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Abstract

Let O, (A) be the order-preserving and A-decreasing finite transformation semigroup on
X, ={1,2,...,n}. Itis known that O, (A) has zero element if and only if 1 € A. In this
paper, we investigate zero-divisor graphs of O, (A) where 1 € A and n > 4. First, we
determine the set of right, left, and two-sided zero-divisors of Oy, (A); and their cardinalities.
Let T (O, (A)) be the undirected graph whose vertices are the two sided zero-divisors of
0, (A) excluding the zero element (f) and distinct two vertices a« and f joined by an edge
if and only if ¥ = 6 = Ba. In this paper, we prove that I'(O, (A)) is a connected graph
and find its diameter, girth, domination number and degrees of all vertices in I'(O,,(A)).
Moreover, we prove that I'(O,(A)) is a perfect graph and we calculate clique number and
chromatic number of it.

Keywords: order-preserving; transformation semigroup; zero-divisor graph; diameter;
domination number; clique number

MSC: 20M20; 97K30

1. Introduction

The zero-divisor graph of a commutative ring was defined by Beck [1]; however, the
zero element is a vertex in Beck’s definition. Later, the zero-divisor graph of commutative
ring redefined by Anderson and Livingston which is now standart zero-divisor graph of a
commutative ring [2]. Similarly, the zero-divisor graph of a commutative semigroup with
zero, as defined by Demeyer et al. [3]. Let S be a commutative semigroup with zero and 0
be the zero element of S and Z(S) be the zero-divisors of S. The zero-divisor graph of S
is denoted by I'(S) and it is an undirected graph with vertex set Z(S)* = Z(S) \ {0} and
distinct two vertices a and p are adjacent vertices in T'(S) if and only if af = 0. Recently,
zero-divisor graphs of some commutative semigroups have been studied [4].

In 2002, Redmond defined four different zero-divisor graphs for noncommutative
rings [5]. Therefore, these definitions can be considered for noncommutative semigroups
with zero. For a non-commutative semigroup S with zero, let

L(S)={xe€S:xy=0forsomey € S\ {0}},

R(S)={xe€S:yx=0forsomey € S\ {0}} and
T(S)={xeS:xy=0=zxforsomey,z e S\ {0}}
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are called left, right, and two-sided zero divisors of S, respectively. Notice that T(S) =
L(S) N R(S). Moreover, let

Z(S)={xeS:xy=0o0ryx =0forsomey € S\ {0}},

Z(S)" = Z(5)\ {0} and T(S)" = T(5) \ {0}.

Notice that Z(S) = L(S) UR(S). As defined by Redmond, we define four different
zero-divisor graphs for noncommutative semigroups with zero as follows:

e T(S) =T4(S) is the undirected graph with vertices T(S)* and distinct two vertices x
and y are adjacent if and only if xy = 0 = yx;

e T(S) is the undirected graph with vertices Z(S)* and distinct two vertices x and y
are adjacent if and only if xy = 0 = yx;

e T73(S) is the undirected graph with vertices Z(S)* and distinct two vertices x and y
are adjacent if and only if xy = 0 or yx = 0; and

e T4(S) is the directed graph with vertices Z(S)* and for distinct two vertices x and y,
x — yis a directed edge if and only if xy = 0.

In this paper, we only consider I'(S). Notice that if S is a commutative semigroup, then
['(S) =T(S). I'(S) is an undirected graph with vertex set T(S)* = T(S) \ {0}, and distinct
two vertices « and B in T(S)* are adjacent vertices in I'(S) if and only if af = 0 = Ba. Itis
called the two-sided zero-divisor graph of S.

Let n € Z* and Ty, be the full transformation semigroup on X,, = {1,...,n}. For
a € Ty, if x < yimplies xa < ya for all x,y € X, then « is called order-preserving
transformation. The set of all order-preserving transformations in 7 is denoted by O,
which is a subsemigroup of 7. Fora € T, if xa < x forall x € X,,, then « is called an order-
decreasing element in 7. The set of all order-decreasing transformations in 7, is denoted
by Dy, which is a subsemigroup of 7. The set of all order-preserving and order-decreasing
transformations in 7 is denoted by C,, and it is called the Catalan monoid on X,,. In 2021,
two-sided zero-divisor graphs of Catalan monoid were investigated [6]. For a sequence
(x1,x2,...,%) on Xy, if there exists no more than one subscript i such that x; > x;,1
where x,.1 = x1, then (x1,x2,...,x,) is called a cyclic. For a in Ty, if (1a,24,...,na)
is a cyclic then « is called orientation-preserving. The subsemigroup consisting of all
orientation-preserving and order-decreasing transformations in 7, is denoted by OPD,,.
In 2025, two-sided zero-divisor graphs of orientation-preserving and order-decreasing
transformation semigroups were investigated [7].

For @ # A C X,, Oy(A) = {a € O : xa < x (Vx € A)} is called order-
preserving and A-decreasing transformation semigroup on X,. From the definitions,
Cn COu(A) C Oy

If B= AU {n}thenitis clear that O, (A) = O,(B). Moreover, it is known that O, (A)
has a zero element if and only if 1 € A [8]. Throughout this paper, we suppose 1 € A and
n¢ A.

In this paper, we investigate some properties of I'(0,,(A)). The vertex set of I'(O,(A))
is denoted by V(I'(O,(A))) and the edge set of T'(O0,(A)) is denoted by E(I'(O,(A))).
I'(0,(A)) is an undirected graph, V(I'(O,(A))) = T*(On(A)) and E(T(0,(A))) = {a —
B:ap =06 =pa}. lItis clear that I'(C,) is a subgraph of I' (O, (A).

Throughout this paper, we suppose n > 3 since O,,(A) = C, for n € {1,2}. Since
n ¢ A, notice that forn > 3, 0, (A) = Cyifand only if A = X,,_;.

For n > 3, recall that O, (A) is a non-commutative semigroup with the zero element.
1 2 -« n

We denote the zero element of O, (A) by 6 and 6 = ( 11 1
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We refer to [9-11] for other terms in semigroup and graph theories, which are not
explained here.

2. Primaries

Definition 1. Let K be a non-empty subset of Z* and L be a path in Z*. Moreover, let L be a path
length of k with steps vy, v1, . .., Uk such that each consecutive difference v; — v; 1 lies in K for all
i€{0,1,...,k—1}. Then, L is called a lattice path.

Definition 2. Let L be a lattice path in 7?, where K = {(1,0),(0,1)}. Then, L is called a
North-East lattice path.

Proposition 1. Let N'E be the set of all North-East lattice paths from (0,0) to (n,n — 1). Then,
there is a bijection from Oy to N'E.

Proof. For any « € O, has the following tabular form,

(1 ... n)
o= )
1] C -+ Cy

Leti,j € X, such thati < j. Then, we have ¢; < ¢ from the definition. Let /; be the
horizontal line such that (i —1,¢; — 1) — (i,c; — 1) for all i € X,,. Moreover, there is a unique
North-East lattice path in N'E, which has horizontal lines 1y, hy, ..., hy. Lets call this path
Py. We define a function f : O, — N as follows: af = P,. Itis clear that f is a one-to-one
mapping. Let P be a North-East lattice path from (0,0) to (n,n — 1). There are horizontal
lines h’l,hlz, .. .,h;. Then, we have h; = (i—1,j;) — (i,j;) foralli € X,,. Moreover, let

i+l p+1 - jud1 )
Itis clear that B € O, and Bf = P. Thus f is onto. It follows that f is a bijection. [
1 2 3 4
2 2 45
the horizontal lines are hy : (0,1) — (1,1),hy : (1,1) — (2,1),h3 : (2,3) — (3,3),hy : (3,4) —

(4,4),hs5 : (4,4) — (5,4). Moreover, «f = (0,0) —(0,1) —(1,1) — (2,1) — (2,2) — (2,3) —
(3,3) — (3,4) — (4,4) — (5,4) which is a North-East lattice path from (0,0) to (5,4).

Example 1. Let & = Z > € Os and f be the function defined above. Then

3. Zero-Divisors of O,(A)
Forn > 3,let O, (A)* = O,(A) \ {6}, and we define the following sets:

L = L(Ox(A))={a € Oy(A):ap =0forsomepc O,(A)},
= R(Oy(A)) ={a € Oy(A) : ya = 6 for some y € O,(A)*} and
T = T(On(A))={a€Oy(A):ap=0=yaforsomep,vec Oy(A)*} =LNR

which are called the set of left, right and two sided zero-divisors of O, (A), respectively.
In this section, we find the left, right and two sided zero-divisors of O,(A), and their
cardinalities.

Proposition 2 ([12]). For any a, B € Ty, af = 0 if and only if im(a) C 1871, In particular,
a? = @ ifand only if im(a) C 1la~ 1.
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We now define a specific mapping that is useful throughout this paper. Let

1 - n—-1 n
= .
1 ... 1 2
Theorem 1. Forn >3, L = {a € O,(A) : na < n}.

Proof. Letn > 3and o« € O, (A). If ne = n and af = 6 for any p € O,(A), then it
is clear that nfp = 1 and B = 6. Let na < n. Then we have art = 6. It follows that
L={a € Oy(A) :na <n}. O

Theorem 2. Forn >3, R = {a € O,(A) : 2a = 1}.

Proof. Letn > 3and « € O,(A). Let2a = 1and g = (1 2 Z) Then, it

is clear that B € 0,(A) and Ba = 6. Suppose that 224 = k # 1 and ya = 6 for any
v € On(A). Then, we have im(7y) C 1a~! = {1} from Proposition 2. It follows that v = 6.
So,R={a€ Oy(A): 20 =1}. O

Corollary 1. Forn >3, T = {a € Oy(A) : 20 = 1 and na < n}.

Theorem 3.

(i) LetA={l=a1<ap<---<ag<n}forn>4andk > 3. Then, we have

=Yy ..y (“2—3“2).

r=113=r  =rq r2—1
k s . _1_g. —1—g —
H (r] rio1t+aj—1 a]_1> ' <2n 1—a rk>'
3 ri—ri-1 n—1-—r

(ii) Let A= {1=a; <ap < n} forn > 3. Then, we have
L (a5 —3+19 2n—1—ay—1,
Ll = Z( e —1 )( n—1—r )
1’2:l 2 2
(iii) Let A = {1} for n > 3. Then, we have
2n—3
Ll = .
= (35)
Proof. () LetA={l=a <ap < - <ap <n}tforn>4andk > 3. Ifa € L, then

ajx < a;foralll <i < kand na < n. We can use Proposition 1 to calculate |L|. Therefore,
the number of North-East lattice paths in the following is equal to |L|, and the path is

(0,0)—(1,0)—~~-—(612—1,1”2—1)—(112,7”2—1)—-~~—(113—1,7’3—1)—(613,7’3—1)—---

—(ar =1, =1 —(ap,rx—1)—---—(n,n—=2)—(n,n—1)

wherel <1 <ap, 1 <r3<az,..., 11 <1 < ag It follows that

a a3 3
u2—3+r2
|L|:ZZ"'Z(r_1 )
rp=113=r2 Tk=Tk-1 2

ﬁ(rj—rjl +aj—1—aj1> <2n—1—ak—rk>
i=3 1’]' — 1’]‘_1 n—1-— T '
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Similarly, (ii) and (iii) can be shown. O

Theorem 4.

(i) LetA={l=a1<ap<---<ag<n}anday #2forn >4,k > 3. Then, we have

T o ]

rp=113=r2 Tk=Tk-1

ﬁ (r]- —tji1+aj—1 —a]-_1> . <2n — 7y —ak>
i3 r']'—r]',l n—ry '

]

(ii) Let A= {1=uay <ap <n}anday # 2 forn > 3. Then, we have

L fay—4+1y 2n—1y —ay
R| = . .
IR 2( rp—1 ) < n—rp >

}’211

(iii) Let A = {1} for n > 3. Then, we have

2n—3
’o= (05,
Proof. ()Let A={l=a1 <ap < - <ay<n}anday #2forn >4,k > 3. Ifa € R,
then a;0 < g; forall1 < i < k and 2« = 1. We can use Proposition 1 to calculate |R|.
Therefore, the number of North-East lattice paths in the following is equal to |R|, and the
pathis
(0,0) = (1,0) = (2,0) =+ = (a2 = L,rp = 1) = (4,72 = 1) — -+ —

(a3*117’3*1)7(a3/1’3*1)7"’7(akilrrkil)7(akrrk71)7"'7(nrn*1)
where 1 <1 < ap, 1y <r3<as, ..., 1r_1 <1 < ag. It follows that

Ro= Y p (B

rp=113=12 Te="k-1

ﬁ (rj —rjigta—1- aj1> _ <2n — 1 — ak>
3 ri—="Tj-1 n—rg '

]

Similarly, (ii) and (iii) can be shown. O

Theorem 5.

(i) LetA={l=a1<2=ay<az<---<ay<n}forn>>5k>4. Then, we have

Ro- %3 3 (4

r3=174=13 Tk=Tk-1

ﬁ (rj —rjita—1- aj1> _ (2;1 — 7 — ak>
Py} Tj — 1’]'_1 n—r '

]

(ii) Let A={1=a1 <2=uay <az < n}forn> 4. Then, we have

B (a3 —4+713 2n —r3 —az
R| = . .
IRl 2( r3—1 > < n—r3 >

73:1
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(iii) Let A = {1 =ay; < 2 = ay} for n > 3. Then, we have

2n—3
R| = .
’o= (25
Proof. ) A={l=m <2=ay<a3<---<a,<n}forn>5k>4 Ifa €R, then

ajx < a;forall1 <i < kand2x = 1. We can use Proposition 1 to calculate |R|. Therefore,
the number of North-East lattice paths in the following is equal to |R|, and the path is

(0,0) — (1,0) — (2,0) — e — (a3 *1,1’3*1) — (ﬂg,?‘g *1) — e —
(ag—=1rg—=1)—(agrg=1) = — (=L —=1) = (a1, —1) =+~ = (n,n - 1)
where 1 <r3 <az, 13 <rg<ay,..., 11 <1 < ag It follows that
a3

I N )

r3=174="13 Tk=Tk-1
ﬁ (rj —ri1+aj—1- aj1> . <2n — 1 — ak>
il 7"]' — 7’]'_1 n—ry
(if) and (iii) can be shown similarly. O

Theorem 6.
(i) LetA={l=a1<ap<---<ag<n}forn>4,a,#2andk > 3. Then, we have
az

- Y Y.y (”2—4+f2).

rp=113=ry  1=ri_1 r2—1
ﬁ 7”]'—7’]'_1+11]'—1+a]'_1 ] 2n—1—ap —ry
i3 7‘]‘—1’]',1 11—1—7']( '

(ii) Let A= {1=ay <ap < n}anda, # 2 forn > 3. Then, we have
L fay—4+1y 2n—1—ay—1
|T|:Z< ry—1 )< n—1—r )
7’2:1 2 2
(iii) Let A = {1 = ay} for n > 2. Then, we have
2n —4
T = .
m=(%2;)
Proof. () Let A={l=a1 <ap < ---<ap<n}forn>4,a #2andk >3. Ifa €T,
then a;a < ag;foralll <i <k, 20 =1 and na < n. We can use Proposition 1 to calculate

|T|. Therefore, the number of North-East lattice paths in the following is equal to |T|, and
the path is

(0,0) = (1,0) = (2,0) =--- = (a2 = 1L,r2 = 1) = (ag, 12— 1) —--- = (a3 — 1,13 — 1)

(a1 —1) = — (g =L = 1) = (a1 —1) = - = (m,n —2) = (n,n — 1)

https://doi.org/10.3390/axioms15020106
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where 1 <r, <ap, 1 <r3<as,..., 1r_1 <1p < ag It follows that

o Gk (ap—4d+r
=Yy ¥ (2r2—12)'

rp=113=12 Tk=Tk-1
ﬁ(rj—rj_1+aj—1+aj_1) ‘(Zn—l—ak—rk>
e rj—Trji1 n—1-—rg )

Similarly, (ii) and (iii) can be shown. O

Example 2. Let A = {1,4} and n = 5. Then, we have

4
ra 5— ra
T = . = 20.
’ ‘ rZZ::] <r2 - 1> <4 - 72)

Moreover,

T_ 1 2 3 4 5 1 2 3 45 2 3 4 5
a 11111/)\11112) 1 11 3
1 3 5 1 3 45 1 3 4 5

1111 4)/)\v11122/)\v11123)
1 4 5 1 3 4 5 1 4 5
1112 4/)v11133)/)'\11134)
1 4 5 1 3 4 5 1 3 45
1114 4)\11222/)\11223)
1 3 4 5 1 2 3 4 5 1 3 4 5
1122 4/)V11233/)\V11234)})
1 3 4 5 1 3 4 5 1 3 4 5
112 4 4/)V11333/)'\113234)}

1 2 3 4 5 1 2 3 4 5
1 1 3 4 4/)'\1 14 4 4 ’

Theorem 7.
(i) Lt A={1=a1<2=uay<---<ag<n}forn>5andk > 4. Then, we have
A

o B R R (),

r3=174=r3 Tk=Tk-1
ﬁ 7’]‘—7’]‘,14—(1]'—14-(1];1 ) 2n—1—ap —ry
il ri—="Tj1 n—1-—rg '
(ii) Let A={1=a; <2=ay <az <n}forn> 4. Then, we have

B faz—4+r3\[(2n—1—a3—r3
T = .
7l Z( r3—1 >< n—1-rs )

73:l
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(iii) Let A = {1 =ay; < 2 = ay} for n > 3. Then, we have

2n—4
T| = .
= (%2,)
Proof. () Let A={1=a1<2=ay<---<ap<n}forn>5andk >4.Ifa € T, then
ajx < a;foralll <i <k 2a¢ =1and nx < n. We can use Proposition 1 to calculate \T\

Therefore, the number of North-East lattice paths in the following is equal to | T|, and the
path is

(0,0) = (1,0) = (2,0) —---— (a3 — 1,13 —1) — (az,r3 —1) — - — (ag — 1,14 — 1)

—(agra—=1) = — (=L —1) = (ag,rx —1) = = (n,n—2) — (n,n— 1)

where 1 <r3 <az,1r3 <rg<ay, ..., 11 <1p < ag It follows that

I3 M s a3 —4+4r3
T = Zzz(rl )
r3=174=13 Tk=Tk-1 3

ﬁ ri—ricat+aj—14+a;4 2n —1—ag — 1y
T’j—l’]’_l Tl—l—Tk '

j=4
Similarly, (ii) and (iii) can be shown. O

4. Zero-Divisor Graph of O, (A)

Let G be a graph. We denote the vertex set of G by V(G) and the edge set of G by
E(G). If G does not contain any loops or multiple edges, then G is called a simple graph.
In this section, we consider only simple undirected graphs. Let uy, uy,...,u, € V(G). If
u; —ujy1 € E(G) foreach1 <i <mn—1,thenu; —up —--- — uy is called a path between
uq and u,, moreover the length of this path is defined as n — 1. For u, v € V(G), the length
of the shortest path between 1 and v in G is denoted by dg (1, v). G is connected if there
exists a path for all two distinct vertices in G; otherwise, G is called disconnected. The
eccentricity of a vertex v € V(G) is denoted by ecc(G) and defined by

ecc(v) = max{dg(u,v) : u € V(G)}.
The diameter of G is denoted by diam(G) and defined by
diam(G) = max{ecc(v) : v € V(G)}.

For simple graph G and v € V(G), the cardinality of {u € V(G) : u —v € E(G)} is
called the degree of v, denoted by deg (v). The minimum degree of G is denoted by J(G)
and the maximum degree of G is denoted by A(G).

In a graph G, the length of a shortest cycle is called girth of G, denoted by gr(G).
Moreover, if G does not contain any cycles, then its girth is defined as infinity.

Let G be a graph and @ # D C V(G). D is called a dominating set for G if, for each
v € V(G), either v € D or there exists u € D such that u — v € E(G). The domination
number of G is denoted by ¢(G) and defined by

¥(G) = min{|D| : D is a dominating set for G}.

Let G be a simple graph. If any two vertices are adjacent in G, then G is called a
complete graph. Moreover, let @ # C C V(G) and G(C) be the subgraph of G whose

https://doi.org/10.3390/axioms15020106
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vertex set is C and whose edge set consists of all edges of G which have both ends in C.
G(C) is called subgraph of G induced by C. If G(C) is a complete graph, then C is called a
clique of G. The cardinality of vertices in any maximal clique of G is called clique number
of G, denoted by w(G).

Let G be a simple graph. If we colour all the vertices in G with the rule of no two
adjacent vertices have the same colour, then the cardinality of colours needed to colour of
G is called chromatic number of G, denoted by x(G). If w(H) = x(H) for every induced
subgraph H of G, then G is called a perfect graph. Notice that1 € A, n ¢ A. Observe that
V(T(05(A))) = { ( L ) ( Lo ) } and E(T(05(A))) = @. Since [(O3(A))
is not connected, from now on, we consider I'(O,(A)) for n > 4. Moreover, we use I'
instead of I'(Oy(A)) for convenience.

It is know that, if S is a commutative semigroup with zero element, then T(S) is
connected graph and diam(T(S)) < 3 [3]. Moreover, if S is a noncommutative semigroup
with zero element, then I'(S) need not be connected [5] and diam(I'(S)) can be greater than
3 [7]. In the following theorem, we prove that I' is connected a graph and calculate diam(T')
forn > 4.

Theorem 8. T is connected graph and diam(T') = 2 for n > 4.

Proof. Let n > 4. Notice that m € V(I'). Leta € V(T') \ {7r}. Then, we have 2a = 1 and
ne < n. So, im(m) = {1,2} C la~! and im(a) C X,,_1 = 1w~ L. It follows that & — 77 €
E(T') from Proposition 2. Thus, I' is a connected graph. Since every vertex without 7 is

1 2 .
adjacent to 77 in T, it follows that diam(I') < 2. Moreover, let a1 = ( 11 i Z >,
1 23 -~ n ..
Ky = 11 3 5 ) Then, it is clear that a1, ap € O,(A), a1 and ay are non-

adjacent vertices in I'. So, diam(I') =2. O

Since 7t is adjacent to all other vertices in I', we have the following corollary.
Corollary 2. ¢(T') =1forn > 4.
In the following theorem, we find the girth of I".

Theorem 9. Forn > 4,
o ifn=4
gr(l) =
3 ifn>5.

w
S~

Proof. If n = 4, thenwe have V(T') = {71 =

(1 23a)
/]_1113/2_

1
1112
1 2 3 4 1 2 3 4 1 2 3 4
S0z = S0y = }and in this case I' does
11 2 2 11 2 3 11 3 3

not have any cycle. Thus, if n = 4, then gr(T') = co. Letn > 5 and

1 2
4 =
(1 1

12
'B:<11

—_ W N W
N N~
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Then it is clear that r,a, p € V(I') and m —a — B — wisacycleinT. Thus, if n > 5,
thengr(T') =3. O

In the following three theorems, we find the degree of any vertex in I for all the
different cases.

B, B, --- B
1 by - b
wherel < by < ...<bpand By = {1,2,...,t}. Moreover,letY = {b,+1,...,n}and BBNANY =
@. Then we have

Theorem 10. Let n > 4and o € V(I'). a has the following tabular form o =

<n—br+t—l)_1 ifa? 6
t—1
degr () = ,

n—>br+t—-1\ 0

< P 1 ) 2 ifat=0.
. B, B, -+ B
Proof. Letn > 4and « € V(T'). a has the following tabular form « = 1 b )
h e by

where 1 < by < ... < b, and By = {1,2,...,t}. Moreover, let Y = {b, +1,...,n},
BINANY =Q@and X = { € V(') : « — B € E(T)}. Itis clear that | X| = degp(a). Let
B e O,\{0}and ap = 0 = Ba. Then, we have im(B) C By and b,(B) = 1. Thus, we have
ap =1foralll < a < b,. Assume that x € X, such that x € A and x(B) > x. It follows
that t > x(B) > x. Thus, x > b, and x € B N AN Y which contradicts BfNANY = @.
Therefore, we have x(8) < x which means g € V(T). If a? # 6, then 8 # . Moreover, if
B € X, then we have B # 6. We can use Proposition 1 to find deg(«). In addition, the
number of following North-East lattice paths is equal to deg-(«) + 1, and one of these paths
is 8f where f is the function defined in the proof of Proposition 1, and the path is

(0,00—(1,0) —---—=(by,0) —-- - —(n,t —=1) = (n,t) —--- — (n,n —1).
So, we have degp(a) = (n - bt’_+1t B 1) — 1. Similarly, if a% = 6, then it is easy to see
that deg-(a) = <n B er_-i-lt B 1) —-2. 0O
1 23 45 6 78
. = = A . Th 7 h
Example 3. Let A = {1,3} and « 11112333 ) € Og(A). Then, we have
By = {1,2,3,4}, Y = {4,5,6,7,8} and BN ANY = @. Moreover a> = 0. It follows that
8—-3+4-1 1 23 45 6 78
_ _2— A
degp(a) ( 41 ) 2 = 54. Notice that, (1 11555 5 5 ) € 0g(A)
2 3 45 6 78
d it is adjacent tow in T, h C
and it is adjacent to « in T, however 1 11555 5 5)95 3
Let n > 4 and « € V(I'). Then, a has the following tabular form a =
< Bll 52 ?r ) where 1 < b, < ... < b, and B; = {1,2,...,t}. Moreover, let
h oo by
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Y={b+1,...,n},BBNANY = {ap,ap+1,.. .,as} and s > p. In this case we define an
integer z such that

ap  Ap+1 as . .
= Y Y % (”P br +11 2).

ri=11=r Ts—p+1=Ts—p - 1

p4 (ak+p —1—ppp1+ k1 — rk) ) (n —as+1t— rserl)

i Tk+1 = Tk t—=Ts—pt1

Theorem 11. Let n > 4 and « € V(I'). Then, a has the following tabular form a =
By
1

Y = {br + 1,. n} BiNANY ={ap,ap,1,...,as} and s > p. Let z be an integer defined as
above. Then we have

) where 1 < by < ... < by and By = {1,2,...,t}. Moreover let

z—1 ifa®>#6
degr(a) =
z—2 ifa®>=0.

Proof. Let n > 4 and « € V(I'). Then, a has the following tabular form a =

B, B, --- B

1 by - b
Y={b+1,...,n},BINANY = {ap,apH, ...,as} and s > p. Let z be an integer defined
as above. Let X = {f € V(I') : « — B € E(T)}. Itis clear that | X| = deg(«). Moreover,
let B € X. So we have im(B) C By, by(B) = 1and x(B) < x forall x € {ap,ap;1,...,as}.
If a> # 6, then we have B # «. Moreover, we have B # 6 since B € X. We can use
Proposition 1 to find degp(«). The number of following North-East lattice paths is equal

where 1 < by < ... < by and B; = {1,2,...,t}. Moreover let

to degr(«) + 1, and one of these paths is 6 f where f is the function defined in the proof of
Proposition 1, and the path is

(0,0) = (1,0) = -+ = (by,0) = -+~ = (ap —L,r1 = 1) = (ap,r1 — 1) — - -~
—(aps1 =1 —1) = (apyr,ra—1) == (@s = Lrspy1 — 1) — (as,15—py1 — 1) —
—mt-1)—(nt)—---—(nn—-1)

where 1 <ry <ap,r1 <1y <apq,...,15—p <15 pr1 < as. So, we have degp(a) =z—1.
Similarly, if > = 0, then we have deg(¢) =z —2. O

The following theorem can be proved in a similar manner.

Theorem 12. Let n > 4 and « € V(T). Then, « has the following tabular form a =

1

B
1 ) where 1 < by < ... < b, and By = {1,2,...,t}. Moreover let
Y = {b, +1 }, By

NANY = {ap}. Then we have

ap
o e T L
_r]:

degr(a) =

ui (ﬂp—br—&-rl—Z) . (nfaertfrl) ) lfl)(z — 0.

tfi’l
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1 2 4 7
Example 4. Let A = {1,4} and « = 3 5 6 8 9

Og(A). Then,

111111333)69() e twe

have By = {1,2,3,4,5,6}, Y = {4,5,6,7,8,9} and BiN ANY = {4}. Moreover a> = 0. It
4

follows that deg(x) = rlzﬂ (4 i’:i 2. (9_21“?1_“) —2=453.

Let e = 123

n—1 n
1 1 2

Then it is clear that ¢ € V(I') and
n—2 n-—1
degp(e) = 1 and moreover since 7 is adjacent to all other vertices in I'. Therefore, we
have the following corollary.

Corollary 3. Forn >4, A(T) = |T| —2and §(T) = 1.

A chordal graph is a simple graph, it does not contain an induced cycle of length 4 or

more. Moreover, every chordal graph is a perfect graph [11]. The following theorem can be
proved using the same technique as Theorem 4.8 of [6].

Theorem 13. T is chordal for n > 4. Therefore, T is a perfect graph for n > 4 and x(I') = w(T)

Now, our aim is to find w(T') and so x(T'). Forn > 4and a € V(T), letky, tx € X;,_1
such that kya = 1 and (ko + 1) # 1 and na = t,. Moreover, let X(n,k,t) = {a € O, (A) :

ky =k and t, = t}. If we use Proposition 1, then we can calculate | X(n, k, t)].

A):
Case 1: Let AN{k+1,...,n}N{1,2,...,t} = {ap,aps1,...,as} and s > p. The
number of following North-East lattice paths is equal to | X(n, k, t)|, and the path is

(0,0) — (1,0) — -+ — (k,0) — (k,1) — -+ — (ap — 1,11 — 1) — (ap,rp —1) — -
—(apy1 =L =1) = (apyr,ra—=1) =+ = (as = Lrs_py1 — 1) — (a5, 75— py1 — 1)

—e=n=-Lt-1)-(nt-1)—(n,t)—---—(n,n—1)
where2 <r; <ap,r; <rp < Api1,

Jts—p S Tspr1 < ds. Thus, we have
ap  Ap+1 a
X(n k)| =

s ap—k+r -3
- Yy .. ¥ <P 1 )
r=212=r1

Ts—p+1=Ts—p - 2
.
[I—f (ﬂj+p —l—ajp a1 +rjp1—1j

])] . <n—as+t—rsp+1 —1>
. Tig1 — T
j=1 j+1 j

= Ts_pt1
Case2: Let AN{k+1,...,n}N{1,2,...,t} = {a,}. The number of following North-
East lattice paths is equal to | X (1, k, t)|, and the path is
(0,0) = (1,0) =+ = (k,0) = (k,1) —--- = (ap — 1,11 — 1) — (ap,r1 — 1) — -~

—e—n=1,t-1)—-(nt—-1)—(n,t)—---—(n,n—1)
where 2 < r1 < ap,. Thus, we have

Ip
ap—k+r—3 n—ap+t—r—1
X(n,k,t)] = Z(P e )( p
7‘1:2 1

t—r )
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Case3: Let AN{k+1,...,n}N{1,2,...,t} = @. The number of following North-East
lattice paths is equal to | X(n,k, t)|, and the path is

(0,0)— (1,0) — -+ — (k,0) = (k, 1) — - -+ — (n—1,t—1) — (n,t —1) — (1, ) — - - — (m,n — 1).

Thus, we have

n—k+t—3

Example 5. Let A = {1,3,4} and n = 8. Then
X(8,2,7) ={a € Og(A) :2a = 1,30 > 2and 8a =7}

and we have AN {3,4,5,6,7,8} N{1,2,3,4,5,6,7} = {3,4}. So,

X827 = Y % (3_2+rl_3>'[ll[<4_1_3+rj+l_rj>1'

r=2712=r1 -2 j=1 Ti+1 = 1j
8—4+4+7—1rn—-1

< 7— ry )

= 166.

The following theorem can be proved using the same technique as Theorem 4.12 of [6].
n—1 i
Theorem 14. Forn >4, x(T) = w(T) =max{ ¥ ¥ |X(n,kt)|:2<i<n—-1}.
k=i t=2

Example 6. Let A = {1,3} and T = T(Oy(A)). Then, we have |T| = 231. T is a perfect
graph and |V (T')| = 230, diam(T') = 2, gr(I') = 3, A(T) = 229, 6(I') =1, v(T) = 1,
w(T) = x(T) =19.

5. Conclusions

In this paper, the zero-divisor graphs of I'(O,,(A)) has been investigated for n > 4
where1 € Aand n ¢ A. We give a proposition about lattice paths and O,,. Moreover, this
proposition is a significant tool for understanding O, which simplifies the calculations of
graph invariants of I'(O,(A)). We find the structure of the left, right, and two-sided zero
divisors of O, (A) and their cardinalities. We calculate some graph invariants such as the
diameter, domination number, girth, minimum degree, and maximum degree of this graph.
Moreover, we prove that I'(O, (A)) is a chordal graph, and hence it is a perfect graph.
Finally, we find the clique number of I'(O0,(A)) and so chromatic number of I'(O,(A)).
These properties can help us understand not only the structure of zero-divisor graphs but
also the characteristics of transformation semigroups. The topic of zero-divisor graphs
establishes a link between algebra and graph theory. One may also characterize undirected
graph I'3(0,,(A)) and the directed graph I'4(O,(A)).
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