
models are described by third-order partial differential Equations (1)—(3), (7) and (8). In this
regard, there is a need to study the spectral and approximation properties of third-order
differential operators. The results and methods used in this paper allowed us to study the
following aspects of a linearized Korteweg—de Vries operator with variable unbounded
coefficients at infinity:

- The existence of an inverse operator;
- The compactness of a resolvent;
- Estimation of approximation numbers and eigenvalues.

Here, we note that finding estimates of approximation numbers, as well as emergency
subspaces, for a set of solutions to the equation is certainly an important problem from
both a theoretical and a practical point of view.
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