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Abstract

We examine the effects from small, spatially localized permanent charges on ionic transport
in narrow membrane channels. Our analysis is based on a one-dimensional steady-state
Poisson–Nernst–Planck (PNP) model involving two oppositely charged ion species with
constant diffusion coefficients under electroneutral boundary conditions. In the framework
of geometric singular perturbation theory, the steady PNP system is reformulated as a
fast–slow dynamical system amenable to boundary-layer analysis. In the limit of vanishing
permanent charge, the solution exhibits a singular structure with sharp boundary-layer
segments and smooth bulk segments across regions of piecewise constant charge. Assuming
the permanent charge strength Q is small, we carry out a regular perturbation expansion
about Q = 0 and derive explicit first-order corrections to each ion’s flux. Closed-form
expressions are obtained for both the leading-order (zero-charge) fluxes and the O(Q)

flux corrections, revealing how even a small fixed charge can modulate the magnitude of
individual ionic fluxes as a function of the applied transmembrane voltage and boundary
concentration asymmetry. These results elucidate how permanent charge enhances or
inhibits specific ionic flows, thereby influencing channel selectivity. Overall, our analysis
provides clear asymptotic formulas and highlights the broader relevance of this perturbative
approach to electro-diffusive transport modeling in biophysical systems.

Keywords: PNP; ionic flows; individual fluxes; permanent charge

MSC: 34A26; 34B16; 34D15; 37D10; 92C35

1. Introduction
Ion channels are membrane-embedded proteins forming crucial pores for rapid

ion passage, enabling cellular communication, signal transduction, and coordinated
functions [1–4]. Research focuses on their structure (geometry, charge distribution in narrow
pore regions) and ionic flow analysis. These channels, often cylindrical with varying cross-
sections, select and facilitate ion diffusion, fundamental to cell signaling and function [5–8].

A key area of physiological study is the function of ion channels. At their core, ion
channels manage membrane permeability, specifically selecting certain ions and enabling
or adjusting their movement across cell membranes. Currently, the most relevant prop-
erties of ion channels—permeation and selectivity—are often determined by analyzing
current-voltage (I–V) relations obtained through various experiments [2,9]. These I–V
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relations, which describe the ionic transport governed by fundamental physical laws of
electrodiffusion, define how the channel structure functions. For practical applications,
however, studying individual ion fluxes is crucial because while most experiments measure
only the total current, individual fluxes offer more detailed information about channel
functions [10,11]. The overall (macroscopic) behavior of these ion flows is further depen-
dent on external forces, which are expressed mathematically as boundary conditions [12].
The standard continuum model for ionic flow is the PNP system, which views the solvent
as a dielectric continuum (see [13–20] and the reference therein). Derived from various
fundamental theories [21–25], it accurately represents biological ionic transport, making it
widely used for analysis and simulation.

In this work, we adopt the one-dimensional steady-state PNP model analyzed in [26]
first proposed by [27], which reads

1
A(X)

d
dX

(
εr(X)ε0 A(X)

dΦ
dX

)
= −e

( n

∑
s=1

zsCs + Q(X)
)

,

dJk
dX

= 0, −Jk =
1

kBT
Dk(X)A(X)Ck

dµk
dX

, k = 1, 2, . . . , n.

(1)

In this formulation, X ∈ [0, l] denotes the axial coordinate of the channel, charac-
terized by its cross-sectional area A(X), permanent charge density Q(X), and relative
dielectric coefficient ϵr(X). Standard physical parameters include the vacuum permittivity
ϵ0, elementary charge e, and thermal energy kBT. For each ion species k, we define the
concentration Ck, valence zk, flux density Jk, and position-dependent diffusion coefficient
Dk(X). Finally, Φ represents the electric potential and µk denotes the electrochemical
potential, which is a function of Φ and the concentration set {Ck}.

Equipped with system (1), we impose the following boundary conditions (see, ref. [28]
for a reasoning), for k = 1, 2, · · · , n,

Φ(0) = V , Ck(0) = Lk > 0; Φ(l) = 0, Ck(l) = Rk > 0. (2)

In many qualitative studies focused on ionic flows through membrane channels,
electroneutrality boundary conditions are imposed at both ends to prevent sharp bound-
ary layers (see, e.g., [6,8,26,29–38], and particularly those studied in the frame work of
geometric singular perturbation theory [5,12,39–44]), given by

n

∑
k=1

zkLk =
n

∑
k=1

zkRk = 0. (3)

The remainder of this paper is structured as follows: Section 2 introduces the problem
and the mathematical methodology used. In Section 3, we present our main result, detailing
the effect of the small positive permanent charge on the magnitude of individual fluxes.
Section 4 offers concluding remarks.

2. Problem Setup and Mathematical Methods
We will set up our problem with more specific assumptions and describe the mathe-

matical method we adopted in our discussion.

2.1. Assumptions and Derivation of a Dimensionless PNP Model

To be specific, it is assumed hereinafter that

(A1). The ionic mixture comprises two oppositely charged species, with valences denoted
as z1 > 0 and z2 < 0.

https://doi.org/10.3390/axioms15020135

https://doi.org/10.3390/axioms15020135


Axioms 2026, 15, 135 3 of 11

(A2). The permanent charge is characterized by

Q(x) =



Q1, X0 < X < X1,
Q2, X1 < X < X2,
Q3, X2 < X < X3,
Q4, X3 < X < X4,
Q5, X4 < X < X5,

(4)

where X0 = 0, X5 = 1, Q1 = Q3 = Q5 = 0, Q2 and Q4 are some nonzero constants
with the same sign.

(A3). We limit the electrochemical potential µk to the ideal component µid
k , which is given by

µid
k (X) = zkeΦ(X) + kBT ln

Ck(X)

C0
(5)

with a characteristic number density C0, which is defined by

C0 = max
1≤k≤n

{
Lk,Rk, sup

X∈[0,l]
|Q(X)|

}
.

(A4). Both the relative dielectric coefficient (ϵr) and the diffusion coefficient (Dk) are
treated as spatially invariant constants.

For the remainder of this work, we assume conditions (A1)–(A4) hold. We then make
the system dimensionless using the rescaling procedure outlined in [7]. Let

ε2 =
εrε0kBT
e2l2C0

, x =
X
l

, h(x) =
A(X)

l2 , Dk = lC0Dk;

ϕ(x) =
e

kBT
Φ(X), ck(x) =

Ck(X)

C0
, Jk =

Jk
Dk

;

V =
e

kBT
V , Lk =

Lk
C0

; Rk =
Rk
C0

.

(6)

The BVP (1) and (2) then becomes

ε2

h(x)
d

dx

(
h(x)

d
dx

ϕ

)
= −

(
z1c1 + z2c2 + Q(x)

)
,

dck
dx

+ zkck
dϕ

dx
= − Jk

h(x)
,

dJk
dx

= 0, k = 1, 2,
(7)

with the boundary conditions, for k = 1, 2,

ϕ(0) = V, ck(0) = Lk > 0; ϕ(1) = 0, ck(1) = Rk > 0. (8)

Correspondingly, the electroneutrality condition (3) now becomes

z1L1 + z2L2 = 0, z1R1 + z2R2 = 0. (9)

We reformulate the PNP system (7) into a standard singularly perturbed form, thereby
recasting the boundary value problem as a connection problem. Under the transformation
u = ϵϕ̇ and τ = x, the system (7) becomes
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εϕ̇ = u, εu̇ = −z1c1 − z2c2 − Q(τ)− ε
h′(τ)
h(τ)

u,

εċ1 = −z1uc1 − ε
J1

h(τ)
, εċ2 = −z2uc2 − ε

J2

h(τ)
,

J̇1 = J̇2 = 0, τ̇ = 1,

(10)

where dot denotes the derivative with respect to x. System (10) is the slow system, and is mod-
eled as a dynamical system, where we consider its phase space to be R7 and treat the inde-
pendent variable x as an evolution parameter (time). The boundary condition (8) becomes

ϕ(0) = V, ck(0) = Lk, τ(0) = 0; ϕ(1) = 0, ck(1) = Rk, τ(1) = 1.

The rescaling x = εξ in (10) gives rise to the fast system, for k = 1, 2,

ϕ′ = u, u′ = −z1c1 − z2c2 − Q(τ)− ε
hτ(τ)

h(τ)
u,

c′1 = −z1uc1 − ε
J1

h(τ)
, c′2 = −z2uc2 − ε

J2

h(τ)
,

J′1 = J′2 = 0, τ′ = ε,

(11)

where prime denotes the derivative with respect to the variable ξ.
Let BL and BR be the subsets of the phase space R7 defined by

BL ={(ϕ, u, c1, c2, J1, J2, x) : ϕ = V, c1 = L1, c2 = L2, x = 0},

BR ={(ϕ, u, c1, c2, J1, J2, x) : ϕ = 0, c1 = R1, c2 = R2, x = 1}.
(12)

The boundary value problem reduces to the connection problem of determining an
orbit that provides a trajectory from the left boundary layer (BL) to the right boundary layer
(BR) within system (10).

2.2. Mathematical Methods

We will analyze Problem (10) using geometric singular perturbation theory, which
establishes the existence and local uniqueness of the solution [28]. Crucially, explicit
approximated expressions for individual fluxes can be derived; this allows us to employ
regular perturbation analysis to examine the effects of small permanent charges on ionic
flow (see [6] for a detailed discussion for a relatively simple case).

For convenience, we now outline the formation of a singular orbit, which is the union
of solutions derived from the limiting slow system (obtained by setting ε → 0 in (10)) and
the limiting fast system (obtained by setting ε → 0 in (11)). This ends up with a governing
system, from which regular perturbation analysis is able to be applied.

Due to the jumps of the permanent charge Q(x) in (4) at x = x1, x = x2, x = x3 and
x = x4, the construction of a singular orbit on [0, 1] is naturally split into five subintervals
[x0, x1], [x1, x2], [x2, x3], [x3, x4] and [x4, x5]. For the latter, we preassign (unknown) values
of ϕ, c1 and c2 at x = xk for k = 1, 2, 3, 4:

ϕ(xk) = ϕ[k], c1(xk) = c[k]1 , c2(xk) = c[k]2 (13)

with given ϕ[0] = V and c[0]k = Lk at x0 = 0, ϕ[5] = 0 and c[5]k = Rk at x5 = 1, and introduce
the set, for j = 0, 1, 2, 3, 4, 5
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Bj =
{
(ϕ, u, c1, c2, J1, J2, x) : ϕ = ϕ[j], c1 = c[j]1 , c2 = c[j]2 , x = xj

}
. (14)

Notice that B0 = BL and B5 = BR.
Using these twelve unknowns, we can construct singular orbits within each subinterval

[xj−1, xj]: Λj denotes the regular layer over the interval, while Γ[j−1,r] and Γ[j,l] represent
the right and left boundary layers at x = xj−1and x = xj, respectively.

(i) The singular orbit on the interval [x0, x1] is composed of three distinct segments:
two boundary layers, Γ[0,r] at x = x0 and Γ[1,l] at x = x1, and a regular layer Λ1

spanning (x0, x1). The state (ϕ, c1, c2, τ) transitions from (V, L1, L2, 0) at x = x0 = 0 to
(ϕ[1], c[1]1 , c[1]2 , x1) at x = x1. Specifically, given the initial condition (ϕ[1], c[1]1 , c[1]2 ), the

scaled flux densities J[1]1 , J[1]2 and the boundary value ul(x1) are uniquely determined.
(ii) The singular orbit on the interval [x1, x2] is composed of three distinct segments:

two boundary layers, Γ[1,r] at x = x1 and Γ[2,l] at x = x2, and a regular layer Λ2

spanning (x1, x2). The state (ϕ, c1, c2, τ) transitions from (ϕ[1], c[1]1 , c[1]2 , x1) at x = x1

to (ϕ[2], c[2]1 , c[2]2 , x2) at x = x2. Specifically, given the initial conditions (ϕ[1], c[1]1 , c[1]2 )

and the parameters (ϕ[2], c[2]1 , c[2]2 ), the scaled flux densities J[2]1 , J[2]2 and the boundary
values ur(x1) and ul(x2) are uniquely determined.

(iii) The singular orbit on the interval [x2, x3] is composed of three distinct segments:
two boundary layers, Γ[2,r] at x = x2 and Γ[3,l] at x = x3, and a regular layer Λ3

spanning (x2, x3). The state (ϕ, c1, c2, τ) transitions from (ϕ[2], c[2]1 , c[2]2 , x2) at x = x2

to (ϕ[3], c[3]1 , c[3]2 , x3) at x = x3. Specifically, given the initial conditions (ϕ[2], c[2]1 , c[2]2 )

and the parameters (ϕ[3], c[3]1 , c[3]2 ), the scaled flux densities J[3]1 , J[3]2 and the boundary
values ur(x2) and ul(x3) are uniquely determined.

(iv) The singular orbit on the interval [x3, x4] is composed of three distinct segments:
two boundary layers, Γ[3,r] at x = x3 and Γ[4,l] at x = x4, and a regular layer Λ4

spanning (x3, x4). The state (ϕ, c1, c2, τ) transitions from (ϕ[3], c[3]1 , c[3]2 , x3) at x = x3

to (ϕ[4], c[4]1 , c[4]2 , x4) at x = x4. Specifically, given the initial conditions (ϕ[3], c[3]1 , c[3]2 )

and the parameters (ϕ[4], c[4]1 , c[4]2 ), the scaled flux densities J[4]1 , J[4]2 and the boundary
values ur(x3) and ul(x4) are uniquely determined.

(v) The singular orbit on the interval [x4, x5] is composed of three distinct segments:
two boundary layers, Γ[4,r] at x = x4 and Γ[5,l] at x = x5, and a regular layer Λ5

spanning (x4, x5). The state (ϕ, c1, c2, τ) transitions from (ϕ[4], c[4]1 , c[4]2 , x4) at x = x4 to

(ϕ[5], c[5]1 , c[5]2 , x5) at x = x5. Specifically, given the initial conditions (ϕ[4], c[4]1 , c[4]2 ) and

the parameters (0, R1, R2), the scaled flux densities J[5]1 , J[5]2 and the boundary values
ur(x4) and ul(x5) are uniquely determined.

The following matching conditions are required for a singular orbit on [0, 1]. For
i = 1, 2 and k = 1, 2, 3, 4,

J[1]i = J[2]i = J[3]i = J[4]i = J[5]i , ul(xk) = ur(xk). (15)

Consistent with the number of unknowns in (13), these twelve conditions allow the
matching relations (15) to simplify the singular connection problem into the following
system (k = 0, 1):
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z1c[2k+1]
1 ez1(ϕ

[2k+1]−ϕ[2k+1,r]) + z2c[2k+1]
2 ez2(ϕ

[2k+1]−ϕ[2k+1,r]) + Q2k+2 = 0,

z1c[2k+2]
1 ez1(ϕ

[2k+2]−ϕ[2k+2,l]) + z2c[2k+2]
2 ez2(ϕ

[2k+2]−ϕ[2k+2,l]) + Q2k+2 = 0,
z2 − z1

z2
c[2k+1,l]

1 = c[2k+1]
1 ez1(ϕ

[2k+1]−ϕ[2k+1,r]) + c[2k+1]
2 ez2(ϕ

[2k+1]−ϕ[2k+1,r])

+ Q2k+2(ϕ
[2k+1] − ϕ[2k+1,r]) = 0,

z2 − z1

z2
c[2k+2,r]

1 = c[2k+2]
1 ez1(ϕ

[2k+2]−ϕ[2k+2,l]) + c[2k+2]
2 ez2(ϕ

[2k+2]−ϕ[2k+2,l])

+ Q2k+2(ϕ
[2k+2] − ϕ[2k+2,l]) = 0,

J1 =
cL

1 − c[1,l]
1

H(x1)

[
1 +

z1(ϕ
L − ϕ[1,l])

ln cL
1 − ln c[1,l]

1

]
=

c[4,r]
1 − cR

1
H(1)− H(x4)

[
1 +

z1(ϕ
[4,r] − ϕR)

ln c[4,r]
1 − ln cR

1

]
,

=
c[2,r]

1 − c[3,l]
1

H(x3)− H(x2)

[
1 +

z1(ϕ
[2,r] − ϕ[3,l])

ln c[2,r]
1 − ln c[3,l]

1

]
,

J2 =
cL

2 − c[1,l]
2

H(x1)

[
1 +

z2(ϕ
L − ϕ[1,l])

ln cL
2 − ln c[1,l]

2

]
=

c[4,r]
2 − cR

2
H(1)− H(x4)

[
1 +

z2(ϕ
[4,r] − ϕR)

ln c[4,r]
2 − ln cR

2

]
,

=
c[2,r]

2 − c[3,l]
2

H(x3)− H(x2)

[
1 +

z2(ϕ
[2,r] − ϕ[3,l])

ln c[2,r]
2 − ln c[3,l]

2

]
,

ϕ[2k+2,l] = ϕ[2k+1,r] − Tcy2k+2,

c[2k+2,l]
1 = ez1z2Tmy2k+2 c[2k+1,r]

1 − Q2k+2 J1

z1Tm

(
1 − ez1z2Tmy2k+2

)
,

Tm = −
(z1 − z2)(c

[2k+1,r]
1 − c[2k+2,l]

1 ) + z2Q2k+2(ϕ
[2k+1,r] − ϕ[2k+2,l])

z2(H(x2k+2)− H(x2k+1))
,

(16)

where y2 > 0 and y4 > 0 (see the proof of Lemma 2.4 in [5] for a detailed explanation of y2

and y4) are also unknowns, H(x) =
∫ x

0 h−1(s)ds, and for k = 0, 1,

ϕL = V − 1
z1 − z2

ln
−z2L2

z1L1
, ϕR = − 1

z1 − z2
ln

−z2R2

z1R1
,

z1cL
1 = −z2cL

2 = (z1L1)
−z2

z1−z2 (−z2L2)
z1

z1−z2 ,

z1cR
1 = −z2cR

2 = (z1R1)
−z2

z1−z2 (−z2R2)
z1

z1−z2 ,

ϕ[2k+1,l] = ϕ[2k+1] − 1
z1 − z2

ln
−z2c[2k+1]

2

z1c[2k+1]
1

,

ϕ[2k+2,r] = ϕ[2k+2] − 1
z1 − z2

ln
−z2c[2k+2]

2

z1c[2k+2]
1

,

z1c[2k+1,l]
1 = −z2c[2k+1,l]

2 = (z1c[2k+1]
1 )

−z2
z1−z2 (−z2c[2k+1]

2 )
z1

z1−z2 ,

z1c[2k+2,r]
1 = −z2c[2k+2,r]

2 = (z1c[2k+2]
1 )

−z2
z1−z2 (−z2c[2k+2]

2 )
z1

z1−z2 ,

c[2k+1,r]
1 = c[2k+1]

1 ez1(ϕ
[2k+1]−ϕ[2k+1,r]), c[2k+2,l]

1 = c[2k+2]
1 ez1(ϕ

[2k+2]−ϕ[22k+,l]).

(17)

To simplify the subsequent discussion, we define Q2 = Q and Q4 = µQ, assuming
Q > 0 but small compared to the boundary concentrations, and µ > 0. Since the governing
system (16) and (17) depends regularly on the small permanent charge Q, we can apply a
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regular perturbation expansion to all unknown quantities in terms of Q; for example, we
write, for k = 1, 2, 3, 4,

ϕ[k] =ϕ
[k]
0 + ϕ

[k]
1 Q + ϕ

[k]
2 Q2 + o(Q2), c[k]1 = c[k]10 + c[k]11 Q + c[k]12 Q2 + o(Q2),

c[k]2 =c[k]20 + c[k]21 Q + c[k]22 Q2 + o(Q2), y2 = y20 + y21Q + y22Q2 + o(Q2),

y4 =y40 + y41Q + y42Q2 + o(Q2), J1 = J10 + J11Q + J12Q2 + o(Q2),

J2 =J20 + J21Q + J22Q2 + o(Q2).

(18)

To examine the primary influence of permanent charge, we resolve the zeroth- and
first-order coefficients of the ionic flux expressions. More specifically, we focus on the
explicit expressions of the terms Jk0 and Jk1 for k = 1, 2.

3. Results
Using the regular perturbation analysis discussed in Section 2, we first obtain the

following result.

Proposition 1. Under the electroneutrality conditions (9), one has

J10 =
f0(L, R)
z1H(1)

µδ
1

kBT
, J20 = − f0(L, R)

z2H(1)
µδ

2
kBT

,

J11 =

(
A[(1 − B)z2V + ln L − ln R] + A1[(1 − B1)z2V + ln L − ln R]µ

(z1 − z2)H(1)(ln L − ln R)2

)
µδ

1
kBT

,

J21 =

(
A[(1 − B)z1V + ln L − ln R] + A1[(1 − B1)z1V + ln L − ln R]µ

(z2 − z1)H(1)(ln L − ln R)2

)
µδ

2
kBT

.

(19)

Here

µδ
1

kBT
= z1V + ln L − ln R,

µδ
1

kBT
= z2V + ln L − ln R,

A(L, R) = − (α2 − α1)(L − R) f0(L, R)
ω(α1)ω(α2)

, B(L, R) =
ln ω(α2)− ln ω(α1)

A
,

A1(L, R) = − (α4 − α3)(L − R) f0(L, R)
ω(α3)ω(α4)

, B1(L, R) =
ln ω(α4)− ln ω(α3)

A1
,

(20)

where

f0(L, R) =
L − R

ln L − ln R
, ω(x) = (1 − x)L + xR, αk =

H(xk)

H(1)
, k = 1, 2, 3, 4.

Proof. The proof is tedious but straightforward, and we omit it here.

To streamline the analysis, we introduce the auxiliary functions M(µ), N(µ) F1(V)

and F2(V) defined as follows:

M(µ) = A1(1 − B1)µ + A(1 − B), N(µ) = A1µ + A,

F1(V) = z2M(µ)V + N(µ) ln t, F2(V) = z1M(µ)V + N(µ) ln t.
(21)

We next identify µM, µN , VF1 and VF2 by M(µM) = N(µN) = F1(VF1) = F2(VF2) = 0.
In particular,

µM =
−A(1 − B)
A1(1 − B1)

, µN =
−A
A1

, VF1 =
−N(µ) ln t

z2M(µ)
, VF2 =

−N(µ) ln t
z1M(µ)

.
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Our main result then follows.

Theorem 1. Suppose that B ̸= 1 and B1 ̸= 1, where B and B1 are defined in (20). Then,

(i) With 1 − B > 0 and 1 − B1 > 0, one has VF1 < VF2, and

(i1) J10(V)J11(V) < 0 and J20(V)J21(V) > 0 for V ∈ (VF1, VF2);
(i2) J10(V)J11(V) ≥ 0 and J20(V)J21(V) > 0 for V ≤ VF1;
(i3) J10(V)J11(V) < 0 and J20(V)J21(V) ≤ 0 for V ≥ VF2.

(ii) With 1 − B > 0 and 1 − B1 < 0, one has

(ii1) If µ = µM, then, J10(V)J11(V) < 0 and J20(V)J21(V) > 0.
(ii2) If µ ∈ (0, µM), then, VF1 < VF2, and

(2a) J10(V)J11(V) < 0 and J20(V)J21(V) > 0 for V ∈ (VF1, VF2);
(2b) J10(V)J11(V) ≥ 0 and J20(V)J21(V) > 0 for V ≤ VF1;
(2c) J10(V)J11(V) < 0 andJ20(V)J21(V) ≤ 0 for V ≥ VF2.

(ii3) If µ ∈ (µM,+∞), then, VF1 > VF2, and

(3a) J10(V)J11(V) < 0 and J20(V)J21(V) > 0 for V ∈ (VF2, VF1);
(3b) J10(V)J11(V) < 0 and J20(V)J21(V) ≤ 0 for V ≤ VF2;
(3c) J10(V)J11(V) ≥ 0 and J20(V)J21(V) > 0 for V ≥ VF1.

To end this section, we point out that in the above theorem,

• We examined how small, permanent positive charges (Q) influence individual flux
magnitudes (|Jk|). Specifically, using the linear approximation Jk(V) = Jk0(V) +

QJk1(V) + o(Q), we observe that the effect depends on the relative directions of the
zero-order flux (Jk0) and the first-order correction (Jk1):

– For J1: When V > VF1, J11 opposes J10, so a positive Q reduces |J1|. Conversely,
when V < VF1, J11 aligns with J10, thereby increasing |J1|.

– For J2: Similarly, for V > VF2, a positive Q reduces |J2|, whereas for V < VF2, it
increases |J2|.

In essence, a small positive charge suppresses the flux magnitude when the first-order
correction opposes the base flux and enhances it when they align.

• We just studied two cases (i). 1 − B > 0, 1 − B1 > 0; and (ii) 1 − B > 0, 1 − B1 < 0.
The cases 1 − B < 0, 1 − B1 < 0; and 1 − B < 0, 1 − B1 > 0 can be discussed similarly.

4. Concluding Remarks
In this work, we have employed geometric singular perturbation theory, together with

a regular perturbation expansion to rigorously analyze ionic flow in a one-dimensional
PNP system with small permanent charges. This allowed us to obtain explicit analytical
expressions for the leading-order ionic fluxes Jk0 and first-order ionic fluxes Jk1 as functions
of the permanent charge magnitude, the boundary concentrations L and R, and the applied
voltage V. The explicit flux formulas allow one to characterize the small permanent charge
effects on ionic flows in detail. More precisely, the leading-order terms recover the neutral,
charge-free flux, while the first-order terms characterize the linear additive effect of the
permanent charge.

Crucially, the analytical results shed light on how small permanent charges impact
the current–voltage (I–V) relations (defined by I = z1 J1 + z2 J2 under our setup) and enable
selective modulation of individual ion fluxes. In particular, two critical voltages VF1 and VF2

depending on other system parameters were identified that define the critical thresholds at
which the permanent charge alters its effects on ionic flux. To be specific, we found that
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• for V > VF1, a small positive permanent charge reduces |J1|, while for V < VF1, the
same charge enhances |J1|;

• for V > VF2, a small positive fixed charge diminishes |J2|, but strengthens |J2| for
V < VF2.

These findings indicate that even the permanent charge is small compared to boundary
concentrations, it is able to induce nonlinear adjustments in the I–V curve—Impeding one
ion while facilitating another to create an asymmetric, tunable I–V curve. Such selective
modulation of ion fluxes by permanent charge provides a mechanistic explanation for how
subtle electrostatic perturbations modulate channel conductance and ionic selectivity.

The analytical insights offered in current work are significant for optimizing practical
ion transport applications, spanning biological, artificial nanofluidic, and electrochemical
systems. The explicit expressions of the flux obtained at the leading and the first-order
terms provide a predictive framework to assess how introducing small fixed charges
(e.g. due to charged residues or surface functionalization) will shift ionic currents and
I–V characteristics. This is particularly important in narrow biological channels, where
even minor permanent charges on the channel wall can dramatically affect permeability
and selectivity, as well as in synthetic nanopores and electrochemical devices, where
designers can tune surface charge to achieve desired transport or filtering properties.
Our study characterize a detailed quantitative description of the additive effects of small
permanent charges on ionic flow, which bridges rigorous mathematical analysis with
practical considerations in ion transport engineering. It highlights the critical roles played
by small permanent charges-serving as a control mechanism for ionic selectivity and current
modulation, which offers guidance for future experimental and theoretical explorations of
charged nanopores and channel-based devices.

We also point out that the model analyzed in this work is relatively simple. While this
simplified, quasi-one-dimensional approach trades some physical complexity for analytical
tractability, it yields explicit formulas for ionic fluxes. These formulas offer clear insights
into how small charge densities enforce selective ion transport-mechanisms that are often
obscured in more complex models.

To end this section, we provide a table of some notation used in this work (k = 1, 2;
j = 1, 2, 3, 4):

• Spatial Domain: x ∈ [0, 1], where x = 0 and x = 1 represent the left and right
boundaries of the channel, respectively.

• Electric Potential: ϕ(x) denotes the potential across the channel, subject to the follow-
ing boundary and internal conditions:

– ϕ(0) = V: Applied potential at the left boundary.
– ϕ(1) = 0: Grounded potential at the right boundary.
– ϕ(xj) = ϕ[j]: Preassigned potential at the discontinuity (jumping) points xj.

• Ionic Concentrations: ck(x) represents the concentration of the k-th ion species, with
specified values at the boundaries and jumping points:

– ck(0) = Lk and ck(1) = Rk: Concentrations at the left and right ends.

– ck(xj) = c[j]k : Concentrations at the jumping points xj.

• Permanent Charge: Q(x) represents the fixed charge distribution within the channel.
• Debye Parameter: ϵ is a singular scaling parameter related to the Debye length.
• Flux and Current Density:

– Jk: The flux density of the k-th ion species.
– Jk0, Jk1: The zeroth and first-order approximations of Jk with respect to Q.
– I = ∑ zk Jk: The total current density (specifically I = z1 J1 + z2 J2 for a binary system).
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• I–V Relation: The functional dependence of current I on the potential V, given fixed
boundary concentrations Lk, Rk, and permanent charge Q.
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