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Abstract

Let A be a unital *-algebra over the complex field C, and let ¥ = {, },,cn be a nonlinear
mixed bi-skew Jordan-type and skew Jordan higher derivation satisfies the relation ¢, (L ©
Lyo---oLyqeLy) = Y Yn(Ly)o--oty, (Ly_1) @ ¢y, (Ly), where Le N =

r4-Fry=m

LN+ NL*and Lo N = L*N+ N*L for all L,N,L; € Awithi € {1,2,---,n}. We
demonstrate that every such higher derivation ¥ = {{s,; }en is an additive higher *-
derivation. As an application, we use this result to characterize the structure of nonlinear
mixed bi-skew Jordan-type and skew Jordan higher derivations on a class of typical unital
x-algebras, including standard operator algebras and von Neumann factors. This result
also generalizes several existing results, in particular those concerning nonlinear mixed
bi-skew Jordan-type and skew Jordan derivations on unital *-algebras.

Keywords: nonlinear mixed bi-skew Jordan-type and skew Jordan higher derivations;
additive higher *-derivation; unital x-algebras

MSC: 16W25; 46L10

1. Introduction

In the study of operator theory and algebraic structures, derivations and their var-
ious generalizations play an indispensable role. Classical derivations reveal the intrin-
sic structure of algebraic operations, and this concept has been successfully extended
from associative algebras to non-associative algebras (e.g., Jordan algebras and Lie alge-
bras), giving rise to research directions such as Jordan derivations and Lie derivations.
In recent years, the study of the structure of (bi-)skew Jordan derivations determined by
the involution-characterized (bi-)skew Jordan product on unital *-algebras has attracted
considerable attention. This paper focuses on the structure of nonlinear mixed bi-skew
Jordan-type and skew Jordan higher derivations on *-algebras, which combine bi-skew
Jordan-type and skew Jordan derivations. Let A be a unital *-algebra, where the invo-
lution * satisfies (LN)* = N*L* and (L*)* = L for all L, N € A. Define the following
products for all L, N € A: the Jordan product L o N = LN + NL; the skew Jordan prod-
uct Le N = LN 4 NL*; and the bi-skew Jordan product Lo N = L*N 4+ N*L. A map
Yy : A = A (not necessarily linear) is called:

(a) A nonlinear x-derivation if, forall L, N € A,

$1(LN) = 1 (L)N + Ly (N) and ¢ (L") = 1(L)*;

Axioms 2026, 15, 138

https://doi.org/10.3390/axioms15020138


https://crossmark.crossref.org/dialog?doi=10.3390/axioms15020138&domain=pdf&date_stamp=2026-02-13
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-2169-0405
https://doi.org/10.3390/axioms15020138

Axioms 2026, 15, 138

2of 16

(b) A nonlinear (bi-)skew Jordan n-derivation if, forall L1,--- ,L, € A,

ly’]l(Ll."'.LVl ZLI. ll)l Lk) .Ln,'

(resp. 1P1<L1 Gt O Ln Z L1 & lpl Lk) <>Ln).

In 2023, Zhao and colleagues [1] introduced the structure of nonlinear bi-skew Jordan-type
derivations on *-algebras and proved that they are additive *-derivations, thereby gener-
alizing the results in [2]. Additionally, Ashraf and colleagues [3] studied such mappings
on von Neumann algebras. Furthermore, many mappings related to (bi-)skew Jordan
derivations have been investigated (see [1,2,4-8]).

A common feature of the aforementioned studies is that they deal with nonlinear
mappings defined solely by either the bi-skew Jordan product or the skew Jordan product.
Recently, researchers have gradually shifted their focus to the study of the structure of
nonlinear mappings determined by a mixture of the bi-skew Jordan product and the skew
Jordan product. In 2024, Bhat [9] investigated the structure of nonlinear mixed bi-skew
Jordan and skew Jordan derivations satisfying relation (d) for m = 1 and proved that they
are additive *-derivations. This result extends the authors’ previous characterization of the
structure of nonlinear mixed bi-skew and skew Jordan triple derivations [10] (Theorem 2.1).
Recall that a unital x-algebra is an associative algebra A with an involution operation *.
In recent years, research on Jordan-type and multiplicative mappings has expanded con-
siderably to broader algebraic frameworks, particularly to non-associative and alternative
algebras (see [11-15]). Significant contributions in this area include Ferreira’s work on the
additivity of n-multiplicative maps over alternative rings [11] and the analysis of nonlinear
mixed *-Jordan-type derivations [13] and Jordan triple derivations [14]. Further studies on
related types of mappings can be found in [11,15].

Higher derivations are a natural generalization of derivations in the study of functional
identities. Consequently, the structure of higher derivations defined by a single product on
unital *-algebras has attracted considerable attention. Rehman and colleagues [16] studied
the structure of bi-skew Jordan triple higher derivations on unital *-algebras. Around the
same time, Liang and colleagues [17] investigated the structure of bi-skew Jordan-type
higher derivations on unital *-algebras, generalizing the findings of Rehman et al. [16].
Subsequently, Ren and colleagues [18] introduced the concept of mixed higher derivations.
They studied the structure of mixed Jordan and bi-skew Jordan higher derivations and
established that they are additive *-higher derivations. Building on this and following the
above concept of nonlinear higher derivations, we similarly define the notion of nonlinear
mixed bi-skew and skew Jordan higher derivations. Let A/ denote the set of non-negative
integers, and consider a family ¥ = {¢,},en of mappings ¢, : A — A such that
Py = id 4. The family ¥ is said to be:

() An additive higher x-derivation if, forall L, N € A and every m € N,

= ) (L  Yu(L+N) = (L) + ¢m(N) and ¢u (L") = g (N)"; (1)
i+j=m
(d) A nonlinear mixed bi-skew Jordan-type and skew Jordan higher derivation if, for

allLq,---,L, € Aand each m € N withn > 3,

Ym(LioLao oL, 10Ly) = 2 Pr(L1) o o¢pr,  (Ly—1) @ ¢Pr,(Ln). (2)

r+-trp=m
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Note that n > 3 is imposed because the mixed product contains both bi-skew and skew
products, and since each must appear at least once, at least three elements are needed in the
corresponding setting. Clearly, when m = 1, definition (d) reduces to a nonlinear mixed
bi-skew Jordan and skew Jordan derivation. Furthermore, when n = 3, it reduces to the
nonlinear mixed *-Jordan-type derivation studied by Siddeeque et al. In cohomology theory,
higher derivations are closely related to higher cocycles and deformation cohomology,
providing concrete tools for computing and understanding the cohomology groups of
algebras. Therefore, many researchers have studied the structure of various types of higher
derivations on different algebras, obtaining numerous interesting results [17,19-24].

Inspired by [9,17,19], a natural question arises: Under what conditions is a nonlinear
mixed bi-skew Jordan-type and skew Jordan higher derivation on a unital *-algebra an
additive higher *-derivation? This paper provides an affirmative answer to this question.
For m =1, expression (2) simplifies to the nonlinear mixed bi-skew Jordan-type and skew
Jordan derivation investigated by Bhat and colleagues [9]. Consequently, the principal
result established here can be viewed as a higher-order extension of their result, and it
additionally characterizes the structure of nonlinear mixed bi-skew Jordan-type and skew
Jordan higher derivations on various typical operator algebras, such as standard operator
algebras and von Neumann factors.

2. Main Results

In this section, we present the main results of this paper, namely the structure of
nonlinear mixed bi-skew Jordan-type and skew Jordan higher derivations. We begin by
reviewing some fundamental concepts related to unital *-algebras A.

Let A be a unital *-algebra over the complex field C, equipped with two nontrivial
idempotents P; and P, such that P; + P, = I, where I denotes the identity. According to
the Peirce decomposition, A admits the direct sum decomposition

A=A11 @ A @ An @ A2,

where A;; = P, AP; withi,j € {1,2}. The multiplicative structure among these components
satisfies the following relations:

1. .Ai]'.A]'l C A; (i,j,l = 1,2);

2. Ai/‘Akl:Oifj#k(k:LZ);

3. (.Ai]')* - Aﬁ.

In what follows, we assume that the algebra A satisfies
LAP; = 0implies L =0 fori € {1,2}, (3)

where L € A. By virtue of the properties shown in [17], prime *-algebras, standard operator
algebras, and von Neumann factors all satisfy Assumption (3).
To state the main result precisely, we present the following theorem.

Theorem 1. Let A be a unital x-algebra with identity element I that satisfies condition (3).
Suppose that a map 1y, : A — A satisfies the condition

Pm(LyoLao oL, 10Ly) = 2 ¥r(L1) o otr, (Lu—1) @ ¢y, (Ln)
r+-t+rp=m

forall Ly, -+ ,L, € Aand each m € N, where n > 3. Then ¥ = {{m}men is additive.
Moreover, if {pm(al)}men is self-adjoint for « € {i,1}, then ¥ = {m }menr is an additive
higher x-derivation on A.
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¥ (0)

The proof of Theorem 1 is divided into two steps. First, using mathematical induction,
we show that the nonlinear higher derivation is additive (see Lemmas 1-7). Then, based on
additivity and under the additional assumption that the set of elements {;,(aI) } ;e is
self-adjoint for « € {i, 1}, we prove that it is indeed a higher derivation (see Lemmas 8-11).
Finally, combining these two steps, we ultimately prove that, under our assumptions, every
nonlinear derivation is an additive *-derivation.

Proof. Note that any L € A can be written as L = L17 + Lip + Ly + Lgp, where Lj e Aij
fori,j = {1,2}. To show the additivity of i, on A, we use the inductive hypothesis and
first establish several claims showing that ¢y, is additive on A;; for i,j = {1,2}.

Proceeding by induction on m € N using (2), we first consider the base case
m = 1. In this case, {1 is a nonlinear mixed *-Jordan n-derivation on A. According
to [9] (Theorem 2.1), any such map is an additive *-derivation on .A and satisfies

( 1(L+N)=91(L) + 91 (N) forall L, N € A;
( 1(L)" =91(L7); ¥1(iD) = 0; ¢ (HI) = 0;
1 (L) = -1 (L); $1(iL) = i1 (L);
1 (LN) = 91 (L)N 4 Ly (N) forall L, N € A.

=
I

Assume inductively that for some integer s with 1 <'s < m, the statement of Theorem 1

holds; that is, the finite sequence {5}~ satlsﬁes the following properties:
Ps(0) = I/JS(L+N) Ps(L) + s(N) forall L, N € A;
H. — ps(l) = (L) =9s(L7); ¢s(il) = 0; ¢ps(-I) = 0;
s(-iL) = '1415( )i ¥s(iL) = ips(L);
Ps(LN) = ps(L)N + Lyps(N) forall L, N € A.

The goal of this section is to prove that the family ¥ = {,, },,c n satisfies condition H,, (i.e.,
the case s = m). Once this is established, it follows that ¥ is an additive higher *-derivation.
To simplify notation, for fixed n, we define V,,(a,- -+ ,a,x,-1,X) =a0ao---0aox,_1 Xy,
by Ca(x,—1,x,). The inductive argument will be carried out via a sequence of lemmas. [J

Lemma 1. ¢,,(0) =0 foreachm € N.

Proof. By the inductive hypothesis H; (1 < s < m) that ¢5(0) = 0, we have

= erl(gl(Of 0))

Vi (W (1), 1, (1), - W1, (1), 9,1 (0), 9, (0))

ri+rpt+-trp=m
== Vn(lpm(I)/I/ o /I/O/O) + Vn(lzlpm(l)/ c /I/O/O) + ttt + Vl’l(ll I/' t /I/O/lpm(o))

Y Vo (ry (1), ¥y (1), - -+, Wr,, o (D), 1,1 (0), 1, (0))

r1t+rot+trp=m
11,02, i <im

O]
Lemma 2. Let L1y € Ay, Loy € Ay, and m € N. Then

¥m(L12 + Lo1) = Pm(L12) + Ym(Lo1)-
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Proof. Let K = (L2 + Lo1) — ¥m(L12) — ¥Ym(Lp1). By the inductive hypothesis H
(1 <'s < m) that ¢s(Lia + Lo1) = 9s(L12) + s (Lo1) and & (225, L) = &1(225L, Loy) =

0, we have
- P P,—P
lP (gl( 2;1 2 ’(L12+L21))) = Z Vn(lprl(I)/lP’?(I)’--- 17brn 1( 2;1 2 ) lprrl(L12+L21))
r1t+rot+trp=m
P, —P
= L VDD () (L))
r1t+rot+trp=m
P, —P
+ Z Vn(¢7’1(1)/¢f2(1)f"'/¢fn 1( 22;1 21) wi’n(LZl))
ri+ry+-trp=m
P, —P
= ). Vi (@r, (1), 1y (1), - -+, 4 ( én_zl),(%(hz)+lPrn(Lz1)))
ri+ryt+trp=m
rn#Em
P, — P
+§I(%, (¥m(L12) + ¥m(L21)))-
On the other hand,
— P P, —P
Y (51( 2 (L2 +Ln))) = ). Vo ($ry (1), Y1, (1), 1,y (555 2 )s¥r, (L2 + L21))

ri+r ey =m
P —P
= 2 Vn(lprl(I)rlPrz(I) lp’n 1( on—2 ) lp"n(L12+L21))
1oty =m
rnAm

b, —P
+ CI(%IIPMLH +La1)).

It follows from the above two equations that & ( Pzzn 12)1 ,K) = 0, which implies that P,K —
P1K + KP, — KP; = 0. Multiplying both sides by P;, we get Ky; = 0. Similarly, K» = 0. It
follows from [ ¢ - - - © P; ¢ Ly; @ P, = 0 that

Ym(lo---oPro(Lip+Ly)eP)
= Y Vi (ry (1), Y1, (1), -, @1, (P1), Y1, (L12 + Lo1), ¥r,, (P2))

ri+ro+-trp=m

= Z Vn(lpi‘l(l)/lprz(l)/' o ’lprnfz(Pl)’lPrn—l(le)lll]rn (PZ))

ri+rottrp=m

+ Z Vn(lpi‘l(l)/ lprz(l)/' o ,lprn,z (Pl)f lprn—l(L21)/ l)brn (PZ))

ritrot-try=m

= Z Vi (Ipﬁ (I), 11[]72(1)/ T ﬂlfrnfz (Pl)r (lprn—l (L12) + lpi’n—l(Lﬂ))r lpi’n (PZ))

ri+rot-try=m
rnfl#m

+Io---0oPjo (l[]m(Lu) + lpm(L21)) o b
On the other hand,

Ym(Io---oP o (Lip+Ly) e Py)
= Y. Vi (ry (1), 9, (1), -+ 9r,, 5 (P1), ¥r,_ (L12 + L21), §r, (P2))

ri+rp+-+rp=m

= Y. Vi ($r, (1), ¥, (1), b1, (P1), Yr,_; (L12 + Lo1), ¢, (P2))

Ayt r=m
Tp—17M
+Io-- ‘<>P1<>1’Dm(L12+L21) o P,

From the last two equations, we have

Io---oPfoKeP, =0.
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From the above equation, we can derive
P,KP, + P,K*P; = 0.

Multiplying the equation from the left by P; yields Kj, = 0. Similarly, we can show that
K1 = 0. Hence, K = 0. This completes the proof. [J

Lemma 3. Forany Ly € Ajq, L1o € A1z, Loy € Apy, Loy € Ap, and m € N, we have
Ym(L11 + Lio + Lo1) = ¥ (L11) + Ym(L12) + (Lo );
Ym (L1 + Lot + L) = $m(L12) + Ym(La1) + Ym(Loo).

Proof. To prove the lemma, define K = #’m(Lll + Lo + L21) - l/)m(Lll) - l/)m(le) —
P (Ly1). Since 51(25—32, L11) = 0 and by the inductive hypothesis H; (1 < s < m), which
asserts that l,bs(Lll + L1 + L21) = lIJS(LH) + l/)s(le) + #)S(Lﬂ) forall L1, € Aqp, Lo € App,
and L1 € Ay, using Lemma 2, we have

lpm(gl(%r (L11 + L1z + L21)))

= T VMt () e ()

ri+rote A rp=m

b VO () (L)

ri+rotedrp=m

Y () Gt (L))

r1+ro+trp=m

= L Vb () W () + (L) + 9, (L1)
ritrp+etrp=m

4812 (B (1) + Pun(Lr2) + P L))

On the other hand,

¢m(g1(2}:—fz, (L11 + L1z + L21)))

P,
= ) Vi (@, (I), ¥, (1), - - - ,lPrn,l(Tn_z),lPrn(Lll + L1+ Ly1))
1oty =m
P
- Z Vn(lprl(l)/lprz(l)/"' /lprn,l(znfz)/l/)rn(Lll +L12+L21))
Ftrat et ra=m
rnAm

P
+ (g YLt + Liz + Lar))-
From the above two equations, we obtain ¢ 1(2n 5, K) = 0, which implies that
P,K+ KP, =0.

This implies that Kyp = Kp; = Kjp = 0. Meanwhile, we have

P, — P, -p
51(2,172, L) = 51( iz v La1) =0.
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It follows from Lemma 1 that

(CI( T 52, (L11 + L1z + L21)))

Pp—-P
= ). Vi (r, (1), 91, (1), - - /llfrn_l(lszz)/lPrn(Lll + L1+ L))
ri+rotetrp=m
Pp—-P
= Va@nDn(D (g (L))
ri+rote A rp=m
P, -P
X Va@n (D () (L12)
ri4ro e rp=m
Pp—-P
X Va@n (D () (L))
P4yt ry=m
PP
= Y. Vi (ry (1), P, (1), -+, Py, ( 12n 22) (¢r, (L11) + ¢r, (L12) + ¢r,(L21)))
rit+ro+et+rp=m
rnFEm

+ ﬁl(%, ($m(L11) + Pm(L12) + ¥m(L21))).

On the other hand,

P ('51( = 52/(L11+L12+L21)))
P —-P
= Z Vn(l/Jyl(I),l,byz(I),- o ,¢r”_1(12n742),¢,n(L11 + L +L21))
r1+rote A =m
p-P
= X Va@nDn(D) e () (L + L + L)

ritrpte g =m
r,,yém

+ 51(2,172/%4@11 + Lig + Ly1))

From the last two equations, we get

p-P
& 12H ,K) =0.

The above relation simplifies to PiK — P,K + KP; — KP, = 0. Multiplying the last relation
by P; from both left and right, we get K17 = 0. Similarly, The second conclusion follows by
an analogous argument. Therefore, the desired result follows. O

Lemma 4. Forany L;; € Aij with 1 <1i,j <2, we have

2 2
m( Y Lij) = Y ¥m(Lij).
ij=1 ij=1
Proof. The statement holds for m=1. Assume inductively that it holds for all s with
1 <s < m; that is, lPs(Ln + Lip + Ly + Lzz) = l,l)s(Ln) + lps(le) + lps(Lzl) + l/Js(Lzz). It
remains to prove the statement for s = m. Let K = ¢, (L11 + L12 + Log + Lp2) — Ym(L11) —
Ym(L12) — Ym(La1) — Ym(Laz). Since Cl(%, L11) = 0, it follows from Lemma 3 that

https://doi.org/10.3390/axioms15020138
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le(Cl(%/ (L11 + Lia + Loy + L))

ri+ry+try=m

- ¥

ri4rotFrp=m

>

r1+rot-trp=m

>

1414ty =m

>

11yt =m

- X

ritroteFrp=m

TnFm

P,

P,

0 (Qr (1), (), -+ Py, (5755 ), Yr, (L1t + L2 + Lot + Lp2))

on—2

P,

n(lprl(I)/ l/Jrz(I)/ e /lpi’n_1(2717,2)/ l/Jrn (Lll))

P,

n(lprl(l)/ 1/«’1*2(1)/ o /lpi’n_1<2nj)/ l/an (L12))

P,

n(lprl(l)/ lprz(I)/ e /lprn—l(z;«lj)/ ¥r, (L21))

P,

n(@r (D), o (D), 4 (5555), Y (L22))

P,

Vi (§ry (D, ¥ (D), Y, (557) (§ (Lin) + Y, (La2) + 9y (L) + ¢, (L22)))

+ 51(21732/ (Ym(L11) + Pm(L12) + Pm(Lo1) + m(La2)))-

On the other hand,

le(CI(%/ (L11 + L1z + Loy + L2)))

P,
= ) V(Y (1), $ry (1), 9, (72,132 )sWr,(L11 + L1z + L1 + L22))
Pyt

=L @O b () (b Lo+ Lo + L)

ri+ry+trp=m
rnFm

P,
+ 1 ¥m(Lin + Liz + Loy + Lzo)).

It follows from the above two equations that 51(2532,10 = 0, which implies that
Ky = Kp1 = Kjp = 0. Similarly, we can show that K;; = 0. This completes the proof. O

Lemma 5. Forany L;j, N;j € A;j withi # jand m € N, we have
m(Lij + Nij) = Ym(Lij) + Pm(Nij)-

Proof. By the inductive hypothesis H; (1 < s < m), we have ¢s(L;; + Nj;) = s(L;j) +
Ps (N,-]-). Furthermore, from the definition of the product, we have

I T ), (P] + Nz;)) = Lij + Nij + L;}Nij + L:-ﬁ]‘ + Nl]L:}

Invoking Lemmas 2—4, we obtain

https://doi.org/10.3390/axioms15020138
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¢m(L“+N")+lpm( )‘Hpm( )+1/Jm( )
= Pm(Lij + Njj +L*N +L*+N,]L;*])

P+ Ljj+ L?j
= lpm(gl((W)/ (P; + Nij)))
Pi+Lij+ L:‘]
= Z Vi (e (1), 91, (1), - - - ’lprn—l(zni_Z) ¥r, (P + Nij))
r+ry+-trp=m
P; + Ll']' + L?]«
= Y. Vi (Yry (1), r, (1), - - /1/’7,1_1(2,17,2)/%”(1’]‘ + Nij))
e
Pi-i-Li]'-l-L;fj Pi-i-Lij—FL:fj
+ Cl(lljm(zni,z)/ (P; + Njj)) + ‘:1((2,17,2)/ m(Pj + Nij))
P Lij + L:fj
= Z Vn(lprl(l)/ lprz(l)/ Tty (lpi’n_1<m) + ¢7,1_1( n—2 )) (1/%( ) + lpi’n( )))
r1+rr2j-~r-n4;érg1:m

P Ljj —|—L Pi—l-L,‘]'—FL;k
2 (Pngg) + (), (B Ny + (0, () + ()

P, P,
= le(CI(W/I)j)) + le(CI(W/Nij))

+Lz; +Lz]
@1 L P)) (@~ Ny)
_lpm( 1])+lpm(Li‘+L?j)+lpm(L Nij +N1]L;k])
= Pm(Nij) + P (Lij) + (L) + ¥ (L Nij) + ¥ (NijL5;))-

Therefore, P (Lij + Njj) = Ym(Lij) + m(Nj;). This completes the proof. [
Lemma 6. Forany L;;, N;; € A;;, 1 <i<2and m € N, we have
¥m(Lii + Nii) = Ym(Lii) + P (Nit).

Proof. Let K = ¢, (Lji + Nij) — Ym(Li;) — m(Njj). Applying Lemma 1 and the inductive
hypothesis H; (1 < s < m), which asserts that ¥s(L;; + Nj;) = s(L;;) + s(Nj;) for all
L;i, N;; € Aj;, it follows from @'1(25 5, Lii) = é‘l(; =15, N;;) = 0 that
P;
Vi (Yr, (1), 9pr, (1), - - rlprnfl(y%z),llirn(hi + Nii))

r+rytetry=m
Tn#Fm

by
+81(55mg Y (Lii + Nit))
P
= ¢m(Cr(55=2, (Lii + Nit)))

P.
= Y Vo ($r, (1), 9, (1), - -~ /¢rn71(2y,%2)/l/)r,1(Lii+Nii))

ri+rot At =m

P
= Y Va@n (D n (D), () ¥ (Lid)

ri+rote At =m

P;
+ Z Vi (lPrl(I)/ IPVZ(I)/' o ’lljrn—l(zn%z)’ l/)Vn(Nii))

ri+ryttry=m

P.
= Yo V(D (D), (555), (r, (L) + 1, (Nip))
ri+rat-Frp=m 2

+ 815k, (L) + 9m(Ni)).
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Ym(L+N) =

2

=y
¥
=y
¥

Thus, we have @1(25%2,10 = 0, which implies that P;K + KP; = 0. Hence, Kj; = K;; = Kj; = 0.
By Lemma 5 and the inductive hypothesis Hs (1 < s < m), and for any B;; € A;; withi # j,
we obtain

B::
V(i (1), 902 (D), 3 (5575 ) P (Lis + Ni))
rl+r2+-¥+r,,:m
rn7Fm

+ 51(2,17_3r¢m(Lii + Nii))
B::
= le(CI(Z,T]y(Lii + Nii)))
= lPM((’fI(Zni_g:Lii)) +4’m(51(2n7_3rNii))
= Y. Vi (Yr, (1), 9y (1), - - ’lprn—l(zni_:‘))’lprn(Lii))

1Ty =m

Y Va0 () g (N)

ri+rpt-trp=m

Bjj
= n +Z+ Vn(lprl(l)’lprZ(I)" o lprn 1(2;1 3) (wrn( ll) +lp7‘n (Nll)))
1 i’zrn;é-mrn:m

s, (L) + (M)

This implies that Cl(zf%,K) = 0. Consequently, B;;K + B;}K + KB:‘]» +KBjj = 0, i.e., B;jK;; +
B;ij,'i + Ki,»K;‘j + Kj;Bjj = 0. Thus, we have K;;B;; = 0. It follows from condition (3) in
Theorem 1 that K;; = 0. Therefore, ¢, (L;; + Ni;) = ¢ (Li;) + P (Nj;). O

Lemma 7. ¢y, is additive.

Proof. Forany L, N € A, we write L = L1 + L1p + Lp1 + Ly and N = Ny; + Nip + Npj +
Np;. By Lemmas 4-6, we have
m(L11 + L12 + Lot + Loz + N1 + Ni2 + Nop + Noo)
m(L11 + N11) + @m(L12 + Ni2) + $m(L21 + Not) + $m(Laz + No2)
m(L11) + $m(N11) + ¥m(L12) + $m(N12) + ¥m(Lar) + $m(N21) + Pm(Laz) + ¢Pm(Na2)
(L11 + L12 + La1 + La2) + $m(Ni1 + N1z + Nag + Nao)
(L) + ¢m(N).

Hence, ¢, is additive. O

m

m

Lemma 8. The following hold for each m € N with m > 1:

(1) Pu(l) =
(2) ¢m(1)
(3) ¢m(—11)_o.

Proof. The statement holds for 1 < s < m by the inductive hypothesis, i.e., s(I) = 0. It
remains to prove the case s = m.
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2" V(1) = i (E1(L,1))
= Y. V(@ (1), 1y (1), -+, W, (1), 9, (1))

P =m

= L VaWn DD (D, (D)
"

n—1
+ZVH(I/I//I/ lpm(D /I//I)‘i‘gl(l/lpm(l))
k=1 —~

k-component

n—1

- ZVH(I/I/“'/I/ l/Jm(I) /I//I)+§I(I/1/)m(1))

=1 ——r
k-component

= (n=1)2"2((gm(1) + gu(D)") © 1) + 2" (1),
This implies that ¢, (I) + ¥, (I)* = 0. By the given hypothesis, ¢,,(I) is self-adjoint for
m € N. Hence, ¥, (I) = 0. Applying Lemma 1, we have

PG, 555)) = 0.

On the other hand, we have

@)= L (e (0,9 (55)

r+rytetrp=m

. I
= 2 Valn (D), (D), 9, (5575))
A

) I
+ 51(%1(11), P)
= P (il) + P (il)".
By hypothesis, ¢, (i]) is self-adjoint for m € N. Thus, we obtain ¢, (iI) = 0.
By a similar method, we can obtain that equation ¢, (iI) = 0. holds. [
Lemma 9. Y = {y, }menr preserves the involution x, i.e., P, (L*) = ¢y, (L)* forall L € A.

Proof. It follows from Lemma 7 that

L *
‘/’m(gl(wrl)) = ¢Pm(L+ L")
= Y (L) + pm(L).
On the other hand, applying Lemmas 7 and 8, we have

@) = L Va0 (), (D)

riHrpt gy =m

L
= 2 Vn<lpr1(1)rlp7’z<1)r' o ’lprn—l(z;/,fz )’lprn(l))
r+rptetrp=m
Tp—17m

En ()]
= (L) + (L)

According to the above two relations, we obtain ¢, (L*) = ¢, (L)*. O
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Lemma 10. For each m € N and all L € A, the following hold:
(1) ¢Ym(iL) = ity (L);

(2)  m(—il) = —itpy(L).

Proof. For any L € A, applying Lemmas 7 and 8, we have

PG5y, 1) = (L — 1)

= Pm(L") — pm(L).
Furthermore,

L iL )
iz i) = 8 VaWn (DD, () 9, D)
i+t =m
iL )
= L V@D () 9, (D)
i+t =m
rnfl#m

+E1(Pm(gmg) 1)
= 1(% (iL) + wm(iL)*)-

Therefore, from the above two relations, we have

Ym(L)" — ipm(L) = —¢m(iL) — Pm(iL)". (4)
Also, we have L
¢m(61(m,i1)) = lpm(iL*) + lpm(iL)~
On the other hand,
L .
il i = L Va0 P (g P D)

ri+ry+-trp=m

L )
= Yoo Va(n (D (D)t 1 (5575) 9, (D)
r+ry+-trp=m
7’,1,175??1

L .
+ gl(le(sz)/ﬂ)
= i(Ym(L) + ¢ (L)7).
From the above two relations, we obtain
Y (iL) — Y (iL)" = i (L) + itpm(L)". (5)
Thus, from (4) and (5), we have
P (iL) = i (L).
Similarly, we can show that ,,(—iL) = —ig,(L). O
Lemma 11. Y = {¢ }uen is a higher derivation.

Proof. For arbitrary L, N € A, using the inductive hypothesis Hs(1 < s < m) together
with Lemmas 7-9, we have
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*

20, (LN + L*N + N*L* + N*L) = p,(Io1---olo

2n,4<>N'I)

L*
= Yoo Va@n (D gn(D) - o (5mg) ¥ (N), 9, (1)
r1+rot+trp=m
L*
= 2 V”l(I’ L--- ’lprn72(2n_*4 )’lprn—l (N)’I)

Th—2+rp_1=m

= Y 2 (L), (N) + ¢, , (L), (N)

Ypn_p+r,_1=m

+ o (N) 5 (LF) + ¢, (N) ", 5 (1)),
which implies that

Yu(LN+ LN+ NL*+N'L) =} (¢, o (L) ¢r, ,(N) + r, , (L)pr, , (N)

Tp—p+ry_1=m

+ 1!)7‘,,71 (N)*qun—z (L*) + wrnfl (N)*lprn—2(L))
On the other hand, we have

L
29 (iILN — iL*N — iN*L* +iN*L) = g, (I - --<>1<>2,1T4<>N.1)

L
= Y Vel Dn D G (N) 9, (1)
r1+rop+-tryp=m
- Z Vl’l<I/ II e ,1Pr1172(2;7L_4),lprn71 (N)’ I)

Tp—ptry_1=m

Yoo 20, (L)¥r,  (N) = ithr, ,(L)*¢r,  (N)

Tp—ptry_1=m
+ i, (N) P, 5 (L) = i, (N) 9, (L)),
which implies that

Yu(LN+N'L=N'L"=L'N) =} (¢r, o (L)¢pr,(N) = ¢, ,(L)"¢r,_, (N)

Tp—p+ry—1=m
+ ¥ (N) " r, 5 (L) = ¢r,_ (N) ¢r,, (L))

From the last two equations, we have

Yu(LN+N'L) =} (o (L)¢r,  (N) +r,  (N) 9, (L)) (6)

Tnoo+Ty_1=m
From (6), we obtain that

(LN = N'L) = 0 ((—iL) (iN) + (iN)* (—iL))
= Y (i), GN) +r,  (iN) gy, ,(—iL))

Tp_p+r,_1=m

= Z (llf’fnfz(LﬁPan (N) —Yr, (N)*¢rn72(L)).

Tp_p+r,_1=m

According to the above two relations, we have

lpm(LN) = Z lprn—Z(L)lprnfl(N)'

Ty_o+rp_1=m

Hence, ¥ = {¢m }men is a higher derivation. [
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Proof of Theorem 1:

With the help of Lemma 7, we obtain that the nonlinear mixed bi-skew Jordan-type
and skew Jordan higher derivation is additive. This result, together with the additional
assumption that {9, (al) },,cn is self-adjoint for « € {i, 1}, allows us to derive Lemma 9
and Lemma 11. These lemmas show that every nonlinear mixed bi-skew Jordan-type and
skew Jordan higher derivation is, in fact, a higher *-derivation. Consequently, Theorem
1 holds.

Let A be a unital prime *-algebra containing a non-trivial projection. In a prime
algebra, the condition LAN = 0 for L, N € A implies that L = 0 or N = 0. Consequently,
such an algebra automatically satisfies condition 3 stated in Theorem 1. So, we have the
following corollary.

Corollary 1. Let A be a prime x-algebra containing a non-trivial projection. If ¢y, : A — A satisfies

Pm(LioLyo - oL, 1eLy) = Z (L) o or,_ (Ly—1) ® ¢r, (Ln).
ri+-+rp=m
forall Ly,---,L, € Aand each m € N, where n > 3, then ¥ = {y }men is additive.
Moreover, if {(py,(aI)}en is self-adjoint for « € {i, 1}, then ¥ = {¢w } e is an additive
higher x-derivation on A.

It follows from [17] that standard operator algebras and von Neumann factors serve
as standard examples of prime *-algebras, and therefore of unital *-algebras. Hence,
the subsequent corollary is an immediate consequence.

Corollary 2. Let A be a standard operator algebra on an infinite-dimensional complex Hilbert
space H that contains the identity operator I and is closed under the adjoint operation. Then, every
nonlinear mixed bi-skew Jordan-type and skew Jordan higher derivation is additive. Moreover,
if {m(al) }yen is self-adjoint for « € {i,1}, then ¥ = {¢y }men is an additive higher x-
derivation on A.

Corollary 3. Let A be a von Neumann factor with dim A > 2. Then, every nonlinear mixed
bi-skew Jordan-type and skew Jordan higher derivation is additive. Moreover, if {ip, (aI) }e s is
self-adjoint for « € {i,1}, then ¥ = {Y } e is an additive higher x-derivation on A.

3. Topics for Further Research

This paper focuses on investigating the structure of nonlinear mixed Jordan-type and
skew Jordan higher derivations on a unital *-algebra A, where a unital x-algebra is an
associative algebra A equipped with an involution *-operation. In parallel, the study of
Herstein Lie-type mappings on non-associative algebras has also attracted considerable
interest, such as those on alternative *-algebras. Let B be an alternative x-algebra containing
nontrivial idempotents P; and P, with P; + P, = I, where I denotes the identity element.
For further details, we refer the reader to [4]. Ferreira has played a significant role in
advancing the study of Herstein Lie-type mappings on alternative *-algebras and related
algebraic structures. The structures of nonlinear mixed *-Jordan-type derivations, Jordan
triple derivations, and Lie multiplicative derivations have all been examined. Inspired
by [4] and the main theorem of this paper (see Theorem 1, we propose the following
interesting conjecture.

Conjecture 1. Let 3 be an alternative unital x-algebra with identity element I satisfying the condition

(LB)P; = 0 implies L =0, forie {1,2},
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where L € B. Suppose that a family of maps ¥ = {PYm } men, With Py, : B — B, satisfies

Yw(LioLyo---oLyyoLy)= 3} ¢n(L)o-- oy,  (Ly-1)®Pr,(Ln).
ri+-trp=m
forall Ly, - ,Ly € B, foreachm € N, and n > 3. Then ¥ is additive. Moreover, if {y, () } e
is self-adjoint for « € {i,1}, then ¥ = {{; } e is an additive higher x-derivation on 5.
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