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1. Introduction and Preliminaries

In this paper, we give some global attractivity results for a non-autonomous coopera-
tive systems of difference equations

Xn+1 =
Yny1 =

anf(xn/]/n) (1)
bng(xn,]/n), n:0/11--'

where f and g are non-decreasing in both variables. Here, a,, and b, are sequences which
are assumed to be asymptotically constant. Our results are motivated by some results for
global attractivity for non-autonomous systems of difference equation via linearization
in [1] that has significant applications in mathematical biology of single species [2,3]. Our
techniques are based on difference inequalities and non-standard linearization methods,
which were major tools used in [1,3]. Some other techniques were used in several other
papers and books [4-7].

Here, we extend the applications from single species models in [3] to the case of several
(mainly two) species cooperation models. Then, we apply our results to evolutionary
population cooperation models, which have been considered lately by Cushing, Elaydi and
others, see [8-13]. Some of the results presented here can be extended to multidimensional
cooperative systems. The obtained results hold when the limiting system of difference
equations is in the hyperbolic case and can not be extended to the non-hyperbolic case.

There are many reasons that model parameters can change over time, such as periodic
changes in environment or evolution. We will shortly describe an effect of Darwinian
evolution here, as is given in [14]. A detailed explanation is given in a series of papers
by J. Cushing [9-12] as well as in the book of Vincent and Brown [15]. Suppose v is a
quantified phenotypic trait of an individual that is subject to evolution. If we assume
the per capita contribution to the population made by an individual depends on its trait
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v, then the transition function f = f(x,v) in the population dynamics discrete equation
of Kolmogorov type x,+1 = xuf(xn,v,u,),n = 0,1,... depends on both x and v. If this
transition function also depends on the traits of other individuals, we can model this
situation by assuming that f also depends on the mean trait u in the population so that
f = f(x,0,u). A canonical way to model Darwinian evolution is to model the dynamics of
x and the mean trait #,, by means of the population dynamic equation of Kolmogorov type

Xn+1 = xnf(xnr 0, un) |v=un (2)
and another equation that describes the dynamics of the trait:

2 OF (X, 0, uy)

av |U:Mn 7 (3)

Upt] =Up+0
where F(x,u,v) = In f(x,u,v), see [15].

Equation (3) (called Lande’s or Fisher’s or the breeder’s equation) [16,17] prescribes
that the change in the mean trait is proportional to the fitness gradient, where fitness in this
model is denoted by F(x, v, u). An appropriate measure of fitness is often taken to be f or
In f. The constant of proportionality ¢ > 0 is called the speed of evolution. It is related
to the variance of the trait in the population, which is assumed constant in time. When
evolution occurs, then 02 > 0 and the model is a two-dimensional system of difference
equations with state variable (x, uy).

The global attractivity result for the first-order autonomous difference equation that
will be used in simulations in this paper is Theorem 1.18 in [18]. Some related results were
proved by Elaydi and Sacker [19] and Singer [20] and are listed in [14].

In this paper, we will use the so-called “north-east” partial ordering of the space R%
defined in the following way:

<ne Y = [ ] — (X(l) < ]/(l) and x(z) < y(Z))/

and the so-called “south-east” partial ordering of the space R? defined by

<@
@

o

X =
4@

‘|'\<56YZ

] = (x(l) < y(l) and x® > y(z)).

The extension of north-east ordering to n-dimensional systems and maps is straightforward.

In this paper, we use two methods to derive the global attractivity results: the method
of difference inequalities and the method of non-standard linearization. The map F :
RE — RE, F = (f1,..., fi) is called a cooperative map if the functions f; : Rk — R are
nondecreasing functions in all variables. We used the method of difference inequalities
to prove some global attractivity results for two-dimensional competitive systems in [14].
However, the results in [14] are two-dimensional and it is not clear how to extend them to
k-dimensional case for k > 2. As we have shown in [3], the method of difference inequalities
produced excellent global attractivity results in the case of non-autonomous first-order
difference equations of both Kolmogorov type (such as Equation (2)) and non-Kolmogorov
type, which includes higher order equations such as second order equation

Xn4+1 :anfl(xn)“‘bnfz(xn—l)/ n :Orlr*-'/ (4)

where the functions f;, i = 1,2 are nondecreasing functions and {a, }, {b,} are convergent
sequences. If f; are continuous functions and a, — a,b, — b and the limiting equation

Yni1 = afi(yn) +bf2(yn—1), n=0,1,..., (5)
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has a globally asymptotically stable equilibrium ¥, then x, — ¥ for every solution of
non-autonomous Equation (4), provided that Equation (5) is structurally stable. Structural
stability of the limiting equation is necessary to prevent non-hyperbolic dynamics from
emerging, in which case the dynamic of a non-autonomous system could be quite com-
plicated. See [3] for examples of dynamics in non-hyperbolic cases. See also [21-24] for
some other techniques for proving global attractivity. The examples of non-autonomous
Kolmogorov maps are of interest for evolutionary dynamics and global attractivity results
are derived for such maps as well.

Section 2.2 contains some global attractivity results for cooperative systems based
on the method of non-standard linearization used in [3]. This method, which is heuristic,
requires a system of difference equations to be written in linearized form as

k
Xp41 = Z &iXp—is
i=1-1

where g;, in general, depends on 7 and the state variables x;. If Y5, ||g/|| < a < 1, then

lim x, = 0.
n—oo
This method is inapplicable for competitive systems.

Theorems 1 and 2 are based on a well-known method of difference inequalities or
method of upper and lower solutions and give a simple tool to extend global attractivity
results from autonomous cooperative systems to related non-autonomous systems, in the
case of almost constant coefficients, see [19,25,26].

Theorems 3, Corollaries 1 and 2 and Theorem 4 are based on the method of non-
standard linearization from [3] and are applicable to a more general class of systems
than cooperatives. Such systems have potential for applications as all functions are of
Beverton-Holt type.

Theorem 6 is of some importance as it presents the global dynamics of a nontrivial
autonomous cooperative system with great potential for applications since all transition
functions are of Beverton—-Holt type. The global dynamics of this autonomous cooperative
system are simple and can be described as an exchange of stability bifurcation. The
technique of the proof is geometric in nature and is innovative. By using Theorem 5 we
extend this result to the related non-autonomous cooperative system.

Finally, we are interested in global attractivity since this is the property of governing
difference equations which is of greatest importance in Darwinian (evolutionary) dynamics.
Another important property is the periodic behavior of solutions when the environment is
periodic, but this case is considered in other papers.

2. Main Results

In this section, we present our main results on the stability of certain non-autonomous
systems.

2.1. Global Attractivity of Some Cooperative Discrete Dynamical Systems via Difference Inequalities

The proof of the following lemma is by simple induction and will be omitted. It can be
found in [25,26] and can be extended to cooperative maps in n-dimensional space, where
north-east partial ordering is defined in a natural way.

Lemma 1. Assume that

(@) F:R% — R2 isa cooperative map.
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() {Xu}, {Yu}, {Zn} are sequences of the real components in R3. such that Xo <ne Yo <ne Zo

and
Xn+1 <ne F(Xn)
Y11 =F(Yy) , n=0,1,...
Zn+1 Fne F<Zn)

Then,

Xn <ne Yn <ne Zn, n=0,1,....
An immediate application of Lemma 1 is the following result.

Theorem 1. Consider the non-autonomous system of difference equations

X . anf (Xn, Yn)
n+l1 —
bng(xn, Yn)

where F = (f,g) : R2 — R2 is a cooperative map and

][4

], n=0,1,.., (6)

. A
Assume that there exists e, > 0,1 = 1,2 such that for every A= [

12 ] , with

A e (a— egl),a + e(()D), A® e (b - 882),b + egz)),
all the solutions of the system

A(l)f(”nfvn)

Y =
n+1 [ /\(Z)S(Un/vn)

],n =0,1,.. 8)

I XA
converges to a constant solution Y 5 = [ _
Ya

every solution of the system (6) converges to Y 4.

. Additionally, that im YA = Y 4. Then,
iriona ]/ suppose a AILI}C1 A A en

Proof. According to (7), for any &€ = [ 21 } e [
2
for n > N the following holds

8 ], there exists N = N(¢) such that

a—¢ < az<a-+ey,
b—e < b, <b+en.

This implies that

[ (a—e1)f(xn,yn)

anf(Xn,Yn) ] <
(b—e2)g(xn, yn) o

bng(xXn, Yn)

(a+e1)f(xn,yn) ]

<ne X -
1 h [ (b+e2)g(xn,yn)

By Lemma 1 we obtain
Ly <ne Xn <ne Uy, n>N, )
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b+ &
implies that the sequence { X, } is convergent and that

5o0f 21
1D
where {L,} = { l 7(12) 1 } satisfies
In
) (a—en)f (110, 17)
n+1 — 7
(b—e2)g (1, 1)
o,
and {U,} = { [ '(12) ] } satisfies
Uy
(a+e1)f (unl), u,(f))
Uni1 = e
(b—%ez)g(un Uy )
By using (9) we have that
Iim L, < Iim X, < hm Xn <ne hm Un,
n—oo n—oo
ie.,
YA e Sne M X e 111’1’1 Xn <rne YA+5/ (10)
n—oo
ate . . . - 0
where A+ & = . Since limY4_, = limY 4., = Y4, where 0 = , (10)
e—0 e—0 0

lim Xn = ?A'

n—oo

O

Remark 1. The condition on the system (8) really means that the map associated with system (6) is
structurally stable.

Example 1. The following system of difference equations modeling cooperation was considered
in[27] and in [2]

Xpt1 = Axy 1 j_ny
n _
b =01, 11)
]/n+1 yi’l 1 _|_ xn

for all positive values of parameters A, B except A < 1,B > land A > 1,B < 1. When
A < 1,B > 1 then {x,} is a non-increasing sequence and so is convergent to 0, which is
the only limiting point. In that case, the second equation implies that there exists M such that
Blf; < C < 1forn > M, which imlies that y,, 11 < Cyy,n > M and so limy, e v, = 0. Thus
hmnﬁoo(xn,yn) = (0,0). The case A > 1,B < 1 is similar by symmetry and the conclusion
is same.

System (11) has a unique equilibrium point Ey = [ 8 ] for all values of parameters

(A,B) ¢ (1,00)2. This equilibrium is globally asymptotically stable. If we consider now the
following non-autonomous system

Xpy1 = AnXn 1 Z_ Y
n

Xn ’
1+ x,

n=0,1,.., (12)
Yn+1 = Buyn—
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Yn
1+yy,

and §(Xu, Yn) = Yn 11—';%, all solutions of System (12) globally asymptotically converge to Eg for all
values of A, B except A > 1and B > 1, and for all xo > 0and yo > 0.

where nlgn Ap = Aand nlgn By, = B, then by using Theorem 1, when taking f(xu, Yn) = Xu

It is clear that Lemma 1 is valid for a general case of cooperative map F : Rk — RE |

F=(fi...fx), k>2.
Analogous to the proof of Theorem 1, the proof of the following theorem holds in the
general case.

Theorem 2. Consider the following non-autonomous system of difference equations

a,(})fl (x,(}), ... ,x,gk))

X1 = : , n=01,.. (13)
k k
o (el )
where F = (f1,..., fr) : RS — RE  k > 2, is a cooperative map and

(1) a2

an
lim A, = lim : = : = A.
n—o0 n—oo : :
u,gk) a(k)
A1)
Assume that there exist sg) >0,i=1,...,ksuch that for every A= : with
Ak

A0 g (a(i) — sg),a(i) + eg)), i=1,..k,

all the solutions of the system

3%
converges to a constant Y = ; . Additionally, suppose that
7
A
lim Yp =Y 4.
ASa AT A
Then, every solution of the system (13) is convergent and satisfies

1im Xn - YA.

n—oo
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Example 2. Consider the following system of difference equations modeling cooperation
k .
| s
= ADD) T2 0,1, = 1,2,k (14)
1+ 1
i#j=1
0
Obviously System (14) has a unique equilibrium point Ey = | @ | if0 < A <1,i=1,2,..,k
0

We investigate the stability of Eq by using the following Lyapunov function V : RE. — R of the
k A\ 2
form V(xM,. . x®)) =y (x(f)) of the map

j=1
o T
X1 17 20) T 20
F : — A<1>x<1>f':2T A(k),c(k)fzklil
x(k) 1+ 17 x0) 1+ 7 20
j=2 j=1
Then,
AV = V(E((xD, .., x0))) —v(x®, . x®)
k 2
‘ H x(])
_ Z(x(;)>2 A(j)l'#f% _q
j=1 1+ H x(])
i#j=1

IN

é(x(f))Z((Am)z _ 1)_

If0 < AW < 1,i=1,2,..k then AV < 0, which implies that Eq is asymptotically stable.
Furthermore, since V(x1), ..., x%)) — oo, as H (xM, ..., x%) H — o0, the equilibrium point Eg
is globally asymptotically stable.

In the second case, when 0 < AW < 1,i = 1,2, ..., k, we will use the LaSalle’s Invariance
Principle to investigate the asymptotic stability of Eq. Then, for the set

e = {xeRrE :av(X) =0}
the following holds: X has at least one zero coordinate, and F(X) = | @ | forall X € L. It

implies that the maximal invariant subset of £ under mapping F is M = : . Since M is a

singleton, E is asymptotically stable.
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It remains to prove the global attractivity of the equilibrium point Eo, when 0 < A <1,
i =1,2,..,k If for several i € {1,2,...,k}, A; < 1, but not for all i, and Al) =1, for all
remaining 1 € {1,2,...,k}, then we have

k .
4 AL T
xilll = A(i)x,gl)% < A(i)x,(ll) = x,(f) < (A(i)) x(()l), n=20,1,..,
1+ 1 «
i£j=1
and
R
xff}rl = x?# < x,(ql), n=20,1,..,
1+ JI xfj)
i#j=1
which implies that nlgn x,(f) = 0 and that the sequences {x,(f)} are decreasing, and therefore,

convergent. It is clear that lijrl x,(ll) = 0, since otherwise, there would exist another equilibrium
n [

point in R’i.
If AW =1,i=1,2,..,k, then the sequences {x,(f)} are decreasing and so are convergent. It

means that there exist the numbers w')) > 0 such that

lim x,(f) =w.

n—oo
Clearly, w'") = 0, since otherwise System (11) would have another equilibrium points in the first
quadrant.

Now, we consider the following non-autonomous system

k .
AR 1 O
xﬁl:A?ﬁWJﬂ%——f,n:QLm;i:Lth (15)
14+ 11 «f
i#j=1

where 1211 Ag) =AW, i=1,2,..k, then by using Theorem 2 and taking
n (o]

k .
x(l) T x(])
. ) iFi=1
fi : = x(z)’ff’,
x(0) 1+ JI x()
i£j=1
all solutions of System (14) globally asymptotically converge to Eg for 0 < A <1,i=1,2,..,k,
x(()l) 0
and for all : Zne |
Ne 0

Remark 2. The method of Lyapunov function is probably the most used method for proving local or
global stability of difference equations and there are many books such as [6,18-20,25,26] and recent
papers such as [28,29] where this method was used. For instance, in [28] the stability of impulsive
logical dynamic systems was studied from two aspects: impulsive disturbance and impulsive control
and some interesting Lyapunov functions have been employed. In this paper, we use the method of
Lyapunov function just as an alternative to the method of difference inequalities.
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2.2. Global Stability of Some Additive Cooperative Discrete Dynamical Systems

In this section, we give some global attractivity results for non-autonomous cooper-
ative systems of difference equations, where no other attractivity results are applicable.
In Theorem 3 we will ask only for boundedness of the coefficient sequences so that the
results from [13] that required the convergence of the coefficient sequences are inappli-
cable. In addition, the main result in [13] Theorem 3.2, which gives the global dynamics
of a non-autonomous system of difference equations in terms of the global dynamics
of the corresponding limiting autonomous system of difference equations, where we as-
sume all coefficient sequences to be convergent is not correct as stated as the following
example shows:

Example 3. Consider the non-autonomous difference equation
Xn+1 :gn(xn)rn =12,... (16)

where g, (x) = f(x) + 1/n, where

x+e ¥, x> 2.

—e*2x 872 X
f(x):{(l Jx+e 2, x<2

Clearly, gu(x) converges uniformly to f(x) on R.. The limiting equation has a unique equilibrium
1, which is globally asymptotically stable. However, the non-autonomous difference equation has an
ever-increasing solution that starts at the initial value xo = 2.

Consider the following additive cooperative system

Xn41 = al’lfl(x”)xn T ban(yn)yn }’ n = Or 1/ . (17)

Xn+1 = Cnf3(xn)xn + dnf4(yn)yn

Note that System (17) can be written in the matrix form as

i Rl F i e | I R S AR R

Theorem 3. Assume that f; are non-negative and bounded functions, i.e., 0 < fi(x) < M;,
i=1,2,3,4forall x > 0. Also, assume that {a, }, {bn}, {cn} and {d,} are sequences such that

0<a, <A, 0<b,<B, 0<¢;,<C, 0<d, <D, n=0,1,.... (18)

Then, every solution of System (17), where initial values xg, yo are nonnegative, converges to the
zero equilibrium if

max{AM1 + CMj3, BM, + DM4} <1 or max{AM1 + BMj,,CM3 + DM4} <1

Proof. Indeed, when ||-||; denotes the L1 norm, we have that

anf1(xn)  bnfa(yn) _

< max{AM; + CM3, BMp + DMy}
<1,

Igol, = \
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or, when |||, denotes the Lo norm, we have that

a”fl(xn) nf2 Yn o
[cnfa(xn) o fa(yn) ]H = max{anfi (xn) +bufo(yn) enfs(¥n) + dnfa(yn)}

< max{AM; + BM,,CM3 + DMy}
<1

190l = ]

Now the result follows from Theorem 2 and Corollary 1in [1]. O

Consider the following additive cooperative non-autonomous systems

Xn Yn
Xpn41 = ln + by
1 1
T xn ‘;ny” S n=0,1,.., (19)

=c o +d
Ynt1 = n1+xn n1+]/n

2
Xn Yu
Xn+1 = ln + by
14+ x, 1432 B
» x% . " , n=20,1,.., (20)
Yn+1 n1+x% nl'f‘]/n
2 2
x'rl yn
Xpn41 = ln + by
1+ 3 1+y;
2 5 , n=20,1,... (21)
Yui1 = Cn n +d, Yu
" 1+x2 1+y2

They all are of the form of System (17). Note that in System (19)

1 )
fi(u) = T M; =1 for i=1,2,3,4,
and in System (20)
1
fl(”)=f4(“):m/f() fa(u) = +21M1:M4=1rM2=M3=*
and in System (21)
u 1 )
filu) = T12 Mi:i for i=1,2,3,4.

Based on Theorem 3, the following three claims are true.

Corollary 1. Assume that the sequences {a,}, {bn}, {cn} and {d,} satisfy (18). Then, ev-
ery solution of System (19), where initial values xg,yo are nonnegative, converge to the zero
equilibrium if

max{A+C,B+D} <1 or max{A+B,C+D} <1.

Corollary 2. Assume that {a,}, {by}, {cn} and {d,} satisfy (18). Then, every solution of
System (20), where initial values xy, Yo are nonnegative, converge to the zero equilibrium if

1.1 1_1
max{A+2C,2B+D} <1 or maX{A+zB,2C+D} <1

Corollary 3. Assume that {a,}, {by}, {cn} and {d,} satisfy (18). Then, every solution of
System (21), where initial values xy, Yo are nonnegative, converges to the zero equilibrium if

max{;(A—i—C),;(B—i-D)} <1 or max{;(A+B),;(c+D)} <1
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Remark 3. It is obvious that Theorem 3 is valid for distinct combinations of the functions
u u u? u?
T4+u" 14+u? 14+u 1+u
Now, consider the following additive non-autonomous system
Xpt1 = Auf1(xn) +b
n+1 nf1(xn) 4 bnf2(yn) Cn=01,... 22)
Yn+1 = Cnf3(xn) +dnfa(yn)

It can be rewritten in the form of System (17) as follows

fl(xn)xn + bnfz(y”)

Xp+1 = An Y Yn
" " , n=0,1,2,..,
x
Yni1 = cnf3( n)xn +dnf4(y")yn
Xn Yn

or in matrix form

anfl(xn) ban(yn)

Yol | A Yn [“] n=0,1,2,...
{ynﬂ } Cnf3(xn) dnf4(yn) Yn |’ T
Xn Yn

The proof of the following theorem is the same as the proof of Theorem 3. This system is
not a cooperative system, but it is a sub-linear system.

Theorem 4. Assume that f; are nonnegative and sub-linear functions, i.e., 0 < @ < M;,
i=1,2,3,4forall x > 0. Also, assume that {a,}, {b,}, {cn} and {d,} satisfy conditions (18).
Then, every solution of System (22), where initial values xq, yo are positive, converges to the zero
equilibrium if

max{AM; + CM3,BM; + DMy} <1 or max{AM; + BM,,CM3 + DM,} < 1.

Remark 4. Let us note that Theorem 4 can be applied in the case when functions are of form
fi(x) = |sin(x)| f(x) = In(1 + x) for x > 0 because 0 < @ <1lforx>0andi=1,23,4

The next results hold for cooperative systems.

Theorem 5. Consider system (22) and assume that f;(x) are non-decreasing functions, for all
x > 0. Also, assume that
].im (an, bﬂ/ Cn, dn) - (A, B, C, D)

n—oo

and that

=A B
fwit = AfG) +Bfalya) | oy (23)
Yn+1 = Cfa(xn) + Dfa(yn)
is a limiting system.
Also, assume that there exists sg) > 0,i =1,2,3,4 such that every solution of the system
A fi(xn) 4+ Ao fa(yn)

Y= fa ) + Aafa(y)

],n:QLm (24)
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M
— XA Ao
converges to a constant Y = | _ for every A= | where
A 3
Ay
AME (a — eél),a + egl)), Ay € (b — 882),b + 882)), A3 € (c — 85)3),C + 883)),
and
Ay € (d — 684),11 + 85)4)).
If
lim Yp =Yy,
aSa AT A
then every solution of the system (22) is convergent and satisfies
Jim X = V.
Example 4. Consider the following system of equations:
. axy by,
n+1 51 + Xn 52 + yn (25)
cxy dyy
Yn+1 n=20,1,...

62 + xy 51"‘]/11’

where a,b,c,d, 01,0 > 0, x9,y0 > 0. Let T : Ri — Ri be the map associated with (25), that is

[ ax by cx dy
T(x,y) - <5l+x+52+y'52+x +(51 +y>'

Theorem 6. The following statements are true.

(a) T maps the positive quadrant into the invariant set [0,a +b) x [0,¢c +d).
(b) For all values of the parameters, the system has the equilibrium point (0,0).
(c) There is at least one and at most two equilibrium points.

(d) The point (0,0) is the unique equilibrium if and only if

(—a+(51)52 > co

& > max (a,d) and bo, Z Cata0e

(26)

In this case, (0,0) is globally asymptotically stable.
(e) A positive interior fixed point (x4, y+ ) exists if and only if condition (26) is not satisfied, that

is when
(a—01)(d—¢&1) _be

&1 < max (a,d) or 2 g (27)

In this case, (x4,y4) is globally asymptotically stable on R3 \ (0,0).

Proof. (a): It is clear that T maps the positive quadrant into [0,a + b) x [0,c + d). For the
proof of (b)—(f) we will consider the following equilibrium curves equation of the system

Ci: axy+bxy — x>y + bydy — xydy + axd, — x25y — x616, = 0,
(28)
Cy: cxy+dxy — xy? + cxdy — xydy + dydy — y>6y — yd16, = 0.

Now, solving for one variable (y and x, respectively) we obtain

x(—a+x+61)d5 y(—d+y+61)b
and x = .
ax + bx — x% 4+ béy — x4 cy +dy — y* + by — yb

y:
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For simplicity, we will set the equilibrium curves as

. x(—a+x+(51)52
N ax+bx—x2+b(51—x(51

y(—d+y+d1)d

and  Gp: x= cy+dy —y?>+cd —ydy

C1: y

The slopes at the origin of these two curves are as follows

1 651

Moy =502 ang Wy = Ty = s
dx ! (CD) bd, dx (C2) % (@) (—d+61)0y"

(c): Monotonicity and concavity intervals for C; and C; are obvious. In view of
Lemma 5 from [30] if an interior equilibrium exists, it is unique, and also it must belong to
the set limited by the asymptotes. The asymptotes of C; are

e a+b—6++/(a+b—6y)2+4bs; a+b—6 —+/(a+b—61)%+4bs

5 and x= >
while the asymptotes of C, are
y:c+d—(5l+\/(c+d—(5l)2+40(51 nd y:c+d—51—\/(c+d—51)2+4c51‘
2 2
Since
— 5 — 5 )2 5 — — 5.2
k) \/(a2+b 61)? + 4bd; and y:c+d 51 \/(c2+d 61)? +4céy

are not in Ri, the interior fixed point, if it exists, must belong to the interior of the set
(0, x+) x (0,y+), where

N _a+b—6+/(a+b—6)%+4bsy y Cc+d—56+/(c+d—6)? +4ch
* T 2 7 * T 2 .

Thus, the system will have either only (0,0) as a fixed point or it will also have this unique
interior fixed point (x4, y+) which belongs to the interior of the set (0, x.) x (0,y).

(d) and (e): Based on the geometry of the equilibrium curves and their slopes at the
origin, we see that there exists an interior equilibrium exactly in the following situations:
(i) at least one slope is negative, 0, or co. (ii) both slopes are positive, and slope of C; < slope
of C,. Thus, a necessary and sufficient condition for the existence of an interior equilibrium
point is that there exists an interior fixed point if and only if one of (i) or (ii) holds,

— 01)0 )
(ﬂ+1)2< €01

(i) 61 < max(a,d) or (i) &y > max(a,d) and b, EETAS

The conditions (i), (ii) can be merged into one as follows,

4, < max(a,d) or w < b—g (29)
oy 0
Since (29) give conditions for a unique interior fixed point, we also have conditions for
(0,0) to be the unique fixed point. Namely, whenever the interior fixed point does not exist,
which is given by the following,

(za+61)6 cdy

& > max(a,d) and Do, = (—d+61)6"

(30)

Next, it will be shown that when (0, 0) is the unique equilibrium that it is globally asymp-
totically stable. This is simply the consequence of (a).
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Now we will show conditions for (0, 0) to be unstable, to show (e). The characteristic
polynomial of the Jacobian of the map T at (0,0) is

(Q#—(“+d)ij+m (31)
PR = oo a) e
From geometric considerations with the function p(t), we can obtain a sufficient condition
for (0,0) to be unstable as: (0,0) is unstable if (p(1) < 0) or (p(1) > 0 and p/'(1) < 0),
which can be rewriten as follows. The point (0, 0) is unstable if

%gd_(sl)<b—§ or 26 <a-+d. (32)
62 05

Now we are working under the assumption

(@—d1)(d—é) _ be

5 < ,d -,
1 <max(a,d) or 2 2

(33)

since these are the conditions for the existence of an interior equilibrium.
Thus, if the interior equilibrium exists, then (0, 0) is unstable. Proceeding by contra-
diction, assume that (32) is false, i.e., assume
a—961)(d—9o be
(1()5§1) > 5—% and (201 > a+d).
The first inequality in (32) implies (a2 — 61)(d — d1) > 0, so either §; > max(a,d) or 6; <
min(a,d). But §; < min(a,d) is ruled out because 26; > a + d. Thus, 6; > max(a,d), which
contradicts (33).

Next, it will be shown that when (x,y4 ) exists it is globally asymptotically stable.
Note first T(R?%.\(0,0)) C (0,a+b) x (0,c+d). If the interior equilibrium exists, then (0,0)
is unstable. Given any point (x,y) in R2 \ (0,0), there is a point (xo, o) =ne (0,0) such that
(x0,Y0) <ne (X,y) <ne (a+b,c+d). Indeed, (x9,y9) may be chosen as a point on the ray
with a direction vector given by an eigenvector of the Jacobian of T at (0,0) associated
with the spectral radius of such Jacobian. Then, T"(xo, Yo) <ne T"(X,y) <ne T"(a +b,c +
d). Since {T"(xo,y0)} and {T"(a + b,c + d)} are monotonic sequences increasing and
decreasing, respectively, the omega limit of the order interval [T"(xo,y0), T"(a + b,c +
d)] is a singleton set consisting of the interior equilibrium. Thus, (x4,y+) is globally
asymptotically stable completing the proof. [

Applying Theorem 5 to the system

X _ AnXn bnyn
n+1 51 + xn 5%1"‘ yn (34)
Yn+1 Cnn nifn n=201,...

Op+xn 01+ Yn ’
we obtain the following result.
Corollary 4. Consider system (34), where ay, by, ¢, dy are sequences such that

Ji{a}o(an/ bn/ Ci’l/di’l) = (ﬂ, b/ c, d)

If (26) holds, then (0,0) is global attractor of solutions of (34); if (26) is not satisfied, that is
when (29) holds, the positive equilibrium (x4.,y+ ) is the global attractor of solutions of (34) on
R2\(0,0)
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3. Examples of Cooperative Evolutionary Models

In this section, we consider some cooperative evolutionary models where nonlinear
transition functions are Beverton—-Holt functions or Beverton—-Holt functions with squares.
See [31,32] for related results with Beverton—Holt transition functions.

Firstly, we investigate the following cooperative evolutionary system

Xpy1 = A(ur(n)) LI,

14y,
i1 = Blua(m)) 75—y
/ , n=20,1,.., (35)
umn+1)=u(n)+ 012 i((zll((:))))
'(uz(1))

ur(n+1) = uy(n) + o2

where A(u1) > 0and B(up) > 0 are twice differentiable functions on their domains. The
non-evolutionary version of this model was considered in some detail in [2,27]. It exhibits
Allee’s effect even in the case of cooperation if initial populations are too small. The fixed
points of the last two equations in (35) are u] and u3, respectively, where u] and u; are
critical points of functions A(u1) and B(uy).

Lemma 2. If
_ AII * _ 1 *
—22 < (u*l) <0 and —22 <5 (Liz) <0, (36)
g A(ug) ) B(u3)

then there exist open neighborhoods Uy and Us of uj and u3, respectively, such that

&ggoul(n) =uy and Jg%ouz(n) = uj. (37)

d
Proof. The proof follows from the fact that (36) is equivalent to d—il(u’{) < 1and
1
% (u3)| < 1 (thatis u] and uj are locally asymptotically stable), where
A (u ()
— 2 1
Gl(”l(n)) =u1(n) +0 A(u1 Tl)) ’
B'(uz(n))

Go(ur(n)) = up(n) + 03—~

since A’(u}) =0and B'(u}) =0. O

Lemma 2 implies that the non-autonomous system formed by the first two equations
in (35) are asymptotic to the following limiting system

Xp1 = A(u) 1 —%—n]/n Xn

Xn

1+ x,

, n=20,1,.... (38)

Yns1 = B(u3) Yn

System (38) has an equilibrium point Ej = [ 8 ] , which is locally asymptotically stable
for all values of A(uj) > 0 and B(uj) > 0, and has one positive equilibrium point

1
" B(u*)—l
EY = { 1

Auy)-1
following result is from [27].

, which is a saddle point if A(u;) > 1 and B(u}) > 1 (see [27]). The
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Theorem 7. Assume that (A(u}), B(u3)) ¢ (1,00)?, then the equilibrium point Ej = [ 8 } is
Qlobally asymptotically stable, i.e., every solution {(xn,yn)} of (38) satisfies

lim x, = limy, =0,

n—oo n—r o0
forall xo > 0and yo > 0.

Based on Theorem 1 and using Example 1 we obtain the following result.

Theorem 8. If (A(u;),B(u3)) ¢ (1,00)? and condition (36) holds, then all solutions of non-
autonomous system (35) globally asymptotically converge to

0

(Ej, uj, u3) = . | ERZ x Uy x Uy,

for all points xg > 0 and yo > 0.

Now, we consider the cooperative evolutionary system of the form

2
it = Al (1) 2
2
Ynsr = Blua(m)) 37 v 0,1 >
_ LAy (©T "
i (n+1) = wm(n) + 01 70 10
up(n+1) = up(n) + o3 i/((;lzz((:));

where A(u1) > 0and B(up) > 0 are twice differentiable functions on their domains. As
in the previous example, fixed points u] and u3, of the last two equations in (39) are,
respectively, critical points of functions A(u) and B(u). Also, under condition (36), there
exist open neighborhoods U and U, of u] and uj;, respectively, such that (37) holds. It
implies that the non-autonomous system formed by the first two equations in (39) is
asymptotic to the following limiting system
Vi
1+y;
TN B
Ynt1 = B(”z)myn

Xpp1 = A(uf) X

n=0,1... (40)

By an analogous procedure as in the case of the Example 1, considered in [27], it is obtained

8 , which is locally asymptotically
stable for all values of A(u}) > 0and B(uj}) > 0, and has one positive equilibrium point
1

B(u3)-1
1
A (ul* ) -1
equilibrium point Ej is globally asymptotically stable if (A (u}), B(u3)) ¢ (1,00)2.
Finally, based on Theorem 1 we obtain the following result.

that the system (40) has equilibrium point Ej =

E} = , which is a saddle point if A(u;) > 1 and B(uj) > 1. Also, the



Axioms 2024, 13, 730

17 of 21

Theorem 9. Assume that (A(u}), B(u3)) ¢ (1,00)? and condition (36) holds. Then, all solutions
of non-autonomous System (39) globally asymptotically converge to (E§, ui,u3) = (0,0,uf, uj) €
Ri x Uy x Uy, for all initial values xo > 0 and yy > 0.

The following example shows that construction of the model (35) is possible.

Example 5. Consider the following model

Xp1 = <A+u1(n)—1> Yn Xn

()% ) T+ ¥n

e <B+ (u;;)(;)+ 1) i , n=0,1.., (41)
uy(n+1) = uy (n) + 02 i/((ﬁf (:))))
w(n+1) = up(n) + 03 ];/((5;(:))))

ht2 +32 = 0and B'(u}) = 7—(@)24—12
(47) ((u§)2+l)
(u3), = £1. In the following presentation, we will use u5 = (u3), = 1 because for u; =
B"(u3)
B(u3)

B"(u3) = B"(1) = =3, A(u}) = A+ 1, and B(u3) = B+ 1, condition (36) is satisfied if

where A(uq(n)) = A+

From A'(uj) = = 0, we obtain uf = 2 and

(u})_ = —1 the condition < 0 from (36) is not satisfied. Since A" (u}) = A”(2) = -4,

A>11—6<(712—4> and B>31<022—2)

or
0% <16A+4, 03 <4B+2. (42)

Then, there exist open neighborhoods Uy and U, of uj and uj, respectively, such that

. e . e
nl1_1>ro10ul(n) =u] =2 and ,111_{20”2(”) =u; =1

Also, the non-autonomous system formed by the first two equations in (41) is asymptotic to the
following limiting system

Xpy1 = (A + %) 1 z"ynxn

Ynt1 = (B + %) 1 _T_nxnyn

, n=20,1,... (43)

Based on Theorems 7 and 8, we obtain the following two results.

Assume that (A+ 1, B+ 1) ¢ (1,00)2.
1. Then, the equilibrium point E; = (0,0) is globally asymptotically stable, i.e., every solution
{(%n,yn)} of (43) satisfies

lim Xy = 111’1’1 yn - 0,
n—oo n—o0

forall xo > 0and yy > 0.
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2. If additionally (42) holds, then all solutions of non-autonomous systems (41) globally
0
0
u
u3

asymptotically converge to (Ej, uf, u3) = € R2 x Uy x Uy, for all points xg > 0 and

yo > 0.

Example 6. Consider the following system

$na1 = A(u(n)) 1 _{“yn x

X
Yn1 = Bu(n) 3 m

, n= O/ ]-/"'/ (44)

where A(u) > 0 and B(u) > 0 are twice differentiable functions with a single Fisher's equation

uy
Un+1 = Pl T2 (45)
n

withuy > 0, forn =0,1, ...
The equilibrium points of Fisher’s equation (45) are solutions of the following equation

u(uz—pu+1) =0.

Then, the following hold:

(i) if0 < p < 2, then there exists only the zero equilibrium point Ey = 0,
(i) if p = 2, then there exist two equilibrium points: Ey = 0and E,, = E_ =1,
(iii) if p > 2, then there exist three equilibrium points: Ey = 0 and two positive equilibrium points

Ei= ESVA 2;12—4'

The zero equilibrium point is always locally asymptotically stable. For p = 2 the equilibrium
point Ey = E_ = 1 is semistable from above since f'(1) = 1and f"(1) = —1 < 0, where
flu) = p%. If p > 2, then E is asymptotically stable and E_ is a repeller, since f'(E4) < 1
and f'(E-) > 1.

By using Theorem 1.18 [18] we see that the equilibrium points Ey and E are globally
asymptotically stable with the corresponding basins of attractions:

(i) if0 < p <2, then B(Ey) = (Eg, ),
(i) if p =2, then B(Ey) = (Eo,E~) and B(Ex =E_) = (E_,»),
(iti) if p > 2, then B(Ey) = (Eo, E~) and B(Ey) = (E_, ).

The corresponding fitness function is

(46)

—% + px — parctan x
o2 !

A(x) =B(x) = zxexp(

where o > 0. Since A(0) = a and A(1) = we’?" < a for p = 2 and 0> = 1, we conclude that the
zero equilibrium Eq = 0 is ESS (evolutionary stable), since it is located at a global maximum of
the fitness function, see [9,10,15]. On the other hand, if p > 2 and 0 = 1, then A(0) = a and
A(E4+) > a, which means that the positive equilibrium point E is ESS since it is located at the
global maximum of the fitness function. See Figure 1.
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Figure 1. The graphs of fitness function (46) for Equation (45) for 0?=1,a=1and p=2andp =3.

4. Conclusions

In this paper, we use several techniques to obtain some global attractivity results
for non-autonomous cooperative systems of difference equations. The first technique we
use is based on the difference inequalities theory which leads to some interesting results
for the cooperative systems of any order when coefficients are asymptotically constants.
Then, we used another technique specially designed for non-autonomous systems to obtain
global attractivity results under weaker conditions on non-autonomous coefficients such as
boundedness without convergence. Finally, we used a geometrical method to prove the
global asymptotic stability of an autonomous system (25) which is a limiting equation for a
non-autonomous cooperative system (34), and so we obtain the global attractivity of the
equilibrium of (34). Our results have some analog results for two-dimensional competitive
systems in [14], but unlike the results in [14] these results be extended to n-dimensional
cooperative systems. Our results can not be derived from incorrect results in [13] without
further verifications. The results in [13] need some extra conditions to be correct, in which
case they might have the potential to be applicable to our examples. In the last section,
we provide global dynamics of some cooperative evolutionary models, also known as
Darwinian models, which leads to the problems of describing the global attractivity of
non-autonomous cooperative systems of difference equations, see [9-12,15] for the basic
results of this theory.
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