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Abstract

In order to overcome the computational challenges associated with block preconditioners
for Krylov subspace methods, particularly those arising from Schur complement systems,
this paper proposes an improved new block (INB) preconditioner for solving 3 x 3 block
saddle point problems. A detailed semi-convergence analysis of the iterative scheme in-
duced by the INB preconditioner is provided. Moreover, the spectral properties of the
preconditioned matrix are analyzed, revealing strong eigenvalue clustering around one.
Efficient formulas for selecting quasi-optimal parameters are derived based on Frobenius-
norm minimization. Extensive numerical experiments demonstrate that the proposed INB
preconditioner significantly reduces iteration counts and CPU time compared with sev-
eral existing block preconditioners.

Keywords: three-by-three block saddle point problem; preconditioning; Krylov subspace
methods; convergence; spectral analysis
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1. Introduction

Consider an iterative approach to resolve the 3 x 3 block saddle point problem:
A B" 0)\x\ (f
B 0 C'|yl|=lg
0 C 0 )\z h

Au = b, (1)

where, the matrix A4 €R"™ is Symmetric Positive Definite (SPD), B € R™" and
C e R™™ are the full row rank matrices. feR", geR” and he R’ are given

T
known vectors, and u = (x, ¥, Z) is the unknown vector. Many practical applica-

tions result in linear systems as shown in a linear system (1). For instance, the Picard iter-
ative method is employed to address a class of stationary magnetohydrodynamic models
using a hybrid finite element framework[1]. Furthermore, the finite element method is
employed to address the time-dependent Maxwell equation with a discontinuous coeffi-
cient within a polyhedral region with a Lipschitz boundary. References [2,3] offer further
examples and related literature. The numerical solution of such saddle point problems
has been a central topic in numerical linear algebra, with a comprehensive theoretical
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framework established in the seminal review work [4]. Consequently, it is pertinent to
investigate the problem of double saddle points.

A linear system (1) has a symmetric coefficient matrix, which may reduce the effec-
tiveness of traditional iterative solution techniques. Consequently, system (1) is often re-
formulated equivalently as the nonsymmetric but practically advantageous system:

4 B" 0

x /
Au=|-B 0 -C"|yl|=|-g|=Db, 2)
0 C 0 )z h

Although the coefficient matrix in (2) is nonsymmetric, it possesses favorable struc-
tural properties. In particular, the leading block 4 remains SPD, and the overall matrix
is symmetric positive semidefinite in the sense of the underlying bilinear form, which pro-
motes good convergence behavior [5]. This reformulation is advantageous for Krylov sub-
space methods such as GMRES and FGMRES, which often exhibit improved convergence
behavior when applied to such systems.

Although the linear system (2) is represented by a 3 x 3 block matrix structure, an
alternative representation can be obtained by viewing it as a 2 x 2 block matrix, as illus-
trated in the following equation:

A B" 0 4 BT 0
B 0 —C'lor |-B 0 -C"|. ©)
0 C 0 0 C 0

Many preconditioning schemes applicable to solving Equation (3) exhibit limitations
due to the differing underlying characteristics of Equation (3) compared to A linear system
(1). Consequently, it is necessary to construct novel preconditioners tailored to the specific
structure of matrix A for the 3 x 3 block saddle-point problem.

40 0
Po=l0 S 0 |
0 0 cs'CT

Huang and Ma [6] proposed a block diagonal (BD) preconditioner, where
S = BA™'B” . Given the computational complexity involved in solving the residual equa-
tions for the exact variant of this preconditioner, researchers subsequently introduced an
inexact variant. Cao [7] later constructed a shift-splitting (SS) iteration method; deriving
both the SS and the relaxed SS (RSS) preconditioners, the former taking the form:
al+4 B" 0
-B  al -C"
0 C al

1
P.o=—
SS 2

Reference [8] proposes a Generalized Alternating Splitting (GSS) preconditioner
based on the SS preconditioner. Further extensions of generalized shift-splitting precon-
ditioners for general saddle point systems were systematically studied in [9,10], which
provide important methodological references for the construction of splitting-based pre-
conditioners. Zhang et al. [11] construct an Unbalanced Alternating Splitting precondi-
tioner for the saddle point problem (2). To enhance the preconditioning performance of
the BD preconditioner, Xie et al. [12] investigate three efficient preconditioner structures.
Aslani et al. [13] present a novel matrix splitting method and derive a block preconditioner
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for solving the linear system (2). Salkuyeh et al. [14] develop an Alternating Positive Semi-
definite Splitting (APSS) iterative method and propose the APSS preconditioner for prob-
lem (2).

aol+A BT 0 al 0 0
WAPSS: -B ol 0 0 ol *CT .
0 0 aI/\O0O C ol

Furthermore, the APSS method has also been applied to solve large-scale sparse and
singular 3 x 3 saddle point problems [15]. On this basis, Xiong and Li [16] further proposed
a simplified relaxed alternating positive semi-definite splitting preconditioner for 3x3
block saddle point problems, which reduces the computational complexity of the APSS-
type preconditioners while maintaining favorable convergence properties. Abdolmaleki
et al. [17] proposed a block 3 x 3 diagonal preconditioner for the 3 x 3 block saddle point
problem (2) from another perspective. Wang et al. [18] established an exact parameterized
block SPD (Symmetric Positive Definite) preconditioner and considered its inexact form
for the block 3 x 3 saddle point problem (2). For the broader class of nonsymmetric gener-
alized saddle point problems, Li [19] and Zheng and Lu [20] respectively proposed ex-
tended shift-splitting iteration methods and corresponding preconditioners, which enrich
the theoretical system of splitting-based preconditioning techniques for saddle point
problems.

The following is a description of the structure of this article. Section 2 discusses the
convergence of the iterative scheme produced by an enhanced block preconditioner,
which is established first. A spectrum analysis of the preconditioning matrix is then
shown in Section 3. Subsequently, Section 4 elucidates the selection of parameters essen-
tial for the preconditioner. Section 5 presents a series of numerical experiments, the objec-
tive of which is to illustrate the efficacy of the proposed preconditioner. The paper con-
cludes in Section 6.

2. Improvement of a New Block Preconditioner
2.1. Construction of the INB Preconditioner

An efficient iterative solution to the double saddle point problem (2) is initially pre-
sented in this section. Based on the matrix splitting concept put forth in reference [21], we
consider the following splitting of the coefficient matrix from (2):

A =Pz = Ris 4)
where
A B 0 0 0 O
Pw=l0 al —C"l|and R,,=|B al 0
0 C 0 0 0 O

The identity matrix is denoted by 1 in the equation. The nonsingularity of the ma-
trix P,, can be easily confirmed [5]. The following is the iterative strategy linked to the

splitting (4):
u = Mu¥ +g, £=0,1,2,3,

(0)

where u'”’ is the initial value, M = 7311:/;7?'11\/3 is the iteration matrix, and g = E&;b

is defined as follows:
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We then show the implementation of the preconditioner P,,, when the parameters,

o >0, are provided. The following type of linear system must be solved to apply the
Krylov subspace method with the preconditioner P,:

A B" 0 (s n
0 al -C'|s,|=|n

0 C 0 S r.

3 3

Consequently, we can derive Algorithm 1 below as a summary of how this precon-
ditioner is implemented.

Algorithm 1. Computation of s =P, 'r
1. Solve CCTS3 =ar, —Cr,;

2. Solve s, =a’1(r2 +CTS3);

3. Solve As,=7—B's,.

Each iteration of the aforementioned algorithm requires solving linear systems with
coefficient matrices CC” and A . They are easier to solve than the Schur complement
matrix BA™'B" of the linear subsystem. It is important to note that for all ¢ >0, both

CC" and A .are symmetric positive definite, allowing us to utilize sparse Cholesky de-
composition to solve them. Therefore, the per-iteration computational complexity is dom-
inated by sparse triangular solves and sparse matrix vector products. Compared with
block preconditioners that rely on approximate Schur complement inversions, the INB
preconditioner achieves comparable per-iteration cost while significantly reducing the to-
tal number of Krylov iterations.

2.2. Semi-Convergence Analysis

Next, we will conduct a semi-convergence analysis. First, we present a useful lemma.

Lemma 1. ([12] Theorem 2) Let E and F betwo nXn real symmetric matrices, where E
is positive definite and F is positive semidefinite. Then E > F holds if and only if

p(E'F)<l,and E=F noldsifandonlyif p(E"'F)<1,

Theorem 1. Let A€ R™" be symmetric positive definite (SPD), and let B € R™" and

C e R™ be row full-rank matrices. Let & be a positive constant. If 2al = BA™' B, then
the iterative method converges to the unique solution of system (2) for any initial guess.

Proof. Let A represent the eigenvalue of the iteration matrix M=77,1};3R,NB ,

T

(u, v, w) denoting the corresponding eigenvector. When A =0 is given, the iter-

ative method will necessarily converge. Therefore, we only consider the case where
T T

A#0 corresponds to (u, Vv, W) #* (0, 0, 0) . Based on the relationship be-

tween eigenvalues and eigenvectors, we have:
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0 O\ u A B 0 u
al 0|lvI =40 af -C"|v
0 ONw 0 C 0 w

oS b ©

The above expression can be equivalently transformed into:

/‘t(Au+BTv) =0, (Sa)
a(l—/l)lv+lCTw+Bu =0, (Sb) (5)
ACv =0. (5c)
if =1,
Au+B'v =0, (6a)
C'w—Bu =0, (6b) 6)
Cv = (60)

Note that both u and Vv are not =zero vectors; otherwise,
(u, v, W)T =(0, 0, O)T would lead to a contradiction. By multiplying Equation
(6b) by v'and combining it with Equations (6a) and (6c), we obtain u" Au =0, which
implies # =0, and consequently leads to v=0 and w=0, resulting in a contradic-
tion. Thus, A #1 must hold.

Next, we consider the case of A # 1. Based on this assumption, it is easy to see that
both # and Vv are non-zero vectors. From Equation (5c), we know that:

u=—AB"v,v'C" =0.

v *
Left-multiply both sides of Equation (5b) by ——, where v is the conjugate trans-
Y%

pose of V:
1ol v*Bfr‘BTv
valy
By Theorem 1, it directly follows that A_, (aBAilB T) = p(aBAilB ! ) <2 ifand

only if 2al > BA'B” , hence we can derive:

* -1 pT
v BA Bv<

0< < A (aBAT'B") <2,

valy

Then,

* -1 pT
‘1_VBA BY

valy

O

Remark 1. The full row-rank assumptionon B and C guarantees that the subsystems involv-

ing CC " and the Schur complements are nonsingular, which is essential for the well-posedness
of the preconditioning steps. In practice, if B or C is rank-deficient, a reqularization (e.g., a
small shift) can be applied[22,23].
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3. Spectral Analysis of the Preconditioner Matrix
It follows from splitting (4) that 77[;,}3.,4 =1- 771;,1197—\’, =/-M.

Theorem 2. Suppose the matrix A€ R"™" is SPD, the matrix B eR™" and C e R""are
A A ANT . .

full row rank. Let & be positive constants, (u, v, w) be the eigenvector corresponding to

the eigenvalue, O is the eigenvalue of 73,;,;.,4 ,and V' is the conjugate transpose of V. If

0 =1 is an eigenvalue whose algebraic multiplicity is at least n+1[, the corresponding eigen-

A

vectors take the form (12; —— Bu, Wj . The remaining eigenvalues are given by
a

A* 1 pT A
vBA BV . o
0 =—————, and for any nonzero vector V€ ker(C ) c R™, their eigenvectors are
avy
-1 pTA A ~ A
(—A B'v;, v W), where WweR' denotes any vector.

Proof. Let @

A

. . . . - . A A\T )
represent the eigenvalues of the iterative matrix PINZ,A , with (u , v, w) denoting

the eigenvector corresponding to that eigenvalue:

0 0 0\a A BT 0 (4
B al 0| v|=210 af -C" ||V
0 0 0)\w 0o C 0 /lw

Therefore, we have

(0-1)(4a+B'%) =0, (7a)
atv—(6-1)C"Ww+Bi =0, (7b) @)
(0-1)Co ~0. (7c)

N N N 1.
When @ =1, wehave aii+B v=0. Clearly, v =—— Bu . Therefore, the linearly
o

independent eigenvectors corresponding to the eigenvalue 1 take the form

. 1 . . . N
(u; ——Bu; w |, and there are n+/ such vectors, where # and W are arbitrary
[94

linearly independent vectors.
If €+#1 holds, it is straightforward to observe that V cannot be the zero vector,
and we can therefore obtain:

i=—-A"'B"Y, (8a)
abv+(0-1)C"Ww—BA"B"v=0, (8b) ®)
CH=0. (8¢)
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v -
Left-multiply Equation (8b) by ——, where v denotes the conjugate transpose of

(Y
AK — A
v BA"'B™v

AK A

avy

v, yielding 0= . Since C is row full-rank, for any right-hand side, there ex-
ists PeR’ satisfying Equation (8b). Thus, the eigenvector is (—AilB TQ; v, \2}) .0
Remark 2. By Theorem 3., the non-unit eigenvalues of the preconditioned matrix 77,;,;./4 satisfy:

a a

0<

Specifically, when « satisfies a =4, (BAilB) , all non-unit eigenvalues

A (BA™'B")

m

Ae [K_],l], where x = K(BAilBT) = m

. The above expression clearly
demonstrates that the non-unit eigenvalues depend continuously on the parameter « .
By selecting an appropriate ¢, eigenvalues can be clustered around a desired value, lev-
eraging spectral concentration to enhance iterative method convergence.

4. Parameter Selection

The choice of parameters & has a significant impact on the preconditioner’s effi-
ciency. The techniques used to choose the preconditioner’s parameters ¢ will be cov-
ered and examined in this section.

The selection of parameters is a rather intricate process for the majority of precondi-
tioners, including SS-type preconditioners [6,24,25]. Therefore, it often requires extensive
experimentation to choose the optimal parameters. Fortunately, by adopting certain ap-
proximation strategies, effective formulas for approximately optimal parameters can be
derived. This paper offers a workable approach to choosing the parameters in the precon-
ditioner under discussion, drawing inspiration from Chen’s work [26].

First, we establish a function T’ (a ) =|| R]NBHi" that depends on & . Then, we min-
imize F((Z) to choose these parameters, where R, is provided by Equation (4) and

[l stands for the Frobenius norm.

From direct calculations, we obtain:

F(a):” R[Nb’”i" :tr(R[NBRIZJ;/B):azm+tr(BTB)

dI'(«
By solving # =0 considering the scale effects of B and C in practical

a

problems, we obtain the practical formula for quasi-optimal parameters:
tr(B"B
a = M )
opt
m
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5. Numerical Experiments

In order to accelerate the Krylov subspace iterative approach for the resolution of
double saddle point problems, this section demonstrates that the proposed preconditioner
is both viable and efficacious.

A personal computer running Windows 10 with a 2.40 GHz Intel(R) Core(TM) i5-
9300H CPU, 8.00 GB of RAM (HP laptop, made in China), and MATLAB (version R2019a)
was used to acquire all numerical results. The preconditioned FGMRES iterative method’s
iteration count (IT) and CPU time (CPU) were recorded. Every experiment was run ten
times, and the related averages are represented by CPU and IT, with IT values rounded
to the closest whole number.

In practical computations, if the initial vector u® =0eR"™" is chosen, the iter-
(k)

ation will stop when the current iterate u

_ (k)
RES = w <107
Il bll,

Alternatively, if IT > 1500 is satisfied by the number of iterations. If the number of

satisfies the following condition:

steps in the numerical table exceeds 1500, it will display as ‘~’. The two scenarios listed

below determine how the right-hand side vector b e R""*" is set:
* T
Case I: The vector b € R""* is selected so that u = (1, L -, l) e R

is the precise solution to the linear system (2).
Case I:  The  vector beR"™ is  selected so  that

u’ =rand (n +m+1, 1) e R™™ s the precise solution to the linear system (2), where
rand (-, 1) represents a column vector comprising components generated at random.

The theoretical approximate optimal value of the parameter &, denoted as «,,,

was calculated according to formula (9). For the SS preconditioner and the APSS precon-
ditioner, the parameters are setas @ =0.01 and o =1.5, respectively.

Example 1. Consider Example 4.1 from reference [27].

IRT+T®I 0 )
A= e R,
0 IQT+T®I

B=(I®F F®I)eR"",
and
C=E®FecR"*",

where

Tz%.tridiag(—l, 2, —l)eRpX”,F=%~tridiag(O, 1, —l)eR”x’”,

E=diag(l, p+1, 2p+l, , p*—p+l),

where the discretization mesh size is given by h = and Kronecker is denoted by &.

(p+1)

https://doi.org/10.3390/axioms15030167
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In Tables 1 and 2, as well as Tables 3 and 4, we list the iteration steps IT, relative
errors RES, and corresponding CPU times of the preconditioned FGMRES iterative
method for Example 1 and Example 2 under different dimensional conditions.

Table 1. Numerical Results for Example 1 (Case I).

p(n) 16(1024) 32(4096) 64(16,384) 80(25,600) 128(65,536)
IT 995 — — - —
FGMRES cpU 9.3984 - - - -
RES 3.46 x 107 — — - —
IT 4 5 6 7 8
PBD CPU 0. 0849 3. 0379 97. 4431 333.7245 1329. 4921
RES 1.21x10-7 8.93x107 2.25x10°¢ 2.98x10° 1.14x10°
IT 3 3 3 3 3
PSS CPU 0. 0531 1. 2941 36.2971 91.1133 443.3911
RES 1.99x10® 2.92x10° 2.98x10~7 244x10-7 1.92 x 107
IT 10 10 10 10 10
'PAPSS CPU 0.2207 6.4175 41.6397 117.3392 543.1127
RES  9.77 x 107 1.16 x10-7  3.90x10-7  3.54 x10-7 2.36 x 107
IT 2 2 2 2 2
PINB CPU 0.0426 1.1416 11.5256 29.9146 195.5428
RES 5.15x101% 898 x101 973 x107%° 9.68x1016  1.23 x 1015
Table 2. Numerical Results for Example 1 (Case II).
p(n) 16(1024) 32(4096) 64(16,384) 80(25,600) 128(65,536)
IT 998 - - - -
FGMRES cpU 9.8351 - - - -
RES 2.97 x10-7 - — — —
IT 5 5 8 9 10
PBD CPU 0.1036 5.4263 100.3112 335.2901 1391.1103
RES 5.57x10°¢ 5.18 x 10-¢ 9.49 x 105 3.21 x 105 2.39 x 10~
IT 3 3 4 4 4
7335 CPU 0.0842 2.8921 441113 113.3951 480.9231
RES 9.74x10-7 3.11x10-7 259x107 1.93x10-7 9.57 x 10
IT 10 10 13 39 71
’PAPSS CPU 0.4588 8.546 56.1103 146.4782 601.0024
RES 826x10-7 3.29 x 107 9.42 x 106 8.81 x 106 6.236 x 106
IT 2 2 2 3 3
PINB CPU 0.0592 1.9475 23.5596 36.1291 199.0237
RES 4.19x101% 592x101 351x107' 6.03x10" 211x10"
Table 3. Numerical Results for Example 2 (Case I).
p(n) 16(2080) 32(8256) 48(18,528) 64(32,896)
IT 263 548 1149 -
FGMRES cpu 2.6859 66.9866 1135.3281 -
RES 9.64 x 107 9.87 x 107 9.96 x 107 —
IT 6 x 107 6 6 6
PBD CPU 0.3015 6.2943 46.8373 183.1471
RES 1.34 x 101 1.98 x 1014 1.52 x 1016 8.68 x 10-16
IT 4 3 2 2

https://doi.org/10.3390/axioms15030167
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D CPU 0.2688 2.9105 16.0167 66.7651
5 RES  2.85x10-% 3.53 x 108 5.94 x 107 1.94 x 107
IT 39 31 24 20
PAPSS CPU 2.0574 30.1911 188.0799 501.3303
RES 9.57 x 107 7.63 x 107 9.83 x 107 7.58 x 10~7
IT 2 2 2 2
P[NB CPU 0.1012 1.81095 12.9366 54.1412
RES 4.81 x 1012 1.65 x 1013 3.27 x 1014 1.33 x 1014
Table 4. Numerical Results for Example 2 (Case II).
p(n) 16(2080) 32(8256) 48(18,528) 64(32,896)
IT 316 616 1172 -
FGMRES cpu 3.1572 99.3511 1210.3271 -
RES 8.49 x 107 6.62 x 10-7 6.32 x 107 —
IT 6 7 7 7
’PBD CPU 0.3563 8.1930 59.9631 228.0478
RES 9.35 x 1010 7.32 x 1013 2.34 x 1015 9.98 x 10-15
IT 4 3 2 2
Pss CPU 0.2841 4.3952 18.4137 76.7519
RES 1.19 x 108 3.17 x 108 4.79 x 107 1.43 x10-7
IT 41 36 28 20
PAPSS CPU 2.3332 40.9712 400.3982 603.1199
RES 7.22 x 107 4.93 x 10-7 7.22 x 107 7.58 x 10-7
IT 2 2 2 2
P]NB CPU 0.1633 2.1116 15.3334 61.0019
RES 4.51 x 1012 1.13x 1013 3.03 x 1014 1.15x 1014

Specifically, if the iteration steps exceed 1500, the value is omitted.

It is clear from Tables 1 and 2 that the INB method demonstrates remarkable perfor-
mance in numerical computations, featuring fewer iteration steps, shorter computational
time, and higher solution accuracy. Its advantages are particularly prominent in large-
scale problems. The efficiency, stability, and high precision of the INB method make it a
preferable algorithm compared to preconditioners such as BD, SS, and APSS.

Example 2. Consider Example 2 from reference [28]. The present study is concerned with the 3 x
3 block saddle point problem (2), which can be defined as follows:

A= diag(2W'W +D,,D,,D,) e R™",
is a block-diagonal matrix;
B=|E.-I,.I,,|eR™ and C=E" eR"™"
are both full rank matrices, where, p = pz, and p= p(p + 1); W= (Wij) e R?? - has en-

~2((i37+(13))

tries W, =e D=1 5 is an identity matrix, the diagonal matrices

D, = diag(dj(,i)) eR*™7 =273 are defined by

https://doi.org/10.3390/axioms15030167
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, 1 forl<j<p
d =
P07 (j-p),  forprl<j<2p
43 =107 (j+p), forl<j<2p.
Finally
2-1
E®I .
E= v, E=
I ®F

where Kronecker is denoted by &.

In Figures 1 and 2, we depict the eigenvalue distributions of the original coefficient
matrix for Example 1 and the coefficient matrices preconditioned by BD, SS, APSS, and
INB. More quantitatively, the eigenvalues of the preconditioned matrices are observed to
lie in a narrow neighborhood of one, with a spectral radius close to unity and only small
imaginary components. This indicates that the non-unit eigenvalues are well separated
from the origin and strongly clustered, which is consistent with the spectral analysis in
Section 3 and explains the robust and fast convergence behavior of the INB preconditioner.
This advantage translates into efficient convergence of iterative methods, optimized utili-
zation of computational resources, and high-precision solutions, providing powerful al-
gorithmic support for solving large-scale linear systems.
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Figure 1. Spectral distribution for Case I when p = 16 in Example 1: No preconditioner, B

D preconditioner, SS preconditioner, APSS preconditioner, INB preconditioner.
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5 x107° INB preconditioning

Imaginary
=
*
*
*
*

Real

Figure 2. Spectral distribution for Case I when p = 10 in Example 2: No preconditioner, B

D preconditioner, SS preconditioner, APSS preconditioner, INB preconditioner.

6. Conclusions

When solving block linear systems with Krylov subspace iterative methods, the use
of an effective preconditioner is of paramount importance. The main novelty of this work
lies in the construction of an improved new block (INB) preconditioner that (i) avoids
explicit Schur complement solves, (ii) admits a rigorous semi-convergence and spectral
analysis, and (iii) allows for efficient and robust parameter selection through approximate
analytical formulas. Numerical results demonstrate that the INB preconditioner achieves
superior eigenvalue clustering and significantly reduces iteration counts compared with
several state-of-the-art methods.

The present analysis assumes that the leading block A is symmetric positive defi-
nite and that the matrices B and C are full row-rank. For highly ill-conditioned prob-
lems or singular leading blocks, the Frobenius-norm-based parameter selection may not
be globally optimal, although it remains robust in practice. Extensions to singular A, var-
iable-coefficient systems, and 4 x 4 block structures are possible and form part of ongoing
work. The method is amenable to parallel implementation due to its block structure and
favorable memory footprint compared with block triangular preconditioners.
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