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Abstract

Let (M, F1) and (M, F,) be two Finsler manifolds. A Minkowskian product Finsler mani-
fold is defined to be the product manifold M; x My, which is endowed with a Finsler met-
ric F. This metric F is constructed by taking the square root of a product function f, which
itself operates on the squares of the original metrics F; and F,. This paper focuses on new
classes of stretch Minkowskian product Finsler manifolds. We prove that the Minkowskian
product Finsler manifold (M, F) is a B-manifold (resp. B-stretch manifold, H-stretch mani-
fold) if and only if (M, F;) and (Ma, F») are both B-manifold (resp. B-stretch manifold, H-
stretch manifold). Thus an effective method for constructing special Finsler manifolds
mentioned above is given.

Keywords: Finsler manifold; Minkowskian product; B-manifold; B-stretch manifold;
H-stretch manifold

MSC: 53C60; 53B40

1. Introduction

In Finsler geometry, there exist several significant non-Riemannian geometric quanti-
ties, such as B curvature (i.e., Berwald curvature), B-curvature, stretch B-curvature, Cartan
torsion, stretch curvature and the Landsberg curvature etc., all of these quantities vanish for
Riemannian manifolds. One of the fundamental problems in Finsler geometry is studying
Finsler manifolds with special curvature properties. Therefore, these quantities mentioned
above merit extra attention.

Let (M, F) be a Finsler manifold. The third-order derivatives of F? is called the Cartan
torsion. The Cartan torsion provides a quantitative measure of the deviation of a Finsler
metric from a Riemannian metric on a manifold [1]. The rate of change in the Cartan torsion
along Finslerian geodesics is called the Landsberg curvature [2]. In 1926, Berwald [3] defined
the concept of stretch curvature as a natural extension of the Landsberg curvature.

In 1927, Berwald [4,5] first defined B curvature, whose curvature coefficients are
third-order differentials of the geodesic coefficients induced by the Finsler metric. Shen [6]
introduced another non-Riemannian quantity from the B curvature through horizontal
covariant derivative along Finslerian geodesics, which is called B-curvature. Abbas and
Kozma [7] defined a new non-Riemannian geometric quantity called the stretch B-curvature
using the B-curvature, with the relationship between the two being analogous to that
between the Landsberg curvature and the stretch curvature. A Finsler manifold is said to
be B-stretch manifold if its stretch B-curvature vanishes. Recently, Abbas and Kozma [8]
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proved that every generalized Douglas manifold with vanishing stretch B-curvature is a
Douglas manifold under the condition that the mean Berwald curvature is horizontally
constant along geodesics of F.

The trace of B curvature is called E curvature (i.e., mean Berwald curvature) [6]. Akbar-
Zadeh [9,10] originally defined H curvature as a horizontal covariant derivative of E cur-
vature along geodesics, and revealed the connection between H curvature and the flag
curvature. H curvature is a positively homogeneous scalar function of degree zero on the
slit tangent bundle [11]. Abbas and Kozma got the non-Riemannian quantity, which is
called stretch H-curvature by taking a trace of stretch B-curvature. A Finsler manifold is said
to be H-stretch manifold if its stretch H-curvature vanishes. In 2023, Abbas and Kozma [8]
showed that if a Finsler manifold is a Douglas Finsler manifold, then the Finsler metric F is
an H-stretch metric if and only if it is a B-metric.

The Minkowskian product plays a key role in constructing Finsler manifolds that
possess special curvature properties in Finsler geometry. In 1982, Okada [12] not only first
introduced the concept of the Minkowskian product of Finsler manifolds but also success-
fully determined their geodesics. In 2023, He, Li, et al. [13] proved that a Minkowskian
product Finsler manifold is a Berwald (resp. weakly Berwald, Landsberg, or weakly
Landsberg) manifold if and only if the component manifolds of it are both Berwald (resp.
weakly Berwald, Landsberg, weakly Landsberg) manifolds; thus, they gave a new way
to construct the special Finsler manifolds mentioned above. Later, Li, He, et al. [14] char-
acterized dually flat and projectively flat Minkowskian product Finsler manifolds. Tian,
He, et al. [15] gave a characterization by differential equations for a Minkowskian product
Finsler manifold has scalar flag curvature. Zhang, Lu and Han [16] obtained the necessary
and sufficient conditions for a Minkowskian product Finsler manifold to be a Douglas
manifold or Wely manifold.

Motivated by the above research, we consider the following questions: If (M, F;)
and (M, F,) are both B-manifold (B-stretch manifold or H-stretch manifold), then whether
the Minkowskian product of Finsler manifolds (M, F;) and (M,, F,) is also a B-manifold (B-
stretch manifold or H-stretch manifold). The novelty of this paper lies in, based on the
aforementioned issues, exploring an effective method for constructing B-manifold (B-
stretch manifold or H-stretch manifold) using the Minkowskian product.

The remainder of this paper is structured as follows: In Section 2, we briefly review the
basic concepts and notations required for this paper’s research. In Section 3, we establish the
formulas for both the B-curvature and the stretch B-curvature of a Minkowskian product
Finsler manifold. Furthermore, we characterize the necessary and sufficient conditions for
such a manifold to be a B-manifold or a B-stretch manifold. In Section 4, we shall prove
that a Minkowskian product Finsler manifold is a H-stretch manifold if and only if the
component manifolds of it are both H-stretch manifolds.

2. Preliminary

In this section, we recall some basic concepts and notations in Finsler geometry which
we need.

Let M be an n-dimensional Finsler manifold. Let TM denote the tangent bundle
of M, and the complement of the zero section in TM is denoted by M.Letx = (xl, ..., x") be
the local coordinates on M, then the induced local coordinates on TM are given by (x,y) =

(xb, 2yl Y.

Definition 1 ([17]). A Finsler metric F on a manifold M is a function F : TM — R satisfying
the following properties:

(i) G = F%issmoothon M = TM\ {0}.
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(i) F(x,y) > 0forany (x,y) € M.
(iti) F(x,Ay) = |A|F(x,y) forany (x,y) € TMand A € R.

(iv) the Hessian matrix (Gyp) = (a;;acy 5

) is positive definite on M.

In this paper, we denote (G*#) the inverse matrix of (Gag)-
Given a Finsler manifold (M F), a global vector field G is induced by F on TMy,
which in a standard coordinate (x',y') for TMy is given by G = y* T x"‘ —2G*(x,y) %, where

1 9°G oG
G* = EG“‘B{ax“YayﬁyW = ﬂ},y € TeM.
The G is called the spray associated to (M, F) [6].
In Finsler geometry, the B curvature is an important non-Riemannian geometric
quantity.
The B curvature B : M ®@ TeM @ TheM — TyM of (M, F) is defined by B
ﬁwclx/3 RdxT @dx"T® ax”‘ |x, where

. PG

A Finsler manifold (M, F) is called a Berwald manifold if and only if B = 0 [6]. It is
well known that all tangent spaces of a Berwald manifold are linearly isometric to each
other [18].

The E curvature E : TM ® TyM — R of (M, F) is defined by E := Eqpdx* ®
dxP, where

E”‘lg BZ&Y 2)

A Finsler manifold (M, F) is called weakly Berwald manifold if and only if E =0 [6].

Berwald connection is an important connection in Finsler geometry [19]. The Berwald
connection D : X' (V) — X (T*M ® V) was first introduced by Berwald [17], and systemi-
cally studied in [20]. Its connection 1-forms can be expressed as

NV Y
wg = 1"/3;7 dx7,
where

f‘lX aNg [ dG*
By T Gyr BT 9B

€)

/3 ” is the non-linear connection coefficient of the Berwald connection [21]. In this paper,
we use “ | ” to denote the horizontal covariant derivation of the geometric quantity related
to Finsler geometry about the Berwald connection of (M, F).

The B curvature B : M @ oM ® TyM — TyM of (M, F) is defined by B :=
Bj, ,dxP ® dx7 @ dx' ® 5 |x, where [6]

~ o i
Bloé’w T BEWW ’ 4)
and

oB%
® /3717 a PA
B 1T + Bﬁw Au erﬂ M BﬁArzrw - ﬁMrﬂ w )
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while
5 0 g 0

B o e gyp

(6)
A Finsler manifold (M, F) is called B-manifold if and only if B = 0.

The stretch B-curvature IC : TeyM @ TeM ® TeM @ TeM — TyeM of (M, F) is defined
by K := Kf,, 1dxP @ dx7 @ dx @ dx © 5% |, where [7]

it o Ra _ pa
’CﬁwA a Z(BﬁwM Bﬁwln)’ @)
and
5B
Ba _ B | A ot Ba A Ba A R A
B Braln = sxn + Byl hu = BayyUgin = BoagTyu — Byl ®)

A Finsler manifold (M, F) is said to be B-stretch manifold if and only if IC = 0.
According to Equations (1), (4) and (7), we have the following inclusion relations:

{Berwald manifold} C {B-manifold} - {ﬁ-stretch manifold}.

H curvature is another important non-Riemannian geometric quantity in Finsler
geometry. The H curvature H : TyM ® TxM — R of (M, F) is defined by H := H,pdx" ®
dxP, where

Htxﬂ = Eam,},y’y. (9)

A Finsler manifold (M, F) is called H-manifold if and only if H = 0 [9].
The stretch H-curvature ¥ : TyM ® TeM ® TxM — R of (M, F) is defined by % :=
Knpydx™ & dxP © dx7, where [7]

Ka[ﬁ/ = Z(HDZ,B")/ — HOL’YLB)/ (].0)

and

Hap A A
A Finsler manifold (M, F) is called H-stretch manifold if and only if ¥ = 0.
According to Equations (2), (9) and (10), the inclusion relations are as follows:

{weakly Berwald manifold} C {H-manifold} C {H-stretch manifold}.

Let M; and M, be m-dimensional and n-dimensional smooth manifolds, respec-
tively, then the dimension of the product manifold M = M; x M, is m 4 n.

Let 1y : M — M; and 7 : M — My be the natural projection maps, for any x; =
(x1,---,x™) € My, xp = (XL, X)) € My, x = (x1,x2) € M, we have 711(x) =
x1 and 7o (x) = xp.

Let TM;, TMj and TM be the tangent bundles of M;, M, and M, respectively. De-
note dry : TM — TM; and dmp : TM — TM; be the tangent maps induced
by 711 and 71, respectively. Note that drry (x,y) = (x1,y1) = (x!,--- ,x™,y!,--- ,y™) and
dro(x,y) = (xo,y2) = (x™H1, ... xmHn ym+l .. ym+n) We have natural isomor-
phism TM = TM; ® TM,. Denote M; = TM; \ {0}, M, = TM,\ {0} and M =
M x My € TM \ {0}.
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In the following, we employ the Einstein summation convention and specify the
following index conventions: lowercase Greek indices 1 < «, B, v--- < m + n; low-
ercase Latin indices 1 < i, j, k--- < m; and primed lowercase Latin indices m +1 <
i', j', K-+ < m+ n. Geometric quantities related to F; or F, are distinguished by placing
the superscripts 1 or 2 directly above the quantities, respectively.

Let f : [0,400) X [0,400) — [0, +00) be a continuous function such that [12]

(@) f(s,t) =0ifand only if (s,t) = (0,0);

(b) f(As,At) = Af(s, t) forany A € [0, 400);

(c) fissmooth on (0, +00) x (0,400);
m)%§¢a3{¢omumy@ﬂ € (0,400) x (0, +o0);
(e) %%{ 2fasat # 0 for any (s, t) € (0,4c0) x (0, +0);

Definition 2 ([12]). Let (M1, F;) and (M, F,) be two Finsler manifolds, and f be continuous
function satisfying (a)—(e). Denote S = F\2, T = F?, the Minkowskian product of Finsler
manifold (My, Fy) and (My, F,) with respect to the product function f is the product manifold M =
M x M; endowed with the Finsler metric F : M — R defined by

)=V F(SG, ), TG 1)), (12)

where (x,y) € M, (x,y') € My, (x",y") € My with x = (x',x"), y = (y',y"). Clearly,
(M, F) is a Finsler manifold. (M,F) is called Minkowskian product Finsler manifold for
short. (My, Fy) and (My, F,) are called the component manifolds of (M, F).

It should be noted that a Finsler metric is smooth on the slit tangent bundle, but not
necessarlly on the whole TM; unless it is Riemannian for i = 1,2. Consequently, F is defined
on M, rather than on T(M; x My) \ {0}, or on M; x TMj, or on TM; x M. Itis clear that
the function F, as given by Equation (12), is a Finsler metric on M.

3. B-Stretch Minkowskian Product Manifold

In this section, we shall study B-stretch Minkowskian product manifold. We firstly
recall the following lemmas.

Lemma 1 ([13]). Let (M, F) be a Minkowskian product Finsler manifold of (M, Fy) and (Mp, F).
Then the coefficients of spray associated to (M, F) are given by

1

G =G/, (13)
2
G' =G'. (14)

Lemma 2 ([13]). Let (M, F) be a Minkowskian product Finsler manifold of (M, Fy) and (Mp, F).
Then the B curvature coefficients of (M, F) are given by

1

B;kl = B]l:kl' (15)
, 2

B]l-/k/l/ - Bl'/k/l//

B;/kl = B]k/l - B]kl/ - B /k/l - B /kl/ - B]k/l/ - B /k/l/ - O (16)

Bi = By = Bl = Bl = Bjyy = By = Bjy = 0. (17)

https:/ /doi.org/10.3390/axioms15030161
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Lemma 3 ([13]). Let (M, F) be a Minkowskian product Finsler manifold of (M, Fy) and (My, F).
Then the Berwald connection coefficients associated to (M, F) are given by

v 2
rzl = r] o F},;l, = T;.,;l,, (18)
1—']‘/;1 - F};l/ - ].!‘;:/;l/ - f‘;;,l - x4 1!‘ l — 0 (19)

Proposition 1. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (Mp, F).

ng\ﬂ are coefficients of the horizontal covariant derivatives of Berwald curvature. Then

1
i _ pi
Biiis = Bigajsr (20)
2
. .
Bl-/k/[/‘s/ - Bl‘/k/1/|5// (21)
/kl|s - B]k/l|s - B]kl/|s - B]kl|s/ =0, (22)
_ _ _ i _ ni _
B; ji)s = B; ikils = Binly = B]k’l’|s = Bjpnjs = Bjwrjg =0, (23)
. , .
Bj’k’l’\s == B;’k’l\s’ == Bj’kl’|s’ == B]'k’l’\s’ == B;‘/k!ll|sl = B;’kl|s - 0/ (24)

B B B! B B B B 0
7kl)s = Piklis = Pikrris = Pk = Pywns = Ppwrjs = Pk = Y

bonts = Bl = Blyy = Bl = By = Blgng = Blypy =0
s — Cikl)s = Pjkist = Pikr)s = Pikns = Pkl = Pikr)s = Y-

Proof. Step 1: we first provide the explicit expression of B "
By substituting Equations (3) and (6) into Equation (5), we have

9Bg,,  0G* 9Bg,,
ﬁ'm\u dxH oy oyt

t Béw A BMWF Bin Bng;ﬂ o %%' (25)
Step 2: we now proceed to calculate ngm on the Minkowskian product Finsler mani-
fold. The key technique lies in expressing it using the corresponding geometric quantities
on its component manifolds. Note that BEWW has 32 distinct component expressions
according to the range of the indices. In the concrete computation, we will substitute
Equations (15)—(17) from Lemma 2 into Equation (25).

Puttinga =i, p =j, v =k, 7 = I, 4 = s in Equation (25), and plugging Equa-
tions (13)—(19) into it, yields

oB! A OBi
i jk_ 0G" 9Pk A i i A i A i A
klls = v oy oy + Bl — Bl s — BiaL s — Bjial s
B aB]l:kl _9G! a]3;'1<1 oG! aB]kl
oo ays ayt  ays oyt

i i Tt i i oyt
- B ’klr B‘tlrk;s - Bjt’lrk;s - ]ktrls - Bjkt’rl;s

t i i 1t
+ Bl + Bl Tl — By Ll

1 1
9 Bi, aGtaB - vl 1ot .
Jkl jkI
ey oy + Bjy Ts = By T, — By Ty — By T
1
_B;'kl|s'

By a similar argument, the other equalities of the Proposition 1 are obtained. [
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Proposition 2. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (Mp, F).
Then the B curvature coefficients of (M, F) are given by

1
B _ mi
By = Bjns (26)
Bj’k’l’ = B]"k’l”
B, —B,, =B, =B, =B ,=B, =B, ,=0
]/k/l ]/kl/ ]k/l/ ]/k/l ]/kl/ ]k/l/ ]/k/l/ .
A _mi @i _ @i _ @l _nil @il
By = Byyy = Bjgy = Bjryy = Bjiy = Bjpy = By = 0, (27)

Proof. By putting « = i, = j,v = kny = [ in Equation (4), and plugging
Equations (20) and (22) into it, we can get
By = By
= Bl: yt + Bl: /yt/
jkl|t kIt
1
= B]l'kl|t y'
N
= B;kl .

Similar calculations give the rest of the equalities of Proposition 2. [

Theorem 1. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (M3, F>),
then (M, F) is a B-manifold if and only if (My, Fy) and (Ma, F;) are both B-manifold.

Proof. According to the definition of B-manifold, (M, F) is B-manifold if and only if
Bg,, =0. (28)

Based on Proposition 2, Equation (28) is equivalent to

1 2
By = By =0
ikl = Py = U

which mean that (M, F;) and (M, F,) are both B-manifold. [

Remark 1. Any Berwald manifold must be a B-manifold, whereas the reverse implication does
not necessarily hold. Consequently, Theorem 1 extends the result of Theorem 4.2 in [12], further
enriching the research achievements concerning Berwald manifolds in Finsler geometry.

Using Proposition 2, formulas (3), (6) and (8), and similar to the proof method of
Proposition 1, the following proposition can be obtained.

Proposition 3. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (Mp, F).

ng\ﬂ are coefficients of the horizontal covariant derivatives of B. Then
Bijs = Bixajss (29)
2

~l'/ ~l'/
Bj’k’l"s’ - B]‘/k/ll|sll

Fooo_® o o_@®o_@
Binyjs = Bjpnjs = Bjrwrjs = Bippe =0,

https://doi.org/10.3390/axioms15030161
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S _m _mi @ @ _m

Bypns = Bjkrjs = Bjajs = Bjgrs = Bjnjy = Bjaris = 0,

5 _m @ _w _m &

Bipinis = Bypnis = Byirjs = Bjwys = By = Bjrys = 0,

By =B, =B 6 =B ,=B, =B, , =B, =0
J'kl|ls = FjK'l|s — Fjkl'ls — Fjkl|ls’ T Fjkls T Fjkl'|s T Fjkl|s T Y

B, =58, =B, =B, =B, =B, =B, =0
ikrls = Biws = Biwrgs = Biwrjs = Biwije = Bykrjg = Bjprg = 0.

Proposition 4. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (Mp, F).
Then the stretch B-curvature coefficients of (M, F) are given by

1

i _ gl
Kjkls - Kjkls'
i’ i/2

Kj/k’l’s’ - ’Cj’k’l’s"

S N S S
Kins = Kipns = Kijrs = Kigg = 0,

i i i i i i
Kints = Kinrs = Kiag = Kipors = Kigng = Kjgrg =0,

i _ gy _ yxi _ gy _ i e
Kj’k’l’s = K:j’k'ls’ = K]'lkllsl = K:jk’l’s’ = K]'/k/llsl = ’Cjkls =0,

[ N (= v N (= LR
’Cj'kls = ’Cjk'ls = ]Cjkl’s = ’Cjkls’ = ICj’k’ls = ICj’kl’s = ’Cj’kls’ =0,

A ! A i A A A
]C;'k/l’s == K;k/ls/ - ,C;kl/s/ - ’C;'/k/l/s = ’C;"k’ls/ = K;/kl’s/ = K}k’l/s/ =0.

Proof. By puttinga =i, B =j, v = k, 7 =1, A = s in Equation (7), and plugging
Equation (29) into it, we get

Rni

ikts = 2(Bigyjs — Bigs)r)

~'1 ~’1

= 2(Bjyys — Bjxs)1)
1

= ]C;'kls :

By a similar calculation, the other equations of the Proposition 4 are obtained. [

Theorem 2. Let (M, F) be a Minkowskian product Finsler manifold of (M, Fy) and (My, F).
Then (M, F) is a B-stretch manifold if and only if (My, F) and (My, F») are both B-stretch manifold.

Proof. According to the definition of B-stretch manifold, (M, F) is B-stretch manifold if
and only if

K = 0. (30)

Based on Proposition 4, it follows that Equation (30) is equivalent to

1 2
i _ gt _
’Cjkls = ,Cj/k/llsl =0,

which implies that (M, F;) and (M,, F;) are both B-stretch manifold. [
Remark 2. A B-manifold is necessarily a B-stretch manifold, but the converse does not hold in

general. Thus, Theorem 2 addresses a more general case than Theorem 1, provides a more effective
approach to characterizing special Finsler manifolds.

https://doi.org/10.3390/axioms15030161


https://doi.org/10.3390/axioms15030161

Axioms 2026, 15, 161

9of 12

Example 1. Let (M, F;) be a 3-dimensional Euclidean space endowed with a Randers metric

Fi = a+ B, whereaw = /Y11 (y')% B = y'. Let (M, F>) be an unit ball B"(n = 2) endowed
with a Finsler metric F, , where

Eoy) (VIVE— (R~ (97 +elxy))
2(%, Y (1-— |x|2)2\/|y|2 — (22 = (x, )2

Let F = \/f, where f = F12 + 2, then (M,F)isa B-stretch manifold.

, x € B%, yc TB?\ {0}.

Proof. It follows from [20] that (M;, 1) is a Berwald manifold, we can know (M, Fy) is
a B-stretch manifold. It has been provenin [6] that (M, F,) isa B-stretch manifold. It is easy
to verify that the product function f satisfies conditions (a)—(e). By Definition 2, we know
that (M, F) is a Minkowskian product Finsler manifold of (M1, F;) and (Mp, F,). Then, it
follows from Theorem 2 that (M, F) is a B-stretch manifold. [J

4. H-Stretch Minkowskian Product Manifold

Tayebi and Koh proved that (M, F) has vanishing main scalar if and only if it has van-
ishing H curvature [22]. In 2025, Tayebi showed that a homogeneous Finsler metric of scalar
flag curvature has constant flag curvature if and only if its H curvature vanishes [23]. In this
section, our primary goal is to study whether the Minkowskian product Finsler manifold
is also a H-stretch manifold when (My, F;) and (M, F,) are both H-stretch manifold, and
investigate whether the converse holds as well.

Proposition 5 ([24]). Let (M, F) be a Minkowskian product Finsler manifold of (M, F;)
and (My, Fy). Then the H curvature coefficients of (M, F) are given by

1

Hij = Hjj, 31
2

Hl'/]'/ == Hl'/j/,

Hy; = Hyy = 0. (32)

Proposition 6. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (My, F).
Then the coefficients of the horizontal covariant derivatives of H curvature are given by

1

Hijjx = Hijis (33)
2

Hi’j/\k’ = Hi’j/\k// (34)

Hi’]"k - Hl'j’|k - Hl'jlk/ == Hi’]'"k == Hi’j|k’ - Hi]'"k’ - 0 (35)

Proof. Substituting Equations (3), (6) into Equation (11), yields

H . aHacﬁ oG* aHaﬁ
aBly = o1 Ay ay)\

— Hypl'y., — Hy Afém- (36)

Puttinga = i, B = j, v = kin Equation (36), and plugging Equations (13), (14), (18), (19), (31)
and (32), into it, we have

JH;; oGA aHZJ <1
Hyjp = =3 — — HyI, — Hy b
ijlk = 3%k ayk oyl Ajt ik iAL ik
OH; 9G'9H; oG oH; Y

t =t it =t/
— Htjl”i;k — Ht/]-Fi;k — Hitrj;k - Hl-tfl”].;k

Tk o oy o oyt

https://doi.org/10.3390/axioms15030161


https://doi.org/10.3390/axioms15030161

Axioms 2026, 15, 161 10 of 12

1 1 1
aHl']' aGtaH,] 1 V% 1 V}
T oxk ayk oyt _Hfiri;k_HifFj;k
1
ijlk -

Similarly, we can obtain Equations (34) and (35). O

Proposition 7. Let (M, F) be a Minkowskian product Finsler manifold of (My, Fy) and (Mp, F).
Then the coefficients of stretch H-curvature of (M, F) are given by

1
Kijk = Kijk,
2
Ki’j’k’ = Ki’]"k’/

Ki’jk = Kij’k = Kijk’ = Ki’j’k = Ki’jk’ = Kl']'/k/ =0.

Proof. By putting « =i, B = j, v = k in Equation (10), and plugging Equation (33) into
it, we can get

Kijk = 2(Hyjje — Higj)
1 1
= 2(Hjjj — Hi);)
1
= Kijk -
By the same reasoning, we can obtain other equalities. O

Theorem 3. Let (M, F) be a Minkowskian product Finsler manifold of (M, F1) and (M, F»),
then (M, F) is a H-stretch manifold if and only if (My, Fy) and (My, F,) are both H-stretch mani-
fold.

Proof. According to the definition of H-stretch manifold, (M, F) is H-stretch manifold if
and only if

KBy = 0. (37)

Based on Proposition 7, we can see that Equation (37) is equivalent to

1 2
Ki]'k = Ki’j’k’ =0,

which mean that (M;, F;) and (M, F,) are both H-stretch manifold. [

5. Conclusions

The Minkowskian product is a crucial method for constructing special Finsler man-
ifolds. In this paper, we focus on studying new classes of stretch Finsler manifolds and
provides an effective method for constructing B-manifold, B-stretch manifold and H-
stretch manifold. In subsequent work, we will further investigate the geometric properties
of the classes. Stretch curvatures, such as the relatively isotropic B-stretch curvature and the
relatively isotropic H-stretch curvature, with the aim of developing more effective methods
for constructing special Finsler manifolds. In future work, we intend to extend these results
about the Minkowskian product of two Finsler manifolds to the case of three or more
Finsler manifolds, and investigate questions analogous to those addressed in this paper.
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