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Abstract

This paper investigates the conservation of mass and energy in the space-fractional Klein-
Gordon-Schrodinger system with fractional Laplacian operators. Firstly, the invariant
energy quadratization method is applied to transform the original system into an equivalent
form. For spatial discretization, Fourier spectral methods are employed, yielding a semi-
discrete scheme. Subsequently, an invariant energy quadratization Runge-Kutta approach
is used for temporal discretization, resulting in a fully discrete scheme. Owing to its
diagonally implicit structure, the proposed scheme is both highly accurate and efficient
while preserving mass and energy exactly. Numerical experiments are conducted to verify
the accuracy and conservation properties of the method.

Keywords: space-fractional Klein-Gordon-Schrodinger equation; Fourier spectral method;
invariant energy quadratization method; diagonally implicit Runge-Kutta method; mass
and energy conservation
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1. Introduction

The Klein-Gordon-Schrodinger (KGS) equation is an important model in relativistic
quantum mechanics and quantum field theory [1]. It describes the interaction between
a conservative complex nucleon field and a neutral meson field via Yukawa coupling in
quantum field theory. The nonlinear Schrédinger equation, one of the most significant
equations in quantum mechanics, describes various physical phenomena such as optics. By
coupling the Schrodinger equation with the Klein-Gordon equation, a relativistic version
of the Schrodinger equation, the well-known KGS system is obtained. The KGS equation
plays a significant role in quantum optics, particularly in biomedical imaging applications.
These equations describe the dynamics of quantum systems, which can be used to detect
and process individual X-ray quanta. This capability is crucial in biomedical applications
where high-resolution imaging is essential for diagnosing and treating medical conditions.
Beyond its fundamental role in quantum field theory, the KGS system has recently emerged
as a valuable model for describing nonlinear wave phenomena in optical media, particularly
in the context of soliton dynamics within materials exhibiting nonlocal responses.

Leveraging the nonlocal nature of fractional derivatives to describe memory and
hereditary properties of materials, Laskin extended the Feynman path integral to the
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Lévy path [2,3], establishing a Schrodinger model that incorporates a nonlocal Laplacian
operator [4,5]. Recently, fractional KGS equations have introduced novel perspectives in a
wide range of scientific and engineering fields [6-8], gaining considerable attention due to
their improved accuracy over integer-order models in depicting quantum state evolution,
making them essential in quantum mechanics [9]. Huang et al. [10] investigated the coupled
fractional KGS system, focusing on the low-regularity local or global well-posedness of its
Cauchy problem and numerical solutions, respectively.

In this paper, we consider the following coupled space-fractional KGS system with
fractional Laplacian operators:

i — 5 (~8) 2+ pyug -+ 2 fulPugp = 0, 0
911+ (=) 2+ mPp — m[ul? — paful* =0, @)
u(x,0) = uo(x), ¢(x,0) =¢o(x), ¢:(x,0)=¢1(x), x€Q, (3)

wherei =+/~1,1<a,<2,xeQCR,te (0,T],and u(x,t) and ¢(x,t) are complex-
valued and real-valued unknown functions, respectively. Here, 11; denotes the first partial
derivative of u with respect to t, while ¢ denotes the second partial derivative of ¢ with
respect to t. The fractional Laplacian operator is defined as [11]

(=) 2u(x,t) = FL(IEFF(u(E 1)),

where F represents the Fourier transform and 1 < s <2. If x = 2 and 8 = 2, the system
reduces to the standard KGS equation.

Felmer et al. [12] demonstrated that, under suitable regularity conditions, the solution
of the Schrodinger equation with the fractional Laplacian exhibits polynomial decay to
zero as |x| — oo. Consequently, for computational purposes, Equations (1)-(3) can be
efficiently confined to a finite computational domain [—L/2, L/2] by imposing periodic
boundary conditions

Lt = Lt Lt = Lt
u<x—2,)—u<x+2, ), 4)<x—2,)—¢><x+2, >,

with L chosen sufficiently large. Under periodic boundary conditions, the Fourier transform
of the fractional Laplacian can be expressed as [11]

a : 1 ,
(—A)2u = Z |k|aﬁkelk(x+L/2)l fy = 7/ u(x’t)eflk(erL/Z) dx.
kez 21 Ja

An important property of the fractional KGS system is that it preserves the mass of
the nucleon field,
M(t) = [lu(, )] = lluol* = M(0),

and the total energy,

EW) = 90l + [[ (- 5]+ m2l + (- b~ 20, uf?) — 22200, lul*) = ECO)

where (-, -) denotes the inner product. Since analytical methods are only available for ob-
taining certain special solutions, and explicit analytical solutions for the coupled fractional
KGS equations are generally difficult to obtain, constructing effective numerical methods
becomes crucial.

Fourier spectral methods have demonstrated remarkable efficiency in solving clas-
sical KGS systems and space-fractional Schrodinger equations. As shown by [13], when
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discretizing fractional Laplacian operators spatially, Fourier spectral methods achieve
spectral convergence up to machine accuracy regardless of the order of the fractional Lapla-
cian. Moreover, under periodic boundary conditions, the spatial semi-discrete scheme
obtained via Fourier spectral methods preserves the specific conservation laws inherent in
the original differential equation [11].

The core idea of the Invariant Energy Quadratization (IEQ) method is to introduce aux-
iliary variables based on the original energy functional, thereby transforming the original
equation with high-order energy terms into an equivalent coupled system. This approach
enables the preservation of the energy conservation law for polynomial structures of any
order. Since its initial proposal by Yang et al. [14], several conservative or uncondition-
ally energy-stable methods for various equations have been developed using the IEQ
method [15-17].

Recently, Zhang et al. proposed a class of high-order energy-conserving diagonally
implicit Runge-Kutta (DIRK) methods for nonlinear Hamiltonian ordinary differential
equations [18]. They first used the IEQ method to transform the nonlinear Hamiltonian
ordinary differential equations into an equivalent form with quadratic energy, then they
discretized the reformulated equations using DIRK schemes. The resulting algorithms
preserve the modified quadratic energy conservation law and achieve high-order accuracy.
Subsequently, for the nonlinear Schrodinger equation, a DIRK scheme was proposed in [19]
that exhibits high-order convergence while preserving both mass and energy.

Compared with existing literature, the main contributions of this paper are as follows:
we systematically apply the IEQ-Fourier-DIRK framework to the fractional-order KGS
system, which enhances both the accuracy and stability of numerical solutions, and the
rigorous proof of mass and energy conservation for arbitrary fractional-order parameters.
Numerical experiments validate the high-order accuracy and reliability in preserving
structural properties over long-time simulations of the proposed method.

The structure of this paper is as follows. In Section 2, we first apply the IEQ method to
transform Systems (1)—(3) into an equivalent coupled system, then we use Fourier spectral
methods to discretize the coupled system, obtaining a semi-discrete scheme with high
spatial accuracy. In Section 3, we adopt the DIRK method for temporal discretization
and verify the conservation of energy and mass. Section 4 presents an error analysis and
its proof. Section 5 provides several numerical examples to evaluate the performance
of the proposed algorithm. Finally, Section 6 concludes this paper with a summary and
future perspectives.

2. Equivalent System Construction and Semi-Discrete
Conservative Scheme

By introducing an auxiliary variable r = |u|?, the coupled space-fractional KGS
Equations (1)—(3) can be transformed into the following equivalent system:

iy = —2(—8) b+ inyug + 2ivarug, @

¢t =70, ©
B

vp = —(—A)Zp — mPP + Y11 + Y21’ ©)

T = Wiy + Uy, (7)

where 7 denotes the complex conjugate of u. This transformation results in a quadratic
energy functional in the variables u, ¢, r, which facilitates a concise and systematic proof of
the discrete energy conservation laws.
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Theorem 1. The equivalent system (4)—(7) satisfies the following mass and modified energy conser-
vation laws:
M(#) = [|u(x,1)]* = M(0), ®)

EW) = ol + | (=8 o+ m2lgl+ (=) 8]~ 211(0,1) 21200, = EO). ©)

Proof. Multiplying Equation (4) by it yields

. 1_
iiuy = Eu(—A)

NjR

U — Uy U — 2iyrug.
Taking the imaginary part and integrating over space gives
- _ 92
(5,m) = = |ul> =0,

which proves the mass conservation law (8). Multiplying Equation (4) by —2iii; gives

N|=

—2itlup = L_lt(—A) U+ 2yqiud + dyoriisug
= (=N - (—A)Fu+ (—=A) T (—A) T -u

o 8 _ _ (10)
— (=A%t - (—A) S u + 2yqiiu + dyariiug
(—A)% (ﬂt(—A)%u) + 217U + Ayoriiiug,
Taking the complex conjugate of Equation (4) and multiplying by —2iu; gives
—2iutly = Mt(—A)%T/_l + 2’)/1111}1147 + 4’)/21’1/lt1/_l4)
= u(=A)F - (=D) i+ (—A)iu(—A)% @
« « 11
— (=A)fup - (—A) 4 i + 2y upii + dyarupiep -
= (—-A)1 (ut(—A)%ﬂ) + 2y upiigp + 4yprusiig.
Adding the real parts of (10) and (11), and noting that Re(iuii;) = 0 gives
a & a a 9 2
(—A) 4 (ﬂt(—A) iu + Mt(—A) 4 72) — g H (—A) 4 MH + 2’)’1(]57",} + 4724)7’7’} =0.
Integrating over space and eliminating the divergence term
(=8) % (@(=8)fu+u(~A)fa),
we get
d « |2
&H(_A)ZMH —271(¢, 1¢) — 272(¢p, 2rr¢) = 0. (12)

Taking the inner product of Equation (5) with 20y and Equation (6) with 2¢y, respectively,
gives

(91,200) = (0,200) = o o], (13)

(01, 296) = —((=8)29,201) — (2, 20) + (117, 29%) + (722, 2%)
0

= S (= 1) 50 = m219I2) + 271(p0,) + 272 (g1 2).

(14)
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Adding Equations (12)—(14) yields
0 a 12 B2 2
S ([lm| =+ [ arie| +1017) = 2118 m) = 272(9,20m1)
—271(P, 1) — 272 ((Pt/ rz) =0,
which simplifies to
d a2 B 2
S (IEm5ull + [ (=) 5] + 1212 — 21 (p,7) — 292(6, 7)) = 0.
Thus, the energy conservation law (9) is proved. [
2.1. Fourier Spectral Approximation of Spatial Derivatives
For a given positive even integer N, the spatial domain ), = [—L/2, L/2] is uniformly

partitioned with step size h = L/N. The grid points are x; = kL/N fork =0,1,...,N — 1.
Define the inner product and norms as

4 == d/
(u,v) /qux

Jull =/ (u, @),

Il = [ luldz 1 < p <o

Define the interpolation space Jy as

ux) =y, e K6+ N/2 € Z*
|k|<N/2

Let Iy : L*(Q) — Jy be the interpolation operator:

N

2 . . — .

INu(x) _ Z ﬁlell(x-ﬁ-%),uf\l — %/ u(x)e—ll(x-i-%)dx - - u(xk)e—ll(xk-&-%),
1=-% o =

where C; = 1 for |l| < N/2and C; = 2 for |l| = N/2. Then, Iyu(x;) = u(x;) for
k=0,1,...,N — 1. Applying the fractional Laplacian to Iyu(x;) gives

w % 1 N=l . L . L
() Inul) = Y (g & wle M) ol ()

1=-Y NG =
% 1 N-1 w il )
_ il(xj—x) _ Qs
I_ZN NC[ = u(xk)“l e (DZu)]'
-2

where u = (u(xg),...,u(xy_1))T.

The Fourier spectral discretization provides high-order accuracy for approximating
fractional Laplacian operators in space. Using the interpolation operator Iy and the differ-
entiation matrix D5, fractional derivatives in the semi-discrete system can be computed
efficiently via the Fast Fourier Transform (FFT) algorithm. The spatial discretization forms
the foundation for constructing a conservative semi-discrete scheme in the next subsection.
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2.2. Conservative Fourier Spectral Scheme

Applying the Fourier spectral method to Equations (4)—(7) yields the following semi-
discrete scheme with high spatial accuracy:

i

U = 2D§‘u+i’ylu'¢+2i72r~u'q§, (15)
¢, =0, (16)
v = —D2’5¢—m2¢+71r+72r~r, 17)
rr=u- -+ 1u-u, (18)
where u = (uO/ull--~/uN—1)T/ ¢ = (4)0,...,4)N_1)T, [— (Uo,...,ZJN_l)T/ r =

(ro,...,7rn—1)T, and - denotes pointwise multiplication of vectors.
Theorem 2. The scheme in (15)—(18) satisfies the semi-discrete mass and energy conservation laws:

M(t) = ||u|* = M(0), (19)

a2 g2 _
) = D3]+ [Dia |+ n2lg1? + o) - 2m(0.m) ~ 22007 1) = EO). 20

Proof. Taking the inner product of Equation (15) with i# and extracting the imaginary
part gives

S(uy, i) = %(—;Dﬁ‘u, iﬁ) + S(iyu - ¢, i) + S(2iypr-u- ¢, i),

where J(-) denotes the imaginary part. Noting that each term on the right-hand side has
zero imaginary part, we obtain

, d
S i) = 3l =0,

then

d, 12
2wl =0
hence % |u||? = 0, proving the mass conservation law (19).

Taking the inner product of Equation (15) with 2iii; and extracting the real part gives

i

é]%(ut,Ziﬁt) = §R( 5

D5u, Ziﬁt> + R(iyiu - ¢, 2in;) + N(2iyor - u - P, 2iity)
(21)

a9 a
— (Diu 0% ~2m(p,u-m) - 2na(, 20 (- ),

where R(-) denotes the real part and D = (DZ% )2.
Taking the complex conjugate of Equation (15), multiplying by 2iu;, and extracting the
real part gives

%(ﬁt, 2iut) = %(—;D%ﬁ, 2iut> + %(i’hﬁ P, Ziut) + %(Zi’)’zr - @, 2iut)

o (22)
— (Dl GD3n) ~2m(p,5-w) —2na(, 20 (),

https:/ /doi.org/10.3390/axioms15030181
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Adding (21) and (22), and noting that R (i, 2iu;) = R(uy, 2iit;) = 0, we obtain

9 @ a
(Dzzu’ atDZ ) + <D22u’ of 2 ) 7271(47/”'5‘1‘) *271(¢rﬁ'ut)
—=2%2(¢p,2r- (u-ity)) — 272 (p,2r - (- uy)) (23)
a 2
:%HDZZuH — 291 (- 1) + (@, - 1)) — 272(, 2¢ - (w- ity + it - ug)) = O,

Taking the inner product of Equation (18) with 2¢ gives

2(¢ ) =2((p,u- ) + (9,7 m) ). (24)

Taking the inner product of Equation (16) with 2v; and Equation (17) with 2¢, yields
9, 12
(¢4, 201) = (v, 201) = o [[o]%, (25)
(01,29,) = — (D5 9,20, ) — (w24, 29,) + (117,2¢,) + (177,29,

o (ps
_at<—HD

B
where D}, = ing Equations (23)—(26), we have
here DY = (DZ)?. Adding Eq (23)~(26), we h

20 4112 (26)
m=|| || ) +271(py 1) +272(@pp 7o 1),

d s 12 [ 2 _ _
S ([Dhal = |||+ n1a1? + 1o1? )~ 2n (gm0 + (@ w)-

292(@,2r- (u-dp +a-up)) —271(py, v) — 272(y, 7 -1) =0,

Using (24), the above formula simplifies to

0 511 0 O 2 J ) B
2 (HDz ol +[DEo| 211+ 17 ) - 2 2n(em) — 2 2rigren) <0
which complete the proof of the energy conservation law (20). O

3. A Fully Discrete Scheme for the Space-Fractional KGS System

We employ the DIRK method for temporal discretization of the semi-discrete
scheme (15)—(18).

Let b;,a;; (i,j = 1,...,s) be real numbers with a;; = bj, a;; = b;/2, and ¢; = 25:1 ajj.
For a positive even integer P, define the time step T = T/P. Let t, = nt, and denote by
u", ¢",v", r" the numerical approximations to u, ¢, v, r at time t,,. For convenience, define

fu,p,0,1)=u; = —7D2u+171u ¢ +2ivor-u- ¢,
gu,¢,v,r)=¢, =

h(u,¢,0,r )—vt_—Dggb m ¢+'Y1r+72r T,
w(u,P,0,1) =1 =u-il;+ it uy.
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The intermediate values of the s-stage Runge-Kutta method are:

u, = u" + TZ]S':l ai]'fj,
_ s 5

¢ = P" +TLi1 %8

0, = o" + TZ;:l {Zi]‘h]',

rp=r"+ TEJS-:l a;jwj,

(27)

where f]- = f(uz-, ¢;,v;, 1), and gj, flj, @W; are defined similarly. The numerical solution at
ty+1 is then updated by:
utl =y 4TS bif,,
" =" + TV big,

1 S 7 (28)
" =" 4 TY 4 b;h;,
Pl = 4 TZ?:l b;@;.
The discrete mass and modified energy are defined as:
M" = |ju"||?, (29)
n__ 5.n 2 g n ? 21 s1|2 ny2 non n 2n
EP = | Dyu”|| +|Dy¢"|| +m7l|@"]" + [0 = 271 (9", 1") — 272 9" 7" ). (30)

To ensure the fully discrete scheme satisfies discrete mass and energy conservation,
we require DIRK coefficients satisfying y;; = b;a;; + bja; — b;b; = O foralli,j = 1,...,s.
The Butcher tableaux of DIRK methods can be represented as

Cc1 b1/2
Co b] b2/2
c| A : . .
Cs bl bz bs/z
bl b2 e bs

The corresponding coefficients for various stages and orders of different DIRK methods are
listed in [20,21] and presented below.

(Stage, order) Zl Zi ZZ
(1,2) 1
2,2) 0.5 0.5
(3,3) 1.351207 1.351207 —1.702414
(44 2.70309412 —0.53652708 2.37893931
1.8606818856
(5.4) —2.150611289942181 1.452223059167718 2.3967764615489258
1.452223059167718 —2.150611289942181
6,5) 0.5080048194000274 1.360107162294827 2.0192933591817224

0.5685658926458251  —1.4598520495864393 —1.9961191839359627

Theorem 3. The scheme in (27) and (28) possesses the discrete mass and energy conservation laws

M =M", E"T'=E", 0<n<N-1, (31)

https://doi.org/10.3390/axioms15030181
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ifand only if the coefficient matrix Y = (y;;) with elements y;; = bya;; + bjaj; — bib; (i,j=1,...,s)

is zero.
Proof. Differentiating Equations (19) and (20) with respect to t gives

(f,u) =0, (32)

a 3 B 4 -
<D22 f.D? u) + (D; §,D; ¢) +m*(g, @)+ (h,v) — y1(p, @) — 11(3,7) 39

—72(¢p,2r - @) — 72(g,r-r) =0.
We begin with the energy conservation. Multiplying the first equation in (28) by
D} gives
Dz%u"+1 Dzu"+TZb 2% (34)
i=1
Taking the inner product of Equations (34) with itself and combining with the first expres-
sion in Equation (27), we have

o 1 2 o 2 S
|pswrtt] = [psw

# 3 (017,03 7)

i,j=1
@ 2 S @ @ 5 ~
= HD22u” +T2<biD22fi, Dzz (ul- TZLll]f])>
i=1 j=1
5 a 5 - @ s @ @ %
+7Y, <b,«D22 <u,« - rZaﬁfi>,D22f,.> +70 ) (biDzzfi, biD3 j)
j=1 i=1 ij=1
= [Djur|" - Y (buayy + bia; — bibj) (D3 7, D3 7))
ij=1
S a
+7Y25(D; F;, D i)
i=1
Similarly, we have
5 n+1 ? 5 n g 2 - E~ é~
HD22¢ = HD22¢ Z (biai]- +b]‘ﬂ]‘i — blb]) (Dzzgl-,D22 ])
s (36)
B B
+T22b( 58 D22¢i>,
i=1
2 n+1 2 2 ny2 2 > 2(~ ~
m H‘P H =m[|¢"||" —T Z (biaj; + bjaj; — bib;)m (gi,g]-)
S £ (37)
+T Y2 (3, 1),
i=1

2 s - o~ ~
n+1 H = HZI"”Z — 2 Z (biaij + b]‘ﬂji — bibj) (hi, h]') +7T Z 2b; (hi, Z),‘), (38)
i=1 '

o

https://doi.org/10.3390/axioms15030181
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S

271 (¢n+1/rn+1) =27 (4)”,1’”) — 2’)/1’[2 Z (bi{li]‘ + b]‘llji — bﬂ?‘) (fvi,g]-)

S b=l (39)

+ 7Y 2bi(1 (s @i) +71(85,71))-

i=1
S
272 (‘PHH,?’”H ' "”H) =27, (4’”,1‘2”) — 277 Y (biai; + bjaj; — bibj) (f‘i : ﬁ’i/gj)
s b= (40)
+7T Z Zbi(')/z((pi,zri . ﬁ)i) + '72(gl-, - 1‘1')).
i=1
From Equation (33), it yields
52 p3 ts D 2(5 i
(Dz fi:D3 ”i) + | D38, Dy ¢; ) +m”(§;, ;) + (hi/"’i)

= 11(; Wi) — 11(8i,1i) — 12(@P, 2ri - Wi) — 72(§,1i - 1:) = 0. (41)

Summing Equations (35)-(40) and then substituting Equation (41) into the resulting
sum yields

s o a. g £
E" = E" — 12 Y (biayj + bjaj — bib)) ((Dzzfif D, j) + (ngi, b3 ~J')
=1

+m’ (gi'gj) + (ki ) =271 (ﬁ’i’gj) 27 (ri ' wi’gf))'

Due to the arbitrariness of the functions u;, ¢, v; and ry, E"tl = E" holds if and only if
Y =0.

Regarding the law of mass conservation, a similar procedure to that outlined in
Equation (35) leads to the following result:

Substituting Equation (32) into Equation (40) completes the proof. [J

2 s o s .
"1 H = Hun||2 _ Z (biaij + b]ﬂﬂ — blb]) (fif f]> +T 2 2b; (fi’ ui), (42)

ij=1 i=1

4. Error Analysis

To establish a rigorous foundation for the subsequent theoretical analysis, we introduce
the following two assumptions.

Assumption 1. (Regularity of exact solutions). Let H™(Q)) be the Sobolev space with
m > max(a, B); assume the exact solutions u, ¢ € C>([0, T]; H™(Q)), and there exists a constant
M > 0 such that

[l ax o), 1@li=xo,m) < M.

Assumption 2. (Local Lipschitz condition for nonlinear terms). Under periodic boundary condi-
tions and the given boundedness of solutions in Assumption 1, assume the nonlinear terms

Fi(u,¢) = y1ud + 272 |ul*u¢, B> (u) = yi|ul* + 7olul®,

satisfy a local Lipschitz condition: there exists a constant L = L(M) > 0 such that for any two
pairs (uq, 1) and (uz, ¢p) with ||u;]| L, ||pill Lo < M (i = 1,2), there are

([ Fy(u1, 1) — Fi(ua, ¢2)|l < L(llug — uall + [[p1 — ¢21l),

https:/ /doi.org/10.3390/axioms15030181
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[F2(u1) — Fa(u2) || < Lfjug — ua]|.

Furthermore, the fractional Laplacian operators (—A)*/2 and (—A)P/? are self-adjoint
and positive definite under periodic boundary conditions, ensuring the well-posedness of
the spectral discretization.

Theorem 4. Let ey, be the global error. For the fully discrete system derived from the semi-discrete
spectral system (15)—(18) via a fourth-order Runge-Kutta method, if the exact solutions u, ¢ €
C>([0, T); H™(Q)) with m > max(w, B), then there exist positive constants Cy, Cy independent of
T and N such that

en|| < CINT™ 4 Cott,

where N is the number of Fourier modes and m is the reqularity index of the solution.

Proof. Let the projection of the exact solutions u(x,t) and ¢(x,t) onto grid points be
Q(t) = [U(t)T,®(t)T]T, where U(t) and ®(t) are the discretizations of u(x;, t) and ¢(x;, t),
respectively.

Spatial error: By the approximation theory of Fourier spectral methods, if i, ¢ € H™(Q)),
the spatial truncation error satisfies

1(=8)*2u = D§un|| < KaN " lulln,  [|(=A)P"%p — DEgn|| < KiN ™" pl|am,

where K; > 0is a constant, and uy, ¢ denote the spectral projection solutions.
Thus, the solution Q),(t) of the semi-discrete system (15)—(18) satisfies

1Q(t) = Qu(t)| <CIN"™, Vi e [0,T],

where C; > 0 depends on m and T but is independent of N.
Temporal error: Consider the ordinary differential equation system formed by the
semi-discrete equations:

ye=Fy), y=@weuvn’,
where F(y) encapsulates the nonlinear coupling via the spectral operators D}, Dzl8 and the
source terms.

The local truncation error (LTE) of the fourth-order DIRK method (Table 1) is O(1°)
for smooth solutions. Given the exact solution y(t) € C>([0, T}), the LTE satisfies

Iy (tes1) = P(y(ta); )| < KT°,

where ®(y(t,) denotes the numerical solution obtained by advancing one time step
of size T from the exact solution y(t,) at time t, using the DIRK method, with
K = supyc(o 7 ly® (£)||, which remains finite under the regularity assumption u,¢ €
([0, TJ; H™(Q)).

The nonlinear operator F(y) is Lipschitz continuous in the norm || - ||, i.e.,

[E(y1) = E(y2)ll < Lllyr —y2ll,

for some L > 0 independent of 7. This implies the DIRK update map satisfies the stability
estimate
|®(a;T) — @(b;7)|| < (14 L1)|la —b|.
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Let y" denote the numerical solution at t,, and define the global temporal error
e, = y(ty) — y". By the triangle inequality,

lensall < [[y (1) = Py (ta); D + [Py (Ea); T) — (¥ D) -
LTE Propagated error

Combining the LTE bound and Lipschitz stability yields the recurrence
lent1ll < (1+ L7)|leq| + K.

Applying the discrete Gronwall inequality (with ey = 0) gives [22]
KoL
leq| < z(e i 1)Th

Since t;, < T, define C; = %(eLT — 1) to obtain the global temporal error bound

1Qu(ta) — Q"] < o7,

where Q" is the fully discrete solution vector.
Combined error: Decompose the global error as

en = Q(ty) —Q" = [Q(tn) - Qh(tn” + [Qh(tn) - Qn]-
Applying the triangle inequality and the spatial /temporal bounds yields

lenll < Q) — Qult)ll + 1Qu(tn) — Q"[| < CIN™" + C7™.

Thus, the fully discrete scheme (27) and (28) is theoretically guaranteed to con-
verge, with the convergence rate jointly determined by the order p of the time discretiza-
tion method and the spatial spectral accuracy governed by the regularity index m of
the solution. [

Remark 1. The error estimate in Theorem 4 implies uniform convergence of the proposed method.
Specifically, under the reqularity assumptions u, p € H™(QY), the constants Cy, Cy are independent
of N and T, ensuring uniform convergence in both space and time. This uniform convergence
property is crucial for reliable long-time simulations of fractional partial differential equations, as it
guarantees numerical accuracy regardless of the fractional orders « and B.

5. Numerical Validation and Optical Soliton Simulations

In this section, we demonstrate the applicability and superiority of the proposed IEQ-
Fourier-DIRK scheme by simulating a physically critical phenomenon: the propagation of
optical solitons in a nonlinear medium with a fractional nonlocal response.

This example is motivated by recent advances in quantum optics and all-optical signal
processing [23], where the accurate modeling of pulse evolution is essential for designing
high-performance photonic devices, such as optical switches and logic gates [24,25]. While
the propagation in a Kerr medium is classically described by the Nonlinear Schrodinger
Equation (NLSE) [1], modern materials like liquid crystals, thermal media, or certain
photonic crystals exhibit a nonlocal nonlinear response. In such media, the evolution of
the optical field couples strongly with a material response field, which can be effectively
modeled by the fractional Klein-Gordon-Schrodinger (KGS) system.

A major challenge in these applications lies in ensuring the long-term numerical
stability of the simulation. Conventional numerical methods are frequently susceptible to
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cumulative dissipation or dispersion errors, which can gradually distort the soliton shape
and its energy over extended propagation times. The proposed scheme maintains the
physical fidelity of the soliton dynamics over long-time simulations, which is an essential
requirement for applications such as long-haul optical communication. The proposed
scheme offers advantages in both accuracy and efficiency for simulating this physically
critical phenomenon. The Fourier spectral method leverages the intrinsic definition of
the fractional Laplacian in Fourier space, achieving spectral accuracy in approximating
nonlocal operators and effectively avoiding the numerical dispersion typically introduced
by low-order finite-difference schemes. This ensures that the material’s nonlocal memory
response is captured with high precision. In addition, the diagonally implicit structure
of the temporal integrator permits larger time steps while preserving numerical stability,
thereby reducing computational cost relative to fully implicit methods and facilitating
efficient parameter exploration in device design. By applying this conservative high-order
scheme to the fractional KGS model, the present work aims to provide a reliable numerical
tool for investigating how the fractional orders « and § influence soliton interactions and
stability, a task that remains analytically intractable yet numerically achievable with the
proposed approach.

Consider an optical pulse propagating along the x-direction in a planar waveguide.
Let u(x, t) denote the slowly varying envelope of the electric field, and let ¢(x, t) represent
the nonlinear refractive index change induced by the light intensity. Following the standard
derivation of the Maxwell-Bloch equations for two-level atoms under the slowly vary-
ing envelope approximation [24,26], and incorporating fractional Laplacian operators to
model nonlocal diffraction and memory effects in the medium [23], one obtains a coupled
system for the optical field envelope u and the material response ¢. After appropriate
nondimensionalization and inclusion of higher-order nonlinear terms [25], this system
takes the form of the space-fractional KGS equations. In this example, we consider the
following space-fractional KGS system:

iuy — %(—A)%u +2u¢p =0, (43)
P+ (—A) o+ —2Mul =0, (44)

Here, the fractional orders « and  characterize the degree of nonlocality in the optical
diffraction and in the material response, respectively. The parameters ¢ and 7, are
nonlinear coupling coefficients (related to the Kerr and higher-order nonlinearities), and
m is a scaled resonance frequency of the medium. Compared with the space-fractional
KGS Equations (1) and (2), the parameters are set to 73 = 2, 4o = 0, m = 1, which are
representative of a silica fiber with weak nonlinearity in this example. The system conserves
the mass M(t) = ||u/|?>, and a modified energy that accounts for the nonlocal interactions,

E() = sl + 1 (=8) 59 + 917 + 11(~2)Ful® — 4(g, [uf?), (45)

which remains invariant during propagation.
We simulate the propagation of a fundamental soliton in such a fractional medium.
The initial condition is set to the exact solitary wave solution of the local KGS system:

3v2
4y/1 — 02

3 1
p(x,t,0) = 10— sechz(zm(x — ot — xo)>,

u(x,t,v) =

1 1—vz+v4t))’

sechz(zm(x — ot — xo)> ~exp(i(vx + m
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its velocity is taken as v = 0.8 and the initial position as xy = —10, which corresponds to a
typical optical pulse in fiber experiments after nondimensionalization:

3v2 1 ,
ug(x) = 4\/_70 hz(ﬁ(x—xo)) exp(ivx),

$o(x) = 4(1502) sech2<2\/11_702(x - x0)>/4’t(x/0) =0.

The computational domain is [—40, 40] with periodic boundary conditions, discretized
with N = 512 Fourier modes. The time step is T = 0.0001, and the simulation runs up to
t = 50, which corresponds to a propagation distance of about 50 soliton periods.

We first verify the temporal convergence order of the scheme in (27) and (28). The
temporal and spatial convergence orders are defined by

order”/¢ =In (Ef:rT/Z )/1 n2, orderu/¢ = ln(E;rN/Z )/1 n2,

where Err denotes the [?>-norm error. For cases with a # 2 or § # 2, numerical reference
solutions for u and ¢ are computed using a fine spatial grid N = 512 and a small time
step. Table 1 presents the [2-norm errors and corresponding convergence orders at t = 1 for
different « and . The results demonstrate fourth-order temporal accuracy.

Table 1. Temporal convergence errors and orders for N = 512, = 1.

« B T Err*(7) order” Err?(7) order?
0.005000 451 x 108 - 1.74 x 1078 -
9 9 0.002500 2.82x107° 4.00 1.07 x 1072 4.02
0.001250 1.77 x 10710 4.04 6.72 x 10711 3.99
0.000625 113 x 10711 3.92 4.88 x 10712 3.92
0.005000 487 x 1078 - 1.74 x 1078 -
5 18 0.002500 3.05 x 1072 4.00 1.08 x 1072 4.01
’ 0.001250 1.91 x 10°10 4.00 6.76 x 10711 4.00
0.000625 122 x 10711 3.97 490 x 10712 3.79
0.005000 496 x 108 - 2.10 x 108 -
18 5 0.002500 311 x107? 4.00 1.29 x 102 4.02
’ 0.001250 1.95 x 10710 4.00 8.06 x 1011 4.00
0.000625 124 x 10711 3.98 5.66 x 10712 3.83
0.005000 542 x 1078 - 2.03 x 1078 -
18 18 0.002500 340 x 10~° 4.00 1.25 x 1072 4.02
’ ' 0.001250 213 x 10710 4.00 7.85 x 1011 4.00

0.000625 1.34 x 10711 3.98 554 x 10712 3.82

Next, with a fixed time step T = 0.00001, we examine spatial errors and convergence
orders for various « and f§ values. The results are shown in Table 2, which confirms that
numerical errors decrease consistently as the number of grid points N increases.

Figure 1 shows the optical field intensity |u| at t = 15 for different values of g while
fixing @ = 2. As 8 decreases from 2 to 1.5, the soliton propagates more slowly and broadens
significantly. This indicates that a stronger nonlocality in the material response (smaller
B) leads to increased dispersion and a reduction of the group velocity, a phenomenon
reminiscent of slow light in engineered structures. Figure 2 displays the effect of varying
« with B = 2; a similar deceleration and broadening are observed when « is reduced,
reflecting the influence of fractional diffraction on pulse spreading.
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Table 2. Spatial errors and convergence orders for T = 0.00001, t = 1.
« B N Err*(N) order}; Err?(N) order%
16 247 x 100 - 2.30 x 10° -
32 321 x 1071 2.94 2.89 x 101 2.99
2 2 64 1.12 x 1073 8.16 9.85 x 104 8.19
128 5.64 x 1077 10.95 491 x 1077 10.97
256 321 %108 413 2.89 x 108 4.08
16 2.51 x 10° - 2.35 x 100 -
32 3.45 x 1071 2.86 3.14 x 1071 2.90
2 1.8 64 1.84 x 1073 7.55 1.62 x 1073 7.60
128 1.22 x 10~° 10.56 1.08 x 10~° 10.55
256 345 x 108 5.14 3.14 x 108 5.10
16 2.55 x 10° - 2.40 x 10° -
32 3.88 x 1071 2.72 3.58 x 1071 2.74
1.8 2 64 3.01x 1073 7.01 2.78 x 1073 7.01
128 2.54 x 10° 10.21 237 x 10~° 10.20
256 3.88 x 108 6.03 3.58 x 108 6.05
16 2.58 x 100 - 2.44 % 100 -
32 412 x 1071 2.65 3.82 x 1071 2.68
1.8 1.8 64 422 %1073 6.61 391 x 1073 6.61
128 4.87 x 107° 9.76 448 x 1070 9.77
256 412 x 108 6.88 3.82x 1078 6.87
5 5
——0=2.0,3=2.0,t=15 ——0=2.0,8=1.8,t=15
4 ——a=1.8,8=2.0t=15 4 ——0=1.8,8=1.8,t=15
——a=1.5,=2.0,t=15 ——0=1.5,=1.8,t=15
3
=
2
1
0
-20 0 10 20 10 20
5 5
& ——a=2.0,8=2.0t=15 & ——a=2.0,3=1.8,t=15
4 8 ——0=1.8,8=2.0,t=15 4 18 ——a=1.8,=1.8t=15

§ ——a=15p=2.0t=15

-20 -10 0 10 20
X

18 ——a=1.5,=1.8,t=15

S 4
-10 0 10 20
X

Figure 1. Wave profiles of the numerical solution for different « values at ¢ = 15.

Crucially, the proposed IEQ-Fourier-DIRK scheme exactly preserves the discrete mass

and energy, as demonstrated in Figure 3. Over the entire simulation up to t = 50, the

relative changes in M" and E" remain below 10~'? (machine precision). In contrast, a non-

conservative scheme would suffer from artificial dissipation, causing the soliton amplitude

to decay and the waveform to distort, effects that would accumulate over long distances

and corrupt the signal integrity. The conservation properties of our method guarantee

that the simulated pulse dynamics faithfully represent the true physical behavior, which is

essential for predicting performance in optical communication links.
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Figure 2. Wave profiles of the numerical solution for different 8 values at f = 15.
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Figure 3. Discrete mass and energy for different a, § values.

6. Conclusions

In this paper, we propose a structure-preserving numerical scheme for solving the
space-fractional KGS system. By integrating the IEQ reformulation, Fourier spectral dis-

https://doi.org/10.3390 /axioms15030181


https://doi.org/10.3390/axioms15030181

Axioms 2026, 15, 181 17 of 18

cretization, and DIRK time stepping, the method achieves high-order accuracy while
preserving mass and energy exactly. This work presents the systematic application of the
IEQ-Fourier-DIRK framework to fractional KGS systems, accompanied by rigorous proofs
of conservation for arbitrary fractional orders.

The proposed scheme is particularly well suited for long-time simulations in applica-
tions such as quantum optics and biomedical imaging, where its high accuracy and discrete
conservation property offer tangible advantages. The diagonally implicit structure further
ensures computational efficiency while maintaining numerical stability. Despite these
strengths, the current formulation assumes periodic boundary conditions and uniform
spatial grids, which points to natural directions for future work, including adaptive time
integration, extension to non-periodic domains, and generalization to higher-dimensional
or stochastic fractional partial differential equations.
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