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Abstract

Consider A as a unital *-algebra. Given elements A, B € A, the operations A e B = AB+ BA*
and [A,B]. = AB — BA* represent the skew Jordan product and the skew Lie product,
correspondingly. Within this study, we demonstrate that a nonlinear mapping ® : A — A
adheringto ®([A @ Aye---0A, 1, A,ls) = Z?:l [AjeAye---0A; jeD(Aj)eA; e -0
Ap_1, Ayls for every Ay, Ay, ..., Ay € Awith n > 3, then ® is an additive *-derivation.
As an application of our main results, we establish characterizations of prime *-algebras,
standard operator algebras, von Neumann algebras without central summands of type I;, and
factor von Neumann algebras.

Keywords: mixed skew Lie-type derivations; *-algebras; von Neumann algebras

MSC: 16W25; 16W10; 16N60; 47B47

1. Introduction

Throughout this article, an algebra A refers to associative algebra over the complex
numbers C. Associative algebras equipped with an involution, commonly known as *-
algebras, play a fundamental role in various branches of mathematics and mathematical
physics, including operator theory, ring theory, and quantum mechanics. These structures
generalize the familiar algebras of operators on Hilbert spaces and provide a rich framework
for studying symmetries, derivations, and automorphisms. In this paper, we consider a
unital associative x-algebra A. A map ® : A — A is called additive if P(A + B) =
®(A) + ®(B) forall A,B € A and an involution on A is an additive anti-automorphism
*: A — Asatisfying (A*)* = Aand (AB)* = B*A* for all A, B € A. Algebras endowed
with such an involution are known as *-algebras. For elements A, B € A, several bilinear
operations arise naturally in the study of quadratic and sesquilinear forms, as well as in
operator algebras and the ring theory. These include the Jordan product Ao B = AB 4 BA,
the Lie product [A, B] = AB — BA, the skew Jordan product A e B = AB + BA*, and the skew
Lie product [A, B], = AB — BA*. These operations have been extensively investigated in
the literature; for more details, we refer the reader to [1-8].

The historical development of derivations and automorphisms in algebras traces
back to foundational questions about the additivity of nonlinear(or multiplicative) maps.
Martindale [9] provided partial results using sets of idempotents, while Daif [10] introduced
the concept of multiplicative derivations and proved their additivity in rings with nontrivial
idempotents.

An additive map ® : A — A is an additive derivation if &(AB) = ®(A)B + AP(B) for
all A, B € A. If, in addition, ®(A*) = ®(A)* forall A € A, then ® is an additive x-derivation.
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A related concept is that of a Lie derivation, defined by ®([A, B]) = [®(A), B] + [A, ®(B)]
for all A, B € A. The relationship between Lie derivations and additive derivations has
been a subject of significant interest (see, e.g., [11-13]).

Relaxing the additivity assumption leads to nonlinear Lie derivations, also known as
Lie derivable maps, which satisfy the same functional equation without requiring linearity.
Such maps have been studied on triangular algebras and operator algebras by Chen and
Zhang [14], Yu and Zhang [15], Lu and Liu [11], and Jing and Lu [13].

Parallel to these developments, the skew Lie product has received attention. A map
® : A — Ais a nonlinear skew Lie derivation if ®([A, Bl.) = [®(A), B]« + [A, ®(B)]. for
all A, B € A. Recently, Yu and Zhang [16] and Jing [17] showed that nonlinear skew Lie
derivations on factor von Neumann algebras and standard operator algebras reduce to
additive *-derivations.

The notion extends to nonlinear Lie triple derivations, where ®([[A, B], C]) = [[®(A), B],C] +
[[A,®(B)],C]+ [[A, B],®(C)] forall A, B, C € A. These have been examined on triangular
algebras, parabolic subalgebras, generalized matrix algebras, and von Neumann algebras
(see [14,18-21]).

The skew analog gives rise to nonlinear skew Lie triple derivations, satisfying
®([[A,B]+,Clx) = [[®(A),B]s,Cls + [[A, ®(B)]«, Cl« + [[A, Bl«,®(C)]«. Lietal [22]
demonstrated that on factor von Neumann algebras, these maps are precisely additive
*-derivations, highlighting the connection between skew Lie-type maps and *-derivations.

A related concept is the nonlinear mixed Lie triple derivation [23-25], which combines
Lie, skew Lie and skew Jordan products and typically reduces to additive *-derivations
under appropriate conditions.

More generally, Lie-type derivations involve higher-order commutators. Define
the (n — 1)-th commutator recursively by p1(A1) = Aj, p2(A1,Az2) = [A1,Az], and
pn(A1, ..., An) = [pn_1(A1, ..., Ay_1), Ay forn > 3. Anonlinear map ® : A — Aisanon-
linear Lie n-derivation if ®(p,(A1,..., An)) = Xp_q Pn(A1, .., Ake1, P(A), Aki1s - - - An).
This concept was introduced by Abdullaev [26], who provided decomposition theorems
for von Neumann algebras. Subsequent works extended these results to triangular rings
and generalized matrix algebras [27,28]. In similar way, we can define a nonlinear skew Lie
( skew Jordan) n-derivation. A nonlinear skew Lie ( skew Jordan) 2-derivation coincides
with a nonlinear skew Lie (skew Jordan) derivation, while a nonlinear skew Lie (skew
Jordan) 3-derivation is exactly a nonlinear skew Lie (skew Jordan) triple derivation. In
general, nonlinear skew Lie (skew Jordan) 2-derivations, nonlinear skew Lie (skew Jordan)
3-derivations, and nonlinear skew Lie (skew Jordan) n-derivations are collectively referred
to as nonlinear skew Lie-type (skew Jordan-type )derivations. Zhang [29] proved that every
nonlinear skew Jordan derivation on a factor von Neumann algebra must be an additive
x-derivation. Later, Zhao and Li [30] showed that if A is a von Neumann algebra with
no central summands of type I, then a nonlinear mapping ®: A — A is a nonlinear *-
Jordan triple derivation if and only if ® is an additive *-derivation. This result was further
extended by Li et al. [31] to nonlinear *-Jordan-type derivations on arbitrary *-algebras.

Motivated by these advancements, recent studies have focused on nonlinear skew Lie-
type derivations on *-algebras, showing that they often reduce to additive *-derivations [31-33].
Building upon this foundation, we extend the findings of Li and Zhang [25]. the present
work introduces and investigates the nonlinear mixed skew Lie-type derivation. For a unital
x-algebra A and elements A,B € A, recall Ae B = AB + BA* and [A,B]. = AB — BA*.
For n > 3, we define a nonlinear mixed skew Lie-type derivation ® : A — A by
D([A1eAre---0 A, 1, Apl) =L [A1eAre---0A; 10 D(Aj)eAj 0 0A, 1, Ayl
forevery Ay, Ay, ..., Ay € A.
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Our motivation stems from the recurring theme in the literature that nonlinear Lie-type,
skew Lie-type and skew Jordan-type maps often becomes additive *-derivations under
mild algebraic conditions, such as primeness or the absence of certain central projections.
This pattern suggests a deeper structural rigidity in *-algebras, prompting us to explore
whether similar results hold for the mixed skew variant, which combines elements of both
skew Jordan and skew Lie products. By introducing this new class of maps, we aim to
unify and extend previous findings on mixed Lie triple derivations [25].

This research fills a gap in the existing literature by addressing nonlinear mixed skew
Lie-type derivations specifically in the associative *-algebra setting, where previous works
have focused on Lie-type or skew Lie-type or skew Jordan-type maps separately. While
related functional identities have been studied in broader nonassociative structures, such
as alternative x-algebras (see, e.g., [34] for nonlinear mixed *-Jordan-type derivations on
alternative x-algebras), our work provides a precise characterization in the associative case,
leveraging Peirce decomposition techniques that are particularly effective here. The identity
we consider shares a similar "mixed" philosophy with that in [34], combining Jordan-type
and Lie-type products, but our recursive skew Lie-type nesting and hypotheses are tailored
to the associative framework, yielding new insights into the rigidity of such maps.

In this manuscript, we prove that, under moderate conditions, nonlinear mixed skew
Lie-type derivations on *-algebras are necessarily additive x-derivations. As corollaries, we
verify this characterization for important classes of prime *-algebras, including standard
operator algebras, factor von Neumann algebras, and von Neumann algebras without
central summands of type Ij. Our approach relies on the Peirce decomposition associated
with idempotents, a fundamental tool in the structural theory of rings and algebras.

The Peirce decomposition, named after Benjamin Peirce, originates from the study of
idempotents in associative rings and has been widely applied in nonassociative algebras,
Jordan algebras, and operator algebras. Given a unital algebra .A and a nonzero idempotent
P € A (ie, Pl2 = Py), let P, = I — P;, where I is the unity element. Then P; is also an
idempotent, and Pj, P, are orthogonal in the sense that P{P, = P,P; = 0. The algebra
A decomposes as a direct sum of vector spaces A = Ay & Ajp & Ay @ Az, where
Aij = P,'.AP]' for i,j =1,2.

This decomposition satisfies the following multiplication rules:
AijAj C Ay for i, j,l € {1,2},
2. AijAkl ZOifj #k, for i,j,k,l € {1,2}.

In the context of *-algebras, if the idempotent P is self-adjoint (i.e., P; = P;), then

—_

Py = P,, and the Peirce spaces often exhibit additional symmetry: .A;-“]- C Aj;. This property
is particularly useful in von Neumann algebras and C*-algebras, where idempotents
are typically projections (self-adjoint idempotents). The Peirce decomposition allows for
the reduction of global properties of maps on A to local behaviors on these subspaces,
facilitating proofs of additivity and other structural results by analyzing the action of ® on
each A;;.

This work not only advances the understanding of functional equations in *-algebras
but also opens avenues for future research. Potential extensions include examining these
maps on non-prime x*-algebras, algebras over other fields, or in the context of Banach
x-algebras with continuity assumptions. Open problems may involve classifying such
derivations in finite-dimensional settings or exploring their connections to automorphisms
and inner derivations.

2. The Main Result and Its Proof

The principal theorem of this manuscript is articulated as follows:
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Theorem 1. Let A be a unital x-algebra featuring the unit I. Suppose A includes a nontrivial
projection P fulfilling

XAP =0 implies X =0, 1)

forall X € A, and
XA(I—-P)=0 implies X =0, 2)

forall X € A. Then a mapping ® : A — A obeys

@([Al o A2 o - - .Anfll An]*)

I
=

[A1 .Az. s .Aj—l Oq)(A]) .Aj+1 e - - .Anflr An}*

-
I
—

forevery Ay, Aa, ..., Ay € Aprecisely when ® constitutes an additive x-derivation.

Remark 1. Assumption (1) guarantees that A has no nontrivial left annihilators on P, which is
invoked in Lemmas 6 and 10 to conclude vanishing of certain Peirce components. Similarly for (2)
on I — P. See Example 1 for necessity.

Proof. Let P = P and P, = I — P be two nontrivial projections in A, and define
Ajj = PAP;, 1 <i,j <2.By Peirce decomposition, we have A = A1 © A1p © Az @ Ag.
Accordingly, every element A € A can be written uniquely as A = A1 + Ap + A1 + A,
where A;; € A;;. Moreover, if P is self-adjoint, then the involution satisfies A;‘j C Aj.

Since the sufficiency part is straightforward, we focus on proving the necessity. The
argument proceeds through a sequence of auxiliary lemmas. For clarity, we briefly describe
the strategy. First, we establish that ®(0) = 0. Next, we prove the additivity of ® on
each Peirce component and then extend it to the whole algebra. After that, we show that
®(I) = 0 and verify compatibility with the involution. Finally, we establish the derivation
property. The projection assumptions (1) and (2) play a crucial role in eliminating nontrivial
annihilators, thereby forcing certain Peirce components to vanish when necessary.

The above theorem follows from the subsequent lemmas, which provide a structured
roadmap for the proof.

Lemmas 1-7 establish additivity component-wise on the Peirce decomposition.
Lemmas 8-11 address the centrality of ®(I) and show vanishing on projections and the
identity element. Lemmas 12-15 prove that ® is a skew Lie derivation, is compatible
with the involution, and is C-linear (in particular, linear over 7). Lemma 16 completes the
argument by verifying the full derivation property.

The assumptions (1) and (2) are specifically employed in Lemmas 6 and 10 to deduce
triviality of certain components via annihilator arguments. []

Lemma 1. $(0) = 0.

Proof. Observe that
P(0) = P([0e---00,0].)
=[®(0)e---00,0+:--+[00---0P(0),0],+[0e---00,D(0)], =0.
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Lemma 2. Forany Ay € A1p and By € Ap1, we obtain
P (A1z + Bo1) = P(A1z) + ®(B).
Proof. Let M = ®(A1p + By1) — P(A1z) — ©(By1) = 0. It suffices to verify M = 0. Evidently,

[Tede-eba(i(p—P)) Ap| = {1.%.-...§.(i(p2—P1)),321L = 0.

Via Lemma 1, we derive

[CD(I) ° é o -0 é o (i(P, —P1)),A12+321}

*

+ {Io@(i) o-~°é° (i(P —Pl))rAlz-l-le}

*

4o+ {1.;.-'.od><1> O(i(Pz—P1)),A12+le}

*

), A1 + 321}

*

+
—~
°
N~ N~
°
°
|
°
&
>
|
]

_|_
~
[

e é * (i(Py = Pp)), P(A12 + 321)]

*

_q><[1.£.....;o(z‘(PZ—Pl)),A12+B21L>
:@([Ioé....oéo(i(&Pl)),AlzL) +<1><{1-£-~~-io(i(PzP1)),le]*)
_ {@(1).£.....£.(i(Pz—Pl)),A12+B21]*

N {I.q)(;) .....io(i(P2—P1)),A12+B21L
N +{Ioéo....q)(;)o(i(Pz—Pl)),A12+Bz1L

I .
+ |:Ioo--'ozoq)(l(P2P1)),A12+321:|

*

+ {1 oo e % o (i(P— P1)), P(A12) +q>(321)} :

*

Thus, {1 ole.ola(i(P— Pl)),M} = 0. This yields My = My, = 0.

Given [I ) % o0 % . Alz,Pl} L= 0, we deduce

{cp(z).é.....%.(A12+321),p1}*+ [Io@(é) .....%.(A12+B21),P1}

*

I I I I
+-- 4 [Io§o~~~oq>(§> .(A12+B21)1P1:| + [[.E.,,,.qu)(Alerle),Pl}

* *

+
—
[ ]

.0 é o (Ap+ 321),¢(P1):|

N~

*

I
e (A12+Bz1),P1} )

"'§°A12,P1L> +¢([10§0-"050321,P1]*)

I I I
~~o§°(A12+Bz1),P1} + [Iod)(i) .~~~.§.(A12+B21)1P1j|
*

I
S

I
S
/N 7N
| e e |
—~
[ )

~
[ ]

\
o
—
)
S~—
)
NI~ NI~ N|~

*
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1

+... +|:I.é..¢(2

) o (A12+le)/P1} + {h é LERRR é o (P(A12) + P(Bn)), 1

*

+ |:[oéo-~~oéO(A12+B21)rq)(Pl):|

*

Consequently, |[ele---eleM P/| = 0, implying M;» = 0 and My; = 0. Thus
q y 2 2 plymg
*

M=0 0140
Lemma 3. Forany A1; € Ay1,B1a € A1z, Co1 € Apy, and Dy € Apy we obtain
@ (A1 + Bip +Co1) = ©(A11) + P(Bra) + @(C1)

and
®(Byz + Co1 + Daz) = ®(By2) + ®(Co1) + (D22).

Proof. Let M = ®(A11 + B + Cp1) — P(A11) — P(B12) — ©(Cxp).
From Lemmas 1 and 2, we derive

I I .
[cb(l) °5e e (iPy), Al +312+C21}

*

1 r .
+ {Io@(z) o~~~oZO(IPZ),A11+B12+C21]

*

I I .
+ - +[1020---0(1)<2)O(ZPQ),A11+312+C21:|

*

+
—
[ J

I .
o -0 5 OCD(lpz),An + By + C21:|

*

+
L—

—~

°

NI~ N~

1 .
o:re5e (iPy), ®(A11 + Bip + Czl)]

*

I .
o ez (iPy), A1 +B12+C21] )

|
o

I

o
TN T N
| — |

—~

)

~
[ ]

~~-o£0(ipz)/A11L> +¢({Ioi.....io(iPz)/(B1z+C21)L)

N~ NI~ NI~

—
S
—~
~
~—
L]

I .
o---0 E ° (1P2),A11 +B12+C21]

*

+
—~
)
S
7N
N~

r .
) o -0 Eo (iPy), A1q +B12+C21]

*

I .
+ .. o..-oCD(Z)0(1P2),A11+312+C21:|

+
| —
—~
[ )
N~

*

I I .
+ |:1020~~~.20®(ZP2),A11+312+C21:|

*

+ {Io é o---0 é . (iPZ),CI)(A11) +¢(B12) +¢(C21)} .

*

Hence [IO % ®:---0 % [ ] (iPz),M} . Thus M12 = M21 = M22 =0.
*

{IoIO~~-°£°(i(P2—P1))/Blz]

I I .
5 :|:I.2."'.2.(1(P2_P1))1C21 =0.

* *

We infer

[q;([) o é o -0 é o (i(P,—DP1)), Ay +BIZ+C21]

*
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I I .
+ |:IO(I)(2> O---O§O (I(P2 —Pl)),An +Blz+C21:|

*

I I .
+- 4+ |:1020"'0q>(2) 0(1(P2P1)),A11+312+C21:|

*

+ {1.} oo<I>(i(P2—Pl)),A11+B12+C21L

+ {Io;o~-~o£o(i(P2—Pl)),CID(A11+B12+C21)L

:@([1.5. -oo(i(P2—Pl)),A11+B12+C21L>
—CI><[10£.....;o(i(Pz—Pl)),AHL) +<D([Io;.....éo(i(Pz—P1)),B12L>
+<1><[1.£.....£.(i(pz—pl)),cﬂ]*)

|

| — |
o
—
—~
N—
[

N~

I )
oo 7e (i(P, —P1)), A11 + Bio + C21]

*

I I
+ {I.cp(2> ooz (i(P, — P1)), Ann +Blz+Czl}

*

I I .
+-- + |:1020"'0<D(2) O(l(Pz—P1)),A11+Blz+C21:|

*

1 I .
+ |:I. o--~020q>(l(P2Pl)),A11+Blz+C21:|

I .
+ |:I ®—-0---0 E [ ] (Z(P2 - Pl)),q)(All) +q)(312) +(1)(C21):| .
Thus [I ele.ole(i(P,— Pl)),M} = 0. Hence Mj; = 0, so M = 0. Analogously,
) =

®(B1p + Cp1 + D) = O(Byp) + P(Cpp) + P(D2p). O

Lemma 4. For every A1y € Aq1,Bia € A1, C1 € Ay, and Doy € Az, we derive
®(A11 + Biz + Co1 + Do) = @(A11) + P(B12) + P(Cp1) + (D).

Proof. Let M = q)(All + BlZ + C21 + Dzz) — (I)(All) — q)(Blz) - (D(CZI) — q)(Dzz) Via
Lemmas 1 and 3, we obtain

1 I .
[‘I’(I) 50 ese (iP,), A11 + Bio + Co1 + Dzz}

*

I I .
+ {I.qD(E) ""'5’(1P2),A11+312+C21+D22}

*

I I .
+ - +{I.E."'.q)(E).(1P2)1A11+312+C21+D22}

*

+
—
[ ]

_|_
| — |
—~
°
N~ N~

I .
o -0 5 O(I)(lpz),An + Bip + Co1 + D22:|

*

I .
oo (iPy), ®(A11 + Bip + Cy1 + Dzz)]

*

:¢([1.§.....§.(ip2),1411+Blz+c21+D22D
:@([1.é.....é.(ipg,AnL) +q>d1.é.....é.(ipZ),(BlﬁczﬁDzz)L)
= [q;([).%....oéo(ipz),AuL—k {Io@(é) o~~-o§o(iP2),A11L
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I I . I I ;
4+ + |:I'§°""q>(§>°(1P2)/A11:|*+ {105“"'5"1’(11’2)/1411}

*

I I . I I .
+ |:[.§...-.§.(1P2),(D(All):| + |:(I>(I)oio---oio(lpz),Bu—‘rCm +D22:|

* *

I I . |
+ {IOCD(§> o-~~o§o(1P2),Blz+C21+D22

Jx

I I .
+-- +{I'EO"'C@(E)O(IPQ),B12+C21+D22:|

*

1 I . I I .
+ {I‘*""°§'¢(1P2)1312+C21+D22} + I'5"'"E'(lpz),q>(312+c21+D22)}

* *

I
[Cb 2 -® 5 o (iP,), A1y + Bip + Co1 + Dzz}

*

I
E) e (iPp), A11 + Bio + Co1 + Dzz}

*

1
(2) (iP,), A1 + Bio 4+ Co1 + Dzz}

*

I I .
+ {I'E""'§°¢’(1P2),A11+B12+C21+D22}

*

+ {1 . é o -0 é o (iP), ®(A11) + P(B12) + P(Cx1) + q’(Dzz)} :

*

Hence [I ° % o -0 % ° (iPz),M} = 0. Thus M = My = My, = 0. Likewise, M1; = 0
follows. [

Lemma 5. Forany Aj, Bjx € Aj, where1 < j # k < 2, we derive
@(Ajk + B]-k) = cp(Ajk) + <I>(B]-k).
Proof. Observe that
I I
[2 ¢ ez (P]- —l—A]'k>,Pk + Bjk]* = (Ajx+Bj) — Ajk ]kA]k/
so via Lemma 4,
©(Aj + Be) + (-5 ) + @~ ByAj,)
I I
RYPNAT
I I
- Mz) ""'z'(l’f“fk)'l’”Bf"L
+ +[I. .@(I>.(p+A ). P+ B }
AU Z . ), P "
2 2 ] ] ] .
I I
+ |:20.20®(P]+A]k>,Pk+B]k:|*
I I
r[3eeze (B apo(nr )]
I I
~[o(z)e ez e ) me ]

I I
+--+ |:20.CD<2>.(P]+A]](>,P]<+B]I(:|*
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+ [é o - é . (cp(Pj) +q>(Ajk)>rPk+BjkL
n B . ..o é R (Pj+Ajk), (d)(Pk) +¢)(Bjk))]*

I I I I
“o(feegenn] ) ro([zeezenn] )
I I I I
—f—(D(l:O---O.A‘k,Pk] >+<D<|:O~~'.OA'k,B‘k:| >
2 2 / * 2 2 7 "

= @(Bj) + P(Ajx — Aji) + P(—BjAj)

= ®(Bj) + P(Ajk) + P(—Aj) + P(—BjAj).

Thus d)(A]-k + B]-k) - @(Ajk) + CD(B]-k). 0

Lemma 6. For any A]-j, B]-]- IS Ajj, where 1 < j < 2, we obtain

®(Ajj + Bjj) = ®(Ajj) +@(Bj)).

Proof. Let M = CD(A]'j + Bj]') — <I>(Ajj) — CI>(B]~j). For1 <j # k <2, we derive

I I . I r .
{q)(l)’z"“’2’(1Pk)’A]']'+Bj]'L+ {Io@(z) o---ozo(lPk),Aj]-—l—B]-j}*

I I .
I -

+
—
[ ]

I I I
--~-°2°<I>(1Pk)fAjf+Bij+ [I‘2""‘2'(lpk)'q)(AjjJrBﬁ)L

I
o
N~

|
o
e

~
°

I .
o o5 (lPk)/AjﬁijL)

r-*i‘(ipk)'AjfL)+¢({I°;""'io(ipk)'BffL>

I I I
ooz (1Pk)/A]'j+B]']'] + [“ <2> o035 ‘(lpk)rAjj"‘Bff}
* *

o
~
L]

r

o

S

—~

S~—

[

N — N~ N~

I I .
R T |

I I ) I I .
+ [102 o . -0 20@(1Pk),Aj]‘—|-Bj]':|* + |:IO EO'--OEO (sz),<I>(Aj]~) —I—CD(BH):| .

*

Thus [1. le..ale (iPk),M} = 0. Hence My = My; = My = 0. Now M = Mj;
Forall Cj € A]-k,j # k, via Lemma 5,

I I I I
[CD(I)O20~--020(A]‘]‘—|—B]']‘),C]‘k:|*+ |:IOCD<2) ."'.2.(Ajj+Bjj)’Cjk:|*
I I
Tt [1'2""@(2) '(Aff+Bjj)rkaL

I I I I
+ [1020---02Oq)(Ajj—f—Bjj),C]‘k:l*-f— |:1020~~020(Aj]'—|—Bjj),CD(C]‘k)]*

o

(
o

—
[ ]

2

I I I
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I I I I
= |:CD(I)020---020(Aj]'—|-B]‘j),C]'k]*+ |:I.q)<2) 0---020(Aj]'—|-B]‘]'),Cjk:|

I I
+ .- +|:I'20"'0(D(2>o(Ajj+ij)erk:|*
I I I I
Thus {Io%o---o%oM,Cjk} = 0, for every Cjx € Ajy; thatis, M;;CP, =0 forall C € A.

From (1) and (2), M = M;; =0. [

Given Lemmas 4-6, the subsequent lemma follows readily:
Lemma 7. & is additive on A.
Lemma 8. ®(I) constitutes a self-adjoint central element within A.
Proof. As[[e]e---e] | =0, viaLemma 1,

0=0([[ele---ol]I|)
=[®(I)ele---oI]+[Ied([)e---o],1]]
+--F[Joele---oD(I),I|+[[ele--- 0] D(I)]
=202 (@(I) — (I)").

This forces ®(I) to be self-adjoint in A.
Moreover, for every A € A we obtain

0=0([lele---ol, Al
=[P([)ele---0o[,A] +[IeD([)e- - o] A
+- -+ [[ole---0eD(]),A]l+[[ele---o],P(A)]
=202 (5 — 1)(P(1)A — AD(I)).

Hence ®(I) is central in A. O

Lemma 9. qu)(Pl)Pz = —P1¢(P2)P2,P2CD(P1)P1 = —P2CD(P2)P1, and qu)(Pz)Pl =
P®(Py)P, = 0.

Proof. Firstly, for 1 <j # k <2, via Lemma §,

0=([Iele---0leP;,P)
= [¢(I).I.-.~.I.P]‘,Pk]—|— [I.¢(I>."'.I.P]‘,Pk]
+"'+[I.I.~-~.CD(I)OP]',P]J+[I.I."'.I.®(Pj),Pk]
+[IOI'---CIOP]‘,<D(P]<)]
=[lele---e[eD(P;), ]+ [[ele---eleP;,d(P)]
=20"2)(@(P) P, — Pe®(P))* + Pid(Py) — ®(Py)P)).
Multiplying both sides by P; leftward and P rightward yields P;®(P;) P + P;®(P;) P, = 0,
implying P]‘q)(Pj)Pk = *ij)(Pk)Pk = 0. Thus Pl@(Pl)Pz = *qu)(Pz)Pz and PQCD(Pl)Pl =
—P,®(P,)P;. Secondly,

0:cp([IoIo---OI'(in)zpk])
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= [®(I)ele---0le(iP;), |+ [IeD(I)e---ole(iP;) P
+ot+[lele---eD(I)e(iP), | +[[ele---o]ed(iP;), P]
+[[ele---ele(iP;) P(F)]

=[lele---e]ed(iP;), P|+[[ele---ele(iP;), D(P)]

= 202(®(iP)) P — P (iP))" + iPj(Py) + i®(Py)P)).

Multiplying leftward and rightward by P; yields P;®(P)P; = 0. Thus Py ®(P,)P; =
P,®(P)P, = 0. [

Lemma 10. P1CD(P1)P1 = PZCD(Pz)PZ =0.
Proof. For each By € Ajy, clearly [[ee---ePj, By = 2(=2)B.> 5o via Lemma 7,

2'=2)p(By) = D([[ele---eleP|,Bp))
= [@(I)o[o---o[oPl,Bu}+[IoCI>(I)o-~-oIoP1,B12}
+---+[lele---oD(I)eP, B+ [[ele---e]ed(P), B
4+ [lele---eleP,®(Bp)]
=212 {(n — 2)®(I)Byp + P(P; ) Bz — B1o®(P;)* + Py®(By2) — P (B12)Py) 1.

Multiplying leftward by P; and rightward by P,, via Lemma 9, yields
Py®(Py)B1p + (n —2)P(I)B1 = 0. 3)
Moreover,

2"=2)p(Byy) = d([Pe Py e---ePjePy, By
= [®(P)ePye---eP ePy B+ [P ed(P)e-- eP el By
+---+[PpoePje---eD(P)eP,Bjp|+[PiePe---eP eD(P), Byl
+[PiePje---eP;eP,®(By)]
=201=3)(n — 2){P,®(P;)B1y + P1®(P;)*Bia}
+2=3){ Pyd(Py) By — Ba®(P1) Py}
+202 Py (Py) By — 2173 (P ®(Py)Byy — Bio®(Py)* Py)
+201=2) (P ®(By,) — ®(B12) P).

Multiplying leftward by P; and rightward by P, yields
TlquD(Pl)Blz + (7’1 - Z)quJ(Pl)*Blz =0. (4)
Lastly,

20"2)@(Byy) = ®([Pye Py e P el Bpl)
— [®(P)oPye---eP el Bp]+ [P ed(P)e-- oD el B
+:-+[PiePje---eD(P)el,Bjy]+[PiePe---eP ed(I) B
+[PiePje---eP e, P(Byp)]
= 20"73) (n — 2){P®(Py) By + P ®(P1)* By}
+203){P®(Py) Byp — B1a®(Py) Py}
+ 2P, ®(Py) Bip — Bia®(Py) Py + Py®(Py)*Biy — Bio®(P1)* Py }
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+20"73) (P (1) Byy + (1) Byy — B ®(1)*Py)
+202(Py@(Byp) — ®(Bpa)Py).
Multiplying leftward by P; and rightward by P, yields
20773 (n = 2)(Py®(P1) Byy + PL®(Py)*Bry) + 2" 2 ®(1) By = 0. )
From (4) and (5),
Py@(Py)Bip — ®(I)B1 = 0. (6)

By (3) and (6), Py®(P1)B1, = 0; i.e., Pi®(P)PyAP, = 0 for every A € A. From (2),
Py®(P;)P; = 0. Similarly, ,®(P,)P, =0. O

Lemma 11. ®(I) =0.

Proof. Via Lemmas 7, 9, and 10,

D(I) = ®(Py) + D(P2)
= P D(P) P, + P, ®(Py) Py + PO ()P, + P,®(P,)P; = 0.

[
Lemma 12. ®([A, B].) = [®(A), B]« + [A, ®(B)]« for every A, B € A.
Proof. Via Lemmas 7 and 11,

2-2)®([A,B].) = D([Iele---eleA,B|)
=[lele---e]eD(A),Bl,+[[ele---0]e A P(B).
= 22 ®(A), Bl + [20""2 A, ®(B)].
= 20"2)([@(A), B]. + [A, (B)].).

Hence ®([A, B]+) = [®(A), B]« + [A,®(B)]«. O
Lemma 13. ®(A*) = ®(A)* for every A € A.
Proof. For each A € A, via Lemmas 7, 11, and 12,
B(A) — B(A") = D([A,I].) = [B(A), I}, = B(A) — B(A)*

Thus ®(A*) = P(A)*. O
Lemma 14. ®(iI) = 0.
Proof. Via Lemmas 7 and 13, ®(il)* = —®(il). Thus

0= —20(I) = ®([iL, il],) = [DI), ] + [il, D(il)], = 4id(iI).
Hence ®(il) =0. O

Lemma 15. ®(iA) = i®(A) for every A € A.
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Proof. Via Lemmas 7 and 14,
20(iA) = ®(2iA) = O([il, Al«) = [®(i]), Al« + [il, P(A)]« = 2iD(A).
Hence ®(iA) = i®(A). O
Lemma 16. ® becomes an additive x-derivation.
Proof. Firstly, via Lemma 12,
®(AB) — ®(BA*) = P(AB— BA*) = ®([A,Bl«) = [P(A),B]« + [A,P(B)]«
=®(A)B— BP(A)* + AP(B) — ®(B)A*. (7)
Secondly, via Lemmas 7, 12 , and 15,
—®(AB) — ®(BA*) = ®([iA,iB].) = [i®(A),iB]. + [iA,i®(B)]. (8)
= —®(A)B— BP(A)* — AD(B) — ®(B)A". )

From (7) and (8), ®(AB) = ®(A)B + AP(B).
Now, via Lemmas 7, 13, and 16, ® is an additive *-derivation. This concludes the
proof of the principal theorem. [

Example 1. Consider A = C @ C as a unital x-algebra with componentwise operations and
involution (z1,z)* = (z1,22). As (1,0).A(0,1) = {0}, A lacks primeness. For P = (1,0),
the nonzero X = (0,1) satisfies XAP = 0, breaching condition (1). The skew Jordan and
skew Lie products read (z1,z) ® (w1, w2) = (2Re(z1W7), 2Re(22107)), [(21,22), (w1, w2)]« =
(20 Im(z17), 2i Im(z,@3)). Since A commutes, higher nested brackets p, nullify for n > 3.
Hence, the functional identity holds vacuously for any ® : A — A. For example, ®(z1,z) =
(z1,23) complies yet lacks additivity or x-derivation property. This instance underscores the
necessity of assumptions (1) and (2) for the theorem’s outcome.

3. Applications of Theorem 1

Recall thatif AAB =0 forall A, B € Aimplies that either A = 0 or B = 0, then the
x-algebra A is said to be prime. It is well known that prime *-algebras satisfy the annihilator
conditions (1) and (2). Hence, Theorem 1 applies to a broad class of operator algebras.

We first record the following general consequence.

Corollary 1. Let A be a unital prime x-algebra containing a nontrivial projection P. A map
® : A — A satisfies

D[AyeAre---0A, 1, Ayls)

|
=

[Al e - OA]'_l OCD(A]) .Aj+1 e - ‘Anfl/ An]*
1

.
Il

forall Ay, Ay, ..., Ay € Aifand only if ® is an additive x-derivation.

Proof. Since A is a unital prime *-algebra with a nontrivial projection, all assumptions of
Theorem 1 are satisfied. The conclusion follows immediately. O

Let B(H) denote the algebra of all bounded linear operators on a complex Hilbert
space H. If F(H ), the ideal of finite-rank operators, is contained in a subalgebra A C B(H),
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then A is called a standard operator algebra. Every standard operator algebra is a prime
x-algebra. Thus, we obtain the following result.

Corollary 2. Let H be an infinite-dimensional complex Hilbert space and A C B(H ) be a standard

operator algebra containing the identity operator 1 and closed under the adjoint operation. A map
®: A — Asatisfies

CD([Al eArye---0A, 4, An]*)

I
=

[Are---0Aj jeD(Aj)eAj 0 --0A, 1, Ayl
=

-
I

forall A1, Ay, ..., Ay € Aifand only if O is an additive x-derivation. Moreover, ® is inner.

Proof. By Corollary 1, ® is an additive *-derivation. It follows from [3] that ® is a linear
inner derivation, i.e., there exists K € B(#H) such that

P(A)=AK—-KA forall A e A

Since ®(A*) = ®(A)*, we have K + K* = BI for some € R. Setting £ = K — %I yields
L+ L* =0, completing the proof. [

A von Neumann algebra A is a weakly closed self-adjoint operator algebra on a Hilbert
space H containing the identity. If the center of A is trivial, then A is called a factor von
Neumann algebra. Since factor von Neumann algebras are prime, we obtain the following.

Corollary 3. Let A be a factor von Neumann algebra with dim(A) > 2. A map ® : A — A satisfies

D([AjeAre oAy, Ayli)

n
= Y [A1e- -0/ jeD(A))eAj 100 A, 1, Ay,
j=1
forall Ay, Ay, ..., Ay € Aifand only if ® is an additive x-derivation.

Proof. The conclusion follows directly from Corollary 1. [

Finally, von Neumann algebras with no central summands of type I; are also prime
x-algebras. Therefore, we have the following result.

Corollary 4. Let A be a von Neumann algebra with no central summands of type I;. A map
®: A — Asatisfies

D([A1eAre---0A, 1, Anls)

I
=

[A1 e - .Aj—l OCD(A]) OA]'+1 e - - .Anflr A'rl]*
1

.
Il

forall Ay, Ay, ..., Ay € Aifand only if @ is an additive x-derivation.

Proof. Since A is prime, the assertion follows from Corollary 1. O

The study of nonlinear Lie-type constraints leading to additivity or derivation proper-
ties is a well-established topic in the theory of functional identities. The use of nontrivial
projections and Peirce decomposition techniques plays a central role in this setting. Re-
cent advances extend this framework from associative *-algebras to alternative *-algebras;
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see [34]. Motivated by these developments, we propose the following conjecture for alter-
native unital x-algebras.

Conjecture 1. Let R be an alternative unital x-algebra with identity 1. Assume that R contains a
nontrivial projection P such that XRP = 0 implies X = 0, and XR (I — P) = 0 implies X = 0,
forall X € R. Let n > 3 and let & : R — R be a (not a priori additive) map satisfying

n
P([x1oxp 0 oxy 1, xn]s) =) [x10 - ox;10D(x;) @ xjp1 0 @X 1, Xy
=1

forall xq,...,x, € R. Then ® is an additive x-derivation.

4. Conclusions and Future Work

In this paper, we proved that every mapping ® : A — A on a unital x-algebra A
satisfying a higher-order mixed skew Lie-type functional identity is necessarily an additive
*-derivation, provided that A admits a nontrivial projection P such that the left actions
of P and I — P are faithful. The proof relies on a Peirce decomposition with respect to
P, combined with a recursive reduction of the defining identity, which forces additivity,
preservation of the involution, and the derivation property. As applications, our main
theorem yields new characterizations of additive *-derivations on several important classes
of operator algebras, including standard operator algebras on infinite-dimensional Hilbert
spaces, factor von Neumann algebras of dimension at least 2, and von Neumann algebras
without central summands of type I;. These results demonstrate that higher-order nonlinear
identities impose strong linear and algebraic rigidity on mappings of operator algebras.

Future Work

Motivated by recent advances on nonlinear 77-*-Jordan-type derivations and higher-
order preserver problems (see, for example, [34,35]), several related directions remain open.
A natural problem is to extend the present results to functional identities generated by
the skew Jordan product and the bi-skew #-Jordan product, as well as their iterated forms
for n > 3, including the corresponding Lie-type identities involving mixed products. An
important question is whether such identities necessarily force additivity and *-derivation
behavior under suitable projection faithfulness assumptions. Further directions include
relaxing the faithfulness conditions on projections, studying automatic continuity and
boundedness of such mappings in Banach *-algebras and C*-algebras, and extending the
theory to nonassociative settings such as alternative *-algebras.
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