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Abstract: The Schrodinger-Korteweg-de Vries (SKAV) system can describe the nonlinear dynamics
of phenomena such as Langmuir and ion acoustic waves, which are highly valuable for studying
wave behavior and interactions. The SKdV system has wide-ranging applications in physics and
applied mathematics. In this article, we investigate the local well-posedness of the SKAV system with
Robin boundary conditions and polynomial terms in the Sobolev space. We want to enhance the
applicability of this type of SKdV system. Our verification process is as follows: We estimate Fokas
solutions for the Robin problem with external forces. Next, we define an iteration map in suitable
solution space and prove the iteration map is a contraction mapping and onto some closed ball B(0, r).
Finally, by the contraction mapping theorem, we obtain the uniqueness solution. Moreover, we show
that the data-to-solution map is locally Lipschitz continuous and conclude with the well-posedness
of the SKdV system.

Keywords: Schrodinger—Korteweg—de Vries system; the local well-posedness of the Schrodinger—
Korteweg-de Vries system; unified transform method; Robin boundary condition
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1. Introduction and Main Results
1.1. Introduction

In this article, we study the local well-posedness of the following Schrodinger-Korteweg—
de Vries (SKdV) system:

iopu + 02u = P(u)v, x € (0,00),te(0,T),
010 + 930 = Q(v)vy, x € (0,00), t€ (0,T),
u(x,0) = up(x) € H;(0,00), v(x,0) = vp(x) € H;(0,00), x € [0,00),

1 (0,8) — y1u(0,) = g1 (t) € H* V40, 1), te (0,T), y1>1,
0:(0,8) — 720(0,1) = g(t) € H3(0,T), te (0,T), 72 >0,

where 0 < T < 1,3/4 <s <1, u(x,t) is a complex-valued function, v(x, t) is a real-valued
function, and

m n

P(u) =Y au'and Q(v) = }_ b/

i=0 j=0
are polynomials, where 4; and b; are constants. Well-posedness guarantees the reliability
and predictive accuracy of equation models in various fields, making it essential for
scientific research, engineering applications, and decision-making. According to our current
understanding from studies on the SKdV system, we investigate the local well-posedness
of the SKdV system with Robin boundary conditions. We consider the local well-posedness
of the SKdV system with Robin boundary conditions from a mathematical point of view.

Axioms 2024, 13, 508. https:/ /doi.org/10.3390/axioms13080508

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms13080508
https://doi.org/10.3390/axioms13080508
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://doi.org/10.3390/axioms13080508
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13080508?type=check_update&version=2

Axioms 2024, 13, 508

2 of 38

The right side of the equals sign of this system is composed of polynomials mainly because
we hope to use polynomials to approximate any arbitrary continuous function, allowing it
to be applied to different SKAV systems.

Next, we introduce the SKdV system. The SKdV system is a coupled nonlinear
partial differential system consisting of the Schrédinger equation, which describes complex-
valued functions, and the Korteweg—de Vries (KdV) equation, which describes real-valued
functions. The Schrodinger equation characterizes the temporal evolution of the wave
function, while the KdV equation describes the propagation and interaction of nonlinear
waves. This system integrates the properties of two types of waves: short waves (described
by the Schrodinger equation) and long waves (described by the KdV equation), making it
highly applicable to the study of wave phenomena and dynamic behavior.

The SKdV system has wide applications in physics and applied mathematics. In the
study of nonlinear waves, the SKdV system can describe the nonlinear dynamics of phe-
nomena such as Langmuir waves and ion acoustic waves, which is very useful for studying
wave behavior and interactions [1,2]. In plasma physics, the SKdV system is used to de-
scribe wave phenomena in plasmas, such as the interactions between Langmuir waves
and ion acoustic waves. This is crucial to understanding the properties and behavior of
plasmas [3-7]. In fluid dynamics, the SKdV system is used to study wave phenomena in
fluids, such as the nonlinear interactions between short and long waves, and to describe
the behavior of water waves under nonlinear and dispersive effects [8,9]. In the field of
optics, the SKdV system can be used to describe nonlinear wave and dispersion effects
in optical fibers. This helps to understand the propagation characteristics of light in opti-
cal fibers and the impact of nonlinear effects on wave behavior [10]. In wave dynamics,
the SKdV system is used to describe the propagation and interaction of water waves, which
has important applications in oceanography and marine engineering. For example, this
system can be used to study the resonant interactions between short and long waves on the
water surface [11]. In the control theory of dynamical systems, the SKdV system is used
to study the dynamic behavior and control methods of systems [12]. In fractal dynamics,
the SKdV system is used to describe dynamical systems with fractal characteristics, and the
behavior and properties of such systems are further studied [13,14]. In the study of chaotic
synchronization, the SKdV system is used to investigate synchronization phenomena and
control methods in chaotic systems [15]. These applications demonstrate the versatile use
of the SKdV system in various fields and provide a deep understanding of the dynamic
behavior of such systems and control methods.

We present some relatively new research on the SKdV system. Shang, Li, and Li [16]
investigate traveling wave solutions of a coupled Schrodinger—Korteweg—de Vries equa-
tion using the generalized coupled trial equation method. The researchers have utilized
this method to discover a series of exact traveling wave solutions, which hold significant
importance in understanding various processes in dusty plasma. This study provides an
effective solution for nonlinear evolution equation systems and highlights the practical
applications of these equations in physics. Khan, Khan, and Ahmad [17] investigated the
fractal fractional nonlinear Korteweg—de-Vries-Schrodinger system with a power law ker-
nel. The study utilizes the Yang transform and Caputo fractional fractal operator, applying
the Yang transform homotopy perturbation method to solve this system. The research
aims to analyze the existence and uniqueness of the solution and provides graphical rep-
resentations of the results. The article also involves fixed point theory and nonlinear
functional analysis to delve into this challenging mathematical problem. Noor, Alotaibi,
Shah, Ismaeel, and El-Tantawy [18] analyze solitary waves and nonlinear oscillations of the
fractional Schrodinger-KdV equation using the Caputo Operator framework. They employ
the Laplace residual power series method (LRPSM) to study this model and compare the
resulting approximations with exact solutions in the integer case. Their research shows that
the approximations are highly accurate and more stable over large space-time domains.

Now, we present recent articles that discuss the existence, uniqueness, and well-
posedness of solutions associated with the SKdV system. Guo and Miao [6] studied
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the well-posedness of the Cauchy problem for the SKdV system. By establishing global
well-posedness in specific function spaces, this research explored the nonlinear dynamics
equations describing one-dimensional Langmuir and ion acoustic waves. The work focused
on the mathematical properties of the system, the existence and uniqueness of solutions,
and the relationship between the electric field of Langmuir oscillations and low-frequency
density perturbations. Corcho and Linares [12] studied the well-posedness of the Cauchy
problem for the SKdV system. The authors studied the local well-posedness for weak initial

data and obtained well-posedness results for data in Sobolev space L?(R) x H ~i+. These
results also led to global well-posedness in energy space H!(R) x H'(R). The authors
improved upon previous research on the well-posedness of the SKAV system. Matheus [19]
showed that the Cauchy problem for the SKdV system with periodic functions is globally
well-posed in the energy space H' x H!. The study used the I-method introduced by
Colliander et al. and improved the results of Arbieto et al. on the global well-posedness of
the SKdV system. The author conducted a thorough investigation and proof of the global
well-posedness of the SKdV system for periodic functions. Guo and Wang [7] studied the
well-posedness of the SKdV system, in particular, for initial data in the Sobolev spaces
L*(R) x H3/4(R) and H*(R) x H 34(R) (s > —1/16). The article introduced F*-type
spaces to handle the KdV component and coupling terms of the system, overcoming
difficulties arising from the lack of scale invariance through unified estimates of multipliers.
The authors demonstrated the local well-posedness of the SKAV system for certain initial
data under resonance conditions.

Wang and Cui [20] established the local well-posedness of the Cauchy problem for the
SKdV system in different function spaces. Using bilinear estimates and other techniques,
the authors presented results on the local well-posedness of the system under certain
conditions. Guo, Ma, and Zhang [21] investigated the global existence and uniqueness
of solutions for the fractional SKdV system. Using the contraction method, the authors
addressed local existence and uniqueness and proved the global existence of solutions
over time using a priori estimates. Cavalcante and Corcho [10] studied the local progress
theory of the SKdV system on the half-line. Cavalcante and Corcho [22] studied the well-
posedness and lower bounds of the growth of weighted norms for the SKdV system on
the half-line. The authors studied the initial boundary value problem for the SKdV system,
analyzing the growth of the weighted norms of the solutions over time. By studying the
dynamical properties and norm growth of the SKdV system, they determined the well-
posedness and lower bounds, thus gaining a deeper understanding of the behavior and
characteristics of this nonlinear evolution system. Chen [23] studied the periodic solutions
of the SKdAV system, in particular, the influence of boundary and external forces on the
solutions. The author discussed the existence of theorems for periodic, quasi-periodic,
and nearly periodic solutions, investigating their properties and characteristics under
various conditions. The focus was on the stability and periodicity of the solutions, as well
as on the influence of external forces on the dynamical behavior of the system. Compaan,
Shin, and Tzirakis [24] studied the well-posedness of the SKdV system on the half-line.
By applying multilinear harmonic analysis techniques, the authors improved the well-
posedness theory based on L? solutions. They studied the local well-posedness and global
existence of the system and proposed theorems describing the behavior of the solutions.
In addition, they discussed the smoothing effects and the growth of the solutions under
different parameter conditions. Himonas and Yan [11] investigated the well-posedness of
the initial boundary value problem for the SKdV system on the half-line. Using the Fokas
unified transform method, they analyzed the well-posedness of the problem, discussing
linear space-time estimates and quadratic/cubic estimates in Bourgain space.

After introducing the SKdV system, the main research of this paper will be pre-
sented next.



Axioms 2024, 13, 508

4 0of 38

1.2. Main Results

In this paper, we demonstrate the local well-posedness of the SKdV system pre-
sented below.

iopu + 02u = P(u)v, x € (0,00), t € (0,T),

910 + 930 = Q(v)vy, x € (0,00), t€(0,T),

u(x,0) = up(x), v(x,0) = vo(x), x € [0,00), 1)
ux(0,t) —11u(0,t) = g1 (t), te(0,T), 11 =1,

vx(0,1) — 720(0, t) (1), te (0,T), v2>0,

where 0 < T < 1, u(x, t) is a complex-valued function, v(x, t) is a real-valued function,

Zau and Q(v va]

are polynomials, a; and b; are constants, and uo(x) € H3(0,00) and vp(x) € H3 (0, ) are
initial data with 3/4 < s < 1. The boundary data g;(t) € Ht(zsfl)/‘l(o, T) and g(t) €
H; /3(0,T) are suggested by the time regularity of the boundary value problems (BVPs) for
the corresponding linear equations.

In this article, we demonstrate the local well-posedness of the initial boundary value
problem (IBVP) (1). The proof consists of four steps. In the first step, we replace the
nonlinear terms P(u)v and Q(v)v, with external forces and apply the unified transform
method (UTM) to solve the corresponding linear IBVPs. In the second step, we derive
linear estimates using the UTM formula, considering data and forcing in suitable spaces.
(The UTM and its applications were introduced by Fokas [25-28].) In the third step, we
define an iteration map in a suitable solution space by the UTM formula with the forcing
terms replaced by the nonlinearities and prove that the iteration map is a contraction map
and onto some closed ball B(0,r), and by the contraction mapping theorem, the IBVP (1)
has a unique solution. Finally, in the fourth step, we prove the local Lipschitz continuity of
the data-to-solution map, thereby confirming the local well-posedness of the IBVP (1).

In [29], the authors mentioned the advantages of UTM over other standard methods
and gave some examples for discussion. The UTM complements the standard method for
the following reasons: In situations where the standard method can produce an explicit
solution, the UTM can also do so, and the solution formula obtained is equivalent; it is
more efficient than the standard method. It is versatile and can generate solution formulas
for many problems that cannot be solved by classical methods, especially problems with
higher than second-order derivatives; the standard method is a collection of methods for
specific equations and boundary conditions, while the UTM uses the same idea. The UTM
can generate explicit solution formulas and determine in a straightforward way how many
and which boundary conditions lead to a well-formulated problem, especially for problems
with higher than second-order derivatives. The solution can be efficiently evaluated by
various means, such as parameterization of the integration path, to make the integral easy
to evaluate by numerical methods, asymptotic methods like the steep descent method,
the residue theorem, etc. Background knowledge is limited to knowledge of Fourier
transform and inverse Fourier transform pairs, the residue theorem, and Jordan’s lemma.

Now, we provide an overview of Sobolev spaces. For s € R, the Sobolev space H*(R)
consists of all tempered distributions F with the finite norm:

I ey = ( [0+ eI @R ) :
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where the Fourier transform F(£) is defined by

(o) = /R e CF (x)dx.

Additionally, for an interval (4,b) C R which may extend to infinity on either side,
the Sobolev space H*(a, b) is defined as
F¥ (a, b) = { f:f= F|(a,b), Where F € H°(R) }
and || f ||gs(ap)= infrepsr) | F || sy < o0

Solving the forced linear Robin IBVP using the UTM leads us to the following
Fourier transform.

Definition 1 (Fourier transform on the half-line). For a test function y(x) which is defined on
(0, 00), its half-line Fourier transform is expressed as

B0 = [ty @

where k € C and (k) < 0. Here, S(k) and R(k) denote the imaginary and real parts of
k, respectively.

Remark 1. For Equation (2), it is evident that if p is an integrable function on (0,00), then (k)
is well-defined for S(k) < 0. In fact, within the more suitable space L?(0, o), the half-line Fourier
transform can be defined. Specifically, 1 in L2(0,00) can be extended to the entire real line by
defining ¥ (x) = 0 for x < 0, resulting in a function in L>(R). Consequently, the half-line Fourier
transform of P can be expressed using the same formula as the Fourier transform for its extension
to the real line. Thus, the inverse of this transform can also be derived, which corresponds to the
inverse Fourier transform on the real line.

Let’s start by outlining the first step of our approach to solving the Robin problem
related to the forced linear Schrédinger equation and the forced linear KdV equation:

i+ uxy = f1(x, 1), x€(0,00), 0<t<T<1,
u(x,0) = ug(x) € H3(0,00), x € ]0,00), 3)
25—1
ux(0,t) —y1u(0,t) =g1(t) e H,* (0,T), 0<t<T<1, 7 >1
and
Ut + Uxxx = f2(x, 1), xe€(0,0),0<t<T<1,
v(x,0) = vo(x) € H5(0,00), x € [0,00), (4)

02(0,£) — 120(0,1) = ga(t) € HI(0,T), 0<t<T<1, 12 >0,
respectively. By the UTM formulation, the solution to (3) is denoted by
u(x,t) = Srgluo, g1; f1(x, t) (5)
_ % /Reikxikzt<ﬁ0(k) _ i/ot eikzyﬁ(k’y)dy) Jk
+ % /a - eikxikztm (ﬁo(—k) —i /0 LRV (k, y)dy) dk

_ i ' ikx—ik?t k /t iK%y d )dk
s aD;e k+i71<oe $1(y)dy )dk,
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where

and the solution of (4) is denoted by

v(x,t) = Spk[vo, g2; fo] (%, t) (6)
1 L VN
= /R R (G0 (k) + F(k, t))dk
1 / pikrridr (K —i(a+ 1)y2) (F(ak, T) + 0o (ak)) Ik
oD

21 a(k+iyo)

1 / okt (k(a 4+ 1) — i) (F(a?k, T) + 0y (a%k))
oDy

_ = , dk
a(k+ivyy)

27T

3i kit K o3
+7/ RS & (3, T)dk,
27 oy S8l T)

where a = ¢27/3,
o (k) = / e~y (x)dx, S(k) <0,
Jo
~ T i3
$(k,7) i/o e ey (t)dt, k € C,
T T, o
F(k,7) = / e~ R (k, £)dt = / ok f(/ e_’k"fz(x,t)dx) dt, S(k) <0,
0 0 0
and D} and D, are represented in Figure 1.

K

Df

=

m/3\/ i3

Figure 1. The positively oriented boundaries and regions for D} and D5 .

Next, we outline the second step, which involves estimating the Hadamard norm of
the UTM solution formulas Sy s[ug, g1; f1] (5) and Sy k[vo, §2; f2] (6) based on the Sobolev
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norms of the data and a suitable norm of the forcing. In particular, we have the following
linear estimates. The linear estimate for the Schrodinger equation IBVP is as follows:

Theorem 1 (The linear estimate for the Schrodinger equation IBVP [30]). Suppose1/2 < s <
3/2, up(x) € H3(0,00), and g1(t) € Ht(zsfl)/4(0, T). Then, the solution u = Sys[ug, g1; f1] €
C([0, T]; H5(0, 00)) of the forced linear Schridinger equation IBVP (3) given by (5) satisfies the es-
timate:

sup [l u(t) [mgi0e) + sup [ u(x) | 2 7)
te[o,T] x€[0,00) H, = (0,T)

< Cs(” o s 00y + I 8111 20 +VT sup || fu(t) ||H;(o,oo)>,
H, * (0T) te[0,T)

where Cs = C(s) > 0 is a constant depending on s.

We can use a similar proof process for Theorem 1.2 in [30] to obtain the above theorem.
The linear estimate for the KdV equation IBVP is as follows:

Theorem 2 (The linear estimate for the KdV equation IBVP [31]). Suppose 1/2 < s <
3/2, vo(x) € H5(0,00), and g (t) € Hf/3(0, T). Then, the solution v = Syk[vo, §2; f2] €
C([0, T); H5(0, 00)) of the forced linear KAV equation IBVP (4) given by (6) satisfies the estimate:

sup || o(t) | s (0,00) (8)
te[0,T]

3-2s
6

. }
<d, <|| 0 000 + 118215 0 4T ( [ 100 g df) >

where ds = d(s) > 0 is a constant depending on s.
We can find the above theorem in [31].
In the third and fourth steps, our objective is to prove the uniqueness of the solution

for (1) and to demonstrate that the data-to-solution map is locally Lipschitz continuous. To
achieve this, fors > 1/2and 0 < T < 1, we define two Banach spaces Xt and Yr:

X = C([0, T]; H3(0,00)) N C([O,oo);H:s“H(O, T))

with the norm

I [lx;= sup [ u(t) [g0,00) + sup [ u(x) [ 21 )
te[0,T] x€[0,00) H, * (0T)
and
[ veC([0,T]; H;(0,00)) :
T = = AT () — T T T T ’ (10)
|2 vy = AT(0) = max{ Al (0), AL (0), AL (0), A] (0) } < o0

where the norms A{ (v), A ((v), Al (v), A (v) are defined as

1
2

T
AL(0) = sup [ o(t) lz(000), AT5(0) = ( sup [ |D;axv<x,t>|2dt> , o an
te[0,T] x€[0,00) 70
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1

Al (o) = ( /0 " sup |v(x,t)2dx>2, Al (v) = ( / " sup axv(x,t)|4dt>4, (12)

te[0,T] x€[0,00)
where Dj is defined by

|a§v(x,t)|2, seN,
oo | 0(x+g -5 o(x,h)
fO glJrZ,B 7

2

|D%o(x, 1) = {

where [s| € ZT U{0},s = |s] +B,and 0 < B < 1.
Then, we define the complete metric space Xt and the data space D as

XTiXTxYT:{(u,v):uEXT, Z)EYT}
with the norm
| (w,0) Ix, =l llxy + 110 llvy - (13)

The data space

25—1

D = H(0,00) x H, * (0,T) x H(0,00) x H,

ARl

(0,T)
with the norm

(14)

U0, 81,90,82) ID=|| 40 [|Hs(000) T || &1 || 251 + 112 llHs(000) T 11 &2 1] 5
| (10, 81,90,82) [ID=Il 1o || 5 (0,00) IIgI\H4(0T) | 00 Il 15 (0,00) IIgIIHt3

T, (01),

for (uo,81,v0,§2) € D.

We then present the main result of this work using the definitions provided above.

Theorem 3 (The local well-posedness of the SKdAV system). Consider the SKdV system (1).
Suppose 3/4 <s < 1land 0 < T < 1. For the data ug, vy € H3(0,00), g1(t) € Ht(zs_l)/4(0, T),
and g>(t) € H;/3(0,T).

Then, there exist R = R(s) > 0and Cs = C(s) > 0 which are constants depending on s,
and T* = min{T, Ty, T, } > 0, where

3+-1
r= max{l, \/gcs /ZR: || (”0131100182) |D}/

ny = max{m,n}, A =max{l|agl|,|a1], - ,|am|}, B =max{|bol|,|b1| -, |bnl},

1

T, = ,
U 64(A(m + 1) + V/I0B)S(8:)EM0 e 6mo 6

and
1

1 7
64(A(m2 +m +1) + V/BB(2 1 (n + 1) + 2113) 2 )6 (/) *"0 Hoy6m0

T, =

such that the SKAV system (1) has a unique solution (u,v) € Xr« and the solution satisfies the size
estimate

|| (u/v) ||XT*§ r.
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Furthermore, the data-to-solution map (1, §1,v0,2) — (u,v) is locally Lipschitz continuous.

According to the above theorem, we have proven that under certain conditions there
will be a unique solution to the SKdV system (1). Regarding the difficulty in studying the
local well-posedness of the SKdV system: The SKdV system will involve the algebraic
property of the nonlinear estimation term. In two-dimensional space, H (R?) must be in
s > 1, even in n > 2 dimensional space, and H;(R") must be in s > n/2 to satisfy the
algebraic property. This is a major challenge for existing estimation techniques for the
KdV equation.

To facilitate calculations and presentation, we use the following notations.

Remark 2. For two quantities 4 and B that depend on one or several variables, we write 4 S B
if there exists a positive constant ¢ such that 4 < ¢B. If 4 < B and B < 4, then we denote this
relationship by 4 ~ B.

In Section 2, we provide some tools that will be used in later sections. Section 3 outlines
the proof of Theorem 2 in preparation for the proof in Section 5. In Sections 4 and 5, we
define a new space, give the A-norm estimates for the UTM solution of the forced linear
KdV IBVP (4), and finish the proof of Proposition 2. In Section 6, we define the iteration
map and demonstrate that it is a contraction mapping onto a closed ball. We then use the
contraction mapping theorem to establish the uniqueness of the solution. Additionally,
in Lemma 12, we show that the data-to-solution map is locally Lipschitz continuous. Finally,
we complete the proof of Theorem 3.

Regarding Section 6, since we consider the SKdV system with polynomial nonlinear
terms, the proof of existence and uniqueness of solutions is more complex than in [30-33].
In proving that the iteration map is both onto and a contraction, more considerations about
the lifetime of the solution are required. For example, the coefficients and degrees of the
polynomials affect the length of the existence time, and the size of the unique solution
also requires additional considerations based on the data norm and the corresponding
range of s. Furthermore, in proving the data-to-solution aspect of local well-posedness,
the determination of the lifetime requires more complicated estimates due to the polynomial
nonlinear terms in the SKdV system. For example, the existence range of the solution is
also affected by the coefficients and degrees of the polynomials. Therefore, the estimates in
Section 6 extend and apply the results of [30-33].

In this paper, we consider the SKdV system with polynomial nonlinear terms and
Robin boundary conditions and discuss linear space-time estimates and the polynomial
nonlinear terms in Sobolev space. This differs from the work of Himonas and Yan [11], who
considered the SKdV system under Dirichlet boundary conditions and discussed linear
space-time estimates and quadratic/cubic estimates in Bourgain space.

2. Preliminary Results and Some Useful Tools
This section provides some tools that will be used in later sections.

Lemma 1 ([33]). Ifr = rg + irj with r; > 0, then

pirkx _ zrk(,‘ < \[(1 + |7’R|>’ —rikx _ p—rikg , Vk,x,0 > 0.

Lemma 2 ([33]). Suppose ¢ (k) € LZ(0,00). Then, the map

n—>/ e Mg (k)
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is bounded from L%(0, 00) into L;(O, o0) with

||/O PRk | 12(0,00)< VT $(K) Nl 12(0,00) -

Lemma 3 ([32]). For my < m < my, we have
mz*m Wl*Wll

1 F e <IF W™ 1 F Nl ™ -

Lemma 4 ([34]). Ifs > n/2, then H;(R") is an algebra with respect to the product of functions.
That is, if f and g in Hy(R™), then fg € H5(R™) with

I f& las@ny< (Co)s | f llms@n |l & las wn),

for some constant (Cy)s > 0 depending on s.

For the following lemma, we define the following operator
D'UA(H)R(x) = /R R (0T R (k) dk ~ /R R kTR (k) dk, (15)
where R(k) is the Fourier transform of R(x).

Lemma 5 ([31,35-37]). For R € L2(R), the operator D1 U2 (t)R(x) defined by (15) is bounded
from L2 into L*[Ry; L (0, 00)]; that is, it satisfies the estimate

1
| DEUP(#)R(x) HL4[JRt;L§°(R)]§ Cr| R ||L,%(R)r
for some constant Ct > 0.

For the following lemma, we define the operator

c© 1 . R
AR(x,t) = / (TS HHITLLI R (1), (16)
0

where R(7) is the Fourier transform of R(t).

Lemma 6 ([35,38]). For R € L?(R), the operator ATR defined by (16) is bounded from L? into
L4[Ry; L (0, 00)]; that is, it satisfies the estimate

=1 =1
AT R(x, =) sy 000 = AF R 1) | amyre 0,000 < Cr | Rl 2)s

for some constant Ct > 0.

Lemma 7 ([32]). If j € [0,0), B € (0,1)\{%}, and

then
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where

and we obtain the estimate
1o 1\ ! 1
A(ﬂ/ﬁ/ﬁ)NCﬁ y+; ,Cp>0, B (0,1)\ 50

3. Sketch the Proof of the Theorem 2

This section details the proof of Theorem 2 by breaking down the Robin problem
for the forced linear KdV equation into four simpler problems. In Section 3.2, we use
Theorems 4 and 5 from Section 3.1 to derive estimates for the IBVPs.

3.1. The Discussion of the Reduced Pure IBVP for the Linear KAV Equation

In this subsection, Theorems 4 and 5 analyze a fundamental Robin problem related
to the linear KdV equation and are key tools for estimating the linear IBVPs (III) and (IV)
discussed in Section 3.2.

3.1.1. Reduced Pure IBVP

We begin with the most basic linear KdV equation IBVP on the half-line. That is, the
homogeneous IBVP with zero initial data and nonzero boundary data.

Furthermore, we assume that the boundary data g € Hf/ 3(R) extends ¢, € H; 3(0,T),
which is compactly supported in the interval [0, 2], and

H 8 ”Hf/S(R)S 2 ” 82 ||Ht5/3(O/T) : (17)
This specific problem, referred to as the reduced pure IBVP, can be formulated as follows:

Wi+ wyxx =0 XE(0,00),0<t<2,
w(x,0) =0, x € [0,00), (18)

ws(0,1) — 12w (0,£) = g(t) € H} (R), t€[0,2], y2 > 0.

According to the UTM formula, the solution to (18) is

3i kvt K 3

w(x,t) = Sk[0, £0)(x, 1) = > /aD; I R, Tk (19)
= wi(x,t) + wa(x,t).
We use the parameterization k — ak or a2k, with a = it/ 3 where

wi(x,t) = —S8i / ~ ei“"X*f"3fL§(—k3 T)dk (20)

E 27 Jo ak + iy ’ ’

—3i [® 2. 43 k2

) = —— iackx+ik’t N~ k3,T dk. 71

Our objective is to estimate the Hadamard norm of the solution to the IBVP (18). The
following theorem, which we found in [31], addresses this estimation.
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Theorem 4 (Reduced linear KdV IBVP with Sobolev data [31]). Let s > 0. For a test function
g which is compactly supported in the interval [0,2], the solution (19) to the Robin problem (18)
satisfies the estimate

sup || w(t) || s(0,00) < G lgl W (e (22)
teR R)’

—_—

where (C3)s is a constant depending on s.

3.1.2. Homogeneous IBVP with Zero Initial Data

In this subsection, we consider the pure IBVP:

(Et‘f’&xxeO X € (0,00), te [O,T],
@(x,0) =0, x € [0,00), (23)
@x(0,1) — 12@(0,t) = g2(t) € H}(0,T), t€[0,T], 72> 0.

We will extend the boundary data g, (t) from the interval [0, T|] to the entire real line R. Our
goal is to define a function g(t) € H} (R) with g compactly supported in the interval [0, 2]
as an extension of g () € Hg (0,T). For1/2 < s < 3/2, g is defined by

[ Eelt), te(0,2),
8(t) = { 0,0 te (0,2),

where 6 € CF°(R) with [6(¢)] < 1forallt € R, 6(t) = 1forall [t| < 1,6(t) = 0 for all
|t| > 2,and Eg = 0(t)E(t). Here, E € H3 (R) is an extension of g, € H3 (0, T) such that

||E||% 2ng||§

(R) HP (0T)

Consequently, we have that g is compactly supported in the interval [0, 2] and (17):

1 3
gl 3 )<2ng | 1S 01y for 5 <s<3.
Thus, for IBVP (23), we can derive the following two inequalities: one for space
estimates and one for time estimates.

sup || @(t) Ilz(000) < (C2)s [ 8 | WS (& - (by Theorem 4)
te[0,T]

1 3
(C3)S || &2 || % T) f or E <s < El (bY (17))1

where (C3) is a constant depending on s.
Therefore, we obtain the following result:

Theorem 5. For1/2 < s < 3/2 and the boundary data test function g» € Ht% (0, T). The solution
for the IBVP (23) which satisfies the following Hadamard space estimate:

sup | S[0,82:01() sz < 20Co)s 211 5,
te[0,T] H(000) S HE(0,T)

—_—

where (C3)s is a constant depending on s.
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3.2. The Norm Estimates of the Forced Linear KAV Equation IBVP (4) (Theorem 2)

In this subsection, we will prove Theorem 2 by breaking down the forced linear KdV

equation into four simpler problems.

3.2.1. Decomposition into Simple Problems

To prove Theorem 2, we start by decomposing the forced linear IBVP (4) into a

combination of the following problems:

() The homogeneous linear initial value problem (IVP):

Vt+Vxxx:0, XGR, tE(O,T),
V(x,0) = Vp(x) € Hi(R), x€R,

where Vy € H:(R) is an extension of the initial datum vy € Hj (0, c0) such that
I Vo llz)< 2 [ 00 [l 13 (0,00)

with the solution to IVP (24) expressed using the Duhamel formula

— Sy R S A

W&Q—SMﬂMLﬂ—znée Vo(k)dk,

where the Fourier transform with respect to the spatial variable \//B(g ) is defined by

Vo) = [ e vk, ¢ € R

R

(I) The forced linear IVP with zero initial condition:

Wi+ Wi =E(xt), xeR, te(0,T),
W*(x,0) = 0, x€R,

(24)

(25)

(26)

(27)

where F,(x,t) € C([0, T]; Hi(R)) is an extension of f,(x,t) € C([0, T]; H(0, %)), which sat-

isfies
1 B2 Nl 2o, ) < 2 || f2 [l 2o, 17: (0,00)) -

The solution to IVP (27) is expressed using the Duhamel formula

£, . I\~ ’ ’

Wi 1) = S0 B (5 1) = 5 /R( || OB )dt)dk
t ! ! !
:AS%@UﬂQm4ML

(Ilf) The linear IBVP on the half-line:

vz(+ ngxx =0 x e Eo, oo)), te (0,T),
v"(x,0) =0, x € [0,00),
v%(0,t) — 720*(0,t) = Gy(t), te[0,T], 72 >0,

where Gy (t) = g2(t) — Vi (0,t) — Wi (0,t) and v* = 5[0, Gp; 0] is the solution of (30).

(IV) Homogeneous linear IBVP with zero initial condition:

v*(x,0) =0, x € [0,00),

v} + 05, =0 x € (0,00), t€(0,T),
03(0,t) — 120"(0,t) = Hi(t), t€[0,T], 72>0,

(28)

(29)

(30)

(81)
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where Hy(t) = 712(V(0,t) + W*(0,t)) and v* = S[0, Hy; 0] is the solution of (31).
By applying the superposition principle, the UTM solution (6) of the linear IBVP (4) is
expressed as follows: forx > 0and 0 <t < T,

SLK[Uo,gz,'fz] = S[Vo,' 0] |x>0 + S[O,’ Fz] |x>0 + S[O, Gl,‘ 0] + S[O, Hl,' 0], (32)

where the four terms on the right-hand side correspond to the solutions of problems (24),
(27), (30), and (31), respectively.

3.2.2. The Estimates for the Linear IVPs

We begin by analyzing the components of (32). First, we will estimate the solutions of
the homogeneous linear IVP (24) and the forced linear IVP with zero initial condition (27)
in Sobolev spaces. The following two theorems from [31] provide the necessary estimates
for these IVPs.

Theorem 6 ([31]). The function V defined by formula (26) solves the linear KAV IVP (24) and
satisfies the following estimates:

1. Space estimate:

sup || V() |z )=l Vo llmzw), s € R. (33)
te[0,T)

2. Time estimates:

sup | V(x) | sa < (Co)s || Vo llmz(r) s € R, (34)
xeR H, ? (0,7)
sup || Ve(x) || 5 < (C7)s | Vo lzm), s ER, (35)
xeR P (R)

where (Cg)s and (Cy)s are constants depending on s.

Having analyzed the homogeneous linear IVP (24), we now turn to the estimation of
the forced linear IVP with zero initial condition (27).

Theorem 7 ([31]). The solution W* = S[0; F,] of the forced linear IVP (27) given by (29) admits
the following senses:

1. Space estimate:
; !
* 1 1 ’
sup | W) ey < T [ 1B g @) se® GO

t€[0,T]

2. Time estimates:

2—s 1
sup || W*(x s < (C9)sT3 || F sy, = <8< 2, 37
sup | W*( )||Ht%1(0,T) (Co)s IE2 20,77, s ) 5 (37)
% 3-2s 3
sup [| We(x) || 5 < (Cio)sT & || B2 [l p2(jo,7); 2 (m))y 0S5 < 5, (38)
xeR Hp (0,T) 2

where (Cg)s, (Co)s, and (Cyg)s are constants depending on s.

3.2.3. Proof of Theorem 2

In this subsection, we establish Theorem 2 by utilizing Theorems 4-7.
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According to Theorem 5, we obtain the following inequality:

sup | S[0,G;0)(¢) Il 0,) < 2(C3)s 1| G | W ( (39)
telo,T] 0,1)
sup || S0, Hy; 0](1) [l15(0,00) < 2(Ca)s || Hi | Hon (40)
t€[0,T) (0,T)

According to (32), we have the following inequality:

sup || Stk [vo, 825 f2] |l s (0,00)
tel0,T)

1
1 T 2
<2 lgiom) +2(CoTH ([ 1 5200) Wigomy dt) +20C0 1G5

F2(Ca)s [l s o by (25, (29), (33), (36), (39), (40)

We must estimate || Gy || %( : and || Hy || % - Then, we obtain the following inequalities:
HP (0,T 0T

Gill s =] g(t) = Vi(0,t) —W2(0,8) || s 41
1Gal, 5 gy =1 8200 = Ve0.) = WEQ) 5 )
< s Ve (0, ¢t s WE(0,t s

H&Hgmﬂld)mmﬂ+ﬂﬂ s om
3
Sl g2 HHt%(O,T) + [ Vo lmsm) + S(R))”
(by (35) and (38))
3— 25
Sl g2 HH?( 1) + o0 s 000) T N f2 20,795 (0,00) )
(by (25) and (28)),
and
(42)

IH s o0 =12V 00+ RW @ | 5

< V(0,t s W*(0,t s

<n VOl s+ WO

< VOH sa +n WO || s
H,® (0,7) H;® (0,7)

2
< (Co)sv2 I Vo llmz(w) +(Co)s12T 3 || B2 |l r2(jo,1); H3 ()
(by (34) and (37))
2-s
< 2(Co)s72 [l v0 lm3(0,00) T2(Co)s¥2T 3 | f2 [l12 (0,715 (0,00))
(by (25) and (28)).
Hence, by (41) and (42), we can yield (8):

sup || Sk[vo, 825 f2] Il s (0,00
te[0,T]

1
3-2s T 2
<d <H%Hmom+ﬁgﬂamv+T6<A Wﬁ@”%@@dQ )

which concludes this proof of Theorem 2.
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4. About the New Solution Space and Some Estimates
One strategy to prove the existence of solutions to our Robin problem for the KdV

equation on (0, o) is to use (8) with f, replaced by Q(v)v,. However, the Hadamard space
C([0, T]; H5(0, c0)) is not a suitable candidate due to the presence of the term

T
2
/0 | vox ||H;(0,oo) dt.

This is precisely the necessary “algebraic property” (refer to Lemma 4).
Hence,

| 00 ([ 130,00 < (C)s 1| @ [l g (0,00) I 2x [l 15 (0,00)

for closing the loop is not true. Therefore, we introduce a new solution space, a subspace of
the Hadamard space, defined by specific A-norms.

The following lemma was proven in [33]; therefore, we omit its proof here. Below, we
provide the bilinear estimate for the problem term.

Lemma 8 (Bilinear estimate on the half-line). For 0 < s < 1and any u and v in Y, where the
space Yt is defined in (10), we have the bilinear estimate

T
I wox 2o myms 00 = /0 | woe(t) 13 0.0 (43)

<1} (Ag(u)/\}(v)f + z(Ag(u)A{S(v))2 +2T? (A{s(u)AZ(v))z-

We now turn to the following useful lemma for our estimation.

Lemma9. For1/2 <s <1land 0 < T < 1, we have the following results:
A3 (uv) < A (0)A5 (0), (44)
and
ALy (1) < (C1)sAf () AT (0), (45)
foru,v € C([0, T]; H3(0, c0)), where (Cy)s is a constant depending on s.

Proof. By definition of Al (uv),

Al (uv) = (/Ooo sup |u(x,t)v(x,t)|2dx>

te[0,T]

1
o 2
< ( / sup ( sup Iu(x,t)2> sup Iv(xrf)lde>
0 tejo,1] te[0,T]

x€[0,00)
1

00 2
< ( | sup 1 ut) IR o) sup |v<x,t>|2dx> ,

te[0,T) te[0,T]
(by the Sobolev Imbedding Theorem for s > 1/2)

1
00 2
< sup | u(t) 00 ( | sup |v<x,t>|2dx> ,

te[0,T] t€[0,T]
= A{(u)AS(v),

we obtain Equation (44).
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To estimate AT _(u0):

Af (o) = sup || uo(t) || s (0,00)
te[0,T]

SEPT]((Cl)s | 4(t) 1z (0,00) | ©(2) HH;;(o,oo))/(bY Lemma 4)
te|0,

(Cl)s< sup || u(t) ||H;(o,oo)> ( sup | o(t) |H;(o,oo)>
te[0,T] te[0,T]
= (C1)s A5 () A{ 4 (0),

we obtain Equation (45). O

IN

IN

Finally, we obtain the following proposition.

Proposition 1. For1/2 <s < 1and 0 < T < 1, we have the following results:

/O " st - uox () 2 0.0y 4t (46)
< 73 (AT, ()AL () - AL ) AT () AT ()
+ z(A{S(ul)A{s(u2) . .A{S(un,l)Ag(un)A{s(v))z
£2(C) DT (AT () AT (02) - A () A (0))
< 56" | uy 3l w2 13, - 1w 17,1 0 113,
wheren > 2,1 € N, and Cs = max{1, (C1)s}.

Proof. We use mathematical induction to prove this lemma.
In the first part, we assume n = 2. We have

T
| a0 (8) g o
2 2 2

< T? (AgT(uluz)AZ(v)) + 2(A§(u1u2)A2T,S(v)) +2T2 (A{s(uluz)AZ(v)) /

(by Lemma 8)

T(AT T T 2 T T T 2
< T2 (AT, (1) AT (12) A] (0) "+ 2( AT (1) A ()AL (0))
. 2
+2T2 ((C1)sA1T,5(M1)A1T,s(”Z)AZ(U)) , (by Lemmas 4 and 9)

~2(n—1
<SG L uy 13, 0wz 13,00 13, -

Therefore, when n = 2, the inequality (46) holds.
In the second part, we assume n = k > 2 and the following inequality

[ s e (t) o 47)
< T4 (AT ) AT G2) - AT (1) AT ) A 0))°
+2( AT () AT () - AT () AT ()AL, ()
£2((C0) P I T (AT ()AL (w2) -+ AL (1) AT (0))
(

2(k—1)
N ey P

holds.
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Then, when n = k + 1, we obtain

e wroa0) g g
< 73 (AT ()AL, () - AT, (1) AT (g 1) AT (0))
2 AT ()AL (2) - AT () A gt 1) AL o))
£2((C)PEITH (AT (1) AL (w2) - AT () AT () AT (2)
(by Formula (47))
< T3 (AT, () AT () -~ AT, () A () A (0))
+2(AT )AL (02) - AL () AT (1) AL o))
+2((C))2EITE (AT (1) AL (2) - AT () (C)s AT (w) AT (1) A <v>)2,
(by Lemma 9)
< T3 (AT, () AT () -~ AT () A () A (0))
+2(AL )AL (02) - AL () AT (1) AL o))
+2((C1)0)*TH (AT ()AL, () -~ AT () AT, () AT, (1) A (0)
<5 [Lur Byl w2 Iy - g Bl 0 13, -

Therefore, when n = k + 1, the inequality (46) holds.
By mathematical induction, we finish the proof of inequality (46). [

Refining our solution space from C([0, T|; H; (0, o) to Y7 requires additional estimates
for the UTM solution Sjk[vo, g2; f2] of (4). Therefore, S;x[vo, £2; f2] must be estimated
using the A-norms (11) and (12), which define the norm (10) of Y7.

These new linear estimates are presented in the following proposition and are proven
in Section 5.

Proposition 2 (A-norms estimates for the forced linear IBVP). For 3/4 < s < 1, the
solution Sy [vo, £2; f2] of the forced linear KAV IBVP (4) defined by the UTM formula (6) admits

the estimate:

AT(S1k[v0,82; f2]) (48)

1
3-2s T 2
< (d2)5<| 00 || Hs(0,00) T II 82 HHg( +Te (/0 I £2(8) 145 (0,000 df) )
t

0,T)
where (dy)s > 0 is a constant depending on s.

5. The Proof of Proposition 2 (About the Norms Estimates of the Forced Linear
KdV IBVP)

In this section, we will prove Proposition 2. Recall that S;x[vg, g2; f2] (32) is the
solution of the forced linear KdV IBVP (4),

Sik[vo,82; fa] = S[V0; 0]| ;=0 + S[0; F2]| 4~ + S[0, G1; 0] + S[0, Hy; 0],

where S[Vj; 0] is the solution of the linear IVP (24).
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S[0; F7] is the solution of the forced linear IVP (27), and S[0, Gy; 0] and S[0, Hy; 0] are the
solution of the linear IVP (30) and (31), respectively. Now, we must estimate the A-norms
for Srx[vo, 82; f2]. We decompose the estimate into four cases:

(A) We estimate the A{ --norm for Sy [vg, g2; f2] to obtain

3-2s T 2
AlT,s(SLK[vorgz}fZ]) <l oo |\H§,(o,oo) + |l &2 ||H§(0 7 +T s (/0 l fZ(t) H%—I;(O[oo) df) ; (49)
t ’

(B) We estimate the AZT, s-norm for Syk[vg, §2; f2] to obtain

1
3-2s T 2
A7 (Sik[v0, 82 f2]) Sl vo ks (o0) + 1l &2 HHg(O . +T°% </0 1 £2(8) 122 0,00 df) ; (50)
£ Y

(C) When s > 3/4, we estimate the A3T -norm for Sy x[vo, £2; f2] to obtain

1
3o [ (T 2
A3 (Stk[vo, 82; f2]) Sl 90 s (o,00) + Il 82 ||H%(0 n +T 5 </0 I £2(8) iz 0,00 dt) ; (51)
t 7

(D) We estimate the A]-norm for Sy x[vg, §2; f2] to obtain

1

3o [T 2
A (Stk[v0,82; f21) Sl 00 e 00) + 1l 82 ||Hg(0 n +Ts (/0 I £2(8) 145 0,000 df) : (52)
t 7

Since

AT(S1k[vo, £2; f2])
_ max{Afs(SLK[vo,gz;fz])rAzT,s(SLK[UO'gz;fZ])’Ag(SLK[UO’gz;fﬂ)’AZ(SLK[DO'gz;fZ])}’

and by (49), (50), (51), and (52), we can yield that (48)

A(S[vo, 82; f2])

32 (T 3
Sl o0 lgtom) + 1182 5 o 4T () 120 Py ) for 3 <s <1

t

Therefore, the proof of Proposition 2 is complete.
We will now proceed to prove statements (A), (B), (C), and (D).

(A) The estimate of AlT’S—norm for Syx[vo, £2; f2] is as follows: For3/4 <s <1,

Al (Sik[vo, 82; f2])
= A{(S[Vo; 0|40 + S[0; Ba]| 40 + S[0, G1;0] + S[0, Hy;0))

< sup | S[Vo;0]|y~0 llHz(0,00) T Sup || S[0; F2]ly~0 [ (0,00)
te[0,T] te[0,T]

+ sup || S[0,G1;0] lmg(0,00) + sup | S[0, H1; 0] [| g (0,00)
te[0,T] te[0,T]
1

T 2
< . . 7% / £) 12 dt>,
S0 ligom + 182 s o 477 (1200 igom
(by (25), (28), (33), (36), (39), (40), (41), and (42).

In fact, by (8), we can attain (49).
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(B) The estimate of A{s—norm for Sy [vo, £2; f2] is as follows: For3/4 <s <1,

A 4(Sik[vo, 82; f2])
= A7 (S[V0; 0]lgg + S[0; B2][ 4~ + S[0, G1;0] + S[0, Hy;0])

N—

T
= ( sup [D30x([Vo30ll g + S[0:Fallo + 10 Gl,o1+5[o,H1;01>|2dt>

x€[0,00)
) %
< ( sup / |D30xS[Vo; 0] dt) +< sup / |D30xS[0; Fz}zdt>
x€[0,00) x€[0,00)
(a) (b)
: :
+ < sup / D3350, Gy; 0] dt> +< sup / ID33,S]0, H1,0]|2dt>
x€[0,00) x€[0,00)

(c) (d)

We must estimate (a), (b), (c), and (d); then, we attain the following results:
We estimate (a) as follows:
1
2
dt)

T
<a>=<sup /
xe[0,00) /0
R ) , _— 2
T oo ] Ji kel (e — 1) Vo(k)dk‘
= | sup / / ac |dt |
o |Jo 2128

x€[0,00)

® |Va(x +4,1) — Va(x, D)
/0 €l+2ﬁ a¢

(let # = k* and by the Parseval’s Theorem)

in3x( inde Vo(n3) ’
- Jrle* (e e =1 T dy
< sup/ u dg
xe[0,00) /0 gir2p
A 2 2
— 1.2 et _1
1 Vo(13) «
== dac |d
o) P80 e s ]
1 2
— 1,12 4 sin? 3¢ 1
1 Vo(13) * ( : 73
"3 o 17| Byt fy g |dn| ety =10
x€[0,00
1
_ 2 2
. VO(;y%) 2 sin"y Ly Tsinzyd J :
~ 2 su]o)]R Ui /Oszﬁy Tg{}()lml/ n
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Therefore, we derive the following inequality:
(@) S Vo k)< 2 [l 20 [[1g0,00), (BY (25)). (53)
We estimate (b) as follows:
1
2

_ T s . 2
(b) = ( sup /O ID53,S[0; | dt)

x€[0,00

1
T 2 2
= ( sup / dt)
x€[0,00) 0
1
T t , , , 2 2
( sup)/o (/O ‘D;BXS[FZ(.,t);O](x,tt)‘dt) dt)

Da, (/Ot S[Ea (-, £);0](x, t — t’)dt’)

IN

x€[0,00

IN

T T ’ ;12 2,
sup [ ( [} [DsssIm 0leae ) ar)
) 0 t

x€[0,00

IN

T T S / 2 % , | )
sup)/O (/0 DxaxS[Fz(-,t)/O](X,T)’ dT) dt, (lett=1t—1t)

x€[0,00

1
< /0T< sup /OT D39:5[Fa(-,£);0) (x, T)lzdf> e /oT A3 (ST 300
)

x€[0,00

T /! !/
< | IEE) g df, @y (53)

T , N 2 T , N 2
<TH( [T IR By ) <203 ([ 120 Bygm @) Gy (5).

Hence, we derive the following inequality:

1
1 T ! N 2
O T ([11 A6 Fyom ) 69
To estimate (c) and (d), we consider the UTM solution formula
S1k[0,8:0] = wi + wy, (55)
where
—3i [, T
£ = > iakx—ik>t 5 _k3 T\dk
wi(xt) 27 /0 ¢ ak+i’yzg( T)dk,
—3i [® 213 k2
) = — ia“kx+ik>t 5 k3, T)dk.
w2(x ) 27_[ A e a2k+l’}’2g( )
We assume

w1 ifxe0T]
LT~ 0, ifxeR\[0,T]

Now, we estimate A{ s(w1), and the estimate of AQT’ s(wy) is similar to the estimate of
A;:,S (wl)
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T 2 T s 2
(Afo(wn) = sup [ |D3ducon (x 1)t

x€[0,00)
— aup /T /°° oxn (v +8,8) —dan (e )P )
r€[0,00) 70\ /0 girp
. . . — 2
T o ’fooo elakx =ikt (emkg - 1) ak-lsc—giv x[o,T]g(—kg’)dk‘
~ sup / Sadnte dg |dt
x€[0,00) 0 0 27T§ p
1 1 2
fo p—laT3 xitt (e—im-3g _ 1) 711’ X/OT\g(T)dT
< ° L R —at3 +iv, 0.1]
< sup 5 dt |dg,
xef0,00) 70 | /O 21428 7|3

(by Fubini’s Theorem and let T = —K3)

1 1 - 2
N e )
1e1000) 0 [+ -
(by Parseval’s Theorem)
0 1 V3.1 2 P 2
o [leeV? e 1‘ ’x[O,T]g(T)‘ dt
< sgp) ; 7728 , |4¢, (by Lemma 1)
xe|0,00
0 | v3.:3 _— 2
of JowleTE -1 ‘X[O,T}g(T)‘ dt
S 0 {1+2p dg
2
V3rh
0, 5 ooezré'_l 0o zﬁlzﬁ
- /—oo’x[O'T]g(T)’ /O €1+2/3 dC dT S /;oo’X[O'T]g(T)’ TT?) dT’
V3 1 © (1—¢ ")
(let r = —7T3g, and by/(‘) Wdr < OO)

<[ (1++) " amato)fd =1 g I

s <lgl?
HJ (R) .

F®
We can estimate A} ((w,) in a similar way. Hence, we obtain the following inequalities:

Ago(w1) Sl g ||H§(R)/ Ag(wr) Sl g HHg(R) : (56)
t t

According to (17) and (56), we obtain

AL (S10,:0) S M) + AL (@) gl s <2lgll s o 67

3 () 3oT)
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Therefore, we can have the following results:

NGl s =l g(t) = Va(0,6) =W (0,8) || s
(c) <l 1||H§<0’T) | g2(t) = Vx(0,8) — Wy ( )HH,s(o,T)

(by (17), (30), and (57))
< Ve(0,8) || s W (0,8) || s
<82 1 oy + 1O s o+ WSO g

3
t

(58)

H3 (0,1
3-2s

<lhg2ll 5 o T(C)s | Vo sy +(Cr0)sT5 I B2 o7y, mg )

P (0T)

(by (35) and (38))

325
<l &l 5, +2(C7)s 00 | (0,00) +2(C10)sT & || f2 [l 120,715 (0,00))-
H (0,T)

(by (25) and (28))
3—2s T %
LTS (/0 | £2(8) g0 dt) '

<20 ligtomm) + 1182115,
t ’

and
(59)

d) <|| H s = V(0,t W*(0,t s ,
@SBl =l YO+ O 5

(by (17), (31), and (57))
< |72l 1 V(0,1) HHt%(O,T

SRl TVOH T s+l IWOH ] o
H 0,T) H,3 (0,T)

W(O, t s
Rl WO s

3
t t

2—s
< (Co)slral | Vo llmz ey +(Co)sr2| T3 || B2 llr2(jo,1); ()

(by (34) and (37))
2—s
< 2(Co)sl 12l Il vo |15 (0,00) T2(Co)s| 12| T 5 | f2 HLZ([O,T];H;(O,OO))I

(by (25) and (28))
s [ (T ) 3
120 lgtom) <75 (11200 giom )
According to (53), (54), (58), and (59), we obtain (50):

AL (Sik[v0, 82 f2])

3-2s
6

T
Sh oo (b 0,00y + 1l 82 ||Hg(0T) +T </0 1 £2(8) 125 0.00) dt) :
20,

(C) The estimate of Al-norm for S;x[vg, g2; f] is as follows: For3/4 <s < 1,
A3 (Six[vo, 823 f2])

= (/000 sup |Srk[vo, g2; f2](x, t)|2dx>

te[0,T]

1

00 2

= </ sup | S[Vo; 0]|x>0 + S[0; F2”x>0 + 5[0, G1; 0] + S[0, Hy; 0] |2dx>
0 tejo,1]

< A3 (S[Vo; 0]) + A3 (S[0; Fa]) + A3 (S[0, G1;0]) + A3 (S[0, Hy; 0)).

We must estimate AJ (S[Vp;0]), AJ (S[0; B2]), AT (5[0, Gy;0]), and AL (S[0, Hy;0)).
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The estimate of Al(S[Vp;0]) according to (25) in [37] is
3
AT(S[Y0:0)) < (Cua)s(1+ T)° | 0 [0, for 5,0 > (60)
The estimate of Al (S.k[0; F2]) is as follows:
A (S1k[0; B2]) (61)

/ Sik[Ea(-,t);0](x, t — t )t

PRy
= / sup dx | ,
0 tefo,T)

(since [Sex[Fa(- ;0 (x,t = )| < sup [Six[Fa(-t);0)(x,7)
andletT:t—t),

Te(0,T]

1

o T ,2 :

< (/ [ dx>
0 0

1

T ) 2 2 ,

g/ (/ sup [Six[Ra(-,#);0)(x,7)| dx> dt
0 JO

T€l0,T]
T ! !
:/O AL (Six[Ra(-,£);0] )t
T / !/
S [ AT R g0 a4, ©y (60))

L0<t <t<T,x€l0,0),

sup ]sLK B(,1); O](x,’r)‘dt
7€[0,T]

1
2 3
SA+TPTH( [T A0 Bygm 1) forsp> 5.

The estimates of Al (S;k[0, G1;0]) and AT (S.«[0, Hy;0]) are as follows: We consider
the UTM solution formula (55) and

A (S1k[0,80]) = Af (w1 + ws)

1 1

< ﬁ(/ooo sup |w1(x,t)|2dx> 2 + ﬁ(/ooo sup |wa(x, t)|2dx> 2

te[0,T] t€[0,T]

= VZAL (w1) + V2AT (@2).

We will estimate Al (w1 ), noting that the estimate for Al (w,) follows similarly to that of
Ag (a)1 ) .

1
2
sup |wi(x,1)] dx)
0 tefo,m

1
sup e P k‘XOT )dk) )2

= (I
(£
£
(r

IN

1
e yk’XOT ‘dk) \[dy) , (lety = ?x)

0 tE[OT

A

3
‘X[o 78(— )‘ dk> , (by Lemma 2)

= </]R‘X/[O:Rg(i7)‘ d77> ’ (let;7 = _k3)

= X018 ”LZ(JR)SH 8 HHt% ®
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We can estimate Al (w;) in the same way. Hence, we obtain the following inequalities:

Aj(w1) Sl g P A3 (w@2) Sl g s ey
; t

Hence, we can yield that
A3 (51k[0,8:0]) Sl g | H( w2l wory ® (17))- (62)

Therefore, we can have the following results:

AL (S[0,Gy;0)) (63)

Gl = 820 = V0.0 = WEO.0) U5

(by (17), (1 ) (30), and (62))
<l g whon V2 (0, 8) ||Hé< + Wi (0, ) |

4

S
2(0,7) H2(0,T)

3-2s
<| & HH3 o) +(C7)s || Vo llmsry +(Cr0)sT o || B2 [lp2(o,1; B (m))

(by (35) and (38))

3-2s
< & HH3 o) +2(C7)s || 0 113 (0,00) T2(C10)sT 0 || f2 l12(j0,17: 085 (0,00) )+

(by (25) and (28))

1

3-2s T 2
120 ) + 82,5, +7°% (1200 By 1)
n a

and

A3 (S[0,Hy;0)) S|l Hy | = 72V (0, t) + W O, 0) || 5 (64)

o) H (0T)
(by (17), (18), (30), and (62))

< V(0,t s W*(0, t s
<l VD I+l WO

H3 (0,7)
Sl [VOO [ s+l [WHOH [ o
T HS (07)

P
< (Co)slral | Vo lls ) +(Co)s|v2lT5 || B llr2(j0,m; s (m))-
(by (34) and (37))

2-s
< 2(Co)s| 2l [l vo s 0,00) T2(Co)s| 12l T3 || f2 [l 120,71 (0,00))
(by (25) and (28))

1

L 2
120 o) 75 (] 1520) o )
According to (60), (61), (63), and (64), we obtain (51):

AL (S1k[vo, 2 f2])

1
3-2s T 2
o0 liom + 18215 o +TF (1200 Pigam ) fors > 3.
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(D) The estimate of A -norm for S;k[vo, £2; f2] is as follows: For3/4 <s < 1,

AZ(SLK [v0,82; f2])

1

= (/OT sup |0xSrk[vo, §2; f2](x, 1)| dt>

x€[0,00)

1

T 1

= (/0 sup | xS[V0;0][ -0 + 3xS[0; Fa]| g + 2xS[0, G; 0] + 3xS[0, Hy; 0]| dt)
xe[0,00)

1

T > \ 1
S (/0 sup (lax [Vo; 0] > + 10:5[0; Fa] > + [0x5[0, G1; 0] |* + [0::5[0, Hy; 0] ) dt)

x€[0,00)
S AL (S[Vo;0)) + AL (S[0; Ba]) + MG (S[0, Gi;0]) + A (S[0, Hi; 0)).
We must estimate Al (S[Vp;0]), Al (S[0; B2]), A](S[0,Gy;0]), and A (S[0, Hy;0)).
The estimate of Al (S k[Vp;0]) is as follows: we define the operator

D'UP(£)R(x) = / R (10 R (k) dk ~ / R R T R (k) dk,
R R

where R(k) denotes the Fourier transform of R(x).
Now, we apply Lemma 5 to estimate Al (Spx[Vp; 0]):

1

T 1
AL(S1k[Vo;0]) = </ sup |8XV(x,t)|4dt> (65)
0 xe[0,00)
4\ 1
T 3
_ < / sup ‘1 / ike T (1) dk dt) ,
0 x€[0,00) 21 Jr

(let R(x) = % /R ¥ R(k)dk and R(k) = kiVp(k))

_ (/0 sup ‘D4U2() (x )4dt>4

x€[0,00)
1
1.2 4 4
< ([ IDHRORG) Ity ge) )

1
<[ DIUP(H)R(x) || ryre ) SI R |l 2(g), (by Lemma 5)

_ (/R|R(x)|2dx>} _ </R|ﬁ(k)2dk>;

3
1 3
2)* = < : b
< ([ (1+2) e dk) =101 3 <2000 o fors = 3
Hence, we can yield that
T . < 3
Ay (Sex[Vo;0]) S 2 [ 00 (|13 (0,00), fors = 7 (66)
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The estimate of Al (Spk[0; F2]) is as follows:

AL (S1k[0; B2))

1

T 1
= (/ sup axSLK[O;FZ](xrt)|4dt>

0 xef0,00)

(1L,
AV

(by Minkowski’s integral inequality)

T( T
L (L
J0\J0 xefo,00)

(lett=t—1)

= [ AL (5uxtBG 500 < [ ) o dF, By (65)
= J, Aa(SuxlR(t); Nofz Hs (0,00) AF , (by

4 3
8XSLK[F2(-,t/);O}(x,ttl)‘dtl> dt) ,

1
1

! ! 4 !
A Sik|Fa (-t );O](x,t—t)‘ dt) dr,

, 4 \*,
NSik[Fa(- );O}(x,r)‘ d1> dt

T ! ! 2
< T3 ( /0 | falt) |12 < (0,00) dt > , (by the Cauchy-Schwartz inequality).

Hence, we can yield that

1 T ’ ’ 2
ALl ED ST 1A0) By )

The estimate of Al (S;k[0, G1;0]) and Al (S [0, Hy;0]) are as follows: According to
the UTM solution formula (55) and

AL(8[0,4:0]) = AL (wy + w»)

T 1 T :
< (/ sup |8xw1(x,t)|4dx> + (/ sup |axw2(x,t)|4dx>
0 0 tefo,1]

te[0,T]
= AL (w1) + A (w).

We will estimate A} (w), noting that the estimate for Al (w;) follows similarly to that
of Al (wy).

1
4 1
7§(7k3,T)dk‘ dt) , (let T = k%)

ak + iy,
1
4 I
T2 —

0,18(=7) for T > 0 and R(t) =0forT < 0)

1
4\ 1 T 4
dt / sup dt
70 xe[0,00)

2 2 1
dT) < (f o Fomecoflar)

T 27 o) . ;
Al(wr) = (/ sup 2—73:/ iake =it
0 xefo,e0) 0

T
~ / sup
0 xg[0,00)
(let R(t) = % /Remﬁ(‘r)d'r, R(t) =

/T
= sup
70 xe[0,00)

IR lzs), (by Lemma o)

= R |2 )= (_/R

Shgll s Slhal s fors
H3 (R) HP (0,T)

=N

o 1 |
. i _ -1 1T
lﬂ/ emrgx it g

0

. X/[OlTTg(fr)dT
at3 +irp

~

PN,

1
AT R(x,—t)

o 1
/ £l XﬁthTTR(T)dT
Jo

\%
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We can estimate A (w;) in the same way. Hence, we obtain the following inequalities:

3
AT < s, AT < s, fors><,
4 (w1) Sl &2 ||H;5(O/T) 4 (w2) Sl &2 HHE(O,T) ors >,
then
AL (S1k[0,8;0]) S s 67
[6u0.50) Shaz s ©7)
Therefore, we can have the following results:
AF(S[0,Gy;0])
<|| G s = t) — Vi(0,t) — Wi (0, ¢t s ,
< OHH,?(O,T) | g2(t) = Va(0,£) = Wi ( )”H,s(o,n
(by (17), (18), (30), and (67))
< s Ve (0,t s W(0, t s
<2 s gy + IO s o F WO s
3—2s
<l g2l s +(Cos | Vo llmm) +(Cr0)sT 5 [ B2 20,7, miz(m))-
HP(0,T)
(by (35) and (38))
3-2s
<2 ll 5 0 F2(C7)s o0 lag00) T2(C10)sT 5 I f2 llia(o1y;m (0.00))
¢ (0.T)
(by (25) and (28))
1
< TSEZS T 5 J 7d
20 o) + 182 o #7757 1200 By )
and
AL(S[0,H;O) SIHL || s =]l 12V(0,¢ W50,t) || s 68
4 (85[0, Hy;0]) <] 1||H§(0,T) [ 72V (0, £) + 72 W*( )IIH?(O,T) (68)
(by (17), (18), (31), and (67))
< V(0,¢t s W*(0,t s
<SPl IVOD s o el W@
<l [V s Hlral [WHOH [
2 (0T) H,* (0,T)

2-s
< (Co)slral | Vo lls ) +(Cols|v2lT 5 || B2 llr2(jo,1; s (m))-
(by (34) and (37))

2.5
< 2(Co)slr2l 11 90 1 (0,00) +2(Co)s| 2] T3 | f2 112 (0,105 (0,00))
(by (25) and (28))

1
rs /(T 2
Sl g 475 ([ 1500 o 1)

Now, by combining the estimates (66)—-(68), we obtain (52):

3-2s
6

T ! 5
2
</0 I F2(8) W 0,00 dt)  fors > 7.

AL(S 90 o)) < (000 s T
1 (S1k[v0, 825 f2]) I o0 s (0,00) + Il $2 ”HP o) +

Since

AT (S1k[v0,82; f2])
= max{ AL (Suxle0, 823 1), AL (S1loo. 23 £21), AL (kw82 1), AL (S1xloo, 2 2) .
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and by (50)~(52), we obtain (48):

AT(Srk[vo, 82; f2])

1
3-2s T 2
< (dz)s<| 00 || H (0,00) T II 82 HHg(O N +T% (/o I £28) 145 (0,000 dt) )
+ U

for 3/4 < s < 1, where (dy)s > 0 1is a constant depending on s. Therefore, the proof of
Proposition 2 is complete.

6. The Proof of Theorem 3 (About Solving the SKdV System in Sobolev Spaces)

In this section, we first define the iteration map. Next, Lemmas 10 and 11 demonstrate
that the iteration map is a contraction and maps onto a closed ball. By the contraction
mapping theorem, the solution is unique. Finally, Lemma 12 shows that the data-to-solution
map is locally Lipschitz continuous. With these results, we complete the proof of Theorem 3.

Now, we define the iteration map:

(u,0) —> P« X ¥ (1,0) = (P« (1, 0), Y1+ (1, 0)),

which is derived from the UTM formulas (5) and (6) for the forced linear SKdV IBVP,
with the forcing terms replaced by the nonlinearities, and localized appropriately. Let
0 < T* < T < 1. More precisely we have

@7+ (u,v) = Srs[uo, g1; P(u)o],
Y- (M, U) = SLk [00/82} Q(U)UX}'
The iteration map E is defined by

E(u,v) = (P« (u,v), P+ (u,v)) = (Sps[uo, §1,P(1)v], Spr[vo, §2; Q(v)v«]). (69)

We will prove the iteration map (69) is a contraction map in the complete metric space
XT* = X7+ X YT*, where

Xre = {(w,v) 1 u € X7+,0 € Y1+ },

and where
25+1
X1+ = C([0, T*]; H3(0, 00)) ﬂC([O,oo);Ht 4 (O,T*)),
Y7« = C([0, T*]; Hy(0, 00)),
with
[ llxp = sup | llbgoe) + sup [l 2m
te[0,T*] x€[0,00) H, = (0,T%)
10 llyy. = AT (0) = max{ A (0), AL (0), AF (0), AT (0) },
and

I (u,0) e =l Mg + 10 Ml (70)
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Next, when3/4 < s < 1, we definea closed ball B(0,7) = {(1,0) € X7+ || (,0) ||x,. < r},

where
Cs = max{1, (C1),}, (71)
ﬁ;k - maX{CS/ (Cl)sr (C2)S’ Tty (Cll)sldS/ (dz)sl CVS}/ (72)
* 3~
;= max{Zﬁs I (0, 81,90, 82) |1, \Ecs 1}. 73)

In the following lemma, we identify the constraint on T* to ensure that E(u, v) maps
onto B(0,7).

Lemma 10. The iteration map E(u,v) onto B(0,r), when the following condition on T* holds:
0<T*<min{T,T;}, (74)
where

ng = max{m,n},
A =max{|ag|, [a1], |az|, - - -, [am|},
B = max{|bol, |b1|, b2, - -, [bnl},
1
64(A(m +1) + v/10B)6 (& )10 6,6m0+6”

Ty =

Proof. For (u,v) € B(0,7),
I E(u,0) lxz. = (Ss[uo, g1; P(u)v], Srx[vo, 82; Q(v)vx]) [lxy.
=|| Spsluo, g1; P(u)v] ||x,. + || Srx[vo, &2; Q(0)vx] vy,

we must estimate the || Spg[uo, §1; P(1)7] ”XT* and || Sk |[vo, £2; Q(v)vy] ||YT*.
First, the estimate for || Spx[vo, $2; Q(0)vx] ||y,

| Stk[v0, 825 Q(0)v] llvy. = AT (Srk[v0, §2: Q(0)0x]) (75)
% 3—2s T* 2 %

< ) 110 Diom + 182 5 o +TF ([ 1 Qe oy ) ).

(by Proposition 2),

where the term:

T* ’ T* n . ’
| 1Q@ox oy dt = [ 1 { b7 Jox IR0 dt (76)

j=0
n

~2(j—1 2j
b2 (5C o7 0 1R,.), by @6)

j=0
@;2("+1)72(n+1) _ 1)

n "T* .
LN [ 1 oo [y o) dt =
j=0

~—2,2
<552y G022 52 & _
- j=0 Cg?’z -1

We combine the estimates (75) and (76) such that we obtain the following result:
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| Sek[vo, 2; Q(0)0x] [ly;. (77)
1
~_ ~2(n+1
< (do)s| w0 | H | +(T*>3—625 5B2CS 2r2(C5(”+ )rZ(n—i-l) — 1) 2
= Rl 190 Mts o) 82 W5 ) G221
Next, we estimate || Sys[uo, g1; P(4)v] ||x,. for0 < T* < T:
| Sesluo, g1; P(u)o] ||XT*
= sup | Sps[uo, g1; P(u)7] ||HS (0,00) T SUP | Srs[uo, g1; P( ] 2541
te[0,T] xe[0,00) (0,T%)
Co| o lmg000) + 18111 250 +VT* sup || P(u)o g 000)> (by Theorem 1), (78)
H, * (0T) te[0,T%]
and the term:
m .
sup || P(u)v [l gs(0,00)= sup |l <Z ai" |0 || gz (0,00) (79)
te[0,T*] te[0,T*] i=0
< sup YO ACH! | 1 g | © 3000y, (by Lemma )
te[0,T*] i=0
< Z l+1
By (78) and (79), we obtain the following result:
| Ses[uo, 815 P(1)] || x,. < Cs <|| uo 1Hg(0,00) + Il 1 ||H%(0 - +(m+1)v T*A(ﬁi)mf(mﬂ))- (80)
t ’

By (77) and (80), we attain

I E(u,0) |lxy.

Nl—

PNEE
< (d2)s | [ 00 [[1(0,00) + 1 82 1S (0 +(T%)

C2r2 -1

~—2.2(F2(n+1) 2(n+1) _
”s (SBZCS r (Cs r 1))

+ G (H ) ||H§(0,°°) + g1l 24 o) +(m+ 1)\/FA(R;‘)mr(m+l)>

t

82 (1 (0, 81,00,82) [l +(m+1)(T*)8 A(SE)"r"™+1 + VIO(T*) s BCLr 1)),
by (73) and (72))
r
2

+ ((m+1) A+ VIOB) (T*)5 (&) 0 Dyl +2),
Now, we want to choose T* such that
g + ((m+1)A + V10B) (T*) 6 (&) (01 (0+2) <
holds. Therefore,

0<T* <min{T, T;}
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is satisfied. Hence, when T* satisfies (74), the iteration map E is onto B(0,r). [

Next, we identify the constraint on T* under which E is a contraction on B(0, r), as
described in the following lemma.

Lemma 11. The iteration map E(u,v) is a contraction on B(0, 1), when the following condition on
T* holds:

0 < T* < min{T, T}, (81)

where

1

T, = . .
1
64 (A(mz +m+1) + /5B (20D (n 4 1) + 2143) 2) (&S0 F6p6mo

Proof. For (u1,v1), (up,v2) € B(0,r), we have the following inequality:
Il E(u1,01) — E(u2,v2) [Ix0
= (Ss[0,0; P(u1 )01 — P(uz)v2], Srk[0,0; Q(01) (v1)x — Q(02) (02)x]) [l
=l S15[0,0; P(u1)v1 — P(u2)va] |lxpe + |l Stk ([0,0; Q(v1)(v1)x — Q(v2) (v2)z] vy

=CVT* sup | P(u1)oy — P(112)02 || g3 0,00)
te[0,T%]

(4)
1

a2 [T 9
()T | [T Qon) (o0 = Qo) (@) ot |

(B)

(by Theorems 1 and 2).

Now, we estimate (A). There exists 6 € [0,1]; we derive the following estimation

of (A):

sup || P(u1)v1 — P(u2)02 || s (0,00)

te(0,7%]

= sup | P(u1)(v1—02) + P'(du1 + (1= 6)uz) (1 — 12)2 || 13 (0,00)
tef0,7%]

< sup <H P(u1)(01 = 02) [lmg(0,00) + | P'(Stt1 4 (1 = 8)uz) (11 — u2)02 HH;‘;(O/oo))
tef0,74]

m ) m .

= S[up]< <Z ﬂi(“l)') (01 = 02) 1 (0,00) + | <Ziﬂi(5ul +(1 5)142)’_1) (u1 — uz)va |H§(O/oo)>

te[0,T* i=0 i=1

< Z lai| sup || (u1)'(01 = 02) |l155(0,00) +Z lia;| sup || (Sug + (1 —8)uz)' " (u1 — u2)02 || pr3(0,00)
i el 3 e

< (&)™ ZW sup || (1) [lgs 0 | (01 = 22) Il 3 000)
i=0 te[0,T%]

+ (&)™ 2 lia;| sup || du1 + (1 —d)uz HHs 000l (41 = 12) g (0,00) Il 02 1115 (0,00)
i=1 te[0,T*]
(by Lemma 4 and &; > max{1, (C1)s})

S (E)"A || (,01) — (42,02) Iy <2r +m2r> (82)
(by (9)~(12) and by (13) with T = T™).
By r > 1, we derive the inequality

sup || P(u1)o1 — P(12)03 || g3 0,00) < (117 + 1m0+ D) AK)" ™ || (w1, 01) — (2,02) |5 - (83)
te[0,T*]
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Now, we estimate (B). There exists &; € [0, 1]; we obtain the following estimation of (B):
T*
| 110D = Q) (@2)s 000
T*
< 2/0 (H Q(v1)(v1 —v2)x H%{;(O,w) + || Q' (8101 + (1 = 81)v2) (v1 — v2)(v2)x H%{i(o,oo))dt

n T* .
< gt Z(:) ij‘z/o I (01) (01 = 02)x [1F550,00) 01
]:

n T .
+2" Z |jbj’2/o | (6101 + (1= 61)02)/ " (01 = 92) (v2)x [[32 (0 00 It

"
< 2"15(87)? b2 o1 Iy, [T o1 =02 5,

+215(81)2

L
i

572 1| 8101 + (1 = 61)2 IV o1 =02 I}, 02 I3,
(by Proposition 1 and R > max{l, 65})
< 2n5<ﬁ:)2(7171)B2 | (u1,01) — (uz,v2) HXT (2 Z v 4+ 2 Z 2]) (84)
By r > 1, we obtain the following inequality

"T*
| 11Q@)@1)x = Q(o2) 02 0
< @ (n+1) + 2B (R (u00) — (g, 00) (G, . (89)
By (83) and (85), we attain

| E(u1,01) — E(uz, 02) |,

< Co(R)™(T) 2 (2 4 m+ DA™ || (w1, 01) = (12,02) |15,

Nl—

(T (@ (n+1) + 2%)SBA(R 2V | (g, 00) — (12, 20) [, )
1
< RI(T*)s ((m2 A+ DA 4 (2" (0 +1) +2"n%) 5B (/)2 2)
| (u1,01) = (2, 02) [l

< ((m2 +m+1)A+VEB( (2" (n+1) + 2" ) %> (8T 6r™ || (ug,01) — (u2,02) |Ix,. -

Therefore, we need the following condition to help us prove that E is a contraction on
B(0,7):

((m2 +m+1)A+ \@B((Z”“(ﬂ +1)+ 2”n3)) %> (ﬁ:)no-lrl(T*)% <

I\J\H

Therefore,
0< T <min{T, T}
is satisfied. Hence, when T* satisfies (81), the iteration map E is a contraction on B(0,7). [

Now, by choosing the lifespan
T* =min{T, Ty, T}, (86)
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we ensure that T satisfies both (74) and (81). Consequently, the iteration map is a con-
traction and maps onto B(0,r). Thus, the equation (#,v) = E(u, v) has a unique solution
(u,v) € B(0,r) C Xr».

Next, we will demonstrate that the data-to-solution map (ug, g1, 70, §2) — (4, v) is
locally Lipschitz continuous.

We consider the two different data (1, g1, vo, $2) and (U, G1, Y, G2) that lie within a
ball B, C D of radius p > 0 centered at a distance ® from the origin, where

25—1 s
D = H;(0,00) x H, * (0,T) x H3(0,00) x H} (0, T)

with the norm (14). We set (u,v) = E(u,v) and (1, V) = E(U,V), and T(, ) and T( /) are
the lifespans of those solutions given according to (86). Since

max{|| (uo,,81%0,82) lIp, || (U0,G1,%,G2) [ID} < p+ R,

we have

Tiun) = min{T, T () Tzr(,w)} > T, Taw) = min{T, Ty Tzr(ﬂ,,,/)} > T,

r* = max{ZﬁZ‘(p—i—K),l/ \/gés_l}f

where

1
Ty, = ,
YT 6A(A(m + 1) + IOB)O(&)EM0TE (1 yomo+6
1
TZ,C = 1 6 7
64 (A(m2 +m+1) + V5B 20+ (n + 1) +21n3) 2) (Rx)610T6 (% )6m0
T, = min{T, Ty, T, }- (87)

Since T(,0), T(u,v) > Te, both solutions (u,v) and (¢, V) are valid for any 0 < t < T.. We
denote X7, as the solution space X+ with T* = T,. Clearly, X1, C XTW)) and X7, C XT(M/)’
where XT(M) and XT(% ») Tepresent the solution spaces X« with T* = T(,, ,y and T* = T, ¢,
respectively.

The following lemma demonstrates that the data-to-solution map (ug, v, g0, ho) —
(u,v) is locally Lipschitz continuous.

Lemma 12. Given

1

TlO
Ff] = 1 1 1 B 1 ,

2( Al 0 +1) + VBB g+ 1)+ 20m) ) () ()3
1
no
1
%y = N

<A<n% + 1o +1) + v5B(20071) (g + 1) + 20m3) §> (82)" (T

re = min{l,?l, 1’22}

Forany (u,v), (U,V) € B(0,rc) C Xr, with data in the ball B,, we obtain the following inequality:

| (,0) = (U, V) [Ixg, < 285 || (10, 81,00,82) — (U0, G1,%,G2) ||D - (88)
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Hence, the data-to-solution map (uo, §1,v0,82) — (u,v) is locally Lipschitz continuous.

Proof. For any (u,v), (U,V) € B(0,7:) C X7, with data in the ball By, we have the follow-
ing inequality:
| (u,0) = (W, V) llxg, = E(u,v) — E(W, V) ||y,
=|| (Srs[uo, g1; P(u)v], Stk [0, §2; Q(v)vx]) — (Sps[Uo, G1; P(U)V], SLi [V, G2; Q(V)Vx]) [Ixcy,
< || (Ss[uo — Uo, 81 — G1;0], SLk [v0 — Y, 82 — G2;0]) I,
©
+ || (S1s[0,0; P(u)o — P(u)¥], Sik[0, 0; Q(v)vx — Q(V)94]) [Ixq,
(D)

Now, we estimate (C):

| (SLs[uo — Uo, g1 — G1;0], Stk [v0 — W, 82 — G2;0]) [Ixcy. (89)
= Spsluo — Uo, g1 — G1;0] [|x7, + || Sex[vo — %, 82 — G2;0] |ly,,, (by (70) with T* = T)

<C — U || _ . d — W || e _ ),

< s<|| uo — Uo ||z (0,00) + 11 81 — G1 |’Ht2’41(o,T)> + ( 2)s(|\ 00 — N s (0,00) + | 82 — G2 ||Ht3(0,T)>

(by (7) and (48) with T = T)
S ﬁ: || (”01181/00/82) - (u0/gl/(VO/g2) ||D .

Next, we estimate (D):

I (515[0,0; P(u)v — P(u)¥], S1k[0,0; Q(v)vx — Q(V)%4]) lIxy, (90)
=|l Sts[0,0; P(u)o — P(u)V] [[xy, + || SLk[0,0; Q(0)vx — Q(V) V2] [|vy,,  (by (70) with T* = T¢)

1
2

1 T
<RTE| sup | o= PV ligom +| [ 1 Q)0 = Q)% o | |-
te[0,T,] 0

F) (F)
(by (7) and (48) with T* = T, and &; > max{Cs, (d2)s})

1 U L
S ﬁ:TC(’ || (u,U) — (‘Z,I,IV) ||XTE <(R§)”V}<Z?’é+m2”é>
i=0 i-1
2
+ <2”5(ﬁ:)2(n1)B2 (2 Z 1’3] +n? Z r?])) )/

j=0 j=1
(by (82) and (B4) with T* =T, r =7, 43 = u,v1 =v,up = U,and vy = vV,
we obtain the estimates of (E) and (F))

1
< RITE | (1,0) = (@, W) gy, (024 m o+ DA™ (1+72)
1
+((@ (1 +1) +2"n%)5BA (/)2 (14 721)) 2)
1
< ((n% +n9+1)A+ V5B (2”0+1(n0 +1)+ 2”%3) 2) (RE)OTE (14 7) || (u,0) — (,2) %y, -

By (89) and (90), we derive the following inequality:
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| (u,0) = (W, V) [Ix,,
< RS || (uo,81,v0,82) — (U, G1,%,6G2) |Ip

3 1
+ ((n% +ng+1)A+ \fSB((Z”‘)H(nO +1) + 2"%8)) 2) (R HITE (1 +720) || (u,0) — (U, ) Iy, -
Therefore, we derive the following inequality:

| (u,0) = (W, ) [Ix,,

< 8| (uo,81,v0,82) — (Uo, G1,%,62) |Ip

= 1 1 .
1- ((n% + 1o +1)A + VBB (2% (1o +1) + Z”OnS)Z) (") HITS (14 11))

Hence, when we set

. . T
Te = mm{l,m, 22},

where

1

no
7= ! - -—1]

2 <A(n3 + 19+ 1) + V5B(200+1) (ng + 1) + 2m0n3) 2) (&)™ (T,)s

1

HO

72 = ! -1 4

(A(ng + 19+ 1) + v/5B(200+1) (ng + 1) + 2m0n3) i) (86)"0FN(T.)s

then the two inequalities
1

<2
1 1 -
1- <<n% + 1o +1)A + V5B (210 (g +1) + Z"On%)Z) (&) H1TE (14 710))

and
1 1
(<n% 0+ 1A+ VEB(20H (g + 1) + 2"} ) (8T (14 700)) < 1

hold with the definition of T, (87). Therefore, we have established (88), which confirms
that the data-to-solution map is locally Lipschitz continuous. The proof of Lemma 12
is complete. O

We are now in a position to prove Theorem 3. We set the lifespan
T" =min{T, Ty, T},

where
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* 3~
r= max{Zﬁs Il (10,81,v0,2) D, 1, \/;Cs 1},

1
T, = ,
U 64(A(m + 1) + V/10B)6(R:)FM0 6 bmo+6
1
T, = ,

6
1
64 (A(m2 +m+1) + V5B 20+ (n + 1) + 2113) 2) (R )Bn0+6,6m,

and then, by Lemma 10 to Lemma 12, the proof of Theorem 3 is complete.
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