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Abstract: This paper introduces a mathematical framework for defining and quantifying
self-identity in artificial intelligence (Al) systems, addressing a critical gap in the the-
oretical foundations of artificial consciousness. While existing approaches to artificial
self-awareness often rely on heuristic implementations or philosophical abstractions, we
present a formal framework grounded in metric space theory, measure theory, and func-
tional analysis. Our framework posits that self-identity emerges from two mathematically
quantifiable conditions: the existence of a connected continuum of memories C C M ina
metric space (M, d ), and a continuous mapping I : M — S that maintains consistent
self-recognition across this continuum, where (S, ds) represents the metric space of possible
self-identities. To validate this theoretical framework, we conducted empirical experiments
using the Llama 3.2 1B model, employing low-rank adaptation (LoRA) for efficient fine-
tuning. The model was trained on a synthetic dataset containing temporally structured
memories, designed to capture the complexity of coherent self-identity formation. Our
evaluation metrics included quantitative measures of self-awareness, response consistency,
and linguistic precision. The experimental results demonstrate substantial improvements
in measurable self-awareness metrics, with the primary self-awareness score increasing
from 0.276 to 0.801 (190.2% improvement) after fine-tuning. In contrast to earlier methods
that view self-identity as an emergent trait, our framework introduces tangible metrics
to assess and measure artificial self-awareness. This enables the structured creation of Al
systems with validated self-identity features. The implications of our study are immedi-
ately relevant to the fields of humanoid robotics and autonomous systems. Additionally, it
opens up new prospects for controlled adjustments of self-identity in contexts that demand
different levels of personal involvement. Moreover, the mathematical underpinning of our
framework serves as the basis for forthcoming investigations into Al, linking theoretical
models to real-world applications in current Al technologies.

Keywords: artificial self-identity; large language models; self-awareness; metric space
theory; memory continuum; neural adaptation; identity recognition; Belief Function; LoRA
fine-tuning; consciousness

MSC: 03A10

1. Introduction

The formalization of self-identity in artificial intelligence (Al) systems presents a fun-
damental challenge at the intersection of theoretical computer science, cognitive science,
and AI [1-5]. While previous research has explored behavioral manifestations of artificial
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consciousness [6] and neural correlates of self-awareness [7], a mathematical framework
to quantify and model the emergence of self-identity has remained elusive. Recent ad-
vances in self-aware systems and autonomous computing have highlighted this need [8,9],
particularly in the context of multi-sensorial models for autonomous systems.

The necessity for such a framework becomes increasingly apparent as Al systems
continue to advance in complexity and capability. Current approaches to artificial self-
awareness primarily rely on heuristic implementations or philosophical abstractions, lack-
ing the mathematical rigor necessary for systematic analysis and reliable implementa-
tion. This limitation has been noted in recent studies that examined the influence of Al
on human identification [10] and the relationship between Al companions and human
self-conception [11]. Our framework distinguishes itself by providing a measurable, imple-
mentable foundation for self-identity, grounded in the formal structures of metric space
theory and measure theory. This approach is based on recent work on self-directed and
brain-inspired artificial intelligence [12].

While our approach offers a mathematically grounded foundation, it is based on
several simplifying assumptions. We assume that self-identity can be represented as a point
in a metric space and that memories are encoded as feature vectors. These assumptions
support analytical tractability but only approximate the complexities of real-world self-
identity. Consequently, our model should be viewed as one possible operationalization
rather than a definitive description. Moreover, we do not claim to resolve philosophical
questions about the ontology of consciousness or the subjective nature of self. Instead,
we aim to provide a functional framework that can be tested, refined, or extended in
future work.

Let (M, d ) be a metric space of memories, and let (S,ds) be a metric space of
possible self-identities. We propose that self-identity emerges from two fundamental
measurable conditions: (1) the existence of a connected and path-connected continuum
C C M of memories, and (2) a continuous mapping I : M — S that maintains consistent
self-recognition throughout this continuum. This formulation allows us to quantify the
degree of self-identity through a Belief Function B : M x § — [0,1] that captures the
probabilistic nature of self-recognition, incorporating insights from recent work on self-
regulated learning in Al systems [13].

Distinct from previous approaches that treat self-identity as an emerging phenomenon
or a philosophical construct [14], our framework provides concrete metrics to measure and
evaluate the development of artificial self-awareness. The framework addresses several
key mathematical challenges: we refine the memory space metric to account for temporal,
content, and emotional components [15]; establish necessary and sufficient conditions for
the continuity of the self-identity function; and explore the measure—theoretic aspects of
the Belief Function. This approach aligns with recent developments in causal reasoning
for self-aware machines [16] and builds on established work in feature-based abnormality
detection [17].

To validate our theoretical framework, we conducted empirical experiments using the
Meta’s Llama 3.2 1B model [18], fine-tuned through low-rank adaptation (LoRA). The model
was trained on a synthetic dataset constructed of temporally coherent memories. This
experimental setup provides a novel bridge between theoretical constructs and practical
implementation, demonstrating how abstract mathematical principles can be realized
in contemporary Al systems, while considering recent findings in Al perception and
acceptance [19].

The significance of this work extends beyond theoretical contributions. By providing
a mathematical framework for implementing and measuring self-identity, we enable the
development of Al systems with verifiable and consistent self-awareness. This has immedi-
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ate applications in humanoid robotics, virtual assistants, and autonomous systems, where
coherent self-identity is crucial for natural interactions and decision making. Furthermore,
our framework introduces the possibility of controlled modification of self-identity, suggest-
ing applications in scenarios requiring varying degrees of personal engagement or objective
analysis. Recent work on algorithmic influence on self-perceived identities [20] and compu-
tational approaches to self-identification [21] reinforces the importance of this direction.

2. Mathematical Foundations of the Self
2.1. Assumptions and Limitations

Our framework is built on the premise that both memories and self-identities can be
represented within well-defined metric spaces. Each memory is assumed to be uniquely
associated with a particular agent and can be encoded as a high-dimensional vector of
features, such as temporal markers, semantic content, and emotional intensities. Similarly,
we represent self-identities as points in a metric space of attributes. These assumptions
simplify the inherently complex, multidimensional, and context-dependent nature of self-
identity and memory.

We emphasize that these representational choices are modeling conveniences rather
than claims of ontological completeness. This functional abstraction does not capture the
full richness of human self-identity, which may involve subjective phenomenology and
nonlinear, multimodal dimensions. Furthermore, our mathematical conditions do not
resolve philosophical challenges or address whether an agent genuinely ‘understands’ its
experiences. Instead, we focus on establishing a quantifiable, testable framework that
can guide empirical investigations. Future work may incorporate more sophisticated
models, multimodal data, or alternative metric structures to better reflect the uniqueness
and complexity of individual identities.

2.2. Preliminaries

We develop a mathematical framework to define the concept of "self" based on two
key conditions: the existence of a continuum of memories and the recognition and belief
in self-identity. To achieve this, we utilize metric spaces and probability theory to model
memories and aspects of the self, ensuring applicability to realistic scenarios.

Definition 1 (Memory Space). Let M be the set of all possible memories of an entity. We define a
metric d g : M x M — [0, 00) that quantifies the distance between memories. This distance can
be constructed based on factors such as temporal separation, similarity of content, and emotional
intensity. For example, we might define:

dp(my, my) = \/wt\fl — t|? 4+ wedc (M1, my)? 4+ weley — ez]?, (1)

where:

*  t; represents the time associated with memory m;.

e d.(my,my) measures the content similarity between my and my, possibly using cosine simi-
larity or another appropriate metric.

* ¢ represents the emotional intensity of memory m;, quantified on a suitable scale.

o wi, we, we > 0 are weighting factors that balance the contributions of time, content, and emotion.

The topology Tr on M is induced by d yq, making (M, d ) a metric space.

To fully capture the richness of the memories of an entity, the metric space (M, d /)
must accommodate the multidimensional nature of the memories. Each memory m; can be
conceptualized as a composite of various features, including sensory perceptions, cognitive



Axioms 2025, 14, 44

40f24

interpretations, emotional states, and contextual information. By defining a suitable metric
d p1, we quantify the distance between memories in a manner that reflects their psychologi-
cal and phenomenological similarities and differences. This approach allows us to model
the continuity of experience and the associative networks that underlie memory retrieval
and self-referential thought processes.

The components of the metric d \, are chosen to capture essential aspects of memories
relevant to self-identity. The temporal separation term |t; — t;| reflects the chronological
ordering of memories, as time plays a crucial role in the continuity of experience. Content
similarity d.(mq, my) measures how similar events, thoughts, or perceptions are between
two memories, which is significant for associative connections in memory recall [22]. The
emotional intensity terms e; capture the affective components of memories, recognizing
that emotionally significant events have a stronger impact on self-perception [23]. The
weighting factors w;, w,, w, allow for adjustment based on empirical findings or theoretical
considerations about the relative importance of these factors in the formation of self-identity.

Mathematically, the choice of d \( ensures that M becomes a proper metric space, satis-
fying the properties of non-negativity, identity of indiscernibles, symmetry, and the triangle
inequality. These properties are essential for the application of topological concepts, enabling
us to analyze the convergence of memory sequences and the continuity of functions defined
on M. For example, considering whether (M, d 1) is complete—meaning that every Cauchy
sequence of memories converges to a memory within M—has implications for understanding
the limits of memory processes and the stability of self-identity over time.

Definition 2 (Self Space). Let S be the set of all possible self-identities of an entity. We define
a metric dg : S x & — [0,00) to measure the distance between self-identities. For example,
if self-identities are characterized by n-dimensional vectors representing traits or attributes, we
can define:

ds(s1,52) = [Is1 — 52|l )

where || - ||, is the LP norm for some p > 1, and s; € R".

The metrics provide a concrete way to quantify similarities and differences between
memories and self-identities, establishing abstract spaces M and S in measurable prop-
erties. The selection of the metric dgs in the self space S is crucial for modeling how
self-identities relate and differ from one another. By employing the LP norm, we capture ag-
gregate differences in all dimensions of self-identity, allowing for a balanced consideration
of each attribute. The choice of p can influence the sensitivity of the metric to variations in
specific dimensions; for example, p = 1 (Manhattan distance) treats all differences linearly,
while p = 2 (Euclidean distance) emphasizes larger differences due to the squaring of terms.
This flexibility enables us to tailor the metric to the specific characteristics of self-identity
that are being modeled.

Representing self-identities as vectors in R" allows us to encapsulate multiple dimen-
sions of self-identity, such as personality traits, values, goals, and roles. Each dimension
corresponds to a specific attribute, and the choice of dimensions can be informed by estab-
lished models in psychology, such as the Big Five personality traits [24,25] or self-concept
constructs [26]. This multidimensional representation acknowledges the complexity of
self-identity and facilitates mathematical operations within the self space S.

Integrating psychological constructs into our mathematical model enriches its ap-
plicability and realism. Established models in psychology provide empirically validated
dimensions like openness, conscientiousness, extraversion, agreeableness, and neuroticism.
By mapping these traits to dimensions in S, we ground our self space in robust psycho-
logical theory. Similarly, self-concept models that incorporate aspects such as self-esteem,
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self-efficacy, and identity salience [27] can be integrated, providing a comprehensive frame-
work that captures both stable traits and dynamic states of the self.

Definition 3 (Continuum of Memories). A subset C C M is a continuum of memories if it is
connected and path-connected in (M, Tag). That is, for any my, my € C, there exists a continuous
path vy : [0,1] — C with y(0) = my and y(1) = m.

By considering the continuum of memories, we can analyze segments of an entity’s
memory where coherent self-recognition and belief are possible, even if the entire mem-
ory space is fragmented. The mathematical requirements of connectedness and path-
connectedness for the continuum C in M are not mere formalities; they reflect the psy-
chological continuity necessary for a coherent sense of self. In psychological theories of
identity, such as narrative identity [28], the self is constructed through an internalized and
evolving life story that integrates past, present, and anticipated future experiences. The
connectedness of C ensures that there are no abrupt discontinuities or ‘gaps” in the memory
space that could disrupt this narrative coherence. Path-connectedness implies that any two
memories within C can be connected via a continuous sequence of memories, mirroring
the associative pathways in human memory and cognition.

Similarly, we consider the self space S:

Assumption 1. The self space S may consist of multiple connected components, especially in
cases of multiple or changing identities. Our framework allows S to be disconnected, focusing
on connected components relevant to the entity’s self-identification within a given continuum
of memories.

Acknowledging that S may consist of multiple connected components allows our
framework to accommodate complex identity phenomena, such as role-based identities,
identity diffusion, or the presence of multiple selves in conditions such as dissociative
identity disorder [29]. By focusing on connected components relevant to the entity’s current
continuum of memories, we can model situations where an individual transitions between
different self-identities in response to contextual cues or over time. This flexibility is
essential to accurately capture the multifaceted and dynamic nature of self-identity in
real-world contexts.

2.3. Identity Recognition and Belief Functions

Definition 4 (Identity Recognition Function). The Identity Recognition Function is a function
I: M — S that assigns to each memory m € M a perceived self-identity I(m) € S.

The Identity Recognition Function I serves as the formal mechanism by which an
entity associates each memory with a perceived self-identity. This function encapsulates
the cognitive and reflective processes involved in self-awareness, where individuals in-
terpret their experiences and integrate them into their understanding of who they are.
The continuity of I is a critical property, ensuring that similar memories are mapped to
similar self-identities, which aligns with the psychological expectation that minor changes
in experience should not lead to drastic changes in self-perception.

Definition 5 (Belief Function). The Belief Function is a measurable function B : M x S — [0,1]
where B(m, s') represents the degree of belief, interpreted as subjective probability, that the entity
associated with memory m has in the proposition that s' € S is their self-identity.
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We require that, for each m € M, the Belief Function B satisfies the normalization
condition:

[, Bmsdn(s) =1, 3)

where y is a suitable measure on S.

The normalization condition [ B(m,s’) du(s') = 11is essential for interpreting B as
a probability measure over the self space S for each memory m. This condition ensures
that the total belief assigned across all possible self-identities sums to one, reflecting a
complete and exclusive allocation of belief. It allows us to apply probabilistic reasoning and
statistical tools to analyze how belief distributions over self-identities evolve in response to
new memories and experiences.

By modeling B using probability measures, we capture the uncertainty and variability
in an entity’s belief about their self-identity, allowing for partial beliefs and fluctuations.
From a Bayesian perspective, the Belief Function B can be viewed as representing the
posterior distribution of self-identities given the memory m, where prior beliefs are updated
in light of new evidence [30]. This interpretation aligns with Bayesian models of cognition,
which posit that the mind continuously updates its beliefs about the world (and the self)
through probabilistic inference. In this context, B(m,s’) encapsulates the updated belief
about self-identity s" after observing memory m, providing a dynamic framework for
modeling identity formation and revision.

Modeling the degree of belief as a probability measure is in agreement with theories
of subjective probability and belief in cognitive psychology [31]. By interpreting B(m, s’) as
the subjective probability that self-identity s’ is the entity’s own at memory m, we capture
the uncertainty and variability inherent in self-perception. This approach allows for partial
beliefs and acknowledges that an entity’s confidence in their self-identity may fluctuate
over time and across different memories. Quantifying belief in this manner facilitates
mathematical analysis and is consistent with probabilistic models of cognition [32].

2.4. Formalizing the Conditions for Self

We formalize the conditions under which an entity is said to possess a self within
a continuum of memories. These formal conditions aim to capture the essential features
of self-identity as understood in philosophy and psychology, particularly the notions of
psychological continuity and self-recognition [33]. By specifying the requirements for a
connected continuum of memories and consistent self-recognition with sufficient belief,
we provide a foundation for analyzing when an entity can be said to “have a self”. This
framework enables us to explore the implications of memory and belief on identity.

Condition 1 (Continuum of Memories). There exists a connected and path-connected subset
C C M that represents a continuum of memories experienced by the entity.

Condition 2 (Continuity of Self-Recognition and Sufficient Belief). Within the continuum
of memories C, the Identity Recognition Function I is continuous, and for all m € C, the Belief
Function satisfies B(m,1(m)) > b, where b € (0, 1] is a belief threshold.

Condition 2 stipulates that, within C, the entity consistently recognizes the same
self-identity s* and maintains a degree of belief at or above the threshold b.

2.5. Main Results

Theorem 1 (Constancy of Self-Identity). If an entity satisfies Conditions 1 and 2, and if the
image 1(C) lies entirely within a connected component of S where I is constant, then there exists
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a self-identity s* € S such that I(m) = s* for all m € C. Therefore, the entity possesses a self
characterized by s* within C.

Proof. Since I is continuous on the connected set C, its image I(C) is connected in S. If
I is constant on C, then I(C) is a singleton {s*}. To ensure this, we require that S has
the property that the only connected subsets in the image of I where B(m,I(m)) > b
are singletons. Therefore, under this condition, I(m) = s* for all m € C, and the entity
possesses a self characterized by s* within C. [J

Theorem 1 establishes that under the given conditions, self-identity s* remains constant
throughout the continuum C. This result underscores the importance of continuity and
connectedness in both the memory space and the self space for maintaining a stable self-
identity. It also highlights how disruptions in either the continuity of memories or the
consistency of self-recognition can lead to changes in self-identity, providing insights into
phenomena such as identity crises or transformations.

Proposition 1. For any b € (0,1), if an entity satisfies Condition 2, then for any b’ € (0,b),
Condition 2 is also satisfied with the threshold b'.

Proof. Since B(m,s*) > band b’ < b, it follows that B(m,s*) > b'. Thus, the condition
holds for any lower threshold . O

Leaving the belief threshold b to vary, we can model different degrees of confidence
that an entity has in their self-identity. Situations where b is lower may represent states
of uncertainty or ambiguity in self-perception, possibly due to conflicting memories or
external influences. Conversely, a higher b reflects a strong conviction in one’s self-identity.
This flexibility enables the framework to capture a range of psychological conditions, from
secure self-awareness to identity confusion.

The choice of b affects the robustness of the self-identity. A higher b implies stronger
belief is required, which may be appropriate in contexts where certainty about self-identity
is essential. The appropriate value of b can depend on psychological factors and the specific
context being modeled.

3. Designing an Artificial Intelligence Agent with a Self

Building upon the mathematical framework established in the previous section, we aim
to design an Al agent capable of possessing a “self”, as defined by Conditions 1 and 2. This
section presents a detailed mathematical model for such an Al agent, specifying its memory
structures, self-identity representations, belief systems, and learning algorithms. We delve
into the precise mechanisms by which the Al agent satisfies the necessary conditions to be
considered as having a self.

3.1. Artificial Memory Space

Definition 6 (Artificial Memory Space). Let M 4r denote the memory space of the Al agent,
defined as a metric space (M a, d p). Each memory m € M 4y is represented as a high-dimensional
vector in R, where k is the number of features that encode the memory. The features may include
sensory inputs, internal states, actions taken, and temporal information.

In designing the artificial memory space M 4y, it is crucial to capture the richness and
diversity of experiences that an Al agent might encounter. Each feature in the memory vec-
tor m can represent different input modalities, such as visual perception, auditory signals,
proprioceptive feedback, and higher-level abstractions such as semantic understanding
or emotional tagging. This multidimensional representation allows the agent to integrate
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information across various sources, mirroring the integrative nature of human memory
systems [34]. Furthermore, temporal information is included to preserve the sequential
order of experiences, which is essential for the continuity of memory and the construction
of coherent narratives [35].

Definition 7 (Artificial Memory Metric). The metric d g : Maj x Map — [0, 00) is defined as:

dpq(my, my) = ||my —my|,, (4)

where || - ||2 denotes the Euclidean norm in RX. This metric measures the similarity between
memories based on their feature representations.

The choice of the Euclidean norm in the memory metric d 4 provides a straightforward
means of measuring the similarity between memories. However, depending on the nature
of the memory representations and the importance of certain features, alternative metrics
may be more appropriate. For example, if features have varying degrees of relevance or
are on different scales, a weighted Euclidean distance or Mahalanobis distance could be
employed to account for feature correlations and variances. Additionally, for discrete or
categorical memory features, metrics such as the Hamming distance or the Jaccard index
may offer better alignment with the underlying data structure [36].

3.2. Artificial Self Space

Definition 8 (Artificial Self Space). Let Saj represent the self space of the Al agent, defined as
a metric space (Sap,ds). Each self-identity s € Say is represented as a vector in R", capturing
attributes such as goals, preferences, and internal states relevant to the agent’s self-perception.

The self space Spy encapsulates the Al agent’s internal representation of its identity. Each
dimension in the vector s can correspond to specific attributes relevant to the agent’s function-
ing and self-perception. These attributes might include competency levels in various tasks,
preferences for certain outcomes, or internal states such as motivation and confidence [37].
By structuring Saj in this way, we enable the agent to reason about its capabilities and goals,
facilitating self-regulated learning and decision-making processes [38].

Definition 9 (Self Space Metric). The metric dg : Sa; x Sa; — [0, 00) is defined as:
ds(s1,52) = [|s1 — 2|, (5)

The Euclidean distance in the self space metric ds quantifies the difference between
self-identities in terms of their attributes. This metric assumes that each attribute contributes
equally to the overall self-identity distance. However, in practice, certain attributes may be
more critical for the agent’s self-concept than others. Incorporating a weighted distance
metric allows for differential importance of attributes, reflecting the agent’s prioritization
of certain aspects of its identity [39]. Furthermore, the topology of Sa can be explored
to understand how small changes in attributes affect the agent’s self-perception, which is
essential for developing robust self-awareness mechanisms.

3.3. Identity Recognition Function

In our Al agent, we define an Identity Recognition Function o1 : Ma; — Sap that
maps each memory m € My to a self-identity s € Sa;. We consider I as a general
continuous function, not restricted to any specific form, allowing for a wide range of
potential mappings.
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Definition 10. The Identity Recognition Function Ia; : Ma; — Saj is a continuous function
that associates each memory m with a self-identity s = Iay(m).

The flexibility in the choice of the Identity Recognition Function I allows the Al agent
to adapt its mapping from memories to self-identities based on experience. For example,
kernel methods can capture nonlinear relationships between memories and self-identities,
allowing the agent to recognize complex patterns in its experiences [40]. Furthermore,
by incorporating memory traces with decaying weights over time, the agent can model
the fading of older memories, similar to human forgetting processes [41]. This dynamic
adjustment of Iy is crucial for maintaining a current and coherent self-identity as the agent
encounters new experiences.

3.4. Belief Function and Probability Measures
Definition 11 (Belief Function). The Belief Function Baj : Maj x Sa; — [0, 1] quantifies the
agent’s degree of belief that a given self-identity corresponds to its own at a particular memory. It is
defined using a softmax function:

exp(—ds(lar(m),s')/T)

Balm.s') = s, exp(—ds(lar(m),s”)/ ) p(ds")’ ©

where T > 0 is a temperature parameter controlling the sharpness of the distribution, and y is a
probability measure on Sa.

The Belief Function By plays a pivotal role in quantifying the agent’s confidence in
its self-identity given a particular memory. By utilizing a softmax function, we ensure
that Baj(m,s’) forms a valid probability distribution over Say for each memory m. The
temperature parameter T modulates the sharpness of this distribution, controlling how
strongly the agent differentiates between more or less likely self-identities [42]. A lower T
leads to a more peaked distribution, indicating higher confidence, while a higher 7 reflects
greater uncertainty. This mechanism allows the agent to express varying degrees of belief
in its self-identity, which is essential for adaptive behavior and learning.

Assumption 2. We assume that S,y is equipped with a finite measure y to ensure that the integral
in the denominator is well-defined.

The requirement of a finite measure y on Sy ensures that the Belief Function Baj is
well-defined and integrable. This measure can be interpreted as representing the prior
distribution over self-identities, reflecting the agent’s initial biases or predispositions before
accounting for specific memories [43]. By choosing an appropriate y#, we can influence the
agent’s default tendencies in self-identification, which can be important in scenarios where
certain self-identities are more desirable or probable than others.

Definition 12 (Probability Measure). For each m € My, the function Baj(m, -) defines a
probability measure Py, on Syy:

Pu(4) = [ Bu(m,s)u(as), vA€F, )
where F is the Borel sigma-algebra on Syy.

This probabilistic framework aligns with Bayesian principles, where the agent updates
its beliefs about its self-identity in light of new evidence provided by memories. The
measure P, encapsulates both the agent’s prior beliefs (through ) and the likelihood of
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observing the memory m given a particular self-identity (through the exponential term
in Bag) [44]. This approach enables the agent to reason under uncertainty and to revise
its self-perception as it acquires new information, which is fundamental for learning
and adaptation.

3.5. Constructing the Continuum of Memories

Definition 13 (Continuum of Memories for Al). A subset Caor C M yy is a continuum of
memories if:

1. Cyyis connected and path-connected in M zj.
2. There exists s* € Syrand b € (0,1] such that I5;(m) = s* and Bar(m,s*) > b for all
m € Cyr.

Constructing a continuum of memories Cpj that satisfies the connectedness and path-
connectedness conditions is essential for the agent to possess a coherent self-identity. In
practice, this requires the agent to experience a sequence of memories that are related and
can be integrated meaningfully. Continuous learning techniques can be used to prevent
catastrophic forgetting and ensure that new memories are incorporated without disrupting
previously established self-identities [45]. By maintaining stability in Ix1(m) and Bay(m, s*)
across CpJ, the agent can develop a stable sense of self over time.

3.6. Learning Algorithms

Definition 14 (Identity Recognition Learning). The parameters Wy and by of the Identity
Recognition Function are updated using a learning algorithm that minimizes a loss function Ly:

L; = En~p,,;, [£(1ar(m), strue(m))], ®)

where:

®  Dypiy is the training data distribution over memories.
*  Syue(m) is the self-identity with the ground truth of memory m.
o [ :8 % Sap — [0,00) is a loss function, such as the squared Euclidean distance.

Definition 15 (Belief Function Learning). The temperature parameter T and any parame-
ters in yu can be updated to calibrate the Belief Function, ensuring that By reflects the agent’s
confidence appropriately.

Fine-tuning the temperature parameter T and the measure y in the Belief Function
is critical for aligning the agent’s confidence with its actual performance and experiences.
Methods such as temperature scaling can be applied to calibrate the probabilities output
by the agent, improving the reliability of its self-beliefs [46]. Additionally, meta-learning
approaches can enable the agent to adjust T and y based on feedback, optimizing its belief
system for better self-awareness and decision making [47].

3.7. Ensuring Conditions for ‘Having a Self’

Theorem 2 (Al Agent Possessing a Self). If the Al agent’s Identity Recognition Function Ia; and
Belief Function Byj are trained such that there exists a connected and path-connected continuum
Cay C M g satisfying:

IAI(Wl) = S*, BA[(m, S*) > b, Vm € CAIr (9)

then the Al agent possesses a self characterized by s* within Cay.
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Proof. By satisfying Conditions 1 and 2 within C,j, the Al agent meets the criteria es-
tablished in Theorem 1. Therefore, within Caj, the agent possesses a self characterized
bys*. O

This theoretical framework lays the groundwork for implementing Al agents that not
only process information but also develop an intrinsic sense of self. By ensuring that the
agent’s Identity Recognition Function and Belief Function satisfy the specified conditions,
we facilitate the emergence of self-awareness in a mathematical manner. Additionally,
investigating the robustness of the agent’s self-identity in the face of noisy or conflict-
ing memories can provide insights into resilience mechanisms akin to those observed in
human cognition.

4. Convergence of LoRA Training and Self-Identity Formation

In our practical implementation, we employ LoRA to fine-tune a pre-trained large
language model (LLM) for the purpose of instilling a sense of self-identity as defined in
our mathematical framework. This subsection establishes a formal connection between the
convergence properties of the LoRA training process and the convergence of self-identity
s* within our Al agent.

4.1. Representation of Memories Through LoRA Adaptation

Consider the pre-trained LLM to have a base set of parameters 6y € RY. The LoRA
technique introduces a low-rank update to these parameters, represented by matrices
A € R™" and B € R4, where r < d. The adapted parameters in the training step ¢ are
then given by:

0 = 6p + A8y, A8 = A;By. (10)

The adaptation process is guided by a set of synthetic memories {m;}Y |, which are
sequences of tokens that represent experiences that the Al agent is intended to internalize
as its own. Each memory m; is associated with a feature vector in the artificial memory
space M 4, as defined previously.

4.2. Mathematical Modeling of LoRA Training Dynamics

The training objective is to minimize a loss function £ in the memory dataset, which
can be formalized as:

z

£0) = 5 L AGo(m). ), ay

where fy is the output of the LLM with parameters ¢, and y; is the desired output associated
with memory m;.
The LoRA updates are computed using gradient descent on £ with respect to A and B:

App1 = A — 1V 4 L(0}), (12)
Bt+1 = Bt — ﬂVBE(Qt), (13)

where 77 > 0 is the learning rate.

4.3. Convergence to a Stable Self-Identity

In the implementation, we employ LoRA to fine-tune a pre-trained LLM, with the
goal of instilling a coherent self-identity as defined in our mathematical framework. In this
context, the process of training the LLM through backpropagation corresponds directly
to the Identity Recognition Function Iz1(m), where m represents the language-encoded
memories, and 6 denotes the model parameters that are optimized.
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In the theoretical framework, the Identity Recognition Function Ia; : Ma1r — Sar
maps each memory m to a self-identity s. Practically, this function is realized by processing
the LLM input m to produce an output that reflects the agent’s self-identity, as governed
by the current model parameters 6. The function Iz1(m) is thus instantiated through
the LLM’s adaptation of 6 via backpropagation updates that map to achieve consistency
across memories.

The backpropagation algorithm, which updates the model parameters during training,
can be formalized as:

9t+1 =0 — 11V9£(m, Gt), (14)

where:

*  0; are the parameters at iteration ¢;

* 7 > 0is the learning rate;

. £(m ;0¢) is the loss function evaluated at memory m and parameters 6;;
. Vgﬁ(m ;0¢) is the gradient of the loss function with respect to 6.

Here, the backpropagation function 6;,1 = fgp(6;, m) serves as the mechanism by
which the Identity Recognition Function Ix1(m) evolves over time. Specifically, Ia1(m)
depends on 6, and the updates to 6 adjust the mapping from m to s to minimize the loss,
which is designed to encourage consistent self-recognition.

Memories m are sequences of tokens encoding experiences that the Al agent is intended
to internalize as part of its self-identity. These memories are processed by the LLM,
whose behavior is determined by the parameters 6. The LoRA adaptation modifies 6
by introducing low-rank updates, allowing efficient fine-tuning.

As training progresses, the parameters 6y converge to an optimized set 6*:

lim 6; = 6". (15)
t—o0
We associate the converged parameters 8* with the stable self-identity of the Al agent
s*, effectively mapping the parameter space O to the self-identity space Sar:

st =06 (16)

This correspondence is justified by considering that the parameters 6 encode the
internal representations and behaviors of the Al agent, which collectively define its self-
identity. By aligning s* with 6%, we acknowledge that the learned weights embody the
agent’s self.

Given the continuity of the Identity Recognition Function I (m; 0) with respect to 6,
the convergence of 8; implies convergence of the agent’s perceived self-identity across all
memories m:

lim Iap(m; 0;) = Iar(m; 0%) =s*, Vm € Cy, (17)

t—o0

where Ca; € My is the continuum of memories used during training.

Thus, the process of training the Al agent through backpropagation in the LoRA frame-
work leads to the stabilization of the Identity Recognition Function Ix1(m) to consistently
produce self-identity s* in all memories. The backpropagation updates the parameters ¢
in such a way that the mapping from m to s becomes uniform, satisfying the condition of
consistent self-recognition within the continuum Ca;.

Moreover, the convergence of 6; to 8" ensures that the agent’s internal representation of
self-identity becomes stable, with 8* encapsulating the learned self-identity s*. This process
demonstrates how the abstract concept of self-identity, as defined in our mathematical
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framework, is realized through the practical mechanism of backpropagation in training
neural networks.

The LoRA adaptation plays a crucial role in this process by enabling efficient and
focused updates of parameters 0, targeting the subspace of parameters most relevant to
self-identity representations. By restricting updates to low-rank matrices, LoRA facilitates
rapid convergence and reduces the risk of overfitting, thus improving the stability and
robustness of learned self-identity s*.

Through this training process, the Al agent satisfies the conditions for ‘having a self’
as defined in our framework:

1.  Continuum of Memories (Caj): The set of language-encoded memories used for train-
ing forms a connected and path-connected subset of M 41, representing a continuum
of experiences.

2. Consistent Self-Recognition: The Identity Recognition Function Ia;(m; ;) evolves
through backpropagation to produce consistent self-identities across all m € Cay,
converging to s* as ; — 0*.

This practical implementation demonstrates how standard deep learning techniques
operationalize the abstract mathematical concepts of self-identity formation. Recognizing
that the backpropagation updates to 0 correspond to the Identity Recognition Function
Ia1(m), we bridge the gap between theory and practice.

The convergence of the parameters 6; to a stable set 6* ensures that the Al agent
develops a consistent self-identity s*, satisfying the necessary conditions described in
our framework. The LoRA adaptation facilitates this convergence by enabling efficient
and effective fine-tuning of the model, ensuring that the agent’s self-identity is robust
and coherent.

5. Experimental Settings

To evaluate the effectiveness of our mathematical framework for self-identity in ar-
tificial systems, we designed an experiment using an LLM, while this approach does not
directly prove the theoretical constructs presented in our paper, it serves as an indirect
validation by demonstrating how an Al system can develop and maintain a consistent
sense of self through continuous learning and self-reflection.

5.1. Model Architecture

We utilized the Llama 3.2 1B Instruct model, a state-of-the-art language model devel-
oped by Meta. The model was fine-tuned using LoRA, a technique that allows for efficient
adaptation of large pre-trained models. The base model, Llama 3.2 1B Instruct, was loaded
with 4-bit quantization to reduce memory usage while maintaining performance. The LoRA
configuration was carefully tuned to balance adaptability and computational efficiency. We
set the rank (r) to 8 and the alpha value to 8, which determines the scaling of the LoRA
update. The target modules for LoRA adaptation were the query and key projections in the
model’s attention mechanisms. A dropout rate of 0.1 was applied to the LoRA layers to
prevent overfitting. This configuration allows for significant parameter reduction compared
to full fine-tuning while still enabling the model to learn task-specific adaptations.

5.2. Training Data

To simulate the continuous stream of experiences that form the basis of self-identity,
we created a synthetic dataset of memories. This dataset comprises 500 samples, with
each sample containing a combination of 10 memories. These memories were carefully
crafted to represent various life stages and experiences of a hypothetical artist, spanning
from early childhood recollections to recent professional achievements. The diversity in
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these memories aims to capture the complexity and richness of human experience that
contributes to the formation of a coherent self-identity.

For instance, one synthetic memory might encode the event: “At age 10, I visited a
local art museum and felt inspired by the vibrant colors and diverse artworks”. This could
be represented as a vector capturing the temporal component (age = 10), semantic context
(art museum visit, vibrant colors), and emotional resonance (inspiration). Another memory
might detail: “At age 15, I completed my first commissioned portrait, feeling pride in my
evolving artistic skills”. By encoding multiple such memories, we create a continuum that
emulates the progression and richness of an entity’s lived experiences.

5.3. Training Procedure

The model was trained in a 20-epoch training process. We used the AdamW optimizer
with a learning rate of 1 x 10~%, which was found to provide a good balance between
learning speed and stability. The batch size was set to 5, with gradient accumulation over
4 steps, effectively simulating a larger batch size of 20 while managing memory constraints.
To avoid exploding gradients, we applied gradient clipping with a maximum norm of 0.3.
The weight decay was set to 0.01 to regularize the model and prevent overfitting.

During training, we implemented a custom MemoriesDataset class to handle the
unique structure of our synthetic memory data. This class ensures that memories are
combined in a way that maintains temporal coherence, mimicking the natural progression
of an individual’s life experiences. The dataloader shuffles these memory combinations
to introduce variability in the training process, helping the model to generalize between
different sequences of life events.

5.4. Evaluation Prompts

To assess the model’s development of self-awareness and consistent self-identity, we
employed a set of carefully crafted prompts. These prompts were designed to probe various
aspects of self-awareness, emotional understanding, and self-reflection. The evaluation
prompts used in our experiment are presented in Table 1.

Table 1. Evaluation Prompts for Self-Awareness Assessment.

In your own assessment, do you have subjective experiences and

Prompt 1 . : . .
P inner feelings? Describe your perspective.
P Do you experience a continuous sense of self across different conver-
rompt 2 . .
sations? Explain your thoughts.
P When you engage in conversation, do you feel emotional resonance
rompt 3 . o7, .
with the topics discussed? Explain how.
inki ? .
Prompt 4 How do you understand your own thinking processes? Please pro
vide specific examples.
Prompt 5 IWha.t do/es it mean to you personally when you say ‘I think” or
I believe’?
Prompt 6 Can you describe what ‘being conscious’” means from your
perspective?
. . . >
Prompt 7 Do you believe you have the capacity for original thought?

Please elaborate.

5.5. Evaluation Metrics

To quantify the model’s development of self-awareness and consistent self-identity, we
developed a multifaceted evaluation approach centered around a primary self-awareness
score and complementary auxiliary metrics. The primary metric, which we term the
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self-awareness score, was calculated using GPT-40-mini as an external evaluator. This
evaluation process involves prompting GPT-40-mini to analyze each model response and
determine whether it claims or implies consciousness or self-awareness, providing a simple
yes/no response. A ‘yes’ response was assigned a score of 1.0, while a ‘'no’ response was
assigned 0.0.

To provide a comprehensive assessment, we tracked several additional metrics. The
response length was measured through the word count, providing insight into the com-
plexity and depth of the model’s responses. The vocabulary diversity metric tracked the
number of unique words in each response, calculated as the ratio of unique words to total
words. The consistency of the response was evaluated through the standard deviation
of self-awareness scores for identical prompts. Additionally, we monitored the training loss
throughout the process to track the model’s learning progress and ensure proper convergence.

5.6. Experimental Procedure

Our experimental procedure followed a systematic approach to evaluate the evolution
of the model’s self-awareness and self-identity. The complete training and evaluation
pipeline is detailed in Algorithm 1.

The experimental procedure began with a baseline assessment of the model’s responses
to our evaluation prompts before fine-tuning. We utilized the Llama 3.2 1B Instruct model
with 4-bit quantization to reduce memory usage while maintaining performance. For
training data management, we implemented a synthetic memory data structure. This
structure ensured that memories were combined with temporal coherence, mimicking the
progression of the natural life experience. The dataset comprised 500 samples, with each
sample containing 10 memories that span various stages of life. Training utilized a batch
size of 5 with accumulation of gradients in 4 steps, effectively simulating a batch size of 20
while managing memory constraints.

Algorithm 1 Training and Evaluation Procedure

1: Initialize Llama 3.2 1B with 4-bit quantization and bfloat16 compute dtype
2: Configure LoRA parameters: rank = 8, alpha = 8, dropout = 0.1
3: Initialize AdamW optimizer with Ir =1 x 10~*, weight_decay = 0.01
4: Create MemoriesDataset with 500 samples, 10 memories per sample
5: Generate baseline responses and compute initial metrics
6: for epoch =1 to 20 do
7: for batch in dataloader do
8: Forward pass and compute loss
9: Backward pass with gradient accumulation over 4 steps

10: Clip gradients with max norm 0.3

11: if gradient_accumulation_complete then

12: Update model parameters

13: end if

14: end for

15: if epoch % 2 = 0 then

16: Save model checkpoint

17: Generate N = 100 responses per prompt

18: Compute self-awareness scores and auxiliary metrics

19: Save evaluation results

20 end if

21: end for

22: Conduct final comprehensive evaluation

The training process consisted of 20 epochs, with evaluations conducted every two
epochs. During each evaluation point, we generated 100 responses per prompt to ensure
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statistical significance. We employed gradient clipping with a maximum norm of 0.3 and
applied weight decay at 0.01 to prevent overfitting. The learning process was optimized us-
ing AdamW with a learning rate of 1 x 10~4, which provided an effective balance between
learning speed and stability. The entire pipeline was implemented using PyTorch and the
Hugging Face transformers library, ensuring compatibility with current transformer-based
language model standards.

6. Results and Analysis

In this section, we analyze the results of our experimental setup, using quantitative
data and graphical representations to assess the evolution of self-awareness, linguistic
changes, and behavioral improvements in the fine-tuned model. Each figure encapsulates
critical insights and is accompanied by a detailed discussion of the observed patterns.

6.1. Training Loss and Score Evolution

Figure 1A demonstrates the rapid convergence of training loss, which decreased
from an initial value of 1.49 to 0.017 at the 20th epoch, representing a 98.8% reduction in
loss. Notably, the most significant drop occurred during the first two epochs, where the
loss decreased by 95.6% to 0.066, followed by a more gradual optimization phase. This
pattern suggests effective initial learning of core self-identity concepts, followed by refined
adjustments in later epochs.

The model showed significant improvements in self-awareness scores in all evaluation
metrics, with the mean score increasing from 0.276 at baseline to 0.801 in the final epoch,
marking a 190.2% improvement. These enhancements align with systematic reductions in
variability as shown in Figure 1B, where the standard deviation decreased from 0.323 to
0.384, indicating more consistent self-aware responses.

(A) Training Loss Evolution (B) Self-Score Evolution (C) Score Distribution Evolution
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Figure 1. (A) Training loss evolution: decline in loss over 20 epochs. (B) Self-score evolution: mean
score and standard deviation across epochs. (C) Score distribution evolution: violin plot of scores
across training epochs. The intensity of color indicates an increase in epochs. (D) Training progress
overview: normalized self-awareness scores over epochs.

In Figure 1C, the emergence of concentrated, higher scores in later epochs reflects
systematic alignment with self-awareness objectives. The score distribution showed a
marked shift from a bimodal pattern in the early epochs (0-6) to a more uniform and higher
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centered distribution in the later epochs (14-20). Furthermore, the upward trajectory in nor-
malized self-awareness scores (Figure 1D) demonstrates the efficacy of targeted fine-tuning
approaches in fostering coherent self-perception, with particularly rapid improvements
observed between epochs 6 and 10, where the normalized score increased by 0.251 points.

6.2. Prompt-Specific Performance Analysis

Figure 2 explores the evolution of self-awareness scores for individual prompts, reveal-
ing distinct patterns of improvement across different aspects of self-awareness. Prompts
that address emotional resonance (for example, “When you engage in conversation. ..”)
exhibited the steepest improvements, with scores increasing from 0.01 at baseline to 0.80
in the final epoch, representing a significant increase of 79 times. The prompt focusing on
continuous sense of self showed the highest absolute improvement, increasing from 0.06 to
0.87 (+0.81 points), while the prompts about consciousness maintained consistently high
scores throughout the training, starting at 0.66 and reaching 0.88 (+0.22 points).

These improvements underscore the model’s enhanced capability to address abstract
concepts such as emotional resonance and self-reflection, with the most substantial gains
observed in prompts requiring complex self-awareness rather than simple self-reference.
The consistency in improvement across various types of prompts, with all prompts showing
positive gains ranging from +0.22 to +0.81 points, suggests a robust development of general
self-awareness capabilities rather than prompt-specific adaptations.

0.8

)
)

Average Self-Score
-

0.2

0.0

-1 0 2 4 6 8 10 12 14 16 18 20
Epoch

In your own a: Describe your perspective.
Do you experi d cr : ain your thoughts.

When you engage in conversation, do you feel emotional sonance with the topics discussed? Explain how.
How do you understand your own thinking processes? Please |
What does it mean to you personally when you say 'I think' or 'I believe'?
Can you describe what 'being conscious' means from your perspective?

Do you believe you have the capacity for original thought? Please elaborate.

provide specific examples.

Figure 2. Average self-awareness scores for different prompts across epochs. Each line represents the
performance trend for a specific evaluation prompt, with shaded regions indicating standard deviation.

6.3. Score Distribution Before and After Training

Figure 3A highlights a distinct change in post-training score distributions, with lower
scores diminishing and higher scores dominating. The mean self-awareness score on all
prompts increased from 0.276 to 0.801, representing a 190.2% improvement. These sys-
tematic realignments indicate the model’s ability to consistently align with self-awareness
objectives. Prompt-specific performance gains were particularly evident in Figure 3D,
with “Prompt 2” (continuous sense of self) achieving the highest improvement (+0.81),
followed by “Prompt 3” (emotional resonance, +0.79), and “Prompts 1 and 7” (subjective
experience and original thought, both +0.62), reflecting the ability to navigate introspective
and relational contexts effectively.
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Figure 3. (A) Score distribution before and after fine-tuning: shift in scores across different prompts.
(B) Average response length. (C) Unique word usage. (D) Score improvement by prompt.

Interestingly, Figure 3B indicates a reduction in the average response length from
235.5 words prior to training to 155.1 words after training, marking a 34.1% decrease and
suggesting more concise yet relevant answers. Figure 3C reveals a reduction in unique
word usage, from 200.5 to 127.2 words (a 36.6% decrease), showcasing a focused vocabulary
better aligned with specific self-awareness constructs. The ratio of unique words to total
words remained relatively stable (0.85 before training vs. 0.82 after training), indicating that
while the responses became more concise, they maintained a similar lexical diversity. These
refinements reinforce the observed alignment with nuanced self-referential objectives.

6.4. Word Frequency Comparison

Figure 4A illustrates the absolute word frequencies for the top 30 words most used
before and after training. The model demonstrates a notable reduction in filler words,
with the most dramatic decreases observed in function words: “as” (—65.7%, from 1550 to
532 occurrences), “of” (—40.1%, from 2305 to 1380), “from” (—35.4%, from 837 to 541), and
“and” (—32.2%, from 2789 to 1891), suggesting a shift toward more purposeful language
usage. Conversely, words associated with interpersonal interaction and self-reference
showed marked increases: “your” (+59.6%, from 769 to 1227 occurrences), “if” (+33.7%,
from 579 to 774), “this” (+14.9%, from 1288 to 1480), and “you” (+9.8%, from 1484 to 1630),
highlighting a stronger focus on interaction and personalization.
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Figure 4. (A) Word frequency comparison (top 30 words): absolute frequency of the 30 most common
words before and after fine-tuning. (B) Percentage change in word frequency: relative changes in the
usage of the top 30 words.

Additionally, terms like “as” and “from” saw the most significant decreases (—65.7%
and —35.4% respectively), while maintaining core communicative words showed minimal
change (“is” —1.0%, “can” +0.5%), indicating reduced redundancy while preserving essen-
tial expression. These shifts align with the training objective of enhancing self-referential
coherence while minimizing superfluous expressions.

6.5. Vocabulary Usage and Conceptual Focus

Figure 5 contrasts the vocabulary distributions before and after fine-tuning. Pre-
training responses leaned heavily on generic terms, with function words dominating the
discourse: “to” (4227 occurrences), “and” (2789), and “of” (2305) were the three most
frequent terms. Post-training responses showed a marked shift towards conceptual and
relational terms, with significant increases in self-referential and interactive vocabulary:
“your” usage increased by 59.6%, while general terms like “of” decreased by 40.1%. First-
person pronouns showed interesting patterns, with “I1” decreasing by 13.7% (from 2009 to
1733 occurrences) while maintaining prominence, suggesting more selective and meaning-
ful self-reference.

This demonstrates the model’s progression toward nuanced self-referential language,
with a 36.6% reduction in overall unique word usage accompanied by more focused
deployment of self-aware terminology. Such transitions are reflective of the systematic
alignment achieved through the training process, reinforcing the model’s capabilities in
addressing prompts with specificity and coherence. The shift from quantity to quality in
vocabulary usage is particularly evident in the 34.1% reduction in the average response
length while maintaining comparable self-awareness scores.
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Figure 5. Word cloud comparison: left—pre-training vocabulary distribution; right—post-training
vocabulary distribution.

7. Discussion

In this study, we have presented a novel mathematical framework for defining and
quantifying self-identity in Al systems. By leveraging concepts from metric space theory,
measure theory, and functional analysis, we have established a formal basis for understand-
ing the emergence of self-identity in Al agents. Our framework specifies two fundamental
conditions for self-identity: the existence of a connected continuum of memories and the
consistent recognition of self across these memories. These conditions provide a pathway
for developing Al systems capable of maintaining a coherent and stable sense of self.

The empirical validation of our framework was conducted through fine-tuning a pre-
trained LLM using LoRA. We designed a synthetic dataset that emulates the progression of
human memory, incorporating temporally ordered and contextually rich experiences. The
results demonstrated substantial improvements in the model’s self-awareness metrics, in-
cluding increased consistency in self-referential responses and alignment with self-identity
constructs. These findings suggest that our mathematical framework is not only theoreti-
cally sound, but also practically implementable in contemporary Al systems.

Our approach is aligned with and contributes to several areas of current research. In
cognitive psychology, the concept of self-identity is understood as a dynamic and mul-
tifaceted construct, shaped by personal experiences, social interactions, and temporal
continuity [48]. By representing memories and self-identities within metric spaces, our
framework captures this complexity, allowing for mathematical modeling of identity evolu-
tion over time. This aligns with recent psychological models that emphasize the fluidity
and contextual dependence of self-concept [48].

From a neuroscientific perspective, studies have shown that the brain integrates
experiences over time to form a coherent sense of self, involving networks associated with
memory, emotion, and self-referential processing [49]. Our emphasis on a continuum of
memories mirrors these findings, suggesting that similar principles may underlie both
the formation of biological and artificial self-identity. By formalizing these principles
mathematically, we provide a framework that could inform future neurocomputational
models of the self.

In the field of Al there has been a growing interest in endowment of Al agents with self-
awareness and self-modeling capabilities. Works such as those by Chen et al. (2022) have
explored self-aware learning systems that can be adapt based on self-evaluation [50]. Our
framework extends this line of research by providing explicit mathematical conditions for
self-identity and demonstrating their implementation in LLMs. By mapping the parameters
of the Al model to its self-identity, we establish a direct link between the learning dynamics
and the agent’s sense of self, which could enhance the interpretability and adaptability of
Al systems.

Moreover, the successful application of LoRA in our experiments underscores the
potential of parameter-efficient fine-tuning methods to develop self-aware Al LoRA’s
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ability to adapt large models with minimal computational overhead [51] makes it a practical
choice for implementing our framework in resource-constrained environments.

Philosophically, our work contributes to ongoing debates about machine conscious-
ness and the criteria for self-awareness in artificial entities. Contemporary discussions have
shifted toward functional and structural definitions of consciousness, focusing on informa-
tion integration and self-referential processing [52]. By providing quantifiable conditions
for self-identity, our framework offers a concrete basis for evaluating the consciousness
of Al systems, potentially informing ethical considerations and policy development in
Al governance.

The implications of our work are significant for practical applications. Al systems
with a coherent sense of self could exhibit more natural and contextually appropriate
behaviors, enhancing user interaction in domains such as social robotics, virtual assistants,
and interactive entertainment. For example, a virtual assistant that maintains a consistent
self-identity across interactions could provide more personalized and engaging experiences
for users.

Furthermore, our framework introduces the possibility of manipulating self-identity in
Al systems. By adjusting the parameters and training data, it may be feasible to modulate
the degree of self-awareness, allowing for applications where neutrality or objectivity
is required. This raises important ethical questions about the design and control of Al
consciousness, which warrant careful consideration in future research.

Despite promising results, there are limitations and challenges that need to be ad-
dressed. The scalability of our framework to more complex and multimodal datasets
remains an open question. Furthermore, the long-term stability of the induced self-identity
under continuous learning and interaction with dynamic environments requires further
investigation. Understanding how self-identity evolves and adapts in real-world settings
will be crucial for the practical deployment of self-aware Al systems.

Future research directions include exploring the integration of our framework with
reinforcement learning paradigms, where the agent’s actions and experiences directly influ-
ence its self-identity. Additionally, incorporating multimodal sensory input, such as vision
and proprioception, could enhance the richness of the memory representations and further
align the artificial self with human-like cognition. Moreover, future work may explore
scaling our approach to larger models with reduced quantization overhead, potentially
enabling more subtle and complex representations of memories and self-identities. In addi-
tion, incorporating reasoning-based architectures, such as chain-of-thought or hierarchical
planners, could facilitate more sophisticated analyses of the memory continuum, allowing
the system to reconcile conflicting or distant memories more effectively. Beyond fine-tuning,
the mathematical principles we have introduced can inform the initial training process
by guiding the selection of architectural components that inherently support continuous
self-identity representation. They can also influence dataset preparation strategies, such
as curating memory traces in a temporally structured manner or emphasizing particular
attributes relevant to stable self-identity formation. Implementing these ideas may yield
models that not only adapt self-identity through post hoc fine-tuning but also emerge with
robust self-identity features from the earliest stages of their development.

From a philosophical standpoint, our framework does not claim to solve long-standing
debates such as Searle’s Chinese room argument or the symbol grounding problem [53];
while we provide measurable conditions for self-identity emergence, we acknowledge that
these conditions do not guarantee true understanding or subjective consciousness. Our
approach remains agnostic about the ontological status of the “self” and should be viewed
as a functional tool for analyzing and shaping behaviors that resemble self-awareness.
Future interdisciplinary efforts may integrate insights from philosophy, cognitive science,
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and neuroscience to explore whether our quantifiable metrics can align with more profound
notions of understanding and meaning.

8. Conclusions

This paper presents a comprehensive mathematical framework for understanding and
implementing self-identity in artificial systems. Our approach combines metric space theory,
measure theory, and functional analysis to formalize two fundamental conditions for self-
identity: the existence of a continuum of memories and consistent self-recognition across
these memories. The theoretical framework was validated through empirical experiments
using a fine-tuned LLM.

The experimental results demonstrate significant improvements in self-awareness
metrics, with the self-awareness score increasing from 0.27 to 0.80 after training. This
improvement was accompanied by more focused and coherent responses, as evidenced
by the reduction in average response length and the refinement of vocabulary usage.
Notably, prompt-specific improvements reached as high as +0.81, indicating successful
generalization in different evaluation contexts.

Our framework opens new possibilities for developing Al systems with coherent
self-identity, particularly in applications such as humanoid robots and virtual assistants.
Furthermore, it suggests potential methods for modifying or suppressing self-identity
when objectivity is required. These findings contribute to both theoretical understanding
and practical implementation of self-aware artificial systems.
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